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1. INTRODUCTION

The general setting for Ratner’s theorems is any quotient G/I' of
a Lie group G by one of its lattices I' and a one-parameter subgroup
t — u' of unipotent elements of G. In a series of papers in the early
nineties [MR1075042; MR1062971; MR1135878; MR1106945]
Ratner proved many deep and far-reaching results about the result-
ing “unipotent flows” on G/I'. Our goal in these notes is to de-
scribe the proof of one of these results — the classification of invari-
ant probability measures — in two concrete cases: the modular surface
SL(2,R)/SL(2,Z) together with the one-parameter subgroup u* = [} ¢];
and the moduli space SL(2, R) x R? /SL(2, Z) x Z* of doubly marked tori
together with the one-parameter subgroup o' = ([§ ¢],[8]). In this in-
troductory section we present some background on horocycle flows and
a brief review of the earlier results before describing Ratner’s theorems.

1.1. The horocycle flow on a compact hyperbolic surface. Mod-
eling the hyperbolic plane as the upper half-space

H={z+iyeC:y>0}

equipped with the Riemannian metric

(v, w) _ iy + Vawo
? (m,y) 4y2

every element of SL(2,R) defines an isometry of H by

a b _oztc
c d|”7  bz+4d

for all z € H.

Exercise 1. Verify that ¢ — 2! is a geodesic for the above metric.
1
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Solution. The geodesic equations on H are
Ty = 22y
iy = - @*

and the given curve is easily verified to satisfy them.

The action of SL(2,R) is transitive and the stabilizer of i is the sub-
group SO(2,R) of SL(2,R) so we can identify H with SO(2, R)\SL(2, R).
In fact the action is transitive even on the unit tangent bundle T'H and
the stabilizer of the tangent vector i € T;H is {£I} so we can identify
T'H with PSL(2,R). The geodesic flow on T'H is then identical to the
flow on PSL(2, R) of left multiplication by the one-parameter subgroup

A parameterized by
¢ let 0
g = 0 6_t
for all t € R.

Every compact, closed Riemann surface X with a metric of constant
negative curvature is the quotient H/T' of the hyperbolic plane H by
a discrete and co-compact subgroup I' of PSL(2,R). The unit tangent
bundle of X can be identified with the quotient PSL(2,R)/I" and the
geodesic flow on T'X is then identified with the flow on PSL(2,R)/T’
of left multiplication by the one-paramater subgroup ¢ ~ g'. The
Liouville measure on T!'X is identified up to normalization with the
natural projection m of Haar measure to the quotient PSL(2,R)/I".
In 1936, E. Hopf [MR1501848] proved that the geodesic flow on X is
“metrically transitive” or ergodic. That is, the only A invariant subsets
of X have m measure either zero or one.

In these notes we are mainly concerned with another flow on the
quotient PSL(2,R)/I" namely the (unstable) horocycle flow arising
from the subgroup N of SL(2, R) parameterized by

L1t
1o ]

for t € R. Unstable horocycle orbits have the following geometric
property: all points in any given N orbit have the same “distant past”
under the geodesic flow. Precisely, since
—t s se”2t ¢
g u=u g
for all s,t € R we see upon fixing a right-invariant metric D on PSL(2, R)
that

: —t.,8 —t I K se~2t ¢ —t T se—2t .
lim D(g™"v’z,g™"x) = lim D(u™ “g~'z,g""x) = lim D(u™ ., 1) =0
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for all s € R and all z € T'H.

Hedlund [MR1545946] proved in 1936 that, whenever I is discrete
and cocompact the unstable horocycle flow on PSL(2,R)/T" is “transi-
tive” or minimal, which is to say that the orbit of every point under
the flow is dense in the space. FErgodicity of the horocycle flow was
proved by Parasyuk [MIR0058883] in 1953 using work of Gelfand and
Fomin [MR0052701]. Ergodicity also follows from a later criterion
due to Moore [MR0193188]| expanding upon the Mautner phenome-
non [MR0084823].

A continuous flow on a compact metric space is uniquely ergodic
if there is a unique Borel probability measure on the space that is flow
invariant. Furstenberg [MR0393339] proved in 1973 that the horocy-
cle flow on PSL(2,R)/I" is uniquely ergodic whenever I' is discrete and
cocompact.

1.2. Unipotent flows on Lie groups. The situation of general lat-
tices — those discrete subgroups I' of PSL(2,R) for which the quotient
PSL(2,R)/T" supports a finite measure invariant under multiplication
by PSL(2,R) from the left — is more complicated as the quotient need
no longer be compact. It is possible in this case for N to have pe-
riodic orbits. For example, every point of the form (z,7)SL(2,Z) in
SL(2,R)/SL(2,Z) = PSL(2,R)/PSL(2,Z) has a periodic N orbit.

More generally, one is interested in the situation where G is a con-
nected Lie group and I' is a discrete subgroup such that the quotient
G/T" possesses a finite measures that is invariant under the action of
G on G/T" by left multiplication. An example is G = SL(2,R) and
I' = SL(2,Z). In place of the one-parameter subgroup ¢ — u’ one is
interested in the action on G/I" of subgroups U with the property that
every element of U is unipotent. An element g of a Lie group G is
unipotent if Ad(g) — id is nilpotent as a linear map of the Lie algebra
g of G. When G is a matrix group this is the same as nilpotence of the
matrix g — I.

In 1971 Margulis [MR0291352; MR0470140] proved that unipo-
tent flows on SL(n,R)/SL(n,Z) are never divergent in the following
sense: for every one-parameter subgroup ¢ +— u' of unipotent elements
in SL(n,R), for every z € SL(n,R), and for every compact subset K
of SL(n,R)/SL(n,Z), there is a sequence of times ¢, ,* oo for which
uaSL(n,Z) € K. Dani [MRT758891] proved the same result for
semisimple Lie groups of real rank 1 in 1984, and the general result
— for unipotent flows on quotients of semisimple Lie groups by uniform
lattices — follows by combining these two works.
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Earlier, Dani [MR629475] had generalized Furstenberg’s work to
the non-compact case, proving for lattices I' in reductive Lie groups
G that the left action of any maximal horospherical subgroup N on
G/T has only algebraic measures as ergodic, invariant measures. A
subgroup N of a Lie group G is horospherical if

N={ueG:¢g"ug" —-1asn— oo}

for some g € G. In 1986, Dani [MR835804] showed the assumption
that N be maximal is unnecessary, proving the above conclusion holds
for any horospherical subgroup of G.

Exercise 2. Verify that N is a horospherical subgroup of SL(2,R).

Solution. Fiz 0 < a < 1. We have

a® 0 a B\ (a™ 0\ [ a a*™p
0 am™)\y ¢ 0 a*) \a 2y §
so must have
a B\ (1t
v 6) \0 1

for some t € R if the above expression is to converge to I as n — co.
With g = g® we therefore have U = N.

1.3. Ratner’s theorems. At the beginning of the 1990s Ratner MR1075042;
MR1062971; MR1135878; MR1106945|, based on methods from

her earlier work on horocycle flows [MR721735; MR657240; MR717825]
proved the following results on unipotent flows.

Theorem 1.1 (Ratner’s measure classification theorem [MR1135878]).
Let G be a connected Lie group and let U be a subgroup of G every el-
ement of which is unipotent. For every discrete subgroup I' < G every
U invariant probability measure on G /T is algebraic.

Given a measure p on G/T one can consider the closed subgroup
Alp) ={9 € G : gu = u} of G. A measure p on G/I' is algebraic if
there is 2" € G/I" such that pu(A(p)zl') = 1. If u is algebraic then we
can identify the orbit A(u)zl’ with the quotient A(u)/xTz~' N A(u) to
deduce that 2Tz~ N A(p) is a lattice in A(pu).

Theorem 1.2 (Ratner’s orbit classification theorem [MR1106945]).
Let G be a connected Lie group and let U be a unipotent subgroup
of G. For every lattice I' in G and every x € G there is a closed

subgroup L < G containing U such that xLxz™' NT s a lattice in L
with Uzl = LaT.
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Theorem 1.3 (Ratner’s genericity theorem [MIR1106945]). Let G be
a connected Lie group and let U be a one-parameter subgroup of G.
For every lattice I' in G and every x € G there is an algebraic measure
v on G/U' such that zT" is generic for v along U. Moreover v is the
unique algebraic measure with support equal to Uxl .

These results were generalized by Shah [MIR1699367] to (not nec-
essarily connected) subgroups U generated by unipotent elements.

2. SL(2,R)/SL(2,Z)

In this section we prove Theorem 1.1 in the special case G = SL(2, R),
I'=SL(2,Z) and U =N = {u* : t € R}.

2.1. Setup. Let G = SL(2,R), I' = SL(2,Z) and X = G/I". The
quotient X can be identified with the space of unit co-volume lattices
in R?. That is, the space of closed, discrete subgroups of R? on to whose
quotients the Lebesgue measure of R? descends with total measure 1.

To see this identification, first note that a discrete subgroup of R?
must have rank at most 2 as a Z module, and if the quotient is to have
finite area then the rank must equal 2. Any such discrete subgroup can
be mapped to any other by some element of SL(2,R). Indeed SL(2,R)
acts transitively on pairs of vectors that give the columns of a matrix
with a fixed determinant. The identification is now complete since
SL(2,Z) is the stabilizer of the distinguished co-volume 1 lattice Z2.
As tori can be identified with the quotient of R? by a lattice X is also
the space of area 1 tori together with a specific direction.

Noticing that SL(2,Z) is not the stabilizer of all such lattices is the
same as noticing that it is not a normal subgroup of GG and so our points
: . 11 . .
in X are just left cosets. So the coset (0 1) gl is not necessarily the

same as the coset gI'.

We will be interested in the left action of SL(2,R) and some of its
one-parameter subgroups on the quotient X = SL(2,R)/SL(2,Z) of
co-volume one lattices in R%. For any t € R write

L (1t . (10 . (et 0
=10 1 V=t 1 &= \o et

as parameterizations of the unstable horocycle subgroup N, the sta-
ble horocycle subgroup M, and the geodesic subgroup A respectively.
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Fix a right-invariant metric D on SL(2,R) that generates the stan-
dard topology on SL(2,R) and has the property that
(1) D', 1) <[t| DW.I)<lt| D(g' 1)<t
for all t € R. The quantity

d(2T,yI') = inf{D(x,yy) : vy € T'}

defines a metric on X. In particular, we have d(zI', yI') < D(z,y) and
(2) d(zl', gzI') < D(g, 1)
for all z,y,9 € G.
Exercise 3. Verify that d is a metric on X and that (2) holds.

Solution. First we show that it is a metric. It follows from right
invariance of D that d is symmetric. If d(x',yI') = 0 then we can find
Yo € T with D(z,yv,) < % for all n € N. Thus v, — y 'z in G.
Therefore y ™tz € T' giving 2" = yI.
For the triangle inequality fir € > 0 and v,n € I with

d(al', yI') < D(z,yy) < d(al,yl) + €

d(yl',2I') < D(y, zn) < d(yl',21) + €
both holding. We have

d(2l, 2T") < D(, z177) < D(,y7) + ¢ + D(yy, 2n7) + €
<d(2T,yI') +d(yI', 2I") + 2¢
as desired. For (2) note that d(zT', gaI') < D(x, gz) = D(I, g).

2.2. The horocycle action. Our main goal in this section is the fol-
lowing striking classification of N invariant probability measures on X.

Theorem 2.1. Let pu be an N ergodic and N invariant probability mea-
sure on X. Fither:

(1) p is “Haar measure on X”; or
(2) w is supported on a periodic orbit of N.

By “Haar measure on X” we mean the following: choose a funda-
mental domain S for the I' action on G. Let v be the measure on X
defined by v(A) = m({g € G : gI' € A} N S), where m denotes the
usual Haar measure on G normalized so that m(S) = 1.

We will often make use of the following decomposition

® (o) )6E Y6 )



MEASURE RIGIDITY 7

that allows us to write any element of SL(2,R) with a # 0 as a prod-
uct of stable horocycle, geodesic, and unstable horocycle elements. In
particular, we have

(4) usvtgaue _ Vﬁgaﬂog(wst)uuﬁe*'“
for all s,¢,a,¢ € R with 1 4 st # 0.

Exercise 4. Verify (4). (First check the decomposition
(5) SVt = Vﬁglog(lﬁ-st)uﬁ

of usv. Then verify

(6) u'g’ =g'u
for all b, € R.)

For the remainder of this section, p will denote an N ergodic and
invariant probability measure.

2.3. Proof of Theorem 2.1. Fix an N invariant and N ergodic prob-
ability measure g on X. We want to show that if p is not supported
on a periodic orbit then p is SL(2,R) invariant. First, we prove that it
suffices to show p is g invariant for some non-zero a € R.

Proposition 2.2. If u ws N ergodic and N invariant and g* invariant
for some non-zero a € R then p is Haar measure on X.

Before getting to the proof of the proposition in earnest, we establish
some useful general results that motivate our approach.

Our aim now is to find a € R non-zero such that gu = p. We begin
with some basic results.

Lemma 2.3. For every a € R the measure g*u is N invariant.

Proof. Fix s € R and A C X measurable. Since
mu(u®*A) = pu(A) we have

(") (u*A) = p(g "u"A) = p(u™ g “A) = u(g"A) = (g"n)(A)
so g is N invariant. 0

Exercise 5. Prove that each of the measure gy is N ergodic proba-
bility measure.

Solution. We first show that it is a probability measure

(8"1)(X) = p(g™*X) = pu(X) =1
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and so it is a probability measure. We see ergodicity similarly to above:
If (g%u)(u'A\ A) = 0 then

pg (W' AN\ A)) = (g wA\ g "A) = p(u' g A\ g "4) =0
and by the N-ergodicity of p this implies that u(g=*A) € {0,1}. In turn
this gives (g®u)(A) € {0, 1} implying the N ergodicity of g*p.
Corollary 2.4. For all a € R either = g®u or p L gp.

Proof. Tt is a standard fact from ergodic theory that any two ergodic
invariant probability measures are either equal or mutually singular.
Indeed if these measures vy, 15 are different there exists f € C.(X) C
LY(v1) N LY(vs) so that [ fdvy # [ f dve. Now by the Birkhoff ergodic

theorem there exists sets A;, Ay of full v, v, measure respectively such

that
. T
lim —/f(st)ds:/dei
0

T—o0 1’

for all x € A;. Since the right hand sides of the above formula are
different for the two choices of i these sets must be disjoint implying
the singularity of the measures. 0

Lemma 2.5. If i is N ergodic and g* ergodic for some a > 0 then p
15 Haar measure on X.

To prove this lemma we use the notion of generic points:

Defintion 2.6. Let pu be a Borel probability measure and let t — F*
be a measurable flow that preserves p. We say x is a p generic point
along I if

1 /7
(7) lim —/ f(F'z)dt = /fd,u
T Jo
for every f € C(X).
That x is p generic along F' is equivalent to that statement that the

family of of measures & given by

1 /7

r(A) = & / Lo(Flz) dt
T Jo

converges to p in the weak* topology.

Exercise 6. The set of points that are y generic for a flow is of full u
measure if p is ergodic for the flow.
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Solution. If f, — h in C(X) and x is a point such that (7) holds
for all f,, in place of f then it also holds with h in place of f. Fix a
countable, dense subset F of C.(X). By the Birkhoff ergodic theorem
the set of points for which (7) holds for all f € F has full u measure.
Since F is dense all these points are generic.

Exercise 7. Prove that lim d(g'viz,g'z) for all s € R.
—00

Solution. We have giv® = v*¢ “'gt for all s,t so
d(gv'z, g'e) < D(v** 1)
which, for any fixed non-zero s, converges to zero ast — oo.

For clarity in the next proof we will consider the points that are g®
generic for p, not N generic points.

Sublemma: If = is g* generic for p then v®z is g generic for u for all
s.

Proof. From the above exercise with ¢ = ia we have
|f(g"v'z) = f(g"z)| = 0

as i — oo. Therefore,

| Nl
NS~ [
implies
;N
TSR B
So if x is g* generic for /;;ilen S0 is v°z. O

Proof of Lemma. Observe that the sublemma shows that if y is g®
generic for g’ then so is v¥y. Now if z is g® generic for x then gfx is g
generic for gfu. So the set of points that are generic for a measure of
the form gbu is MA invariant. Because p is N invariant, there exists an
x so that u'z is g% generic for u for Lebesgue almost every t. So there
exists x and a full measure set of R, D so that for allt € D, s,/ € R
we have that vgfulx is g generic for some measure of the form g’u.
The set of such viglu’z has full measure for Haar measure on X. Since
Haar on X is g% ergodic, we have that one of these points is g®-generic
for Haar on X. So there exists b so that g’u is the projection of Haar
to X. This implies p is Haar on X. U
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The proposition (which generalizes from the case where p is g® er-
godic to g® invariant) follows by showing that if p is N ergodic and g*
invariant then the set of points that are g® generic for g°v for some
s € R and v in the g®-ergodic decomposition of 1 is M and A invariant.
The proof of this is as above.

We now turn to proving that p is g® invariant for some a € R.

Proposition 2.7. If u is not supported on a single periodic N orbit
then p 1s A invariant as well.

Strategy: If, for some non-zero a € R, the ergodic measures g*u and
u are distinet then 99% of the points that are statistically “typical”
for i have the property that their images under g® are typical for g®u
and are a fixed positive distance from our 99% of the p typical points.
By the Poincaré recurrence theorem we may find x and a sequence of
points x; converging to z that are all typical for  along their respective
u orbits. Since the x; are converging to x we can write

z; = Vvighiutiz

with ¢; # 0 and with all ¢;, a;, ¢; — 0 as ¢ — oo. For each i we consider
the unstable horocycle orbits of z and x;. Upon calculating

a0 i , 2ay. _5_g—2a4
(8) us(vtzgaz uelx) — V1+sti gal+10g(1+5tl)7aue azlgau 1+Stie l./I/'

and taking ¢ large it will be possible to find s so that the approximation

-2 —2a;

t; )
Vﬁétigai—ﬁ-log(l—l—sti)—auez"&-gau%&.tie alZE ~ gauﬁstie z

holds. If we can choose s to have the additional property that the

points u®(viig¥u‘ir) and uT 5 are among the 99% of p typical

points then the latter point will be at once both g®u typical (by equiv-
ariance) and very close to the p typical point u®(viig®u‘x) (by our ap-
proximation). This contradicts the fixed positive distance introduced
in the beginning.

In the remainder of this section we make this argument precise. First
of all, what do we mean by a point that is statistically “typical” for u?
As before we will use generic points.

Lemma 2.8. If i is not A invariant then there ezists K compact, a > 0
and ¢ > 0 so that all of the following hold:

(1) every x € K is generic for u along N;

(2) W(K) > 5.
(3) d(g"K, K) > c.



MEASURE RIGIDITY 11

Proof. Since p is not A invariant we have g®u # p for some non-zero
a € R whence g*u L pu by Corollary 2.4. By the inner regularity
of Borel measures we can find a compact set K of points that are N
generic for p with p(K) > %. By equivariance, the points in g*K
are all N generic for gy so the compact set g? K is disjoint from K.
Because two disjoint compact sets are at a positive distance, we have

the lemma. O

We now take a brief digression to prove some results on the subsets
of G that do not change pu.

Lemma 2.9. The set {t € R : g*u = u} is closed in R for any Borel
probability measure  on X.

Exercise 8. Prove the lemma. (Hint: Recall that the weaks* topology
on measures is the one with respect to which p+— [ f du is continuous
for every f € C(X).)

Solution. It suffices to prove that the map t — g'u is continuous
where we equip the set M(X) of Borel probability measures on X with
the weak* topology coming from C.(X). But for any f € C.(X) the
map

trs / f(g'r) dy(z)

is continuous because the action of SL(2,R) on X is continuous. This is
because the weak™ topology asks for pointwise convergence not uniform
convergence.

Exercise 9. Strengthen Lemma 2.9 to if x4 is a N invariant probability
measure on X then {g € G : gu = u} is closed.

Solution. Idea: for all f € C.(X) and h € {g € G : gu = u} we have
that [ fogdu= [ fdpu.

Exercise 10. Show that if there exists a # 0 # b so that F%u = p,
Fbp = and ¢ ¢ Q then p is F* invariant.

We now state our goal and an issue with it: u’z € K and u®viig¥x €
K and the distance between g®ux (which is in g®K) and usvlig®z is

less than g

Issue: How can we be sure these points will be in K7 At the very
least there probably is some of the measure of y that is not in K.

The next lemma addresses this issue.
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Lemma 2.10. For all € > 0 there is To > 0 and E C X with u(E) >
1 —€ so that

1 T+sT
2 [ tnas- M(K)‘ <e
T

for allT > Ty and s > e.

Exercise 11. Prove the lemma.

Hint: Show that the Birkhoff ergodic theorem formally implies that if
F'is v ergodic then for any f € L'(v) and € > 0 we have

lim iT/TJFGTf(Ft:c)dt:/fdu

T
for u a.e. x.

Corollary 2.11. If x4 is not supported on a N periodic orbit then there
exists p; — x with p;, x € ENK with p; = viig¥uiz where t;, a;, {; — 0
and at least one of t;,a; # 0 for all i. Moreover, if p is not A invariant
then p; we may assume t; # 0 for all 7.

Proof. The first condition follows from Poincaré recurrence because
E N K has positive measure. Indeed, we may choose s; — 0o so that
ux — x and u¥z € EN K for all i. (See the exercise below.) Because
usiz — & we have that usz = viighuiz with ¢;,a;,¢; — 0. If z is not N
periodic then one of ¢;,a; # 0 for all ¢ so that s; is large enough. This
implies the first sentence of the corollary. For the second sentence, if
r,g%ufz € K then g%y = u. So there exists a; — 0 so that g%u = p.
So {a : g*u = p} is e-dense in R for all € and so it is all of R. This
contradicts our assumption that p is not A invariant. U

Exercise 12. Let Z be a metric space, let v be a Borel probability
measure on Z, and let T : Z — Z be Borel measurable and measure-
preserving. Use the Poincaré recurrence theorem to show that for any
A € B with v(A) > 0 for almost every z € A there exists n; — 0o so
that T"iz — z and T"z € A for all 1.

Solution. Let By, ... be a countable set of metric balls in Z so that for

all € > 0 the union of the B; with radius at most € has full measure.
Let

E;={z€B,NA:3n>0so0that T"z € B;NA}U(B;NA)°

and by the Poincaré recurrence theorem, for every i we have v(E;) = 1.
If there does not exist ny,... so that T%z — z and Tz € A for all j
and z is in the full measure set so that for every e > 0 there exists i
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with z € B; and the radius of B; is at most € then z ¢ M;F;. Because
v(N;E;) =1 the exercise follows.

Proof of Proposition 2.7. We proceed by contradiction, assuming that
w1 is not A invariant. Let K be the compact set given by Lemma 2.8 pand
1> ¢>0, a> 0 the corresponding constants. Fix ¢ < mm{4, 55 25%}.
Let Ty > 0 and £ C X be as in Lemma 2.8.

Since p is not supported on a single N orbit, the Poincaré recurrence
theorem implies that for p almost every x € E there is a sequence
p; — oo in R with uPixz — x and uPiz € F for all 1 € N.

We can write uPiz = viigtiutiz so that (t;,a;) # (0,0) for all i large
enough and (¢;,a;,¢;) — (0,0,0). By Corollary 2.11 we may further
assume that for all large enough i, t; # 0. For simplicity we assume
t; > 0 and a; > 0. Now choose i so large that

o |t; |eai*“ +62“|€i| <.
. |t | < g 8T0

a—a
o7 I="—— =1 > T,
Z

¢r ¢r

° - >

fEETRICER RS 5w > €T

T —2a T ,—2a
* ¢ > e 2 >1q.

1+7't

Performing some arithmetic, we see that

o, i ) 2a. _s_ o—2a
us(vtzgaz uezx) — vy l+st; gaz‘HOg(l‘i’Stl)*aue azlgau 1+4st; Zl-

as in (8). We estimate that

—2a;

s\ ti a; L a, 15 €
d(u’viigthiutix, gluttlt o)

S D(V%@tigai—i-log(l-&-sti)_aue%[i ’ ])
9)

< D(VTSti’I) + D( a;+log(1+st;)— a’]) i D(ue i,])
< ||+ la +log(1 + sty) — af 4 €*|4;]
using (1) and (2).
If s € [r,7(14 %)] then
eV < 14 sty < e (1 4 g) ¢
whence a—a; <log(1+st;) < a—a;+§ and 1+St < ¢%~2 We therefore
have -
d(usvtig“iueix,g“ume 1) < ¢

from our choices together with (9).
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We next claim our choices imply there exists r € [7,7(1+ {)] so that
T —2a;
u"(vtigtubiz) and u™ % "z both belong to K. Indeed, first note that

(10) {se[r,r(1+9)]: v (Vighu")z € K}| > &r¢
because viig¥u‘xr € E. Similarly, IJ:Ttie*z‘” > Ty and % —2ai
T € 2 > e gives

C _s 5 ¢
(11) Hsernr(l+ )] :u™hiz e K} > —1—.

4 9 4
To see this, let f(s) = 5 jstl_e_z“i and because

c s c
[{s € [f(7), Fr(L+ ] s u'e ¢ K} < e(f(r(1+ 7)) = f(7))

we have

max{f'(s):s€[r,7(1+ {)]} ¢

selrr 5@
|{ G[ , (1—|—4>] %K}’ < min{f’(8)35€ [7—77-<1—{—4

Now

max{f'(s) :s € [r,7(1
min{ f’(s) : s € [, 7(1
implying (11).

Sogu"wr € g*K. But r € [r,7(1+%)] sod(g’K, K) < § by (9). This
contradicts the properties of K in Lemma 2.8. O

C 1
+ Z)]} 1+71t; <4
5

1
N s

Proof of Theorem 2.1. If p is not supported on a periodic orbit then
by Proposition 2.7 it is A invariant. By Proposition 2.2 this implies
that it is Haar measure on X. U

2.4. Concluding remarks.

Remark on the periodic case. In the case where p is supported on
a single N orbit, there exists x € X, s € R so that u®x = x and

supp(p) = {u'z: t e R} = {u'z : t € [0, 5)}
and pu(A) = [{0 < ¢ < s:uz € A}|. We have that x corresponds to a
lattice with a horizontal vector (which is fixed by u’). Any such lattice
will give a periodic u® invariant measure. Indeed, if w and h are two
vectors that generate the lattice, and h is horizontal then there exists

s so that u’w = w + h. However, u®h = h so that lattice generated by
u®w and u®h is the same as the lattice generated by w and h.

Exercise 13. Show that if u’z = x for some b # 0 then the lattice
corresponding to x has a horizontal vector.
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Solution. Let {u,v} be a generating set for the lattice corresponding
to . Since u’z = x we have that ubu and u®v generate the lattice
corresponding to x as well. So there exist ¢, d € Z relatively prime with
cug + dvy = uy. Thus (¢ — 1)u+ dv is a horizontal vector in the lattice

corresponding to x.

Remark on the aperiodic case. On the topological side the orbit
closure {u®z : s € R} is either a single periodic N orbit or is all of
X. On the measure side more is true than what we proved: either x
corresponds to a lattice with a horizontal vector, or x equidistributes
according to Haar measure on X.

Remarks on the proof. Lemma 2.3 only uses that A normalizes N.
Also the first paragraph of Corollary 2.4 is an important fact in ergodic
theory (and our proof). Furthermore, in the proof of Proposition 2.7
we were aided in getting invariance under A by the fact that g®u is
ergodic. If this were not the case, there would be no reason that a
point in g®K would need to be generic. Generic points are useful for
our arguments, because two measures sharing a generic point must be
the same.

3. SL(2,R) x R2/SL(2,Z) x Z*

3.1. Setup. Let G = SL(2,R) x R2. Thus G is the semi-direct product
of SL(2,R) and the additive group R? under the operation

(A,v) - (B,w) = (AB,v + Aw)

for all A, B € SL(2,R) and all v,w € R2. We can identify G with the
subgroup

{ [61 ﬂ €SL(33,R): A€ SL(2,R),v € R2}

of SL(3,R) if we think of elements of R? as column vectors.

Let T' = SL(2,Z) x Z* and X = G/I'. We can identify X with
the space of affine lattices in R? i.e. as the space of all cosets of all
unimodular lattices in R%. It can also be thought of as the moduli
space of tori with two marked points and a preferencial direction, since
homogeneity allows us to move any one marked point to the origin. In
this guise, it can be used to help understand 3-IETs or the space of 2
identitical tori with glued along a slit.

-(E)6)
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for all t € R. The set N = {i : t € R} is a one-parameter subgroup of
Cj} . As in the previous section, here we are interested in classifying the
N invariant probability measures on X. In doing so we will make use
of the following one-parameter subgroups

(6 2)0) ()0

of G comparable to those in Section 2 and the one-parameter subgroups

(G DE) (6 9)6)

corresponding to flows in the R? direction. Let A, |\7|, H and W be the
one-parameter subgroups defined by these parameterizations respec-
tively.

As in Section 2 write X = SL(2,R)/SL(2,Z) and write 7 : X — X
for the projection on the first coordinate. We will classify N ergodic
and invariant probability measures on X and our proof will use the
description of X as a fiber bundle over X with torus fibers.

Exercise 14. Verify that the fiber of m over a lattice A in X can be
identified with the quotient R?/A.

Solution. The map (A,v)f‘ — A + v is a well-defined isomorphism
from the fiber m1A to R?*/A.

If pisa N invariant probability on X then the push-forward T 18
a probability measure on X that is invariant under the one-parameter
subgroup N from Section 2. From Theorem 2.1 we know that 7pu is
either Haar measure on X or supported on a periodic N orbit.

Theorem 3.1. If ju is an N ergodic probability measure then there exists
a closed subgroup L of G containing N, x € G such that LNazTxz™" is a
lattice in L and p is supported on an L orbit and i is a scaled projection
of Haar measure on L.

These possibilities are:

e 7u is Haar on X and p is Haar on X.

o mu is Haar on X. There exists € X and h, € H so that y is
supported on h™*SL(2, R)h®z.

e 7/ is supported on a periodic N orbit, 4 is supported on an orbit
of the subgroup generated by N and H, and p is the projection
of the Haar measure on this subgroup to the orbit.
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e 7/ is supported on a periodic N orbit and 4 is supported on a
periodic N orbit.

Remark 3.2. Note that h™*SL(2,R)h* is a closed subgroup of G that
contains N and that it has a conjugate (probably different from itself)
that meets I" in a lattice.

3.2. Preliminaries.

Proposition 3.3. If wu is supported on a closed horocycle then p is
the projection of Haar measure on a closed subgroup of G to X.

Lemma 3.4. It suffices to treat the case where mu is supported on NI'.
Exercise 15. Prove this.

Solution. A lattice in X has a periodic horocycle orbit if and only if
it has a horizontal vector. So we may assume that wp is supported on
the set of lattices with a horizontal vector of a given length, say e*.
If A has a horizontal vector of length e’ then g=“A has a horizontal
vector of length 1 and g~ mp = ng~Lu is supported on the set of lattices
having a horizontal vector of length 1. If the proposition is true for this
measure, applying g& to g% gives the result for our original measure.

Proof of Proposition 3.3. By the previous lemma we may assume that
7 is supported on NI'. We will prove that there are two possibilities.

(1) There exists an irrational yy so that the support of p is

(00 2)- () renreon

in which case p is the projection to X of the Haar measure on

L = (N, H). Note that

ot {((9)-()) o)

is a lattice in L.
(2) There exists yo € [0,1) rational and py, ..., px € [0,1) so that u
is supported on

(G- eswemasisd

in which case p is supported on a periodic N orbit.
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Every generic point for p has the form

(G 2)-C))r

for some s € R and some w € R? because 7y lives on NI'. Since the N
orbit of a point generic for p along N consists entirely of points generic
for pu along N, we can find a point of the form

(o 9)-G))r

that is generic for p along N. Now

(601)-G) = (6D -07)

so if y ¢ Q then

“((09)- )= (6 5)-(3)

equidistributes along

(05 6))eton

and we have the first case, where as if y is rational then

(1) () ez

is a finite number of points in X and we have the second case. U

The next lemma implies that h®y is N ergodic for every s € R, a fact
that is used freely in the next section.

Lemma 3.5. If F' is an ergodic and measure-preserving flow on (X, B, )
and S : X — X commutes with F* for all t € R then F is also ergodic
and measure-preserving on (X, B, Sp).

Exercise 16. Prove this.

Solution. This is a consequence of symbol pushing. First, if we have
(Su)(FTA N A) > 0 then u(S™H(F'A) A S71(A)) > 0. But since S
commutes with F* this is u(F'(S~'A) A (S71A)). So the ergodicity of
w and Sy are equivalent. Similarly

(Su)(F'A) = p(S™ F'4) = p(F'S™ 4) = u(S~' A) = (Su)(A)

proves that Sp is F' invariant.
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3.3. A key step. It remains to prove Theorem 3.1 when 7y is Haar
measure on X. A key technical step in this part of the argument is to
be able to write p as an integral of probability measures on the fibers
of m. Theorem A.8 in the appendix makes precise the sense in which
this can be done.

Fix a disintegration P of p coming from the map w. We get, for
almost every A € X a probability measure P(A) = up on 7~ !(A) which
we identify with a measure on R?/A. For each t € R we can consider
the almost-surely defined maps P’(A) = t'uy and P”(A) = pyep. They
are both disintegrations of p so must be equal 7p almost-surely. We
therefor have, for each ¢ € R the equivariance

0 pn = fluta
for mp almost every A.
The main result in this section is the following lemma.

Lemma 3.6. Fither uy has finite support for wu almost every A or
it has uncountable support for mu almost every A. If the support is
finite, then the cardinality is wu almost everywhere constant. If the
support is infinite (and thus uncountable) then uy has no atoms mu
almost everywhere.

Proof. First observe that wu is N ergodic. The cardinality of the sup-
port of up is a N invariant quantity. It is a Borel measurable quan-
tity because the map on probability measures endowed with the weak*
topology to itself given by sending a measure to its atomic part is Borel
measurable. (Note that this is a non-trivial but not too hard exercise to
prove directly.) Ergodicity implies that the cardinality of the support
of pp is constant mp almost everywhere.

We now study the atoms of . Let Qs C X be the set of points
(A,w) so that pa({(A,w)}) < (@pa)({(A, w)}). Note that u(Q,) <
u(0°Qs) unless u(Qs) = 0. Similarly if @ is the set of points (A, w)
so that pua ({(A, w)}) > (0°y)({ (A, w)}) then p(QF) > p(0°Q;) unless
w(QL) = 0. Because p is N invariant this implies that both (Qs)
and p(Q)) are 0. So f(A,w) = pa({(A,w)}) is almost everywhere N
invariant and so it is constant p almost everywhere. That is, if a p
positive measure subset of points (A, w) are atoms of u, then the size
is the same for p almost every point. The reciprocal of this size is the
cardinality of the support of uy for mu almost every A. Since this is
a finite number, if there are atoms, the cardinality of the support of
(a is finite mp almost surely. Similarly if the support of pp is infinite,
there can not be atoms, so it must be uncountable. O
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Exercise 17. Show that if (Y, d) is a o-compact metric space and ¢
maps Borel probability measures to their atomic part, it is a Borel map
from Borel measures with total variation at most 1 with the weak*
topology to Borel measures with total variation at most 1 with the
weak™ topology.

Solution. Let Py, ... be a sequence of countable, measurable partitions
of Y so that lim max{diam(P): P € P,} = 0.
n—oo

Fiz e >0 and n € N. Write Q1,Qo,... for the members of P,.
For each v the set K(v) = {k € N : v(Qx) > €} is finite or empty
and Q(E) = UrepPy. Let vp be vigm) and we wish to prove that
U(v) = vy, is a Borel map. Fizing E C N finite, it suffices to prove
for every continuous function f:Y — R of compact support that

(12) Vl—)/le

is measurable on the set {v : K(v) = E}. Indeed, (12) shows if U is
an open in the set of measures wzth total variation at most 1 with the
weak™* topology then W—1(U) is measurable.

To prove that, first note that

(13) ,ur—>/f1,4dy

is measurable whenever A is open and has compact closure by approzi-
mating 14 by continuous function. Then note that the collection of sets
A for which (13) is measurable forms a o algebra.

Let v, be a weak™ limit of v, as n goes to infinity and observe that
it is v restricted to its atoms of measure at least € (and so the limit
actually exists). This is measurable because it is a pointwise limit of
measurable maps. Now let Vyiom be a weak™ limit of Vi as k goes to

infinity. This is v restricted to its atoms (and so the limit exists and
the map is measurable).

We now have a dichotomy when mp is Haar measure on X. Either
the disintegration of p over 7 is atomic almost surely, or has uncount-
able support and no atoms almost surely. In the next two sections we
describe what 4 is in both possibilities.

3.4. Uncountable fibers. In this section we assume 7 is the projec-
tion of Haar measure on GG to X, and that almost every measure p, in
the disintegration of y over m has uncountable support. Our goal is to
prove that p is Haar measure on X,
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Proposition 3.7. If i is a N ergodic and N invariant measure on X
so that wp is the projection of Haar measure on G to X, and if pun has
uncountable support for wu almost every A then p is Haar measure on
X.

First, we observe that it suffices to prove u is H invariant. We will
then argue as in Section 2 that this is the case.

Lemma 3.8. If mu is the projection of Haar on G to X and p is H
variant then p is the projection of Haar on G to X.

Proof. Consider the H ergodic decomposition of pu. The subgroup H
preserves the fibers of m and every fiber 771(A) of 7 can be identified
with the quotient R? /A so almost every measure in the ergodic decom-
position is supported on some quotient R?/A. For mu almost every A
in X any H ergodic measure on R?/A is Lebesgue measure. This is
because, on almost every lattice quotient, every point in generic for
Lebesgue measure along H. Since Haar measure on X disintegrates
over mu as Lebesgue measure on almost every fiber of 7 the lemma
follows from uniqueness of disintegrations. U

Note: the same proof gives the following: if 7 is the projection of
Haar on G to X and there exists a # 0 so that h®u = p then p is the
projection of Haar on G to X.

To conclude y is the projection of Haar measure on G to X it remains
to prove that p is H invariant.

Strategy: Suppose p is not H invariant. As in Lemma 2.8 we can find

K C X compact consisting of points that are generic for u along N,
and a > 0 and ¢ > 0 with u(K) > 2 and d(h*K, K) > c. Our goal is

! 100
to find nearby points whose N orbits will diverge in the direction of H.

We cannot appeal to Poincaré recurrence to choose nearby points as in
Section 2 because we wish our nearby points to be on the same fiber of
7. (If they are not on the same fiber then there will be some divergence
in X in the A direction, which we don’t need at the moment.) Now,
if points of the form (A, (%)) are converging to (A, (y)) then, upon
choosing 7 large enough and ¢ appropriately, we can arrange for

(o)) s () = 0()

with 0'(A, (y)) and G*(A, (3)) both in K contradicting separation of
K and h*K.
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Lemma 3.9. If ux has uncountable support for a set of A with wp
of measure at least 5 then we have for a set of (A, (%)) of p measure
3 that there exists (A, (3)) — (A, (3)) so that y; # y for all i and

(A, (1)) € K for alli.

Sublemma 1. We may assume there exists so > 0 so that KNh*K = ()
for all 0 < |s| < sq.

Proof. If z € h*K then z is ' generic for h*u. So if x € K Nh*K then
it is generic for h®u and p. So these are the same measures. So if this
is not true there exists s; # 0, but s; — 0 so that h*pu = p. Since
{s:hiu = p} is a closed subgroup of R, this implies p is h® invariant,
which by Lemma 3.8 completes the proof of the proposition. 0

Proof of Lemma 3.9. We prove this by contradiction. Observe that we
may assume the support of up is contained in an at most countable set
of horizontal lines for a set of A with 7y measure % as otherwise we
could find points as requested by the conclusion of Lemma 3.9. This im-
plies that K intersected with some horizontal line segment has positive
measure. Next, observe that since the support of p, is uncountable, it
is non atomic and so K intersected with this horizontal line segment is
uncountable. So it contains an accumulation point, contradicting the

sublemma. U
We are now ready for the proof of Proposition 3.7.

Proof of Proposition 3.7. Asin Lemma 2.10 there exists T, > max{a, 1}
so that the pu measure of

x 9 T+% ~t x 98
B={(AG):— Lie(@'(A, (3))) dt > 105 for all T > Ty

T

. 99
is at least 00"

By Lemma 3.9 we may choose (A, (3!)) — (A, (y)) so that
e y;, # y for all i;
o (A, (y)) € E for all 4
o (A (y)) €E;
all hold. For simplicity we assume y > y; for all ¢ € N. In place of (8)
we have

(14) u’ (A, (x)) — ho Ty Yt - gt (A, (%))
y Yi

for all t € R.
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Sublemma 2. If j is such that

ac

hd |yj _y| < 10T,
o |v; —x[ < g
« (A(y)EE
e (A (y) ekl
all hold then there exists t so that

(a) (A, () € K

(b) (A, (y)) € K |

(c) d(U*(A, (), h*a" (A, () <c
all hold.

Exercise 18. Prove the sublemma.

Solution. Consider the interval I = [y-(iyv yiy + Q(yiy)]. We claim
J J J

there exists t € 1 satisfying the conclusions (a), (b) and (c). First

observe that by (14) and our choice of j, any t € I will satisfy (c).
Second, because (A, () and (A, (y)) are both in E we have that

{t e T:0'(A, () € K} > ]

100
and

{tel:u" (A (y))) € K} > 155!l
both hold. Thus the set of t € I satisfying all three conclusions has

measure at least 21|,

Condition (a), (b) and (c) together contradict the separation of K
and h®K concluding the proof of Proposition 3.7. U

3.5. Atomic fibers. In this section we conclude the proof of Theo-
rem 3.1 by proving the following result.

Proposition 3.10. If mp is Haar measure on X but p is not Haar
measure on X then w is supported on a single h=*SL(2, R)h*® orbit.

Lemma 3.11. It suffices to show that p is invariant under a one pa-
rameter subgroup of HA other than H.

This result is involved and we break the proof into three steps.

Step 1. If p is invariant under a one parameter subgroup of H~A other
than H then there exists s € R so that h®y is invariant under A.

Sublemma 3. Any I-parameter subgroup L of HA is either H or of
the form h=°Ah® for some s € R.
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Exercise 19. Prove this.

Solution. Every one parameter subgroup is of the form t — exp(Xt)
for some X in the Lie algebra of HA. But

a 0 b et 0 Lem—1)
exp 0 —a Ot] =0 e 0
0 0 0 0 0 1

so, up to a time scaling, all one-parameter subgroups of HA distinct
from H are of the form t — h*€'~Dg, = h=sgth* for some s € R.

Sublemma 4. If for some s € R the measure p is invariant under the
one-parameter subgroup h=*Ah® then h®u s invariant under A.

Proof. One verifies that

(h* ) (& A) = u(hF'A) = p(h~*&h*h > A4) = pu(h~A) = (W) (4)
for all Borel sets A. O

Step 2. If h®p is A invariant then 1t is supported on a single G orbit.

Write v for h®u. The proof of Proposition 2.2 does not generalize to
our current setting, because we don’t know that v sits inside a G orbit
that is the support of an N ergodic measure. The proof in this case is
beyond the scope of these notes, but we give an outline.

Idea: We want to show that if v is g* invariant and N invariant
then it is M invariant. We assume a is positive, the other case being
similar. The transformation g* expands the N flow by the maximal
rate possible. Indeed

t e2at
¢ e =g
s=0 s=0

for all t € R. For v to be invariant under g* there has to be a balancing
contraction. Such a contraction can only come from a conjugate of M.
To make this heuristic precise, one uses a notion, entropy, which goes
beyond the scope of this minicourse.

Sublemma 5. The measure v is supported on a single G orbit.

Proof. Let (A, w) € X be a point in the support of v. Since v is |\7|,
A and N invariant the point (BA, Bw) is in the support of v for all
B € SL(2,R). So vpa({(BA,Bw)}) = ¢ > 0 for all B € SL(2,R) by
Lemma 3.6. Disintegration of measures the implies that the v measure
of the SL(2,R) orbit of (A, w) is at least ¢. This is a N invariant set and
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so by the ergodicity of v (which is a consequence of the N ergodicity of
1) it has full v measure. O

The sublemma establishes that © = h™%v is supported on a single
h=*SL(2, R)h® orbit.

Step 3. The measure f is invariant under a one-parameter subgroup of
HA other than H.

Lemma 3.12. The measure i is invariant under a one parameter sub-
group of HA other than H.

Sublemma 6. It suffices to show for all e > 0 that there is g € HA\{I}
with D(g, 1) < € and gp = p.

Proof. Suppose we can find for every ¢ > 0 some g € HA \ {I} with
D(g,I) < € and gu = p. By Lemma 3.8 we get that the subgroup
can not be H. Thus if for all € > 0 there exists g € HA \ {I} so that
D(g,I) < € and gu = p then for all § > 0 and all ¢ there exist s, a with
(g%, (&)= pand |s —t| < 6. Let L ={g e G :gu=p} which, just
as in Exercise 9, is a closed subgroup of G. So, for each t there exists
a with (g', (&)) € L. If it is not unique then s is HA invariant. This
gives the sublemma. 0

To complete the proof of Proposition 3.10 it remains to verify the
condition in the statement of the sublemma.

In analogy with (8) and (14) we calculate that

~ ~ ~o S ~ 1t
uthawbvs _ hathbWbV s glog(1+t5)u s

(15) :

_ vﬁwb—ﬁ(a-l—tb)ha+tbglog(1+ts) UTtes

whenever st # —1. Once again, fix K a compact subset of points
generic for ;o along N with measure at least —=. Let £ C X and Ty > 1

100
be so that p(FE) > £ and that

{0<s<T:0°zeK}|>ET

for all T' > Tj and all x € E. Because the projection of u to X equals
the projection of Haar measure on G to X, we can find x € F, and
sequences s;, a;, b; — 0 so that h%w’ vz € E for all i.

Suppose there is 0 < € < 1 such that gu # p whenever D(g,I) < e.
Then whenever D(g, I) < € we have d(K, gK) > 0. Since g — d(K, gK)
is continuous there is 0 < ¢ < § such that

(16) 5 <D(g,I) <e=d(K,gK) > ¢



26 JON CHAIKA AND DONALD ROBERTSON

holds. By shrinking e if necessary we may assume that
(17) D(h?g", 1) > 1va2 + 02,
holds, which is the other side of (2).

Using (15) we will obtain a contradiction as in the proof of Propo-
sition 2.7. For convenience we assume t; > 0, a; > 0 and b; > 0 for all
1 € N. Choose i so that

o z h“wlivtix € E;
o 5 #0;
o max{|b;|, |si|, |ai|} <

all hold.

Let o = min{s : D(h%*sbigloe(st) T) = £} and consider the interval
J = [0, %Z]. Note that by (17) we have

(18) la; + ob;| and |log(1 + ot;)| are at most §

for our choice of 1.

32To

It suffices to prove that the conditions

(1) o > ,_Z—'()7
(2) & < D(haitsbigloeitsty ) < ¢ for all s € J;

(3) D( Sha’WbZVt’, haitsbi glog(l—&-st o 1+stl) % for all s € J;

all hold. Indeed conditions (1) and (2) imply there exists s € [0, 0] so

that 07 2 and G*h®wb V% z both belong to K. Thus, by condition (3)
we have d(K, h%tsbigloel+sti) [} < §. This contradicts (16) completing
the proof.

We outline the proof of condition (2) and leave the rest as an exercise.
First, estimate that

D(hai—i—%abiglog(lﬁ—%ati)’ hai—i—abiglog(l—i-mfi))
:D(hai+%db¢glog(l%»%a‘ti)*log(lﬁ»a'ti)hfaifo'bi’ [)
D (3 T (ko) glog(1+ ot —log(1-t0t) )

because D is right invariant.

951,
Now as log(1+30t;) —log(1+0t;) < 3 log(1+0t;) and 1 < %"% <2

our bounds (2) and ( 18) together with the triangle inequality imply

)

D(haﬁ_ Jbﬁ_ 1+ 7 (a,—i—ab )glog(1+ ot;)— log(l—i-ati)’ ]) < 6( —+

=
=
=

1
9
holds. Note that our argument here gives

D(hai+0big10g(1+0ti)’ haiJrsbiglog(lJrsti)) < %
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for all s € J. By the triangle inequality and the fact that o is defined
so that D(h®teobigleeltot) T) = £ this gives condition (2).

3.6. Concluding remarks.

Remarks on the proof. We repeatedly used the fact that if two
measures share a generic point then they are equal.

4. DANI’'S PROOF

In this section let mx denotes Haar measure on X, with the scalings
chosen so that mx is a probability measure.

Here we reproduce Dani’s result tha nayt horospherical invariant, er-
godic probability measures on SL(2,R/SL(2,Z) is either supported on
a closed orbit or is my. Our proof is based on Alex Eskin’s notes from
clay summer school Section 2. For a slightly different (and probably
slicker) proof see [MR1248925|.

Theorem 4.1. Any N ergodic and N invariant Borel probability mea-
sure on X s either Haar measure to X or supported on a periodic N
orbit.

For every n > 0 define
IC,, = {z € X : the shortest vector in x has length at least ¢}
which, by Mahler’s compactness criterion, is compact.
Lemma 4.2. The set K, is compact for all n > 0.

Exercise 20. Prove this special case of Mahler’s compactness criterion
directly.

Solution. Fizn > 0. We show that K, is sequentially compact. Let x;
be a sequence in KC,,. For each i let v; be a vector of minimal positive
length in z;. Note that every lattice of unit co-volume contains a vector
of length at most 6, so the v; all lie in a compact subset of R?\ B(0,n).
Thus there exists indices i; so that v;; converges to v, € R*\ B(0,n).
Now for each i; we consider the vectors that together with v;; generate
z;;. Note that if w;; 1s such a vector then w;, — kv;; 1s too for all k € Z.
So if we consider w;; = a;; + b, where a;; is parallel to v;; and b;; is
perpendicular to v;; then |a;,| < |vi,| < 6. Now, the rectangle with sides
w;; and v;; has area 1 (because our lattice has covolume 1) and so the
w;; have a convergent sequence as well.
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Lemma 4.3. There exists n > 0 so that for all x € X that do not
contain a horizontal vector, there are arbitrarily large d > 0 such that
g %z belongs to K.

Proof. If a lattice  has a horizontal vector then so does g°z for all s.
It therefore sufficies to exhibit 1 > 0 so that, for every y € X without
a horizontal vector, there exists d > 0 so that g~%y € K,,.

Fix y € X without a horizontal vector. Since y is unimodular the
parallelogram spanned by any two vectors generating y has area 1. This
implies there exists a constant n > 0 so that, in any spanning set for
any lattice without a horizontal vector, at least one of the vectors must
have length at least 7.

Suppose that v is a shortest non-zero vectors in y and that |v| < 7.
We claim that g~%y € IC,, for some ¢ > 0. Since v is not horizontal
lg~*v| — oo as s — oo and so there exists a smallest time d so that
|le~v| = n. By the previous paragraph, for any 0 < s < d, any vector
w such that {w, g *v} generates g~*y satisfies |w| > n. We conclude
that every non-zero vector in g~% has length at least 7, establishing
the lemma. U

Lemma 4.4. For all n > 0 there exists R, A, K > 0 so that for all
x € K, one has

Vrgauka7 7é ngbuliﬁ
for all (rya, k) # (s,b,1) with 0 < r,s < R, 0 < a,b< A and0 <
k,l < K. In other words, the map (r,a,k) — v'g?ufx is injective on
the cuboid [0, R) x [0, A) x [0, K) for all x € IC,,.

Proof. Fixn > 0. Since I' is discrete we can find for every x € X quanti-
ties R, A, K > 0 so that v"gtu*z # végPulx whenever (r,a, k) # (s,b,1)
with 0 < r,s < R, 0 < a,b < Aand 0 < k,l < K. The constants
R, A, K clearly change continuously as x does so by Lemma 4.2 we can
choose these constants uniformly on C,,. O

The main step in the proof of Theorem 4.1 is the following proposi-
tion.

Proposition 4.5. If © has no horizontal vector then

R—o0

R
1
lim inf }—%/f(utx)dt—/fdmx =0
0

whenever f € C(X) is 1-Lipschitz.

Exercise 21. Prove Theorem 4.1 assuming Proposition 4.5.
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Solution. Assume p is an N ergodic and N invariant probability mea-
sure on X that is distinct from Haar measure. Let x € X be a generic
point for p along N. Fiz f € C(X) so that [ fdu # [ fdmx. Since
Lipschitz functions are dense in C.(X) for the supremum norm and
therefore for the L' norm, we may assume f is Lipschitz. We may
scale f to be 1-Lipschitz and observe that since [cfdp # [cf dmy
the proposition implies x must have a horizontal vector. This estab-
lishes the theorem.

It is not hard to see that this proposition actually establishes more
than Ratner’s measure classification theorem: it establishes Ratner’s
orbit closure theorem and a weak form of Ratner’s genericity theorem.

Write A for Lebesgue measure on R3.

Lemma 4.6. Define ¢ : R3 — SL(2,R) by ¢(r,a, k) = v'g®u*. There
exists 0 >0 and 0 > 0 so that
d(¢A)

< QP4 <9
< dme (o, ,7) < 20

whenever 0 < |r|, |al, |k| < §.

Proof. The map ¢ is a diffeomorphism between a neighbourhood of 0 in
R? and a neighbourhood of the identity in SL(2, R). There its Jacobian
is non-singular, so ¢\ and mg are equivalent on a neighbourhood of
the identity in SL(2,R). O

We turn now to the proof of Proposition 4.5. Fix f : X — R non-
zero that is 1-Lipschitz and fix € > 0. Let n be as in Lemma 4.3. Fix
R, A, K as in Lemma 4.4 applied to our value of 7. Let 6 and o be as
in Lemma 4.6. Fix L < min{R, A, K,0,n,€¢/2} such that

e?t —1
(19 o |57+ = 1| <

holds.
For every S > 0 define the set

ES)=qyeX:

el

T
/f(uty)dt—/fdmx <eforal T>S
0

and note that myx(E(S)) — 1 as S — oo because mx almost every
y € X is generic for mx along N by Theorem A.11.
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Finally, fix x € X corresponding to a lattice that does not contain a
horizontal vector. Choose S > 0 such that

el?
[/ lsupo

holds. Fix T' > S and choose d > 0 such that

mx(E(S)) > 1 —

e gz ek,
o Le 2 < 5
e (1+T+T*Le <
T flsup < Le*e
all hold. This is possible by Lemma 4.3.
Since g~%x belongs to K, the map

r_a k

(rya, k) — v'gtu®g™ dy

is injective on [0, L]> by our choice of L. Moreover, its image has
measure at least L? /20 by Lemma 4.6. Now g? is a measure-preserving
homeomorphism of X so the map

(rya, k) — g™vg*uFg %z

is also injective on [0, L]* and its image too has measure at least L?/20.
Our choices T' > S > 0 are therefore such that

T L L
s/]/

TL3
000

holds. This estimate is the same as

St~

f(u'gvrg*uFg ) dkdadrdt—/fde < 2

X T L L L
ﬁ////f tyre” kezd:c)dkdadrdt—/fdmx < 2¢
0 0

by some matrix manipulation.
For all 0 < k,a,r < L and all 0 <t < T we have the estimate

d(utvre gaukez‘ix’ ute’Q‘lukede)
< DU gaute ™ 1)

— DV g, 1)
<DV vt ) +a
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from (2). Now

—2d
t.ore=2d ¢ —od log(l+tre™

_re & 2dy —t
uv u — \/ l+tre g )U 1+tre—2d u_t

ro—2d _42,.—2d
=V 1+t7‘e72d glOg(l—"_tT‘6 )u 1+t’re*2d

from (5). Thus
d(utvm_zdg“ukezda:, ute_zaukemsc) <a+re 4 tre? 4 t2re
SL+LA+T+T%e ™ < 2

holds from L < e and our choice of d.

Combined with the fact that f is 1-Lipschitz, we see that
T L L L

TLS////f e gruk e 1) dk da dr dt

0 O

and
T L L

1 —2a 2
ﬁ///f(ute u"*'z) dk da dt
0 0

0
are within 2e of each other.

The two paragraphs above combine to give

T L Le%d

(20) /fde o 2d///f z) dk dadt| < de

after a change of variables.

Claim 4.7. For all 0 < a < L the estimate

T LeQd 2d

2 ko
TLe2d//f Jdkd L

holds.

(u'z)dt] < — ] flu

—L2d

Proof. Fix 0 < a < L. Upon comparing the square with vertices (0, 0),
(Le*®,0), (0,7), (Le*®, T) with the parallelogram with vertices (0, 0),
(Le*®,0), (=T,T), (Le*® — T, T) one obtains

T L€2d 2d

FU Wk dk dt — Teza fu'z) dt| < T2 flsa
p

after a Change of variables. Divide through by T Le??. 0
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It follows from integrating the claim over 0 < a < L that

L62d Le?(i

rr —2a k 2L - ]_ ]_ t
TLQezd flu Jdkdadt — —7———; [ f(u'z)dt
0 0 O

0

is at most T'| f]./Le*® so, together with (20) and our choice of d > 0,
we get

e2d

€2L
/fde— T L€2d/fux ) dt| < 5e

and then

Le2d

/fdmx—ﬁ/f(utx)dt < 6e

0

follows from (19). Our choice of d can be arbitrarily large by Lemma 4.3
so the preceding equation gives

Le2d

1

o5 /f(utx)dt—/fdmx < Ge
0

and since € > 0 was arbitrary this establishes Proposition 4.5.

lim inf
— 00

APPENDIX A. RESULTS FROM ERGODIC THEORY

Inner regularity. Let X be a metric space. Every Borel measure p
on X has the property that

w(E) =sup{u(K): E D K compact}

for every Borel set £ C X.

Poincaré recurrence.

Lemma A.1 (Poincaré recurrence Theorem). Let (X, B, 1) be a finite
measure space. If T : X — X is pu-measure preserving then for any
measurable set A we have that for u almost every x € A there exists

n(z) > 0 so that T")(z) € A.
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Birkhoff ergodic theorem.

Theorem A.2 (Birkhoff ergodic theorem). Let (X, B, 1) be a proba-
bility space. Let t — F* be a measurable flow with respect to which p
is F invariant and F' ergodic. Fiz f € L*(X,B,u). Then

Tllm—/th )dt = /fd,u

for i almost every x. Moreover, if

2

sw(w) = Z F(T")

then sy converges in L*(pn) to [ fdpu.

Corollary A.3. Let (X, F', u) be an ergodic probability measure pre-
serving system and f € L'(u). For every ¢ > 0 there exists T so
that

u@xGXUHszbmmk%/TﬂF%Mt—/f@dzd)<e
0

Defintion A.4. Let p be an F' invariant measure. We say x is F*
forward generic for u if for all f € C.(X) we have

lim —/ f(Fz ds-/fdu
T—o00

We similarly define backwards generic points. A point is called generic
for w if it is both forward and backward generic.

Corollary A.5. If i is an ergodic measure then p almost every point
is generic for p. If 4 and v are different invariant probability measures
then the set of their generic points are disjoint.

Change of variables.

Theorem A.6 (Change of variables). If f : [a,b] — R is differentiable
and U C [a,b] is measurable then
:/f&
U

Note that f(U) will not generally be Borel measurable but is analytic
and hence Lebesgue measurable.

where \ is Lebesque measure.
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Corollary A.7. If f : [a,b] — R is differentiable and U C [a,b] is
measurable then

inf{f'(s):s€(a,b)} _ ASW)) _ sup{f'(s):s € (ab)}
sup{f'(s) : s € (a,0)} = A(f([a,0] \U)) — inf{f'(s) : s € (a,b)}

Disintegrations. Given separable metric spaces X,Y and a map 7 :
X — Y the space X is of course the disjoint union of the fibers 7~ (y) of
7. Write M(X) for the set of Borel probability measures on X. Equip
it with the weak* topology induced by the space C.(X) of continuous,
compactly supported functions on X. Disintegration of measures allows
us to decompose any member of M(X) as an integral of probability
measures supported on the fibres of . The following theorem makes
this precise.

Theorem A.8 (Disintegration of measures). Let X,Y be separable
metric spaces. Let m: X — 'Y be Borel measurable and let u be a Borel
probability measure on X. Then there exists a p almost-everywhere
defined map P :Y — M(X) with the following properties:

(1) for mp almost every y the measure P, gives full measure to the
fiber 77 (y);

(2) for every Borel set B C X the map y — P,(B) is measurable;

(3) for every Borel set B C X the equality

u(B) = / P,(B) d(ms)(y)

holds.

Moreover, this map is unique in the sense that if P': Y — M(X) also
satisfies the above properties then P, = P, for mu almost every y.

If we have in addition a measurable flow ¢ — F' on X that descends
to a measurable flow ¢t — E? on Y in the sense that 7(F'z) = E'(wx)
for all t € R and all x € X then we can moreover require of P that for
every t € R the set

{y €Y :F'P,= Pg,}

has full 7y measure. Indeed, one can verify that for any fixed t € R
the maps P, = F'P, and P,/ = Pg, satisfy statements (1) through
(3) in the disintegration theorem and must therefore be equal almost
everywhere. Note that we have for every ¢ € R a full-measure set of y
on which equivariance holds. The order of quantifiers is important.
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The ergodic decomposition.

Theorem A.9 (Ergodic decomposition). If t — F* is a continuous
flow on a separable metric space X that preserves a probability measure
i then there is a pu almost-surely defined measurable map P : X —
M(X) such that

u(B) = / P,(B) du(x)

for all Borel sets B C X and P, is an F invariant and F' ergodic
probability measure for p almost all x.

Properties of SL(2,R). Let X denote SL(2,R)/SL(2,Z) and v denote
the projection of Haar measure to X.

Theorem A.10. v(X) < co.
Theorem A.11. The actions of the one-parameter subgroups
(1 t) (1 0) (et 0 )
0 1 t 1 0 et
on X are all ergodic and invariant for v.

Theorem A.12 (KAN decomposition). Every element in SL(2,R) can
be written uniquely in the form

(50 = 2

for some t,s,0 € R.



