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ABSTRACT. We study random walks on a d-dimensional torus by affine expanding maps whose
linear parts commute. Assuming an irrationality condition on their translation parts, we prove

that the Haar measure is the unique stationary measure. We deduce that if K < R? is an attractor

of a finite iterated function system of n > 2 maps of the form z — % x4+t (i =1,...,n),

where D > 2 is an integer and is the same for all the maps, under an irrationality condition on the
translation parts ¢;, almost every point in K (w.r.t. any Bernoulli measure) has an equidistributed
orbit under the map z +— Dz (multiplication mod Z?). In the one-dimensional case, this conclusion
amounts to normality to base D. Thus for example, almost every point in an irrational dilation of
the middle-thirds Cantor set is normal to base 3.

1. INTRODUCTION

In this paper we will analyze random walks on a torus. For some random walks, driven by finitely
many expanding affine maps of the torus we will show that the only stationary measure is the Haar
measure, and hence for any starting point, almost every random trajectory is equidistributed. We
will use the random walks results to obtain new results on digital expansion of typical points on
self-similar sets. This paper follows a scheme similar to that of [19], where related results about
random walks on homogeneous spaces were proved, leading to results on Diophantine properties
of typical points on self-similar sets.

1.1. Random walks on tori. Informally, a random walk on a torus may be described as follows.
Suppose G is a semigroup acting on the torus and p is some probability measure on G. Given a
point z in the torus, the random walk proceeds by sampling a random element g € G' according to
i and moving the point x to gx. The process continues indefinitely to obtain an infinite random
path in the torus.

More formally, let G be a second countable locally compact semigroup acting on T¢ o R?/74
and let 1 be some Borel probability measure on GG. To this system we associate a Bernoulli shift
(B,3,B,T), where B =GN, 3 = u®" is the product measure on B, B is the Borel o-algebra on B
and T is the left shift. For a measure v on T¢, the convolution of ;¢ with v is the measure on T¢
which is given by

pov () = [ g (A)duty).
a
for every measurable set A € T¢. A probability measure v for which p+v = v is called u-stationary.
Clearly, every G-invariant measure is p-stationary, but the converse is often false. The action is
called stiffif any u-stationary measure is invariant (this terminology was introduced by Furstenberg
in [I3]). Recently there have been several breakthroughs for the case where G acts on T¢ by

linear automorphisms. Starting with the work of Bourgain, Furman, Lindenstrauss and Mozes [5],
1
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followed by a series of papers by Benoist and Quint [T, 2, 3], these results gave certain conditions
guaranteeing stiffness.

In this paper we establish stiffness for certain random walks generated by affine toral endormor-
phisms, namely maps T? — T? of the form x — D(z) + a, where D is a linear toral endomorphism,
a € T and addition is the group law on T?¢. Moreover we show that these stiff random walks have
a unique invariant measure. We recall that a toral endomorphism is a map T¢ — T¢ of the form
x +— Dz (mod
mathbbZ?), where D is a matrix with integer coefficients. In this paper we will use the same letter
to denote a toral endomorphism and the corresponding integer matrix. We denote the identity
d x d matrix by I;. We call a matrix ezpanding if all of its (complex) eigenvalues have modulus
greater than 1.

Theorem 1. Let Dy, ..., D, be commuting d x d matrices with coefficients in Z. Assume that all
the D; are expanding. Fori=1,...,n, let o; € R? and let

hi : T - T¢, h; () = Di(x) + .
Assume that
{(]Id — Dz) a; — (]Id — D]) Qo Z,] € {1, ,n}}

is not contained in any proper closed subgroup of T?. Let u be a probability measure such that
supp it = {h1, ..., hn}. Then Haar measure is the unique p-stationary measure on T¢,

The uniqueness property of a stationary measure for a random walk has strong consequences.
Indeed, using Breiman’s law of large numbers ([6], see also [4, Chap. 2.2]), in the setting of
Theorem , one obtains that for every x € T¢ and every ¢ € C (']I'd), for § - ae. be B,

N—oo

| N-l
N Z o (b -bjx) — | ¢ dHaar.
k=0 T

By a standard argument using the separability of the space C (Td), we obtain that for every
starting point, a.e. trajectory is uniformly distributed. That is:

Corollary 2. For every x € T¢, for B-a.e. be B,
| N1
N kZ_O 5bk~--b1x ]\::o Haar

in the weak-* topology.

1.2. Normal numbers in self similar sets.

1.2.1. Self similar sets. A contraction iterated function system (IFS) is a finite collection of maps
{pi};cr, where for each i € A, p; : R? — R? is given by ¢, (z) = r; - * + «, for some r; € (0,1)
which is called the contraction ratio of o;, and some «; € R? which is called the translation of ;.
For every such IFS there is a unique non-empty compact set K < R? which satisfies

K = ngi(K%

IS\
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and is called the attractor of the IFS. We will refer to an attractor of a contraction IFS as a self-
similar set. Every point in the attractor K of an IFS ® = {¢;}._, has a symbolic coding (possibly
more than one), given by the so called coding map 7g : AN — K, which may be defined by

Vi = (ilai% ) € AN7 To (Z) = nh_r)glo Pip © Piy © - 0 @in('rO)v

where xy is some arbitrary basepoint. It will be convenient for us to choose zy = 0. For an
introduction see [10].

We will say that a measure on K is a Bernoulli measure if it is obtained by pushing forward a
Bernoulli measure on the symbol space AN by the coding map 7. In other words, the measure is of
the form (7¢), P®Y, where P is a probability measure on the finite set A and P®" is the product
measure on AN, Throughout this text, we assume that P ({i}) > 0 for every i € A (otherwise
we can replace A with supp (P)). This definition depends on the underlying IFS (rather than its
attractor), and thus we shall sometimes refer to a measure as a ®-Bernoulli measure, where ®
indicates the IFS.

1.2.2. Normal numbers. Let D > 2 be an integer. Recall that x € R is called normal to base D
if for every n € N, every finite word w € {0, ..., D — 1}" occurs in the base D digital expansion of
x with asymptotic frequency D™". Equivalently, x € R is normal to base D iff the forward orbit
of x under the map = — Dz (multiplication by D modulo 1) is equidistributed w.r.t. Lebesgue
measure in [0, 1]. A detailed exposition on normal numbers, and in particular for the equivalence
stated above, may be found in [§]. One useful property of normal numbers is that a number z € R
is normal to some base D iff for every s,t € Q s.t. s # 0, sx + ¢ is normal to base D (this property
was proved by Wall in his Ph.D. thesis [20]).

Since the map = — Dz is ergodic (w.r.t. Lebesgue measure on [0, 1]), by Birkhoft’s ergodic
theorem, a.e. real number is normal to every integer baseE]. Focusing attention to self-similar sets,
one may inquire as to the size of the set of all numbers within some self similar set that are normal
to a given base. It was proved in [7] that the set of real numbers which are not normal to any
integer base (these numbers are called absolutely non-normal) intersects any infinite self-similar
K < R, in a set whose Hausdorff dimension is equal to that of K. This extends a result of Schmidt
[18], which provides the same conclusion for K = [0, 1], to nice self-similar sets.

On the other hand, in many cases, with respect to natural measures supported on self-similar
sets in R, almost every number is normal to a given base D. Of course this is not the case for
every self-similar set and every base. For example, no number in the middle-thirds Cantor set is
normal to base 3. Several positive results in this direction were obtained in [9] [17, [T1, 15 14]. In
all of these papers, some independence is assumed to hold, between the contraction ratios of the
IFS and the base D. In the context of self-similar sets, the strongest assertion is the following
theorem proved in [14]:

Theorem 3 (Hochman-Shmerkin). Let K = R be the attractor of a contraction IFS ® = {¢;}._,
with contraction ratios r; (for i € A), and let u be a ®-Bernoulli measure on K. Assume that ®
satisfies the open set condition. Then for every integer D > 2 satisfying

el 4, (1.1

there is i € A for which og (D)

IThis fact was first proved by E. Borel in 1909 without using ergodic theory.
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p-a.e. number s normal to base D.

This is a special case of more general results proved in [I4].

1.2.3. New results. In this work we deal with the opposite situation to the one treated in Theorem
Bl Instead of assuming that at least one contraction ratio of the IFS is multiplicatively independent
of the base D, we assume that all the contraction ratios of the IFS are integer powers of D. As
a substitute for the ‘independence’ assumption (|1.1]), we impose an irrationality condition on the
translations functions in the IFS. More precisely we prove the following:

Theorem 4. Let K be the attractor of a contraction IFS oL

A {1,....k}, fi : R4 — R? is given by

filx) = D

for some t; € R, r; € N and some integer D > 2. Assume that

{f1, .., [x}, where for each i €

T+ t,

{D"it; — D"'t; : i,j € A} is not contained in any proper closed subgroup of T¢. (1.2)

Then, for every ®-Bernoulli measure pn on K, for u-almost every x € K, the sequence {D™x}*_,
is equidistributed in T% with respect to Haar measure.

Note that in the one-dimensional case, and when r = --- = rp = 1, assumption ((1.2) is
equivalent to assuming that there exists a pair 7,5 € A s.t. t; —t; ¢ Q, and in case this condition
holds, then w.r.t. any ®-Bernoulli measure on K, almost every number is normal to base D.

As an example, denote by C < [0, 1] the middle-thirds Cantor set and let K ©c+ B, where « is
any irrational number and § € R. Then K is the attractor of & = {x — %x + 06, x— %x + %O‘ + B}
having a uniform contraction ratio of 37*. While prior results did not provide information regarding
normality of typical points in K to base 3, from Theorem [] one may deduce that w.r.t. any ®-
Bernoulli measure on K, almost every point is normal to base 3. Thus Theorem [4 complements
Theorem |3 of Hochman-Shmerkin, and combining them we have the following corollary.

Corollary 5. With the above notations and assumptions, with respect to any ®-Bernoulli measure
on K =« -C, a.e. point is normal to every integer base D = 2.

Remark 6. One useful property of normal numbers is that a number z is normal to some integer
base D > 2 if and only if it is normal to base D* for every positive integer s (|8, Thm. 4.4]).
Using this fact, given a uniform contraction ratio %, for every n € N one may consider the IFS

on {fiyo---ofi ¢ (i1,...,3,) € A"}. Obviously, d” and & have the same attractor, and it is
not hard to show that & satisfies ([1.2)) if and only if ®" does. Hence Theorem (4] holds for all

®"-Bernoulli measures, for every positive integer n.

Remark 7. It would be interesting to extend Theorem [3] to the more general class of attractors of
a similarity IFS, in which the maps are of the form x — r - O(z) + y, for z,y € R%, r € (0,1), and
O an orthogonal linear transformation.

In §5| we analyze the case in which d = 1 and assumption ((1.2)) does not hold. In this case we
have:
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Theorem 8. Assume that t;, —t; € Q for every i,j € A, and that t; is normal to base D for some
i € A. Then for any Bernoulli measure i, a.e. x € K is normal to base D.

For example, if C is the Cantor middle-thirds set, and « is normal to base 3, then so is a.e.
rel+a.

1.3. Acknowledgments. We gratefully acknowledge the support of BSF grant 2016256 and ISF
grant 2095/15.

2. PRELIMINARIES

In this section we collect some preliminary results we will need.

2.1. Limit measures. A key ingredient in the proof of Theorem [1|is the following result ([12],
see also [4, Lemmas 1.17, 1.19, 1.21]) which applies in the setting of random walks as described at
the beginning of section [1

Proposition 9 (Furstenberg). Let v be a u-stationary probability measure on T?, then the following
hold:

(1) The limit measures v, = lim (by o---0b,), v exist for f-a.e. be B.

n—00
(2) v= Jl/b dg (b).
B
(3) For all m € N, for 5 x p*™-a.e. (b,g) € B x G™, we have v, = lim (byo---0b,0g), V.

n—00

This is a special case X = T? of a much more general result.

2.2. Commuting expanding matrices. Recall that a linear transformation (or matrix) is called
expanding if all its (complex) eigenvalues have modulus larger than 1. We shall use the following
characterization of this property.

Lemma 10. Let A be a finite collection of expanding commuting d X d matrices with entries in C.
Then there exists a norm ||| on C¢ and some p > 1 such that for every A € A and every x € C,
|Az] = p ]

Proof. Since the matrices commute, there is a basis of C? with respect to which they can all be put
in an upper triangular form. Thus we may assume that all the matrices are in fact upper triangular
complex matrices. Denote by A the smallest modulus of an eigenvalue of all the matrices in A, and
denote by a the largest modulus of all entries of the matrices. Let m € R be any number satisfying

da

and define a norm by
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A straightforward computation, which we leave to the reader, shows that for any x € C%\ {0} and
any A € A we have |Az| > |z|. Since the unit sphere in C? is compact and A is finite, the
minimum

p X min {”| | cAe A, zeC? |z| = 1}
exists, is greater than one, and has the required property. O]

2.3. Invariance of the set of accumulation points of random trajectories. The following
proposition is a general observation about random walks on a second countable space, generated by
finitely many continuous maps. It states that for almost every trajectory, the set of accumulation
points along the trajectory is invariant under each one of the functions.

Proposition 11. Let X be a second countable space and f; : X — X, j=1,...,k be continuous.
Let u = Z p;0;, where p; > 0 for all j and Y p; = 1, and let Pdef,tL@N. Given o € X and

i= (iy, iz, ) €{l,- kI, we set a:n(_) Xt o -0 fi, (xg), and denote the set of all accumulation
points of {:cn( ), by L(i). Then for P-a.e. i€ {1,...,k} we have f;(L(2)) < L(i) for j =
1.k

For the proof of Proposition [11] we will need the following three lemmas. We retain the same
notation as in the Proposition. We think of {1,...,k}" as a probability space and use probabilistic
notation when discussing the P-measure of subsets of this space.

Lemma 12. Forie{1,....k}N, NeNand & # U S X, let KY = KN() < {n > N : 2,(i) € U}.
Then

P (|K{)| = o and Vn € K ips1 # 1) = 0. (2.1)
Proof. We will write the elements of K7} in increasing order, as N < n; < ny < ---. For any j € N,

let M; denote the following event:
‘K[]]V| =>jand i, # 1, Vne {ny,...,n;}.

That is, M; is the set of ¢ for which the sequence z,(i) visits U at least j times, and the next
element of the sequence 7 following each of the first j visits to U, is not equal to 1. Observe that
P(M;+1) = P(M;1|M;)P(M;) because M;1 < M, for any j. We have

P (Myoa| M;) =P (K| > j + Land ¥n € {na,. .. njar} s ingr # 1| ;)
—P (Vne {n1, .. e}, in # 1“}({]\[} >j+1land i, #1,Vne {nl,...,nj}>
<P (K] = j+1|0;).
Since the entry ¢, 41 does not depend on the previous entries,
P(inH #1,Vne {n17...,Nj+1}"K]UV| >j+1land i, #1,Vne {nl,...,nj}>

<P (i, 41 #1) =1 —p1.

Hence, by induction, one has P(M;) < (1 —p;)?, for all j € N. The conclusion of the lemma is now
immediate. O
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Denote by % a countable base of the topology of X. It follows at once that
Lemma 13. P (3B € #,3N €N s.t. |KJ| =0 and Vne K§,in1 # 1) = 0.

Lemma 14. Firie {1,...,k}" and a € L(i). If fi(a) ¢ L(i) then there exist B € B containing a,
and N € N such that ‘Kg’ =0 and Vn e K§ i, # 1.

Proof. Assume the contrary. That leads to a subsequence {z,, (i)}, converging to a such that
in,+1 = 1, for all k € N. This shows that fi(x,, ) = x,, 41 for any k and hence, from the continuity of
f1, one obtains x,, 11 — f(a) as k — . Thus fi(a) € L(z) which contradicts our assumption. [J

Proof of Proposition[T]. Combining Lemmas[13|and[14we obtain that fi(L(i)) < L(¢) for P-almost
all i € {1,...,k}". By similar arguments, one can prove the same for any f;, j =1,..., k. O

3. RANDOM WALKS ON TORI

In this section we asume the notations and assumptions of Theorem [I} we are given n com-
muting expanding d x d integer matrices Dy, ..., D,,, real numbers aq, ..., «,, and define the affine
endomorphisms hy, ..., hy, by hi(x) = D;(z) +«;. We are also given a probability measure p whose
support is the finite set {hy, ..., h,}. We set 8 = u®, and assume that

{(Iy — Dy)aj — (I — D;) g : 1 <i,j <n} is not contained in a proper closed subgroup of T¢.
(3.1)
We need the following Lemma.

Lemma 15. If a finite set {21, 2o, ..., 2} € T? is not contained in a proper closed subgroup of T,
then for B-a.e. i = (iy,ia,...) € {1,...,n}Y the set of all accumulation points of

() (D, o---0D;(z5) :meN1<j</{}
is not contained in a proper closed subgroup of T?.

Proof. Denote the set of i = (i1,49,--+) € {1,...,n}" for which the conclusion fails by A, and
assume by contradiction that 5(Ag) > 0. For i € Ay, let us denote the closed subgroup generated
by all the accumulation points of (i) by K(z). Since a torus contains countably many closed
subgroups K, we can pass to a subset of Ay (which we continue to denote by Ag) such that
K = K(i) is the same for all . Let p : R? — T¢ be the natural projection map. Then p~*(K)
is a closed subgroup of R%. Let S be the connected component of the identity in p~*(K), i.e.
the largest subspace contained in p~!(K). Then S is a rational subspace of R¢, dim S < d, and
p 1(K)/S is discrete in R?/S. Consider the following commutative diagram, where the vertical
maps are the canonical projection maps and p is the map induced by p:

p

R4 Td
]
R?/p~ (K) —T¢/K

The diagram shows that (R?/S)/(p~'(K)/S) =~ R¢/p~'(K) is isomorphic to T?/K. Hence T?/K
is a torus of dimension d — dim S, R?/S is the universal cover of T¢/K, and the covering map is
given by

def

m:RYS —TYK, =(x+8S)=px)+ K.
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k
Denote by .#”(i) the set of accumulation points of . (1), and write .’(i) = U (i), where
j=1

(1) is the set of accumulation points of {D;, ---D;z; € T : m € N}, for fixed j € {1,...,/}.
It follows from Proposition that for all j, there is a subset of Ay of full measure, of ¢ for
which Dy (7(i)), ..., Dn(#/(i)) are all contained in .#;(i). We replace Ag with its subset of full
measure for which this holds for all j (and continue to denote this set by Ag). For each i € Ay
and each r € {1,...,n}, we have D,(K) < K. Since S is the largest subspace contained in
p Y(K), this implies D,(S) < S. Being an expanding map, D, is invertible and hence it preserves
dimensions of linear spaces, and so we must have D,.(S) = S (recall that we denote by D, both
a toral endomorphism and the corresponding linear transformation). Therefore we may view D,
as inducing a map on both T¢/K and R¢/S, which we continue to denote by D,, and we have the
following commutative diagram:

RY/S —20- RY/S

|
Td/K 22 T4/ K

We have that both horizontal maps in this diagram are surjective endomorphisms, D, commutes
with the natural projection map from T¢ — T?/K, and the projection of .#(i) on T¢/K has
0 = K as the only accumulation point for all i € A,.

Fix i = (i1,42- -+ ) € Ag. We first observe that the projections z; of z; in T?/K satisfy

D, ...Dyz; #0, forsome je{l,...,0} and all m € N,

Otherwise, there would exist M € N for which D;,, o---0 D;z; = 0, for all j € {1,2,...,¢}. We
then consider the closed subgroup in T?/K generated by {z; : 1 < i < ¢}. It is obvious that this
subgroup is contained in the kernel of the surjective endomorphism D;,, - -+ D;, : T — T, Since
the kernel is finite, so is the subgroup we considered and hence proper in T¢/K. Pulling it back to
T?, one obtains a proper closed subgroup that contains both K and all z;’s. This contradicts our
hypothesis. Since 0 is the only accumulation point of the sequence {D;, --- D; z;}*_,, it follows
from compactness that linéo D, -+ D;z; =0 in T¢/K, for each j.

Our next observation is as follows. If we choose a basis of S and then extend it to a basis B of
R?, then for each r, the matrix representation of D,, with respect to this basis, is of the form

D(Sr) *
0 Dn )°

By hypothesis, all eigenvalues of Dg) and D) have absolute value > 1. The matrix representing
D, with respect to the projection of B to R?/S is D). Using Lemma , there is a norm || - || on

R?/S such that

p inf |D,v]| > 1.
1<r<n, veR/S, ||v||=1
We let ||D,||op denote the operator norm of the linear map D, in R?/S with respect to the norm

on R4/S chosen above, and let R max;< <t || Dy |]op-
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As 7 is a covering homomorphism, we can take a small enough open ball B in R%/S cen-
tered at 0 which evenly covers 7(*B), i.e. |y is a homeomorphism onto its image. Since
lim D;, - D;7; =0, there is N € N such that D, ---D;Z; lies in 7 (l‘B) for all m > N.

m—0o0 R
We denote the lift of D; , --- D;,Z; in %’B by t,,, for all m > N. Note that t,, # 0 for any m > N.
Since each application of D, increases the norm of a nonzero vector by at least p and at most R,

there exists s € N such that D; . ---D;  ty € %\%%. Since 7|y evenly covers its image, we
see that m(D;y, -+ Dy, tn) € 7(B)\m (§B), i.e., Diy,, - Diy, Diy - D;z; ¢ 7 (£B). This
contradicts our choice of N. O

We are now ready for the

Proof of Theorem[1. A straightforward induction shows that for any finite sequence ji, jo, . .., jm €
{1,2,...,n},

hj o -0 hy,(x) = Dj o-- 0Dy, (x) + i Dj o---0Dj_ (aj,) (3.2)
s=1
(with + denoting addition in T¢). From this it is clear that, for any finite sequence 7y, ..., j,, and
any pair of indices ¢, s € {1,2,...,n}, one has
hj, 0 ---0 hj, o hyo hs(x) (3.3)
= hj 0 ---0hj, 0 hsgo hy(x)+ Dj o---0D; ((Ig— Dy)(as) — (Ig — Ds)(cw))-
For a given vector a € T?, let
Ra: T4 T Ra(z)%2+a.
We also denote, for m e N and j € {1,... ;N
a;’; C Dy, 00 D ((Is — Dy)(as) — (T — Da)(a)).
With these notations we can rewrite as
hj, 0---0oh;j ohyo hy(x)= Rafr’f,j ohj0---0hj ohgo hy(x). (3.4)

Suppose now that v is a p-stationary measure on T?. From (3.4) and Proposition @(3) we obtain
that there is a subset By < B, with 8(By) = 1, such that for any b € By and any ¢, s € {1,2,...,n},

vy = lim (byo -0 by 0 hyo hy)yrv = lim (Rae,s ) (byo - 0 byo hgohy)w. (3.5)

m—00 m—0o0 m,J %
Here we identify B with {1,...,n}" in the obvious way and use the same notation 3 for the
Bernoulli measure on the symbol space {1,...,n}", and identify J with b; this should cause no

confusion. Let Prob(T?) denote the space of Borel probability measures on T¢, equipped with the
weak-* topology. The addition map

T x T¢ - T¢, (a,z) — Ra()
is continuous, and thus the induced map

T x Prob(T%) — Prob(T%), (a,f) — (Ra).0
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is also continuous. Thus, by passing to subsequences and using (3.5]), we find that for any b € By,
for any accumulation point a’ of the sequence {a o~ ;‘SLIO, the measure v, is invariant under R,.

We now appeal to condition (3.1) and Lemma , which ensure that for f-a.e. je {1,... N,
the accumulation points of the set

Al-déf{es.ése{l n},meN}

generate a dense subgroup of T¢. Upon possibly replacing B, with its subset, we still have 8(By) =
1, and for all j € By we also have that the accumulation points of A; generate a dense subgroup
of T¢. We obtain that for b € By, v, is invariant under a dense subgroup of T? and since the
stabilizer of a measure is a closed subgroup, that v, is the Haar measure on T?. The conclusion of
Theorem [1] now follows from Proposition [9)2). O

3.1. Further remarks. We first note that in the one-dimensional case, a stronger version of
Lemma [15]is true: its conclusion holds for every sequence i = (i1, 49, -+ ) € {1, , k}N.

Lemma 16. Let o € T\Q, and let Dy, ...

endomorphisms D; : T — T. Given a sequence iy, iy, ... € {1,...,n}" , denote ap S D o---0D; ().
Then the set of all accumulation points of the sequence (xk),oy 1S mﬁmte.

, D, = 2 be integers, which we think of also as toral

We will not be using this result, and we leave the proof to the reader.
The following shows that condition (3.1)) cannot be relaxed, at least in case d = 1:

Proposition 17. Assume that for some ig € A, (1 —D;,)a; — (1 — D;)ay, € Q for every j € A.
Then there exists a finitely supported u-stationary measure on T.

Proof. Without loss of generality assume that 7o = 1. Denote
D; -1
Dy —1

By assumption §; € Q for every j € A. Let ¢ € N be a common denominator for all the 3;, and

B =aj— Qq.

denote A = {0, i, E}. Denote also xg = . , so that hy (xg) = zo.
@ Di—1°

We now claim that for all i € A, h; (A + x¢) € A + x¢. Indeed, for all a € A and all i € A,
hi<(l+$0) :D(a)+aZ+D (Io)
Dj(a) + i + (Di — 1) (z0) + o
Di(a) + D- -1 N
a; — D _ 10(1 Zo

:Di(a)+ﬁi+x0€A+$0
Hence A + ¢ supports a p-stationary measure. 0
Our method of proof also gives another proof of the following well-known fact:

Proposition 18. Suppose D; = 1 for every i € A, that is, each h; is a translation by «;. Then
Haar measure is the unique p-stationary probability measure on T if and only if «; is irrational
for some i € A.
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Proof. Assume first (without loss of generality) that oy ¢ Q. Since the functions h; are now only
rotations, they commute with each other. Hence, if v is some p-stationary measure, by Theorem

9] for S-a.e. be B,

I/b:leHOIO(blo"-Okahl)*VZI}LII%(h1>*(blo--'Obk)*V=(hl)*Vb'

Since h; is an irrational rotation, v, has to be Haar measure and hence v is Haar measure.
The other implication is trivial. 0

We remark that Proposition [18| could also be obtained as a corollary of a result of Choquet and
Deny (see [4, §1.5] for the statement and a similar argument).

4. NORMAL NUMBERS IN FRACTALS

Using an idea of [19], we will show how to derive information on normal numbers in self-similar
sets, from random walks on tori. We will then use the results of §2] to prove Theorem [d In order
to make the idea more transparent, we first prove a special case of Theorem [ namely we assume
ry =---=r, = 1, or in other words,

1
there is an integer D > 2 such that f;(z) = 5% +t, i=1,... k. (4.1)
In this case the irrationality assumption ([1.2)) simplifies to
{t; —t; : 1 <i,j < k} is not contained in any proper closed subgroup of T%. (4.2)

We will need the following resuhﬂ:

Proposition 19 ([19], Prop. 5.1). Let " be a semigroup acting on a space X, let ju be a probability
measure on I', and denote the infinite product measure u® by 3. Given any xo € X, assume that
for B-a.e. be B, the random path (by, - - - bixy),,o 5 equidistributed w.r.t. a measure v on X. Then
for B-a.e. be B, the sequence

(bn tet bll'o, Tnb)

18 equidistributed w.r.t. the product measure v ®  on X x B.
Proof of Theorem 4| assuming (4.1)). Let u be a Bernoulli measure on K given by u = 7, o, where

o is a Bernoulli measure on the symbolic space AN and 7 : AN — K is the coding map.
By a routine induction, we find that for any n,m € N with n < m,

fiz 0+ 0 fi,,(0)

neN

fio o fiyo--ofi,(0) = D + it =
fin 1 -0 flm (0) th tin—l
c= Tn t et pess Tt

Multiplying by D™ and taking the limit as m — o0 we obtain that for any x € K and n e N,
D'(x) = ), D" UD(ty,) + w(T7(1), (4.3)
j=1

where z = (i) for some i = iy, iy, ... € AN

2We use here and further below results of [19, 85|, where I' is taken to be a group rather than a semigroup.
However the more general case of semigroups follows from the same proof.
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Define, for each s € A, hy : T¢ — T? by h,(x) difD(x + t5). Note that

hi, 00 hiy (0) = > DU D1, ). (4.4)
j=1

Note that (h;, o ---0h;(0)),y is in fact a random walk trajectory governed by the probability
measure ¢ on AN, and that condition in this case implies condition of Theorem .
Applying Corollary 2| we get that for o-a.e. i € AV, the sequence equidistributes in T¢
w.r.t. to Haar. Next, we apply Proposition , with X = T¢ and v = Haar, and obtain the
equidistribution of the sequence (h;, o -+ o h; (0), T"(i)),_, w.r.t. the product measure Haar ® o
on T? x B, for o-a.e. i € AN. Since the coding map 7 is continuous, this implies that for o-a.e.
i e AN, the joint sequence

(h
is equidistributed in T x K with respect to the product measure Haar ® u.

Consider the addition map

o---0hy (0), 7(T™(i)))> (4.5)

in n=1

F:T'xK-—T¢ F(z,y)=2x+y.
It follows easily from the fact that Haar measure is invariant under addition in T¢, that
F.(\ x u) = Haar. (4.6)
The equidistribution of (D"z),"_, for p-almost every x € K follows immediately from (4.6), from

(4.3)), (4.4) and from the equidistribution of (4.5)). O

For the general case of Theorem , we will need an extension of Proposition . We let C., def Z)rZ

denote the cyclic group of order r, and let 6 denote the uniform measure on C,.. Recall that we
have a random walk on T¢ driven by a finitely supported measure . on a semigroup I of affine toral
endomorphisms. We write BY (suppu)®? and Bdg u®%. Note this is the two-sided shift space.
We continue to denote by T the shift map (but this time on B). We say that a map x: I' — C, is
a morphism if it satisfies

V11,72 € T, k(n1y2) = k(1) + K£(72).

Proposition 20. With the notation above, let r € N and let k : T' — C\. be a surjective morphism.
Given any xo € T¢, assume that for B-a.e. b e B, the random path (by, - - - bizo), oy 15 equidistributed
w.r.t. a measure v on T¢. Then for f-a.e. be B, the sequence

(bn s blxo, H(bn s bl), Tnb)
is equidistributed w.r.t. the product measure v @0 ® B on T¢ x C, x B.

neN

Proof. This is not stated explicitly in [I9] but is proved along the same lines as [19, Thm. 2.2].
For completeness we sketch the proof.

An extension of Proposition [19] to the bi-infinite sequence space B is given in [19, Prop. 5.2].
Putting this result to use, it is enough to show that for any z, € T¢, for f-a.e. b, the sequence
(by, -+ - bizg, k(b - -~ by)) is equidistributed, with respect to v ® 6 on T¢ x C,. Indeed, once this is
established we can apply [19, Prop. 5.2| with X = T? x C,.

Now note that the action of I' on T? x C, by ~(z,s) — (yx,s + k(7)) is ergodic. This follows
from the fact that each individual element of 7 is an expansive toral endomorphism, and hence is
mixing. Thus the required equidistribution statement follows from [19, Cor. 5.5]. O
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Proof of Theorem[]], general case. We have a self-similar set K which is the attractor of the maps

filx) = p= -z +1t; (i=1,...,k), for an integer D > 2. We can assume with no loss of generality

that

ged(ry, ... rg) = 1; (4.7)
indeed, if this does not hold, we can replace D with a power of D and (using [8, Thm. 4.4]) reduce
to the situation in which (4.7) holds. Write

~ def

def X def
D, =D", r= maxr;, and D= D".

Again by [8, Thm. 4.4], it suffices to show that a.e. x € K is normal to base D. Computing as in
(4.3) and (4.4) we see that for any b = (i1,...) € B and n € N,

Dy o---o0D; m(b)=n(T"b) + h;, o---0hy(0). (4.8)
For each n and b, let £ = ¢, € N satisfy D < D; ---D;, < Dt and let s = Spn SO that
D= D, ---D; D*. (4.9)

i1 " in

That is,

gd:ef [Th +"'+7”in

] and s rl—(r, +--+r,)ef0,...,r—1}. (4.10)
-
If we consider s as an element of C,. (i.e. consider its class modulo r) then we see that s = k(b,, - - by)
where & is the morphism mapping i; to —r;, considered as an element of C,.. The morphism & is
surjective in view of (4.7)).

By Corollary [2] and Proposition [20] the sequence
(hi, 0---0hy(0), Spn, T"b) € T x C,. x B

is equidistributed with respect to Haar ® 6 ® B for B-a.e. b.
For b € B we continue to use the notation 7 to denote the map 7(b) = 7(i1,i2,...) where
b= (i_1,70,11,...). Let g = w(b), where b belongs to the subset of B of full measure for which

this equidistribution result holds, we have from (4.8) and (4.9)) that
Dzb’" (ZL‘()) = D%bn (W(Tnb) + h'in ©---0 hi1 (O)) . (411)

We consider this sequence as a sequence depending on the index n, and note that it is the image
of an equidistributed sequence under the continuous map

U:T? x C, x B— T U(z,c,b)% D(n(b) + ).

Thus it is equidistributed with respect to Haar measure on T¢, as a sequence of the parameter n.
However, our objective is to show equidistribution of the sequence (D?(x())%,. Note that given

b as above, the sequence ({;,)nen is monotonically increasing, but might have repetitions. To

handle these repetitions we introduce the following notation: for fixed b, and for each n € N| let

) [{meN: by, =t} "

It is clear from (4.10) and the definition of r that #,(n) € {%, %, cee 1}. It is not hard to see that
we can compute t5(n) from s;, and from the symbols (7"b); where |j| < r. That is, there is a

continuous function £ on C, x B such that t,(n) = #(sy.., T"b). Now given f € C(T%), we define

F:T*xC.xB by F(x,qb)déf (foWw) - i(c,b)
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so that

f (D (x(T) + x))
F(z, sy, T"D) = .
(50 T0) = 10 e N oy = o]
This definition ensures that the Birkhoff sums of the two sides of (4.11)) satisfy

-1 Np—1
2 (D7) = 3 F (i, 00 hy (0), 50, T8) + O(1),
z=0 n=0
where N, = {m e N : 4,,, < L}|. Thus
=
— D*zy) —> f F dHaar ® 6 ® j3. 4.12
Ng, ;)f( 0 L= Jriyxc, < B ’ (4.12)
Applying this with the constant function f = 1 gives the existence of the limit
def » > . L
Dividing both sides of (4.12)) by A and using Fubini to compute the right hand side, we see that
=
- D* — dH
g 2 (D) | ditaar,
as required. O

5. WHEN ALL THE DIFFERENCES ARE RATIONAL.

In this section we shall analyze the situation in which condition (|1.2)) in Theorem 4| does not
hold. We focus on the one-dimensional case, thus we assume throughout this section that all the

differences t; — t; are rational. For all ¢ € A, denote 9; o t; — t; € Q. Note that 0; = 0. Given
x € K, suppose that x = 7 (i) for i € AV, i.e.

7= lim fiy 0o f, (0).
n—0o0
Then by equation (4.3), for every m € N,

D™z =Y Dty + > D™ U5+ w(T™ (i)

j=1 j=1
Denote
oS Y DIty (i) €Y DU
j=1 J=1
so that
D™z =, + 0 (1) + 7(T7(2)).
Note that 7, (i) stays inside the finite set A = {0, %, e %}, where ¢ is a common denominator
for ds, 03, ..., 0. Also note that «,, is a deterministic sequence (does not depend on i), and
LA D™l D D D
=N ' Dity = ———4, = D™ t — t
an = 2y Dty = =g D—1"' " D-1"
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Lemma 21. 0, (2) is an aperiodic, irreducible Markov process with a finite state space.

Proof. For each j denote Sj ©p. d; € A. Then

M (8) = Y D",
j=1
This process may be represented as follows:

mh = Sil 5
Vm > 17 Nm+1 = D Nm + 5im+1
o

Let A € A be defined as A = {ae€ A: Ime N, P(5,, = a) > 0}. Since the variables ((%) are

IID, this is indeed a Markov process on the finite state space A.

Since,]P (nm+q =0 ‘ Nm = a) > P (5,;m+1 = =0, = O) > ( for every a € A, and 7,41 ‘ N =

0 ~ ny, the Markov process is irreducible, and it is also aperiodic since P ('r]mﬂ =0 ’ N = 0) >
0.

From Lemma [21] it follows that the process 7,, has a unique stationary measure p.

Theorem 22. Assume that o, is equidistributed w.r.t. some measure v on T. Then for ux-a.e.
v € K, the orbit (D™x))_, is equidistributed w.r.t. the measure v * p = fix (where fix is the
projection of px to T).

In order to prove Theorem [22] we will need the following property of aperiodic, irreducible
Markov chains. The proof of the following proposition uses some of the ideas in the proof of
Proposition [L9] given in [19].

Proposition 23. Let x = (1, 19,...) € QN be an aperiodic, irreducible Markov chain with a finite
state space 2 and a transition matriz P. Let p be the unique stationary measure for the process
and let j1 be the corresponding measure on QN w.r.t. p as the starting probability for the process
(i.e., 1 ({w eV w e A}) = p(A) for every A < Q). Then for every strictly increasing sequence
of positive integers (ng),_,, for p-a.e. x € QN, the sequence (T™ (x)),_, is equidistributed w.r.1.
[
Proof. For the rest of the paper, given a finite sequence w = (wy,...,wy) € QF, we denote the
corresponding cylinder set by [w] & {€e N (&, .. &) = (Wi, .., wo) }

Let By, be the o-algebra generated by the first n; coordinates of QY. Given w = (wy, ...,wy) € Q°
for any ¢ € N, define

o
Hn

€

Chm = E L) (T™2) — p([w]) | B
ee]

Mm dif Z Lk,m-
k=1

Note the following:
o For k <m —{, opm = 1) (T™x) — p([w])
e For k > m,

Bran] = 1 (17 ]| B) — o ([w])] < C - a4 < € b
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for some constants C' > 0, a € (0, 1) (see e.g. [16, Theorem 4.9]).
In particular M,, is a finite number for all m. Writing M,,, as

25 J(T™x) = p (WD) + D) Gem+ D, km

k=m—~£+1 k=m+1
and noting that ‘Zk b1 (Pkm‘ < /, we have
m—/
M,, — L < (1) (T 2) — p([w])] < My + L
k=1

for some constant L > 0. Since M,, is a martingale w.r.t. the increasing sequence of o-algebras
(Bim),.en> by Doob’s martingale convergence theorem M,, converges almost surely to some number,
which implies that a.s.

%2 | (T"2) = ([w])] — 0.

m—00

Since the countable family of cylinder sets generates the Borel o-algebra of subsets of QN, we
get that a.s., for every function f e C (QN),

1 & -
E};f(T z) — | fdp.

m—00

O

Corollary 24. Let vy, be an equidistributed sequence w.r.t. some Borel probability measure o on
a compact second countable space X, and let (QN T, ,u) be as above. Then for p-a.e. i € QN, the
sequence (Y, T™)_, is equidistributed w.r.t. o @ pu.

Proof. Given a set I x [w] € X x QN where I < X is some open set and w € Q¢ for some ¢ € N,
consider the sum

N
N Zz o] (o, T™9) .

Define A = {m e N: ~,, € I} and let (my), be an increasing enumeration of all elements in A.
By equidistribution of 7, we know that

L AL VY

N—w N

=o(I).
By Proposition [23 (7™*i),_, is a.s. equidistributed w.r.t. u, hence a.s.
—2 L (T™0) % g1 ([w])

Denote B {meA: Tmi e |w]}. Then

IBA{l,..,N}|
A ey el as
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Hence,
1 Y . |Bn{l,..,N}
N Z 1rwpw) (Ym, T™0) = N
m=1
JANA{L,..,N}| [Bn{l,.. N}

N AL vy o o s

From this we deduce that a.s., for every basic open set I < X, every £ € N and every w € QF,

N
1 "
N 7712:1 1I><[w] (VmaT Z) Nj)oo o (I) Y ([w]) = Jl]x[w]d(a@)ﬂ)_
By linearity of integration and summation, a.s. the same property holds for any linear combination
of indicator functions as above, and thus on a dense subset of C' (X). O

Proof of Theorem[23. By Corollary , for B-a.e. i € AN, the sequence (au,, N, (7)) is equidis-
tributed w.r.t. v ® p, which implies that the sequence «,, + 1, (i) is equidistributed w.r.t. v = p.
Using Proposition [I9 exactly in the same way as in the proof of Theorem [4 we may deduce that
for B-a.e. i € AN, a, + ny (1) + 7(T™(3)) is equidistributed w.r.t. the measure v * p * jif. O

From Theorem 22| we readily obtain:

D
Proof of Theorem[§. Suppose t; is normal to base D. Then so is ﬁtl, and therefore ay, is

equidistributed w.r.t. Haar measure. The conclusion now follows immediately from Theorem
22 O

It is not hard to find an example in which the t; are irrational and not normal to base D, and
the conclusion of Theorem [§| fails. For example, this will hold when the ¢; have many appearances
of long strings of the digit 0 in base D. Nevertheless, the converse to Theorem [§]is also false. Here
is a counterexample.

Example 25. Denote

e ]- e 1 1
fla(x)dzfz—lira, fg‘(:v)dsz:chéJra.

Let K, be the attractor of the IFS { f{*, f&'} for a given value of a. Note that changing « corresponds

4
to translating the fractal Ky. More precisely, K, = Ky + ¢, where ¢, = ga. Let po be the (%, %)—

Bernoulli measure on K,. Note that for all n € Z,

_2mincg

fia (n) = €™ i (n) ,
hence fi, (n) = 0 if and only if /iy (n) = 0.
Denoting A; = 0, Ay = % and A = {1,2}, the Fourier transform of py may be calculated as
follows (see [8, proof of Theorem 6.1]):

N
fio () :]\lfl_,néo 2N Z exp <27m’n2 45“Ajs>

jeAN s=1

N—-1
1

- _N L og—s T

_]\1[1_1202 H <1 + exp <2mn4 2)) .

s=0
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o0
o ()] =] |

1
cos (4_5—7m) ’ . (5.1)
s=0 2

Using equation 5.1 we see that for all k,m € Z with k > 0, we have ji (4’“ (2m + 1)) 0

Let v be the (2, 2) Bernoulli measure defined on the attractor of the IFS {m — ix T — ZL‘ + 4}
Analyzing ¥ in the same way we analyzed [iy, we see that
)l =]]

1
cos (4_5—7m) ,
s=0 4

and hence for all k,m € Z with k > 0, we have » (4*2 (2m + 1)) = 0.
Since v is ergodic for the x4 map, it has generic points. Let t be a generic point for v, and

F 3t By equation (4 , we see that for every z € Kj, if x = lim ffl 0---0 ffn (0) then for every
n—aoo
neN,

0

va = 3 Wi (T (0)) = 4”§t - %ﬂ T (T (1)) = 4 + 7 (T" (3)) — 1,

j=1
where 7 is the coding map for the IFS { ff, f; } By Corollary 24 and the computation above, we

get that for y-a.e. x € Kj, the orbit (4"z)."_, is equidistributed w.r.t. the measure v = y; translated
by —t.

Claim. For all nonzero w € Z, there exist k € Nu {0} and m € Z such that either w = 4% (2m + 1)
or w = 4% (4m + 2).

Proof of Claim. Clearly, it’s enough to prove the statement for the case 4 + w. If w is odd,
then w = 4%(2m + 1) for some m € Z. Otherwise, w is even, and since we assume 4 { w, then
w = 4° (4m + 2) for some m € Z. O

By the Claim and the analysis of the Fourier transforms of v and g given above, we get that
for every 0 # n € Z,

v fig (n) = v (n) - iz (n) = 0.
This implies that v » y; is Haar measure on T, and ultimately we get that for pj-a.e. x € Kj, the
orbit (4"z)”_, is equidistributed w.r.t. Haar measure on T although ¢ is not normal to base 4.

Remark 26. The convolution in the example above may also be viewed as follows. The probability
measure [y is the law of the random variable Z;O:l 477¢;, where the &; are IID variables which
assume the values 0, 2 with probability % The measure v is the law of the random variable
Zj.o:l 477y, where the y; are IID variables which assume the Values 0, 1 with probability % Hence,
v # 1o is the law of the random variable Z; AT+ ZJ 1 477¢;. But

0
2 4_ij + Z 4_jfj 2 4~ XJ + fy
j=1 j=1

and since x; + §; are IID random variables that take the values 0, 1,2, 3 with probablhty - each,
v = g is actually Haar measure on T. Therefore, v = y; is also Haar measure.
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