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Abstract

Akhunzhanov and Shatskov defined the Dirichlet spectrum, corresponding to m x n
matrices and to norms on R™ and R". In case (m,n) = (2,1) and using the Eu-
clidean norm on R?, they showed that the spectrum is an interval. We generalize
this result to arbitrary (m,n) # (1,1) and arbitrary norms, improving previous works
IKR22],[Sch23al [Sch23b] [HSW24],[Agi24]. We also define some related spectra and
show that they too are intervals. Our argument is a modification of an argument
of Khintchine from 1926.

1 Introduction

Throughout this paper bold symbols and bold fonts are used for definitions.

Denote by My, n, = My, (R) the space of m x n matrices with real entries. Let d = m+n.
For [|-]|,,, an arbitrary norm on R™ and |-||,, an arbitrary norm on R", E| and for a vector
(Z,9) € R™ x R™ we denote by ||-||,y, ,, the norm on R* defined by

(&5 G) |l 2= x| Z ], (1713
From the Minkowski convex body theorem one deduces a higher dimensional generalization
of the classical Dirichlet’s Diophantine approximation theorem — there exists a constant
Ay such that for every t € R sufficiently large and any matrix © € My, ,, there exists
(¢,p) € Z™ x Z™ such that

0< |7, <t/

/™ 10G P, < Ao.
Denote by A\I'Hm.n the infimum over all Ay which satisfies .
Let to > 0 be the positive real number which satisfies to = min { ||7]|,, | 7€ Z" \ {0} }.

We then define the (rescaled) irrationality measure function of M., (w.r.t. [|-[|,, )
to be the function x : My, n X [to, 00) — [0, 00) defined by

— —

= ¢n/m i Od — .
(o0 ., 187 =71,,)

x(6,t) = x(0,1)
Put in other words, the higher dimensional generalization of Dirichlet’s theorem tells us that
for every t sufficiently large and every © € M,, ,, we have that

X(O, O, 0 < Al (2)

m,n m,n

We'll denote until the end of the section the constant Ay and the function x(0,1)|.
only as A and x(©,t), keeping in mind these are norm-dependent objects.

m,n

In case limsup,_,. x(0,t) < A, we say that ® is Dirichlet-improvable, meaning that
for this specific ©, we can improve the upper bound A given to us by Dirichlet’s theorem.

I This notation should not be confused with the p-norm defined by ||Z ll, = (3 |z4lP) 1p,



A trivial observation is that if © € M,, ,(Q), then for ¢ large enough we have that x(©,t) =
0, so in particular we have that limsup,_, . x(0,t) = 0. For the typical case, Davenport
and Schmidt showed in [DS70] that for n = 1 or m = 1 and for the maximum norm on R™
or R™, respectively, for Lebesgue almost every © we have that limsup, . x(©,t) = A = 1.
Extending Davenport and Schmidt’s argument (see [KR21]), one can show that for any m
and n, any arbitrary norms on R™ and R", and for Lebesgue almost every © € M,, ,, we
have that

limsup x(0,t) = A. (3)

t—o0

Following Akhunzhanov and Shatskov in [AS13|, define the Dirichlet spectrum of My, »
(w.r.t. ) to be

[/

D =Dy = { limsup x(©,t) | © € men}.
t—o00

m,n

Again, we denote until the end of the section the Dirichlet spectrum simply by D,,, ,,, keeping
in mind this is also a norm-dependent object.

By we know D, , C [0, A]. In case n = m = 1, there are many open questions about

the spectrum and it appears to have a complicated structure (see e.g [AS13]). In particular,
we know that D 1 # [0, A] = [0, 1].

In this paper we prove the following;:

Theorem 1. Let m and n such that max (m,n) > 1, let ||-||,, and ||-|,, be arbitrary norms
on R™ and R™, and let A be the minimal constant which satisfies (@ for every t large
enough. Then

Dy = [0, Al

Furthermore, for any c € [0, A], the set

{© € M, | limsup x(©,t) =c}
t—o0

s uncountable and dense in My, , .

Theorem 1 extends many recent results, we present briefly some of them. In [AS13], Akhun-
zhanov and Shatskov were the first to consider higher dimensions than m = n = 1. Sur-
prisingly at that time, they showed that for m = 2,n = 1 and for the Euclidean norm on

R? we have that Do = [0,A] = [0, %] In [Sch23b], Schleischitz showed that for n =1,

m > 2, and for the maximum norm on R™, we have that D,, 1 = [0, A] = [0,1]. In [Sch23al,
Schleischitz also showed that for m = 1, n > 2, and for the maximum norm on R™, we have
that Dy ,, = [0,A] = [0,1]. In [Agi24], the first-named author showed that for m = 2 and
n = 1 and for any norm on R? there exists a positive constant ¢ such that [0,c] C Doy,
with ¢ = A in case ||| is induced from an inner product induced by a diagonal matrix.
In [HSW24], Hussain, Schleischitz and Ward showed that for a wide range of integer pairs
(m,n) and wide range of norms on R" and R™ there exists a positive constant ¢ such that
[0,¢] € Dy, with ¢ = A =1 in case both norms are the maximum norm and if m|n or
nlm. In [KR22], Kleinbock and Rao showed in that for m = 2,n = 1 and any norm on R?,
we have that A is an accumulation point of Dy 1.

1.1 Some extensions of the main result

Let d = m +n. We say two positive vectors & € RZ; and E € RZ, are weights on R4 if

Y= B =1

Let X4 = SL4(R)/SL4(Z) denote the space of unimodular lattices in R%. Given © € M, ,
we denote by Ag the unimodular lattice defined by

Ao = <IE)” ?) 72,



Given t > 0 and &, E weights on R¢ we define
955 = diag (t°, .. 1o 70 470 € SLy(R).

Let b € (0,00] and let {E.|e € (0,b]} be a continuous decreasing exhaustion of Xy by
compact sets (see ([11)), section 3).

Motivated by a question posed by Dmitry Kleinbock, for A € Xy we define the extended
Dirichlet constant of A (w.r.t. E., &, () to be

dir(A) (Ee,@,B) :==inf {c >0 | 9550 ¢ E- for all t large enough},

with the convention that inf@ = b. Now define the extended Dirichlet spectrum of Xy
(wr.t. E.,d,0) to be

Dy (Ee, &, B) := {dir(A) (E.,d,B) | A € X4}
In this paper we also prove the following:

Theorem 2. Let d > 3. Let {E.|e € (0,b]} be a continuous decreasing exhaustion by
compact sets of Xy for some b € (0,00]. Let m,n € N with m +n = d and let & and ﬁ be
arbitrary weights on R, Then .

Dy (EE7 a, ﬁ) = [07 b]
Furthermore, for any c € [0,b] and any open set V € My, , we have that the set

-,

{® e V|dir(Ae) (Ee,d,B) = c}
is uncountable.

For a more detailed discussion see section 3, during which we also explain why Theorem 2
is a generalization of Theorem 1.

The paper is structured as follows. In the following section we generalise the setting by
changing the function ¢t ! to a more general one, still staying within the realm of Diophantine
approximation. For © € M,, ,,, we discuss &(©) the uniform exponent of ©, and use a
generalisation of Theorem 1 to prove existence of matrices exhibiting special properties with
respect to their uniform exponent (Theorem 3 and Corollary 1). In section 3, we generalise
the setting to the space of unimodular lattices in more detail, turning the question to one
which focuses on the behaviour of certain trajectories under one-parameter diagonalizable
flows (Theorem 2 and 4). In sections 4 and 5 we show that Theorems 2 and 3 follow from a
more general topological theorem (Theorem 5). Theorem 5 is the main result of this paper.
Throughout the paper we use some technical lemmas (Lemmas 1-4); For readability, we
postpone the proofs of these lemmas to a separate and final section.

The origin of the topological theorem (Theorem 5) goes back to a famous work by Khintchine
from the 20’s [Khi26] regarding existence of non-obvious singular 2-dimensional vectors,
which was later generalised and modified by many authors (see [Cash7],[Dan85],[Wei04],
[KMW?21]). This new version of it is a modification of a modification introduced by the
second-named author in [Wei04] (Theorem 2.5).
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to Dmitry Kleinbock and Anurag Rao for useful discussions. The support of grants ISF-
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2 1-Dirichlet spectrum and uniform exponent

For 7 > 0 we define the v-irrationality measure function of My n (w.r.t. |-[[,, ) to be the
function x : My, n X [to,00) — [0, 00) defined by

X~(8,t) = x+(0, 1)y =17 ( 107 —7ll,, )-

0<71l,, <t pez™



One can easily show that if limsup,_,., x,(0,t) = ¢ for some ¢ € (0,00) then for any §,¢
with 0 < § < 7 < & we have limsup,_, . x5(©,t) = 0 and limsup,_, ., x:(0,t) = co. So
by Dirichlet’s theorem we have that if v < n/m then limsup,_, . x,(©,t) = 0 for every
O € My, .

Now for © € M, ,, define the uniform exponent of © € Mpn (w.r.t. |-, ) to be

w(©) =w(9) :=sup {7 > 0] limsup x-(0,t) < oo }.
t—o0

-1l

By Dirichlet’s theorem, clearly we have &(©) > n/m for every © € M,, ,,, and by (3) we have
W(©) = n/m for Lebesgue almost every © € M,, ,, (see e.g [KMW2]] for further discussion
and results).

More generally, let ¢t > 0 and let 1(¢) be a positive continuous decreasing function.

For © € M,,, fixed define
t*l/’n q’
min max { Il 4)

oy(t) = Ne.y(t) =
(3.5)€ 2 xZm\{0} Y()y~“Ym™ e -7,

[P

and for v > 0 define ¥y (t) :=¢t77.

That is

=7l
/1077l

Aoy, (1) = min max {

(¢.7)€ zn xZm\{0}

For © fixed, clearly Mg . (t) and x-(©,t) are closely related functions; note however that
Ao,y (t) is a continuous function of ¢, but x.(©,t) is not. In section 6 we give some ele-
mentary statements connecting these two functions. In particular, we prove Lemma [2| which
states that for v > 0 we have that

limsup Ae,y. (%) Lyn/m

t—o0

= limsup X'yn/m(evt)' (5)
t—o00

Now for v (t) positive continuous and decreasing, we define the y-Dirichlet spectrum
of My (w.r.t. ) to be

-l
Do () := { limsup Ao,y (t) | © € My, 0}
t—o0
In particular for v > 0 we have that

Dm,n(d)fym/n) = {hinsup X’y(gvt) | SRS Mm,n}
— 00

In this paper we also prove the following:

Theorem 3. Let m and n such that max (m,n) > 1, let ||-||,, and ||-||,, be arbitrary norms
on R™ and R™, and let A be the minimal constant which satisfies (@ Let ¢(t) be a positive
continuous decreasing function such that ¥(t) = o(t=1). In case n = 1, assume additionally
that lim;_, oo t™ ¥ (t) = co0. Then

D (¥) = [0, 09].
Furthermore, for any c € [0, 00], the set

{© € My, | limsup Xe,y(t) =c}
t—o00

is uncountable and dense in My, ,.



An application of Theorem 3 is the following:

Corollary 1. Let m and n such that max (m,n) > 1, and let ||-|,, and |-||,, be arbitrary
norms on R™ and R™. Let v > n/m. In case n = 1 assume additionally v < 1.

Then for every c € [0,00] there exists uncountably many © € M, , such that ©(©) =~ and
limsup,_, . X+(©,t) =c. Furthermore, the set

{© € My, |0(O) =~ and limsup x,(0,t) =c}
t—o0

is uncountable and dense in My, ,.

Corollary 1 follows immediately from Theorem 3 and formula , and the proof is left for
the reader.

3 One-parameter diagonalizable flows on X

Let Xy, Ao, &,B and g, ; 7 as in section 1.1. Let |||, be an arbitrary norm on R%.
For convenience, denote m; := (1/m, ..., 1/m) € R™ and 7i; := (1/n, ..., 1/n) € R™.

For a lattice A (not necessarily unimodular) define the Minkowski’s first successive minimum
(w.r.t. ||-|l;) to be

M(A) = M (A)([I-ll) = inf{||@], |0# @ € A} = min{ |[all, |0# @ e A}

where the last equality holds by discreteness. Most of the time we’ll denote the function
A1(]]|l;) only as A1, keeping in mind that this is a norm-dependent function.

I ||ll4 = lIll,,n for two arbitrary norms on R™ and R", and if &@ = m; and 3 = iy, then
for any © € M,, , and any t > 0 a simple calculation shows that

= gl

A (Gt No) = Ao (t) = min max (6)
e (@,7)€ Zn xZm\ {0} ttmleg-pl,,

for Ag -1 as in formula . So by Lemma (with v = 1) we have that

(7)

limsup A1(gs,m,,7, Ao) n/m — Jim sup X(@,t)H.Hm .
t—o00 t—o00 ’

So with a little more work, one can show that in the specific case of ||-||, = for any

© € M, and any ¢t > 0 we have that

|| ||m.,n7

A1 (Gt Ao) 7T < Ay

m,n

for Ay~ as defined after .
Furthermore, one can show that in fact for any A € X; we still have that

)\1(/\) < Am/(m—i—n)

-l

and that Ay~ is the minimal constant which satisfies this inequality.

Notice that for general norm and weights |||, , @, 3, the value of the function AM(9; 5 50e)
cannot be translated into a set of formulas similar to ().

Nevertheless, we still have that there exists a minimal constant . ~such that for any
A € X; we have that
AL(A) <7, (8)

and in case [|-||; = [I[l,,, ,, we have that



-1l

LR [P

Now for e > 0 define K, = K.(||-||;) := {A € Xg]e < Ai(A) }. As before, we’ll denote this set
only as K., keeping in mind that this is also a norm-dependent set. By Mahler’s compactness
criterion and by (8)) we have that { K. |0 <& <7 }is a continuous decreasing exhaustion
by compact sets of Xj.

With this notation, for A € X; we have that
M(A)=inf{e>0|A¢ K.}, (9)
and in particular for © € M,, ,, we have that
1i?i>sotolp M(9; g5 0Ne) =inf {e>0]yg, ;5 Mo & K. for all t large enought, (10)
with the convention that inf @ =r .
So in other words, Theorem 1 tells us that for every ¢ € [0, 7 H'Hm,n] there exists uncountably
many © € M,, , corresponding to unimodular lattices of the form Ag, such that
c=inf{e > 0] gim,,7 Ao ¢ K. for all t large enough}
for any arbitrary norms on R and R".
More generally, given b with 0 < b < oo and a collection of subsets of Xy {E: | € (0,b] },
we say that {E¢ | € (0,b] } is a continuous decreasing exhaustion of X4 by compact sets if
e F. is compact for any € € (0,b).
o If ey < ey then E., C Eq,.
o int B, # @ for any € < b, int By, = &.
e Any compact subset of Xy is contained in F. for some ¢ > 0.

o The map A — inf {¢ > 0| A ¢ E.} is continuous (where in case b = oo we endow
[0, 0] with the one point compactification topology).

(11)
For simplicity we will focus on decreasing exhaustions, though an analogous increasing case
is identical up to some obvious modifications. For example, given p(-,-) a metric on Xy
and a lattice Ay, we denote by B,(Ag,€) the open ball w.r.t. p around Ag of radius e. So
in particular if p is a proper metric, then { B,(Ag,e)|0 < ¢ < oo} is an increasing and
continuous exhaustion by compact sets of X; for any Ay € Xj.

By and @, Theorem 1 immediately follows from Theorem 2 as the special case E. =
KE(||-||m7n), a = my, S = ;. Furthermore, Theorem 2 also allows us to easily deduce the
following:

Corollary 2. Let d > 3. Let p(-,-) be a proper metric on Xg, and let Ag € Xy be arbitrary.
Let m,n € N with m +n = d and let @ and B be arbitrary weights on RY.
Then for every c € [0,00], the set
{©€ My n|sup{e>0]g, a5 Ne ¢ B,(MAo,¢) for all t large enough} = c}
is uncountable and dense in M,, , (with the convention that sup@ = 0).

Corollary 3. Letd > 3. Let |||, be an arbitrary norm on R%, and let 7).y, be the minimal
constant which satisfies (@ for every A € Xy. Let m,n € N with m +n =d and let & and
B be arbitrary weights on R?.

Then for every c € [0,7). ], the set
{© €Myl liinsup M(9 5 0e) =c}
—00

s uncountable and dense in M, ,.



Corollary 2 answers a question of Kleinbock (unpublished). Corollary 3 answers a question
of Hussain, Schleischitz and Ward posed in [HSW24].

One can now ask whether we have an analogue of Theorem 2 or Corollary 2 in case d = 2,
noticing that although Dy ; # [0, 1], in the extended Dirichlet spectrum of X, we also vary
arbitrary lattices which are not of the form Ag for © € M ;.

In the language of Corollary 2 for example, given Ay € X5 and p(-, ) a proper metric on X,
one can still ask whether for each ¢ € [0, 00] there exists A € X5 such that

c=sup{e>0|diag(t,t ")A & B,(Ao,e) for all t large enough },

noticing that in this case there is only one choice for the weights on R? and instead of
Dy (Ee, 1,1) we will simplify the notation and write Do (E,).

We answer this question in the negative by proving the following:

Theorem 4. Let d = 2. Let {E.|e € (0,b]} be a continuous decreasing exhaustion by
compact sets of Xo for some b € (0,00]. Then

Dy (E.) # 0,
Furthermore, there exists r € (0,b) such that (0,7) NDq (E.) = 2.

Proof of Theorem 4. Indeed, a known fact (see e.g. proof of Lemma 11.29 in Einsiedler-
Ward, Ergodic Theory with a view toward Number Theory) is that in X5 there exists a
compact K such that any nondivergent orbit intersects K infinitely often. Take r > 0 such
that K C E,. So if the trajectory diag(t,t=1)A is divergent then dir(A)(E.) = 0, and if the
trajectory is nondivergent then dir(A)(FE;) is at least . Thus Dy (E.) does not contain any
¢ # 0 with ¢ < r. O

4 A topological theorem

Given a topological space Z and (X,,)52; a sequence of subsets of Z, and given {2 an open set
in =, we say  is connected via (X,,) if there exists j € N such that QN X; # @, and such
that for any j € N with QN X, # @ it holds that for any y € Q and any U, a neighborhood
of y, there exists ¢ € N such that Q N X is connected, QNX;NU, # @ and QNX;NX; # O.

We say the space E is locally connected via (X)) if for any x € = and every U, a neighbor-
hood of @ there exists {2, an open neighborhood of x with compact closure such that €, is
connected via (X,) and satisfies 0, C U,.

Notice that in particular if = is locally connected via (X,,) then = is locally compact, and
that U, X,, is dense in Z=.

We now prove the following:

Theorem 5. Let = be a Hausdorff space.

Let f : 2 x (0,00) — [0,00] be a continuous function, where we endow [0, 00] with the one
point compactification topology.

Let (X,,)22, be a sequence of subsets of = such that the following hold:

e The space = is locally connected via (X,).

o Upper uniformity of (X,) w.r.t. f: For everyi € N and everyx € X;, limy_, o, f(x,t) =
0 uniformly on compact sets. Namely, for every ¢ > 0, every i € N, and every compact
set K C Z there exists T € R such that if t > T then f(x,t) < c for allz € X; N K.

Assume that there exists 0 < b < oo such that the set {x € E| limsup,_, . f(z,t) > b} is
dense in =.



Then for every non-empty open set V. C = and for all ¢ with 0 < ¢ < b there ezists
uncountably many xo € V' such that imsup,_, . f(zo,t) = ¢, and in addition f(xo,t) < c
for all large enough t.

Proof of Theorem 5. Let ¢ € (0,b), and let V' be an open non-empty set in =. Let
(ex)72, be any decreasing sequence of positive real numbers with limy_, e = 0.

We construct inductively a sequence of non-empty open sets (Q)72,, with compact closure
in =, two unbounded increasing sequences of real numbers (¢)72, (sx)52;, and a sequence
of natural indices (jx);2, which satisfy the following:

A) Qy is connected via (X,,) for all £ > 0.

B) Qo C V and Qj C Q4_; for all k> 1.

(A)

(B)

(C) For all k > 1, all z € Qy and for all ¢ with t,_1 <t < t) we have f(z,t) < c.

(D) For all k > 1 we have s, € [tx—1,tx], and for all z € Qy we have ¢ — g < f(z, si).
(E)

E) For all £ > 0 we have X;, NQy # &, and for all z € X;, NQy and all ¢t > t;, we have
flz,t) <c—ep.

First we show why sequences which satisfy (B),(C),(D) suffice to get a point xg which
satisfies limsup,_, . f(zo,t) = ¢, noticing that conditions (A),(E) will be needed only for
the construction of the next step in the inductive procedure.

Q. is non-empty and open with compact closure for all k, hence the intersection Mg
is not empty by condition (B). Let x9 € Nix. By condition (C), limsup,_, . f(zo,t) <
¢, and f(xg,t) < ¢ for all t > #y. Since limg_,00er = 0, we get by condition (D) that
limsup,_, ., f(zo,t) = c.

Now let us construct the sequences inductively. By locally connectedness of = via (X,,),
choose Q¢ open, non-empty with compact closure and connected via (X, ) which satisfies
Qo C V. By definition of connectedness via (X,), let jo € N such that X;, N Qy # @. By
upper uniformity, let Ty > 0 such that if ¢ > Ty then f(z,t) < ¢ —eg for all z € X, N Q.
Set tg = Ty. So Qo C V, conditions (A),(E) are satisfied for the base of induction, and
assuming both are satisfied for 0, 1,2, ..., k we show how to continue the construction for the
k + 1 step (we do not need to assume inductively properties (B),(C),(D) hold for the kth
step in order to do so).

By the assumption that the set {z € Z| limsup,_,., f(z,t) > b} is dense in = and since
¢ < b, there exists y € Q and s > t; arbitrarily large such that ¢ < f(y,s). By continuity
of f in &, choose U, C ) to be a small enough neighborhood of y such that for all z € U,
we still have that ¢ < f(z, s).

Let ji € N which satisfies (E) for the kth step. By the inductive assumption €, is connected
via (X,), so there exists an index 7 € N such that Qi N X; is connected, Q, N X; NU, # &
and Qk ﬂXZ- ijk 7é .

Q. has compact closure, so by upper uniformity, let 7 € R such that f(z,t) < ¢ — egy1 for
allt > T and all x € QN X;.

Define ty41 = max{s+1,T},andlet y € Q. N X; NU, and Z € Q. N X; N X}, .
In total we have

o c< f(y,s).
o f(Z,t) <c—egy for all t > t.

e 1.z € QpNX,.



Now define:

My :={xe U nNX;| forallté€ [ty,tyt1] we have f(x,t) < c—epqq },
My = {x € Qp N X; | there exists t € [tg, tg+1] such that ¢ < f(z,t) }.

By continuity of f and by compactness of [ty,tr11], we have that M; and M, are closed,
disjoints sets, which lie inside 2 N X;. Furthermore, ¥ € M, and since 0 < 41 < & we
also have Z € M;. Hence, since 2 N X; is connected, there exist w € (Q, N X;) \ (M1 U My).

That is, there exists w € Q; N X; such that

for all t € [tg, tir1] we have that f(w,t) < c,

there exist spi11 € [tk thy1] With ¢ — epr1 < f(w, Sk41)- (12)

By continuity of f there exists U, a small enough neighborhood of w such that both inequal-
ities still hold in U,,. By connectedness via (X,,), there exists Q41 with compact closure
such that Qg1 C Uy NQy and w € Qpy1, and such that Q41 is connected via (X,). So
we have properties (A),(B),(C),(D).

Define jry1 =14. As w € Xj,_,, we get that Qzq1 N X
ti+1, we have that for all z € Q11 N X

so we also get (E).

i1 7 9. By the way we have chosen

wio and all £ > 5.1 we have that f(z,t) < c—epy1,

As ty < s < 41 and tg41 > s+ 1, we have that the sequences (¢)32, and (s;)72, are
increasing and unbounded. This finishes the k + 1 step.

We now explain how to get uncountably many points xg satisfying limsup,_, . f(zo,t) = c.

Assume by contradiction there exist at most countably many points v satisfying that
limsup,_, . f(v,t) = ¢, and let (vg)52, be any enumeration of them. Now repeat the induc-
tive construction until the point w is chosen. Notice that as w € X;, by upper uniformity
of (X,) we must have that limsup,_, . f(w,t) = 0. So as ¢ > 0, we have that w # vy, for
all k. Now choose U, to be a small enough neighborhood of w such that both inequalities
, still hold in U,, and such that vgy1 ¢ U,. So in particular, vg41 € Qpy1.

Repeating this argument at each step, we get that v, ¢ . for all k. As the point g
we construct satisfies xg € NEQk, we must have that xzg # vy for all k, contradicting the
assumption that (vy)2, is an enumeration of all the points with limsup,_, . f(v,t) =c. O

Notice that the requirement that f is continuous in both variables is essential in order
to prove that the set M, is closed. Furthermore, recall that for v > 0 we have by Lemma
that

limsup Ae,y. (t) Lyn/m

t—o00

= Hmsup Xyn/m(0,1),
t—o0

but that while Ae 4. (¢) is a continuous function of © and ¢, the function Xy /m (0, 1) is only
a piecewise continuous function in the ¢ variable.

In the next chapter we prove Theorem 3 by applying Theorem 5 to the continuous func-
tion Agy(t). A similar application to X.n/m(©,t) is not possible without some kind of a
modification of Theorem 5 to a less restrictive version of it.

5 Applications; Proofs of Theorems 2 and 3

We use Theorem 5 to prove Theorems 2 and 3. While both applications are very similar,
we split between the Theorem 2 and Theorem 3 cases for extra clarity.



5.1 Proof of Theorem 2

Let d > 3. Let {E.|e € (0,b] } be a continuous decreasing exhaustion by compact sets of
X, for some b € (0,00]. Let m,n € N with m + n = d and let @ and 8 be arbitrary weights
on RY.

To prove Theorem 2, we apply Theorem 5 to the function
fi Mm% (0,00) — (0, 8]

f(©,t):==inf {e>01]g, ;700 ¢ E-} (13)

with the convention that inf @ = b.

Notice that as {E. | € (0,b] } is a continuous decreasing exhaustion of Xy and that
9;.5.7 acts continuously on X, we have that f(0,t) is continuous.

The application is as follows: First we show that there exists a sequence (X;)32; satisfying
that M,, » is locally connected via (X;) and that (X) satisfies the property of upper unifor-
mity w.r.t. f(©,t) — we do so while separating the cases n =1 and n > 1. Then we explain
why there exists a dense set satistying {© € My, | limsup,_, f(©,t) > b}. We do so by
actually showing that {© € M,,,, | limsup,_,., f(©,t) = b} is a full Lebesgue measure set.

For the sequence (X), we split between the cases of n = 1 and n > 2. Denote by ||-|| . the
maximum norm.

Case 1, n = 1. Notice that in this case the weight vector E is just the number 1.
For i € 7™, Z € Q™ define X; - to be the line defined by

X

1,2z

={yi+7|yeR]},
and let (X;)32; be any enumeration of the set of lines {X7 . | ieZm ZeQm).
First we show M, 1 is locally connected via (X}).

Let © € M,,; = R™ and let Ug be a neighborhood of 6. We need to show that there
exists ()5 an open neighborhood of 6 with compact closure which satisfies that 97(5 C Us,
there exists j € N such that 25 N X; # &, and such that for any § € Q5 and any Uy a
neighborhood of 7, there exists [ € N such that Q5 N X; is connected, Qg N X; NUz # @
and Q5N X;NX; # 2.

Choose €5 an open ball around © (w.r.t. the Euclidean norm, for example) such that
Té C Ug- By density of rational vectors, choose j such that 25N X; # &. Now let ¥ € Qg
and Uy a neighborhood of . Choose zy € Q™ with Zy € Uy N Qg. So for any i € Z™ we
have that Zy € Qé N X?,zo NUy. Let 2 € Q™ with 2} € Qé N X; and with 27 # Z. Such a
vector exists because Q™ is dense in X;. Now let 49 € Z™ be a multiple of z; — % so that
71 € X3 ;- Then the line X7 - intersects {35 in a segment, which is a connected set, and
this segment intersects both 5N X; and 25 N Uy. So for X; = X5, 5, we get that M, is
locally connected via (Xj).

In order to show (X;) satisfies the property of upper uniformity, we use the following claim,
which holds for both n =1 and n > 2:

Claim 1. Let (X;) C My, such that for any ¢ > 0, any j and any © € X; there exists Tj
such that for any t > Ty there exists Uy € Ag with || g, 5 5 Vil|co < c. Then (X;) satisfies the

property of upper uniformity w.r.t. f(©,t) for f asin .

Proof of Claim 1. To show that (X)) satisfies the property of upper uniformity w.r.t.
f(©,1), it is enough to show that for any n > 0, any j and any © € X; there exists Tj such
that for any ¢ > Ty we have that g, - Ei Ao ¢ E,. Notice that this is a stronger property
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than upper uniformity, in which the above needs to hold only within a compact subset of
X;.

Recall that by Mahler compactness criterion and Dirichlet’s theorem, { K. (||-||.) |€ € [0,1] }
is a continuous decreasing exhaustion of X by compact sets. That is, there exists ¢ € (0,1)
such that F, C K.(||-||.,). So its enough to show that there exists Ty such that for any
t > Ty we have that g, ; A6 ¢ Kc(||'||,,). So by the definition of Kc(||-]|,.), we get the
claim. O

Now denote tmaz 1= |||, and ipmay = 1700

Let =yi+ 7€ X; . for some i,Zand y € R, and let ¢ > 0. Let zp € N be any natural
number such that zoz' € Z™.

By Dirichlet’s theorem, let (i, pr)72, € N x Z be any sequence with 1 = g9 < ¢1 < g2 < ...
and |qoy — po| > |1y — p1| > g2y — p2| > ... such that gri1|gry —pe| < 1.

Define also q_1 :=qo =1 and p_; := pp. So we have qxi1|qry — pr| < 1 for every k > —1.
Let (t)32, be the increasing sequence which satisfies for all £ > —1 that
t]:.|1_1 qk+1 = imaac t/?_:_nlam |Qky — Pk |
and define t_; := 0.
For ¢ > 0 such that ¢ € (tx, tx+1] define
ak
[y () == max{ 3
Z-1’na;v { Fmaw |qk:y — Pk |

Furthermore, for t € (tx, ty+1] define l_,; = 2o(qrZ + p;J) € Z™, and define

— Im f l_' - m
(5 () ol exe

noticing that 0y € Az for all ¢ > 0.
So for all t > 0 we have

gt.a1U = —20 (talil(qw —Dk) s ooy i (kY — DR) qkfl)
and for all £ > 0 we have that

l9t,a,1 Vtlloe < 20 f;(t)

So by Claim 1 we get that in order to show that (X;) has the upper uniformity w.r.t.
f(©,t) in case n = 1, it is enough to show that for any ¢ > 0 there exists Tp > 0 such that
fyt) < 2y e for any t > Ty, with Ty independent of y.

Note that f; obtains all its local maxima at (tx)32.
Within these times we have that

Qmax—1

; maz—1 ;
f;(tk—&-l)Z = tmax t]?Jr]_ Qk+1|q1cy - pkl < tmaz t]g+1

So by the definition of f; we have that for all ¢ with ¢ > ¢y we have that
Fi(t) € Vimag t(@mee=D/2,
where as m > 2 we have that amax < 1. So choose T3 such that zo_l Vimas Tl(c“m‘“”_l)/2 < c.

Note that although the sequence (t5)72, depends on y, the fixed time T7 does not. Also
note that ¢ is the first local maxima of f;.

11



If tg < T then we set Ty := T; and we are done.

If T1 <ty then first notice that by definition of 77 we have that f;(t) < c for all ¢ > to.
In this case, we also have:

e If f¥ is increasing in (0,%9) then f;(T1) < f;(t) < f;(to) < c for all t € (T1,t0). So
again we set Ty := 17 and we are done.

e If f is decreasing in (0, s) for some s € (0,%) then notice that f;(t) = 1/t for all

t € (0,s]. In this case, we also have:

— If 1/c < s then f;(t) < cforall t € (1/c,s]. As f; is increasing in (s,?) and as
we assume T < to, we also have f(t) < fy(to) < c for all t € (s,tg). So we set
To = 1/c and we are done.

— If s < 1/c, then first assume by contradiction that 1/c¢ < to. Then ¢ < f;(1/c) <
fy (to), contradicting our assumption that f;(to) < c. So we must have to < 1/c,
and so we set again Ty = 1/¢ and we are done.

(14)

So we get in total that by setting Ty = max {77,1/c} we have that (X;) has the upper
uniformity w.r.t f(©,¢) in case n = 1.

Case 2, n > 2. Case 2 is easier. For i € Q" and Z € Q™ define Y . to be the m(n — 1)
dimensional affine plane defined by

Vi ={0 € My, |07 =7},

and let (Y;)72; be any enumeration of the set {}’;2\; € Q", 7 € Q"}. Note that U;Y;
contains all rational matrices.

To show M,, . is connected via (Y;), let © € M,, ,, and let Ug be a neighborhood of ©.

Choose again Qg an open ball around © (w.r.t. the Euclidean norm on M,, ,, identified as
R™" for example) such that Qo C Ug. Notice that for any | € N we have that Qg NY]
is connected. By density of rational matrices, choose j such that Qg NY; # &. Now let
y € Qo and U, a neighborhood of y. Choose Qg € M, ,(Q) with Qo € U, N Ng. Notice
that for all fo € Q" there exists Zp € Q™ with Qg € Qe N Y?o,z?o NU,. Choose fo,Zo such
that Qg N Y; - NY; # @. Such a choice exists as a solution of a nonhomogeneous system of

two linear equations and as we assume n > 2. So for Y; = Y; 5, we get that M, , is locally

connected via (Yj).

For upper uniformity, let © € Y7 . for some i, 7. Let zg € N such that zqi € Z", zyZ € Z™.
So the vector

S Im © —Zog o 7o P = 2 m-+n
= (e D) (2F) =sa(ei- 2.1 =000, 1) e B

satisfies that U; € Ag, and for all t > 0 we have

96,3 U = 2o (6, t_Blil, ,t_ﬁnin).

So again by Claim 1 we get that (X;) has the upper uniformity w.r.t. f(©,t) in case n > 1.
We now explain why there exists a full Lebesgue measure set with limsup,_,. f(0,t) =b
for any © in this set.

That is, we need to show that for any ¢ < b there is an unbounded positive sequence (t)
such that 9i, & = Ao € E, for Lebesgue almost every ©.

We do so by using the same argument as in [KR21], [KWO08| (Theorem 1.4 in both), using
the following equidistribution theorem of Kleinbock and Weiss ([KW0§|, Theorem 2.2):
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Theorem 6. Let &, 5 arbitrary weights on R?. Let F € C.(Xy), B C M, be bounded with
positive Lebesgue measure, and § > 0 be given. Then there exists tg > 0 such that for all
t > to,

|vol(B)*1/BF(gt@ﬁA@)dUOZ(@)f/X F(L)dmx,(L)| < 4.

Here, the integrals are taken with respect to the Lebesgque measure vol on My, ,, and the
Haar-Siegel probability measure my, on Xj.

Now for 7 € N define
Bi:= ({0 € Myn|g, ;500 ¢ Ec},

t>1

and assume by contradiction that vol(B;) > 0. Choose B C B; compact with positive
measure as well. Take a non-negative function F' € C.(X;) which is supported on E. but
vanishes outside of it, and define 6 := 3 [, Fdmy, > 0. Applying Theorem 6 with t > i

sufficiently large we get that fB F (g, ~ EAQ) dvol(©) > 0, contradicting the definition of B;.

So vol (J;eny Bi) = 0, i.e. for Lebesgue almost every © there is an unbounded positive
sequence (tj) such that 9, & EA@ € L.

This finishes the proof of Theorem 2. O

5.2 Proof of Theorem 3

Let m and n such that max (m,n) > 1, let ||-||,, and ||-||,, be arbitrary norms on R™ and
R", and let A be the minimal constant which satisfies (2). Let 1 (t) be a positive continuous
decreasing function such that 1(t) = o(t~!), where in case n = 1 we assume additionally
that ¢ (t)~Y/™ = o(t).

To prove Theorem 3, we apply Theorem 5 to the function
g My, % (0,00) — (0, ]
9(8,1) := Ao,y (t) (15)
for ey (t) as in ().
Notice that as 9(¢) is continuous and by discreteness of Z¢ we have that (0, t) is continuous.

The application is the same as in the proof of Theorem 2: First we show that there exists a

sequence (X;)32; satisfying that M,, , is connected via (X;) and that (X;) has the upper

uniformity w.r.t. ¢(0,t) — we do so while separating the cases n = 1 and n > 1, and by
using the same sequences (X)) for both cases as in the proof of Theorem 2. Then we explain

why there exists a dense set satisfying {© € M,, ,, | limsup,_,. 9(0,t) = o0 }.
Denote by Xy := GLq(R)/GL4(Z) the space of lattices in R¢ (not necessarily unimodular).

Given t > 0 define

ay,s = diag (P(t)"Y™ L)Y YY) € GLy(R).

For the sequence (X;), we split again between the cases of n =1 and n > 2.

—

Case 1, n = 1. Notice that in this case the weight vector 8 is just the number 1, for
ie 7™, Z € Q™ define as before X; - to be the line defined by

X=

1,2z

={yi+Z|yeR},
and let (X;)32; be any enumeration of the set of lines {X7 . | LZeZm).

By section 5.1, M, 1 is connected via (X;).
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In order to show (X;) has the upper uniformity, we use the following claim, which again
holds for both n =1 and n > 2:

Claim 2. Let (X;) C My, such that for any ¢ > 0, any j and any © € X; there exists to
such that for any t > to there exists U, € Ao with ||ay ; U||cc < c. Then (X;) has the upper

uniformity w.r.t. g(©,t) for g as in (15).

Proof of Claim 2. To show that (X;) has the upper uniformity w.r.t. g(©,t), it is enough
to show that for any 7 > 0, any j and any © € X there exists g such that for any ¢ > %
we have that Ag (t) < n. Notice that this is a stronger property than upper uniformity, in
which the above needs to hold only within a compact subset of X;.

By definition of \e y(t) we have that Xe y(t) < |lay,: T, ,, for any ¥; € Ae. So by norm
equivalence, we get the claim. O

Denote as before imaz := |7 ||so-

Let ¥ = y;—&— Z € Xy . for some i,Z and y € R, and let ¢ > 0. Let zg € N be any natural
number such that zqoz' € Z™.

By Dirichlet’s theorem, let (g, pr)72, € N x Z be any sequence with 1 =¢p < ¢1 < ¢2 < ...
and [goy — pol > [q1y — p1| > |g2y — p2| > ... such that gxi1|gry — prl < 1.

Define also q_1 :=gp =1 and p_1 := py. So we have qxr1|qry — pi| < 1 for every k > —1.
Let (tx)72, be the increasing sequence which satisfies for all k > —1 that

tits Qhr1 = maz V(tee1) ~™ lary — pr |

and define t_; := 0.

For t > 0 such that ¢ € (t,tg+1] define

a

g,(t) == max{ t

Z‘m,az "Ll)(t) —l/m |qky — Dk ‘

Furthermore, for ¢t € (tx, ty+1] define I = z0(qrZ + pk;) € Z™, and define

. In @ l; - .

—Z09k

noticing that vy € Az for all ¢ > 0.

So for all ¢ > 0 we have

it U = —ZO<¢%t)_l/"ﬁ1(Qky-—pk),-~, ¢%t)_1””imKQky-—pk),qkt‘l).

and for all ¢t > 0 we have that

lay.i Tilloo < 20 gy (1)-

So by Claim 2 we get that in order to show that (X;) has the upper uniformity w.r.t.
9(©,t) in case n = 1, it is enough to show that for any ¢ > 0 there exists Ty > 0 such that
g, (t) < zo_lc for any t > Ty, with Ty independent of y.

Note that g; obtains all its local maxima at (tx)gZ,-
Within these times we have that

P(tpgr) ™ ()™
( + ) qk+1|Qky_pk| S Tmax ( + ) .
tk+1 tk+1

2 .
= lmax

9" (Y, ths1)
So by the definition of g; we have that for all ¢ with ¢ > o we have that
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¢(tk+1)71/m)1/2
th+1 ’
and we assume 9(t) "1/™ = o(t). So choose T such that 25 " /imas (Y(T1)~Y/™ T1_1)1/2 <c

Note that although the sequence (tx)7°, depends on y, the fixed time T does not. Also
note that ¢y is the first local maxima of g;,.

95(0) < Vimas (

Now define Ty = max {7}, 1/c}. By the same reasoning as in we get that (X;) has the
upper uniformity w.r.t g(©,t) in case n = 1.

Case 2, n > 2. Fori € Q" and 7 € Q™ define Y; ; to be the m(n — 1) dimensional affine
plane defined by

Y;.={0 € My, |07 =7},

and let (Y;)72; be any enumeration of the set {Y;Z\Z € 2", 7 € Z™}. Note that U,Y;
contains all rational matrices.

Again, M, ,, is connected via (Y;) by the proof given in section 5.1.

For upper uniformity, let © € Y7 . for some ;, 7. Let z9 € N such that zgi € ", zgZ € ™.
So the vector

b= (Im OV (THF) Z 07— 2, 7) = %(0,7) e R
0 I,
satisfies that vy € Ag, and for all t > 0 we have

Qo t 17t = 20 (6, t_l/nih ,t_l/nin )

So again by Claim 2 we get that (X;) has the upper uniformity w.r.t. g(0,¢) in case n > 1.

We now explain why there exists a full Lebesgue measure set with limsup,_, . ¢(©,t) =
oo for any © in this set.

We use Theorem 6 as in section 5.1 on the decreasing exhaustion { K (||-,,,.,) [€ € (0,7 ]}

forr ) >0asin and get that for Lebesgue almost every © € M,, ,, and every c with
¢ <7, thereis an unbounded positive sequence (tx) such that g, iy i1, Ao € Ke([|l )

So by (@ and we have that limsup,_, . Ag-1(t) = 7). for Lebesgue almost every

© € My, 1, and as we assume 1 (t) = o(t 1) we get by Lemmathat limsup,;_, . 9(©,t) = 0
for Lebesgue almost every © € M, ,,.

This finishes the proof of Theorem 3. O

Remark. Recalling that Dy ; # [0, A] = [0, 1], a natural question for ending is why do we
have such a different phenomenon of the Dirichlet spectrum for n = m = 1 from a Theorem
5 perspective.

To see why our arguments break down for (m,n) = (1,1), note that in this case the sets
(X;) we used are just points and the condition of R being locally connected via (X;) does
not hold.

6 Technical lemmas

We start by stating Lemmas 1-4. Notice that while Lemmas 1 and 2 are used in previous

sections of the paper, Lemmas 3 and 4 are used only in order to prove Lemmas 1 and 2. We
use Lemma 1 during the proof of Theorem 3 in order to prove that limsup,_, . g(©,t) = 0o
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for Lebesgue almost every © € M,, ,, for g as in . We use Lemma 2 in order to deduce
Corollary 1 from Theorem 3.

Let 9 (t) be a positive continuous decreasing function with lim, ., 1(t) = 0, © € M,, ,, fixed,
and let |-, and ||-||,, be arbitrary norms on R™ and R”. By discreteness of Z? and since Ag
is continuous and 1) is decreasing to zero, there exists a sequence (tx, @k, Px) C Rso X Z"™ X Z™
with 1 =tg < t; < ta... such that if ¢ € [tg, tx41] then

e 1l
)™ 106 — D |l -

In case there exists (Q, }3) € 7" x Z™ such that ©Q = P then the sequence (tk, Gk, D) is
finite, and for all ¢ sufficiently large we have that Ag ., (t) = t~/"||@||,. Otherwise, the
sequence (tg, Gk, Pr) 1s infinite, and we have that t;, — oco.

oy (t) = max{ (16)

In both of these cases, we say (tx, @k, Pr) realizes Ae .

We now state the lemmas proved in this section:

Lemma 1. Let |-||,, and ||-||,, be arbitrary norms on R™ and R™, and let 1(t) be a pos-
itive continuous decreasing function such that ¥(t) = o(t™1). Let © € M,,,, such that
limsup,_,, Aet-1(0,t) > 0. Then

limsup Ao 4 (0,t) = .

t— o0
Lemma 2. Let ||-||,, and |-, be arbitrary norms on R™ and R™, and let v > 0. Then

limsup Ae,y., (t) L+yn/m

t—o00

= Hmsup Xyn/m(0,1).
t— o0

Lemma 3. Let ||-||,, and |-||,, be arbitrary norms on R™ and R™, let ¥ (t) be a positive
continuous decreasing function with lim_, ¥(t) = 0, and let © € M,, ,,. Let (ty, gk, Px) C
Rso X Z™ x Z™ which realizes Ag o as in @) Then

0 <llgoll, <llall, <. <lgl,

19d — poll,,, > 11041 — pill,, > - > [1OGk — Pk, -

In case the sequence is infinite, we also have lim ||/, = oo and lim ||©¢, — pkl|,, = 0.
k—o0 k—o0

Lemma 4. Let ||-||,, and |-||,, be arbitrary norms on R™ and R™, let 1(t) be a positive
continuous decreasing function with lims_,o, ¥(t) =0, and let © € M,, . Let (t, @k, Pr) C
Ry X Z™ x Z™ which realizes Ao 5 as in

Then there exists a sequence of times (zx)52, with z, € (tk,tg+1) such that for all k we have
that Aoy (t) is decreasing in [ty, zx], increasing in |2k, tg+1], and we have that

o L€ [ti, 2] = Aoy (t) = [t Gilln

o tcE [Zk,tk+1] — )\@,w(t) = H’(/J(t)_l/m (@(fk —ﬁk)Hm

6.1 Proofs

Proof of Lemma 3. Let £k € N. We can assume that the segment in which (qk, px)
realizes \g y is of maximum of length. Le. if ¢ ¢ [tg,t5x41] then

= 1l

Aoy(t) < max{ L .
()™ |OGk — P [,

Let S,T with ¢, < S < tgy1 <T < tpya. Then we have:
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S_l/n ”Jk”n { S_l/n ||ka+1||7z
max

Ao, (S) = max{ L < . .
Y(S) ™ OG — D llm Y(S) V™ |0Gk+1 — Pt [Im

—l/n —1/n
k+1 |G || tk+1 |G+ ln
) = max = Imnax
P(tes1) "™ OG — Pr |m P(ths1) ™ O s1 — Pt [lm

T~ |Gt { T (||
< max

Ao,w(T) = max{ “1/m @5 . —1/m |QF. _ 7 '
P(T) 10Gk+1 = P+ lIm (T) 10k — Dk [|m

As we assume that v is decreasing to zero, we get Lemma 3. O

Proof of Lemma 4. By Lemma [3] we have for all k

—1/n

Aoy (tk+1) = tk+1 [ @ettlln > ©(trs1) ™™ 1OGet1 — Prra [lm

and so Ag, is decreasing in some right neighbourhood of ¢ 1.

" Gl
As 9 is decreasing to zero, the function h(t) := max ) . .
(&)™ Ok 1 — Dt [lm

is the maximum between two positive functions — the first is decreasing to zero, the second
increases to infinity — hence there exists a minimum point z € (tg41,00) such that h(¢) is
decreasing in (0, z] and increases to infinity in [z, 00).

So we are only left with showing that z < tj15. Indeed, assume by contradiction z > tjo.
Then we have

Ao,y (tht2) = k+2 "G lln > W (Err2) ™™ 1Ok — Prtt [l (17)

So as (t, @k, Px) realizes Aoy, we must have that

i1/
—1/n k+2n ||(Ik+2||n
tk+2 |Gt 1]/ = max

V(thr2) Y™ |OGit2 — Pt |lm-

By Lemma 3], [|Gi41/[n< [|@k+2]ln S0 we must have

—1 — — — —
tk+én |Gt 1lln = ¥ (trr2) ™™ OGit2 — Ptz llm.
hence by ([17))

V(tes2) Y™ 1OGr2 — Praa llm > (tae2) Y™ 1OG1 — Prst lms

which cannot hold by Lemma [3] O

Proof of Lemma 1.  Notice that as we assume that limsup,_,, Ae -1(©,t) > 0 we have
that the sequence which realizes Ag (-1 is infinite, hence also the sequence which realizes
Mo, Now assume by contradiction that limsup,_, ., Ae v (t) < oo, and let (¢, gk, Pr)reg C
Rso X Z™ x Z™ which realizes g q.

By Lemma[d] (t4)72, is the sequence of local maxima of Ag,y and for all k > 0 we have that

Nop(trsr) = 1Y (trrn) ™™ (OGk — i) llm= llt5 1" Tt - (18)

So by we have that

00 > limsup Ag (1) = limsup Ae y (tr1)™ "
t—o0 k—o0
= limsup (te1 ¥ (ter1)) " G|l 110G — pi) 13-

k—o0
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As we assume 1(t) = o(t~!) we must have
lim sup [| k1[5, (O — P17, = 0. (19)
k—o0

Now let (s;)72, be the sequence which satisfies for all £ > 0 that

—1 - 1 - -
sttt G iln= 153 (OF — Fie)lm-

By Lemma [3] we have s1 < 53 < ... < s < ... and s — 00.

Now define a function g : [s1,00) — (0, 00) such that for ¢ € [sy, sk4+1) we set
(A
g(t) := max L
/™ 10k — P |m

Notice that there exists a sequence of times (z;)72, with zi € (s, sg41) such that for all
k > 1 we have that g is decreasing in [sg, 2], increasing in [z, sx+1], and we have that

o t € [sp,26] = g(t) = 1t Gielln
o t € [z, sp41] = g(t) = [[tY/™ (OGk — Pk)llm-

Indeed, assume by contradiction that ¢ is increasing in some right neighborhood of sy for
some k. So we must have that ||s;_¥" Qot11In< ||s,1€C:;L (©dk+1 — Di+1)]|m, which cannot hold
since |O¢; — Pi||lm> |OGk+1 — Dr+1lm and the way we chose the sequence (s)32 ;.

Similarly, assume by contradiction that g is decreasing in some left neighborhood of s for

some k. So we must have that Hsllc/ff (O — Dk)||m< ||sl;1{n Gk |ln, which cannot hold since

| Gklln< ||@k+1]ln and the way we chose the sequence (si)32 ;.
So (s)g2 is the sequence of local maxima of g(t), and for all t > s; we have A\g 1 < g(?).

In particular,

m—+n

limsup Ag ;-1 (1) < limsup g(t)™ ™ = limsup g(sx+1)
t—o0 t—o0 k—o0

. —1/n - 1 S
= limsup (Hs,ﬁ{n Geslln)" (||sk/+”f (O — ) llm)"
k—o00
= limsup || Ge+1ll7 [(OG — Pkl =0
k—o0
where the last equality follows from (19)).

So we get in total limsup;_,, Ag -1(t) = 0, contradicting our main assumption on ©.

This finishes the proof of Lemma 1. O

Proof of Lemma 2. In case ©F € Z™ for some ¢ € Z"™\ {0} we have that both quantities
are equal to zero (in this case, © € X for some j € N and (X}) as in the proof of Theorem 2
in section 5, where we explain why limsup;_, ., Ae 4., (t) = 0 for any j € N and any © € Xj).
So assume O ¢ Z™ for all non-zero ¢ € Z"™.

Assume that limsup,_, . A,y (£)1F7/™ = L.

Let (tr, Gk, Pr)ieg C Rso X Z™ x Z™ which realizes Ag 4., as in . So if t € [tg, tpt1] we

have that
= Gl
Ao,y (t) = max

7™ |0 — P I,

Again by Lemmas |3 and {4 we have that (tx)32, is the sequence of local maxima of Ay,
and for all £ > 0 we have that

N - —1 N
Ao, (k1) = 1t T (O, — P llm= [te i’ s [ln-
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So in particular we have that

. . . _1\nm/(yn+m)
tiyr = ([ Gisrlln [1(OF — pr)ll") ™

)

and we have that

lim sup )\@’ww (t)2 = lim sup )\@71[,W (tk+1 )2
t—00 k—oo

. /m—1/n 5 N N
=limsup t,y; | Grilln [1(OF — B5)llm
k— oo
. (yn—m)/nm  _, = =
= limsup #,, | Gk+1lln (G — Pk)lIm
k—oc0

. " . S\ =1\ (yn—m)/(yn+m)  _, . "
= timsup ([l 10k — 7)) " il 1Ok — )l
—00

= limsup |G| 27/ (O, — )| 2/ 0+
k—o0

(20)
and as we assume limsup,_, ., Aoy, (t)'t7/™ = [ we have in total that

lim sup || G117 ™ 1Ok — i) llm= L.
k—oco

Now define a function f : [||g]| ,00) — [0, 00) by

F(&) =" (10 = 7 m
for t € [[|Gkll; 1 gi+1ll)-
So in particular we have

1 Sup Xy (t) < limsup f(t) = limsup || @e1]"™ |0k — 5llm= L.
k—o0

t—o0 t—o0

Now assume by contradiction that limsup,_, ., Xyn/m(t) < L, and let (Qk, ﬁk)?:o C 2" XZL™
which realizes X, m(0,1). Le. if t € [1@Qkln, |@rs1lln) then we have that

Xon/m(©,) = "™ 0@y — Plm.

and by our assumption we have that

S X/ (O, 1) = lim sup 1@k 27/™ 0@k — Pyllm< L. (21)
hde el

— 00

Now repeat the process as in the proof of Lemma

Let (si)72; be the sequence which satisfies that for all £ > 0 we have

—1 — = —
Isitt" Grsilla= 15747 (OGk — Pi)lm-

So as we have that ©¢ ¢ Z™ for all non-zero ¢, we have that s; < s < ... < s < ... and
that s — oo.

Now define a function g : [s1,00) — (0, 00) such that for ¢t € [sy, sgr+1) we set

|Gl

g(t) := max{ - .
/™ ©Qk — Pr Im

By the same arguing as in Lemma [} (sz)72, is the sequence of local maxima of g(t), and
for all t > s; we have that \e 4., < g(t).

In particular, by the same calculations as in we have that

19



L2/ (m+m) — Jim sup Aoy, (t)? < limsup g(t)* = limsup g(sg41)>
t—oo t—o0 k—o0
= limsup || Q1 |7/ [(OQ), — Byl .
k—o0
So in total we have
L™ =limsup |Gy 7" 1(©Qk — B)lle
k—o0
contradicting formula .

This finishes the proof of Lemma 2.
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