
Exercise sheet – Topics in Discrepancy.
Tel Aviv University, Fall 2016

Throughout we use the following notation.

‚ Ud “ r0, 1qd and Vol is the d-dimensional Lebesgue measure re-
stricted to Ud. We sometimes identify Ud with the d-dimensional
torus Td “ Rd{Zd by the map X ÞÑ x` Zd.

‚ For a collection of integrable functions F in a probability mea-
sure space pX,B, µq, and for a sequence pxiq

N´1
i“0 in X,

D
`

pxiq
N´1
i“0 ;F

˘

“ sup
fPF

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

i“0

fpxiq ´

ż

X

f dµ

ˇ

ˇ

ˇ

ˇ

ˇ

.

For a collection of subsets S Ă B, FpSq is the collection of
indicators tχS : s P Su and Dppxiq;Sq “ Dppxiq;FpSqq. If
pX,µq are not specified and d is specified, then we take pX,µq “
`

Ud,Vol
˘

.

‚ Rd is the collection of axis-parallel boxes in Ud, and Rd is the
sub-collection of elements of R˚

d with a corner at the origin.
‚ For a lattice Λ in Rd, NmpΛq “ infpv1,...,vdqPΛrt0u |v1 ¨ ¨ ¨ vd|.

1. Prove that for each d, N and each sequence pxiq
N´1
i“0 in Ud,

Dppxiq;R˚
dq ď Dppxiq;Rdq ď 2dDppxiq;R˚

dq.

2. Let g : NÑ R` be a non-decreasing function.

(a) Suppose that for eachN there is a sequence
´

x
pNq
i

¯N´1

i“0
Ă Ud with

D

ˆ

´

x
pNq
i

¯N´1

i“0
;Rd

˙

“ OpgpNqq. Let P : Rd Ñ Rd´1 be the projection

omitting the d-th entry. For each N , assume the elements
´

x
pNq
i

¯N´1

i“0

are ordered by increasing d-th entry, and let y
pNq
i “ P

´

x
pNq
i

¯

P Rd´1, i “

0, . . . , N ´ 1. Show that for each N and for each k P t1, . . . , N ´ 1u,

D

ˆ

´

y
pNq
i

¯k

i“0
;Rd´1

˙

“ Opgpkqq.

(b) By combining the sequences constructed in (a) show (under the
same assumption) that there is a sequence pyiq

8
i“0 Ă Ud´1 such that for

any N , DN

`

pyiq
N´1
i“0 ;Rd´1

˘

“ OpgpNqq.

3. Suppose X is a compact metric space and µ is a Borel probability
measure on X. Suppose that pxiq

8
i“0 is a sequence in X such that for
1



2

all continuous functions f : X Ñ R we have

lim
NÑ8

1

N

N´1
ÿ

n“0

fpxiq “

ż

X

f dµ. (1)

Show that (1) also holds for functions f such that

µ ptx P X : f is not continuous at xuq “ 0.

4. ‘Impossibility of a just distribution’ (van Aardenne-Ehrenfest):
Show that for any sequence pxiq

8
i“0 in U1, the function which sends

N P N to

supt#pAXpxiq
N´1
i“0 q´#pBXpxiq

N´1
i“0 q : A and B are intervals of equal length in U1

u

is unbounded.

5. Let pxnq
N´1
n“0 beN points in U1 and let k so that

řk
h“1

ˇ

ˇ

ˇ

řN´1
n“0 ephxnq

ˇ

ˇ

ˇ
ă

N
10
. Show that every subinterval I “ rα, βq Ă U with β ´ α ě 4

k`1
sat-

isfies

#tn ă N : xn P Iu ě
Npβ ´ αq

2
.

6. Let Td “ Rd{Zd. Formulate and prove a generalization of the
Weyl criterion for the equidistribution a sequence pxnqně0 in T . Prove
that if ~α “ pα1, . . . , αdq, then the sequence xn “ n~α is equidistributed
if and only 1, α1, . . . , αd are linearly independent over Q. Now let F “
Z{kZ be a finite cyclic group, let µ be the product of the uniform
measure on F and the Lebesgue measure on Td, and let pf, ~αq be an
element of F ˆ Td. Give necessary and sufficient conditions for the
sequence xn “ pnf, n~αqně0 to be equidistributed in F ˆ Td w.r.t. µ.

7. Let A “

ˆ

a b
c d

˙

be an invertible matrix with a, c nonzero. Show

that the lattice AZ2 is admissible if and only if both b
a

and d
c

are BA.

8. For d ě 1, h P Zd r t0u and δ ą 0, show that the indefinite
integral

Jphq “

ż

Ud

“

}xh, αy}plog }xh, αy}q1`δ
‰´1

dVolpαq

converges and is bounded above by a number which may depend on δ
but does not depend on h (Notation: here x¨, ¨y is the standard inner
product on Rd, }x} is the distance of x to the nearest integer).

9. For a lattice Λ, the dual lattice Λ˚ is defined by Λ˚ “ tx P Rd :
@y P Λ, xx, yy P Zu. Show that if Λ “ ApZdq for a real invertible
matrix A, then Λ˚ “ tA´1pZdq, and that if Λ is admissible, so is Λ˚.
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Furthermore, NmpΛ˚q is bounded below by a number depending only
on NmpΛq.

10. Let k be a totally real number field of degree d, let Ok denote
the ring of integers in k. A number α P Ok is called a unit if its minimal
polynomial is of the form P pxq “ xd ` ad´1x

d´1 ` ¨ ¨ ¨ ` a1x˘ 1, where
ai P Z. Prove that α is a unit if and only if both α and α´1 belong to
Ok, and thus that the units form a group under multiplication. Deduce
that

ta P A : aΛ “ Λu

is a cocompact subgroup of A “ tdiagpet1 , . . . , etdq :
ř

ti “ 0u, where Λ
is the geometric embedding of Ok which was discussed in class. Hint:
use Dirichlet’s theorem on units.

11. Let k,Ok,Λ be as in Ex. 10. Show that there is c ą 0, depending
only on NmpΛq, such that for every ρ ą 0,

ÿ

hPΓ˚rt0u,}h}ďρ

1

|Nmphq|
ď cplogp3` ρqqd.

12. Prove Roth’s theorem: for each d ě 2 there is c ą 0 such that
for any x0, . . . , xN´1 P U

d, Dppxnq
N´1
n“0 ;Rdq ě cplogNq

d´1
2 .

13. Let d ě 2 and let Ad denote the collection of convex subsets
of Ud. Prove that there is c ą 0 (depending on d) such that for any

pxnq
N´1
n“0 in Ud, Dppxnq

N´1
n“0 ;Adq ě cN1´ 2

d`1 .

14. For the following choices of X and S, prove the stated bounds
for the dual shatter function π˚Spmq.

(a) X “ U2, S is the collection of intersections of X with closed
half-planes; i.e.

S “
 

U X tx : f˚pxq ě cu : c P R, f˚ P pR2
q
˚ r t0u

(

.

Here V ˚ is the collection of linear functionals on a vector space
V . Show π˚Spmq “ Opm2q.

(b) X “ Ud, S is the collection of intersections of X with closed
half-spaces; i.e.

S “
 

U X tx : f˚pxq ě cu : c P R, f˚ P pRd
q
˚ r t0u

(

.

Show π˚Spmq “ Opmdq.
(c) X “ U2, S “

 

U2 XBpx, rq : x P R2, r ą 0
(

. Here Bpx, rq is
the closed ball with center x and radius r. Show π˚Spmq “
Opm2q.
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(d) X “ U2 – R2{Z2, S “
 

U2 X πpBpx, rqq : x P R2, r P p0, 1{2q
(

.
Here π : R2 Ñ U2 is the natural projection, so that S is the
collection of images of closed balls in the plane, for which the
projection map is injective. Show π˚Spmq “ Opm2q.

15. Compute the VC-dimension of the following set systems pX,Sq:
‚ X “ R2, S is the collection of closed half-spaces in R2.
‚ X “ R, S “ ttx : sinpaxq ě 0u : a P Ru.
‚ X “ Ud, S “ Rd.
‚ X “ Rd, S is the collection of closed boxes, that is set of the

form Opra1, b1s ˆ ¨ ¨ ¨ ˆ rad, bdsq where ai ă bi for i “ 1, . . . , d
and O is an orthogonal transformation of Rd.

16. Show that for any d P N there is a closed convex C Ă R2 such
that the VC-dimension of the set system

`

R2, tisometric copies of Cu
˘

is at least d.


