Dynamics on homogeneous spaces, exercises

Tel Aviv University, Fall 2013

1. Let (X,B,u) be a probability space, T': X — X measurable and
measure preserving. Prove the following strengthenings of the Poincaré re-
currence theorem:

(a) For any A € B such that pu(A) > 0, for a.e. every x € A, there are
ny — oo such that T x € A.

(b) For any A € B such that p(A) > 0 there is n € {1, cel Lﬁj + 1}

such that u(ANT-"(A)) > 0.

(¢) For any a, A € (0,1) there is ¢ = ¢(a, \) with the following property.
For any A € B with u(A) = a there is n € {1,...,¢} such that
H(ANT(A)) > \u(A)”

2. Let G be a Lie group acting continuously on a locally compact space
X. Let p be a regular Borel! probability measure on X and let H = {g €
G : g«po = p}. Prove that H is a Lie subgroup of G.

Notation: g.u(A) = pu(g~tA).

3. Write the following spaces as homogeneous spaces, i.e. for each space
X below, find a Lie group G with a closed subgroup H, such that X is
G-equivariantly isomorphic to G/H.

(a) The space of lines through the origin in R™.

(b) The space of k-frames in R".

Notation: A k-frame in R" is a set v7,..., U, of linearly indepen-
dent vectors in R™.

(c) For 1 < k < n, the space of discrete subgroups Zu; @ - - - & ZU), of
R"™, with 71,...,7) a k-frame.

(d) For 1 < k < n, the space of discrete subgroups A = Zv; @ - - - © Zuj,
as in (c¢), up to homothety, i.e. up to the equivalence A ~ A’ iff there
is ¢ € R, ¢ # 0 such that A’ = cA.

(e) The space of nondegenerate bilinear forms in n variables of signature
(p,q)-

Notation: A bilinear form in n variables is a function B(Z,¥) =
szzl a;jx;yj; it is said to be nondegenerate if for all ¥ # 0 there
is ¢ such that B(Z,y) # 0; it is said to be of signature (p,q) if
after a change of coordinates © = AZ,v = Ay, it can be written as
B(u, V) = uivi 4+ - - +UpVp — Up41Ups1 — - - - — Up Uy, Where p+q = n.

From now on all measures on a locally compact space will always be assumed to be
Borel regular measures.
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(f) The space of full flags in R™.
Notation: A full flag in R" is a collection of nested linear subspaces
(0} CViC--- CV, =R

4. Prove that the following Lie groups are unimodular:

Any abelian Lie group.

Any compact Lie group.

Any semisimple Lie group.
GL4(R).

Any Lie group containing a lattice.

5. Prove that the group of 2 x 2 upper triangular matrices of determinant
one is not unimodular.

6. Prove that SLa(R) is a simple Lie group (hint: Jordan form). Deduce
from this that SL,,(R) is simple for all n > 2.

t/2
7. Let X = SLy(R)/SLy(Z) and let = € X, g = <60 e_%) . Let

a b

7 : SLa(R) — X be the projection and let h = (c d> € SL2(R) so that

x = m(h). Prove:
e The orbit {g;x : t € R} is compact <= there is 79 € SLa(Z) with
[tr(y0)| > 2 and with eigenvectors (d, —c), (—b, a).
e The orbit {g;x : t € R} is closed but not compact <= ;& —¢—100
<= a/b and c¢/d belong to Q U {co}.

8. Let deéf SL4(R)/SL4(Z) be the space of unimodular lattices in RY,
and let \;(A) denote the length of the shortest nonzero vector of A. Show
that \; : X4 — (0,00) is a continuous proper function (a function is proper
if the pre-image of a compact set is compact).

9. Let || - || denote the Euclidean norm, and for A € Xy, let

covrad(A)dginf{r > 0:Vy € R"3z € A such that ||z —y|| < r}.
Prove that covrad : X4 — (0, 00) is a continuous proper function.

10. For a vector Z = (x1,...,14) € R%, let Az € X4, denote the lattice
spanned by the standard basis vectors é1,...,éy and (z1,...,24,1). For
the following diophantine properties of ¥, state and prove necessary and
sufficient conditions for the property to hold in terms of the orbit of Az
under certain subgroups or subsemigroups of SLg11(R).

e 7 is VWA, ie. there is ¢ > 0 and infinitely many solutions p €
7%, q € N to the inequality ||¢Z — p]| < quﬁ-

o 7 is MVWA, ie. there is € > 0 and infinitely many solutions
_ . . d
7= (p1,...,pq) € Z% q € N to the inequality I15 lgz: — il < ql%.
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e 7 is singular, i.e. for every € > 0 there is Q¢ so that for every
Q > Qo, there is a solution 7 € Z%,q € N to the inequalities ||qZ —

Pl < g 1< Q-

11. Let G be an lcsc group acting continuously on a lesc space X pre-
serving a Borel probability measure p. Show that the G-action is ergodic if
and only if any f € L?(X, ) which is G-invariant (i.e. gf = f for all g € G,
as elements of L?(X, 1)), is constant a.e. Prove that the G-action is mixing
if and only if for any fi, f» € L*(X,u) and any g, € G, g, — 0o we have

(gntf1, f2) = fX Jidu - fX Jadp.

12. Let g € SL,,(R) such that at least one of the eigenvalues X of g satisfies
|A| # 1. Prove that the sets

U* = {h € SL,(R) : g7"hg"™ —p 00 €}

are closed subgroups of SL,(R) of positive dimension, and that G is gen-
erated by U',U~. These groups are called respectively the expanding and
contracting horospherical subgroups of g.

13. Let X4 = SL4(R)/SL4(Z). Prove that for any ¢ > 0 there is a
compact subset K C Xy such that for any lattice A € X4, and any one-
parameter unipotent subgroup {u: : t € R} C SL4(R), one of the following
holds:

(i) iminfr e #|{t € [0,7]: wA € K}| >1—e.
(ii) There exists k € {1,...,d — 1} and vy,...,v; € A such that the
subspace span(vi, ..., v) is invariant under ;.

Are (i) and (ii) mutually exclusive? Show by an example that one cannot
omit the statement (ii) in the preceding statement.

14. A symmetric bor in R? is a set of the form [—ay,a1] X - -+ X [—agq, ag]
for a; > 0,i=1,...,d. Let X4 be the space of unimodular lattices and for
A € Xy, say that a box B is admissible for A if BN A = {0}. Let

1
k(A) = 5 sup{Vol(B) : B an admissible box for A}.

(i) Is Kk continuous?
(ii) Show that infacy, ~(A) is attained, i.e. is equal to k(Ag) for some
A.
(iii) Show that there is kg = ko(d) such that for a.e. A € Xy (w.r.t. the
natural measure on the space of lattices), k(A) = ko.
(iv) Compute ko.

15. Let I C R be an interval, ¢ : I — R¢ a polynomial function such that
{p(s) : s € I} € R is not contained in an affine hyperplane. Prove that for
almost every s € I, p(s) is not singular (as defined in question 10).

16. Let G be a connected Lie group, let m(-) be a left-invariant Haar
measure on G and let {F}, } be a sequence of Folner sets in G, i.e. m(F),) < co
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G-space on which the G-action is uniquely ergodic. Denote the unique G-

invariant Borel probability measure by pu.
e Prove that for any f € C(X) and any zp € X,

1
iy o Sooim(@) s [ g

e Show that the convergence in the previous assertion, is uniform with
respect to xg.

e Show by an example that the assumption that X is compact is es-
sential.

for each n, and for each g € G, —n—oo 0. Suppose X is a compact

17. Let G = SLa(R) and let I' be a cocompact lattice. Let g; be as in
Question 7 (the geodesic flow).
e Show that (in contrast to the case of the horocycle flow) there are
infinitely many distinct closed orbits for the {g;}-action on G/T.

e Show that for any two closed orbits C,'d:ef{gt:vi :t € R}, i =1,2, there
is an orbit {g;y : t € R} such that for any sequence t,, tending to
+oo (resp. —o0), there is a convergent subsequence Gtn, Y koo Z
with z € C; (resp. z € Cq).

18.

e Let I' be a cocompact lattice in SLy(R), acting by linear transfor-
mations on R%. Show that any T'-orbit in R? . {0} is dense.

e Show that for # € R? \ {0}, and for I = SLy(Z), either the I'-orbit
of ¥ is discrete and there is ¢ € R . {0} such that ¢t € Q?, or the
[-orbit of ¥ is dense in R2.



