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ABSTRACT. Let 6 be a Bernoulli measure which is stationary for a random walk generated by
finitely many contracting rational affine dilations of R?, and let K = supp(0) be the corresponding
attractor. An example in dimension d = 1 is the Hausdorff measure on Cantor’s middle thirds
set, and examples in higher dimensions include missing digits sets, Sierpiriski carpets and Menger
sponges. Let v denote the image of 6 under the map K — SLg+1(R)/SLa+1(Z) which sends x
to the lattice Ax = spany(ei,...,eq,eqr1 + (x,0)). We prove equidistribution of the pushforward
measures an.V along any diverging sequence of diagonal matrices (an) C SLgy1(R) that expand the
first d coordinates under a natural non-escape of mass condition. The latter condition is known to
hold whenever 0 is absolutely friendly. We also show that weighted badly approximable vectors and
Dirichlet-improvable vectors (for arbitrary norm) form a subset of K of -measure zero. The key
ingredient is a measure classification theorem for the stationary measures of an associated random
walk on an S-arithmetic space, introduced by two of the authors in [KL23]. A new feature of this
setting is that this random walk admits stationary measures which are not invariant.

1. INTRODUCTION

This paper proves equidistribution results for pushforwards of certain fractal measures on certain
homogeneous spaces, by analyzing certain random walks adapted to the fractal measures. These
dynamical results, are then applied to problems about the Diophantine properties of typical points
on certain fractals. We refer the reader to [KLW04, BQ11, SW19, PSS23, K123, BHZ24, DJ24] for
related work.

Let k and d be positive integers with k > 2 and let ® = {fi,..., fi} be a collection of affine maps
fi : R — R? of the form

We will refer to such a collection ® as a carpet IF'S. This terminology is motivated by the example
of the Sierpinski carpet. The attractor of ® is the unique nonempty compact subset of R? satisfying
K = U fi(K). We say ® is irreducible if there is no finite collection of proper affine subspace of
R¢ which is left invariant by each of the maps f;. For a probability vector p = (p1,...,px), let
0 = 6(®,p) be the associated Bernoulli measure supported on its attractor K. These terms are
explained in §3.1, and the sets K and measures ¢ which arise in this way form a fairly large class
of self-similar fractal sets and measures; for the purpose of this introduction it is enough to note
that commonly studied self-similar sets, like Cantor’s middle thirds set, missing digit sets in d > 1
dimensions, or the Sierpiriski carpet, can arise as K, and their Hausdorff measure can arise as the
Bernoulli measure 6.

Let 2441 denote the space of lattices of covolume one. This space is naturally identified with the
quotient of Lie groups SLgy1(R)/SLay1(Z), via the map gSLgy1(Z) + gZ9*!, and this identification
equips Zg41 with the topology of a non-compact manifold and with the measure mg;, ,, which is
the unique SLg11(R)-invariant measure. Let

o 1), vE {u(x) ‘x € Rd}. (1.2)

w:R? = SLy(R), u(x) (Id X> ’ =

For g € SLg+1(R), let

def

def
Ay =

9ZM et Ax = Ayx),s
1
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and denote by v, the pushforward of 6 under the map x — Ay (x)q-

Given a sequence (a,)nen of elements of SLg1(R), we say that 6 is uniformly non-divergent along
(ap) if for every € > 0, there is a compact set K C 21 so that for all g, for all large enough n we
have

AnsVg(K) > 1 —¢.
With this notation we are ready to state our main equidistribution result.

Theorem 1.1. Let ® be an irreducible carpet-1F'S, let 6 = 6(P,p) be a Bernoulli measure, for some
probability vector p, and let vy be the pushforward of 0 under x — Ax. Let (ay), be any sequence
of diagonal matrices tending to oo in SLgi1(R). If 0 is uniformly non-divergent along (ay), then

nll)nrolo A0 = M2, 1 (1.3)

with respect to the weak-x topology on the space of probability measures on Zqi1.

As we will see in §3.2, conditions on § and (a,) which guarantee uniform non-divergence are
well-understood. Clearly, non-divergence of the sequence an.1p is a necessary condition for (1.3),
and all known methods for establishing this non-divergence estimate actually yield the stronger
uniform version we use here. In particular, uniform non-divergence is known to hold when (a,) is
drifting away from walls and 0 is absolutely friendly; cf. §3 for definitions. Here we mention that
absolute friendliness is satisfied for large classes of examples including the Hausdorff measure on K
under the open set condition, and for all Bernoulli measures under the strong separation condition.

Results about limits of measures as in (1.3) have a long history in homogeneous dynamics, and we
briefly mention a few that are relevant to our discussion. In the case a,, = diag (e"/ d . end, e*") ,
the group U is the expanding horospherical group for the action of (a,), and in this case, if € is
Lebesgue measure on R? then (1.3) is an easy consequence of the Howe-Moore theorem on mixing
on Zy11. Also in the case of Lebesgue measure, for more general sequences (a,) which expand U
by conjugations, (1.3) was established in [KWO08| and [KM12].

The first equidistribution results for a measure which is singular with respect to Lebesgue measure
were given by Shah in [Sha09], in the case that 6 is the length measure on an analytic nondegenerate
curve, and these results were later extended by various authors (see [SY21] and references therein).
The first equidistribution result for fractal measures came in the paper [KL23|, where an additional
hypothesis was imposed, namely an inequality involving the contractions in the IFS & and the
coefficients of the probability vector p. Under these conditions it was shown that (1.3) holds in an
effective form. Further effective results in case d = 1 were obtained by Datta and Jana in [DJ24],
under an assumption involving Fourier decay, and in great generality in a breakthrough paper of
Bénard, He and Zhang in [BHZ24]. The techniques of this paper are different from those used
in [KL23,DJ24, BHZ24|.

1.1. Applications to Diophantine approximations. As with all of the previously mentioned
dynamical results, Theorem 1.1 is motivated by questions in Diophantine approximations. Our
Diophantine applications, which we now state, concern so-called weighted approximation. Given a
weight vector r = (ry,...,rq), with

d
dorm=1, Vi, 1 >0,
=1

and x = (z1,...,xq), we say that x is r-badly approzimable if there is ¢ > 0 such that for all Q € N
and all (P,..., P;) € Z%, we have

Q max (\sz - Pill/”) > c. (1.4)
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Let
air) def diag (e”t, .., erdt e*t) C SLg+1(R). (1.5)
Given a norm | - || on R we set
el o sup{e > 0: there is A € 24,1 such that By, (0,e) N A = {0}}, (1.6)

and say that x € R% is (r, || - ||)-Dirichlet improvable if there is € < e/ such that for all sufficiently

large ¢, the lattice agr)Ax contains vectors y with 0 < ||y|| < e. The case in which || - || = || - ||ec 18

the supremum norm was studied by Davenport and Schmidt [DS70] and the case of general norms
was studied by Kleinbock and Rao [KR21|, see §3.3 for more details. With these notations we have:

Theorem 1.2. Let ® and 0 be as in Theorem 1.1. Then for any weight vector r, and for any norm
|- || on R the set of (r,| - ||)-Dirichlet improvable vectors has -measure zero. In particular, the
set of r-badly approzimable points has 0-measure zero.

The case r = (1/d,---,1/d) is called the case of equal weights. In case d = 1 the second
assertion was proved by Einsiedler, Fishman and Shapira [EFS11]|, and the case of equal weights
in all dimensions was settled in [SW19]. Note that in case d = 1 the only weights are the equal
weights, thus our results are only new when d > 1. The first results about general weight vectors r
were obtained by Prohaska, Sert and Shi [PSS23|; however, they could only treat measures defined
by an IFS of affine maps, which depends on r. Finally note that an effective version of Theorem
1.1 would have additional important Diophantine applications. Namely, in case d = 1 it was used
in [BHZ24] to settle a question attributed to Mahler; the analogous conjecture in higher dimensions
is still open.

1.2. Random walks on S-arithmetic spaces. The results of this paper rely on a description of
stationary measures for certain random walks on an S-arithmetic space, which depends on the IFS
®. Let d € N and denote by G the automorphism group of the Q-algebra Matgy1, i.e., G = PGLg41;
cf. [KL23, §3.1]. For a finite collection of places S = {o0,p1,...,pe}, where py,...,py are primes,
we define an S-arithmetic homogeneous space

%dil dzEf GS/ASa
where

y4
¢S € GR) x [[G@,,).
j=1

and A is the diagonal embedding in G° of

The homogeneous space £, dil is equipped with a unique G°-invariant probability measure m 7S

d+1
def

Let G = G(R). Notice that the space of lattices 241 can also be identified with G/G(Z), and the
projection G° — G induces a well-defined surjective map 2 dil — Z4+1. This map has a compact
fiber (see e.g. [KL23, §3.1 & Appendix B]). There is a transitive action of G° on ‘%dil by left
translations, and since we have an inclusion G — G, we get an action of G on %di_l, for which
the projection Z° dil — Zg+1 18 equivariant. For more information about S-arithmetic groups and
S-arithmetic homogeneous spaces, we refer the reader to [PRR23, Rat98, Tom00).

Following [KL23|, we now define a random walk on 277 ;, depending on the carpet IFS @ and

1
a probability vector p. We will define elements h1,. .., h; € G° below. Then, fixing a probability
vector p, the ®-adapted random walk is obtained by moving from x € ‘%dil to h;x, independently,

with probability p;.



4 OSAMA KHALIL, MANUEL LUETHI, AND BARAK WEISS

Let St def {p1,...,pe} be all the primes which appear in the denominators of all the coefficients

of the maps of the IFS ®, as well as the numerator of the contraction ratio g, and let .S & SpU{oo}.
That is, St consists of the primes appearing in the decomposition of rq, where

r
Q - 67 ng(T, Q) - 17

and the denominators of all the coefficients of the translation vectors y;. This choice means that if

we write
1 1 1
i/ [] &t 7 [} ,
St P1 De

then S; is the smallest set of primes such that o is invertible in Z [S%} and each y; belongs to

d
1
(2[%])
Here and in what follows, we will define elements of G° by specifying |S|-tuples of matrices in

GL4+1(Qs), where o ranges over S; the reader should keep in mind that each of these matrices
should be thought of as a coset representatives modulo the center of GLg11(Q,). For

i=1,...,k and f € &, fi(x) =o0x+yi,
we define h; in G° by h; = <h50)> , Where
og€eS

olds —yi if o €S
(o) def 0 1

hy) = (1.7)

oldg O if o =00

0 1 '

For a Q-algebraic group J and Sg C S we will write
def
I = T 3(@0), (1.8)
o€Sp
where Q is another notation for R. Let

Sue @ {peSiiplgd and 5% S S (1.9)

Let U C G denote the algebraic group consisting of elements of the form appearing in (1.2), and
let
W € Ug. x G (1.10)
The subscript ‘ue’ stands for ‘uniform expansion’, and the superscript ‘st’ stands for ‘stable’.
Let ; be the measure on G° given by

k
p=">_pidn,. (1.11)
=1

By a measure on Z. dil we mean a finite regular Borel measure. Recall that a measure v on 2 dil
is called p-stationary if u * v = v, where u * v is the measure on %2 dﬁ_l defined by

vf € Ce (i) /Q/S fd(“*”):/e/jgs fdgsv du(g).

“d+1 d+1
The collection of stationary probability measures is a closed convex set in the space of probability

measures on 2. d*il, and v is called p-ergodic if it an extreme point of this convex set.

Theorem 1.3. Let ® be an irreducible carpet IFS, let h; be as in (1.7), let p be a probability vector,
and let pu be as in (1.11). Then for any ergodic p-stationary measure v, one of the following holds:



MEASURE RIGIDITY AND EQUIDISTRIBUTION FOR FRACTAL CARPETS 5
(1) v({z € Z;, : Stab(z) NW* # {Id}}) = 1.
(2) vV = m‘%fdil.

In §4 we will give examples of u-stationary measures, showing that the two cases in Theorem 1.3
do in fact arise.

The following Corollary of Theorem 1.3 will be very useful. Let b def (b "))G cs > where
-1
o"Id O
Suea
bo) = ( 0 1> 7 (1.12)
Id o€ S

For a sequence of measures (vg)ren, we will write v — 0 if the sequence (vy) converges in the
weak-* topology to the zero measure. In other words, for every compact set K, v, (K) — 0. We will
refer to this as complete escape of mass.

Corollary 1.4. Let pu be as in (1.11), and suppose v is an ergodic p-stationary measure on ‘%dil'
Then one of the following holds:

(1) b¥v — 0 as k — occ.
(2) v=mgys .

1.3. Organization of the paper. Theorem 1.3, which provides a description of stationary mea-
sures for a certain random walk, is the main result of this paper. In §3, we introduce some some
standard facts and introduce our notation. In §4 we illustrate some stationary measures which
arise for the random walk we consider. As these examples show, the random walk we consider is
not stiff, i.e., there are stationary measures which are not invariant under individual elements in
supp(u). This sets the random walk considered here apart from many of the setups studied in prior
works, and is a major complication in our setup. In §5 we deduce the other main results of the
paper from Theorem 1.3. Note that our argument for equidistribution is quite different from the
one used in prior work; the crucial point for these deductions is that the maps considered in (1.3)
and in Corollary 1.4 commute with all elements in supp(u), and thus send stationary measures to
stationary measures.

In §6 we begin the proof of Theorem 1.3. We introduce an auxiliary random walk . The
trajectories for the ji-random walk stay within a bounded distance from those of the p-random
walk, and treating i makes it possible to avoid some technical complications. We state Theorem
6.1, which is the analogue of Theorem 1.3 for this random walk, and show, by considering a random
walk on a common cover, that Theorem 6.1 implies Theorem 1.3. The proof of Theorem 6.1 occupies
the rest of the paper. The steps and main ideas for its proof are described in §2 below.

Acknowledgements. The authors are grateful to Aaron Brown, Nishant Chandgotia, and Cagr
Sert for stimulating discussions. O.K. is partially supported by NSF grants DMS-2247713 and
DMS-2337911, M.L. is partially supported by SNSF grants 200021-197045 and 200021L-231880,
and B.W. is partially supported by grants ISF-NSFC 3739/21 and ISF 2021/24. The authors are
grateful to the CMSA at Harvard University for its hospitality in May 2023, when some of the work
on this paper was conducted. M.L. thanks Dmitry Kleinbock for the hospitality.

2. OUTLINE OF THE PROOF

For convenience of the reader, we provide an informal outline of the proof of Theorem 6.1. The
proof follows the exponential drift strategy of Benoist and Quint [BQ11|, but requires substantial
adaptations to our non-stiff setup. In this section we recall the strategy of [BQ11], indicate the
complications which arise in our setting, and explain how we deal with them. For the purpose of
this section, there will be no harm in ignoring the distinction between p and [, that is, assume that
the random walk is the one described in §1.2.
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Let B = (supp i)Y be the space of infinite words in the random walk and 8 = g®N be the
associated Bernoulli measure. Let v be a ji-stationary measure. Recall that we have a disintegration
V= fB vp dB(b) in terms of Furstenberg limit measures v, = limy, 00 (b1 - - - by,)«v; cf. §3.4 for details.
Let W, denote the subgroup tangent to the directions that are contracted to 0 under the adjoint
action of b1 b1_1 as n — o0o. In our setting, this group is deterministic (i.e., independent of b)
and is a proper subgroup of W*t.

We assume that item (1) of Theorem 1.3 does not hold, which by ergodicity, implies that v-almost
every point has trivial stabilizer in W3'. The goal of the exponential drift argument, implemented
in §10, is to show that v, is invariant under a one-parameter (necessarily unipotent) subgroup of W
for almost every b. The result will then follow by an application of Ratner’s theorem along with the
special structure of our random walk that is used to rule out other homogeneous measures besides
Mys - This is carried out in §11.

Following [BQ11], given a generic b, with the aid of Lusin’s theorem, we find two e-close points
x,y in the support of vy, so that the leafwise measures of v, along the Wp-orbits of x,y are also
close. We then apply the random walk to this configuration with the goal of finding two new points
Z2,Y2, in the support of v, , for a suitable bg, which satisfy the following:

(1) The distance between z,yo is < 1.
(2) The displacement between x2 and ys essentially points in the direction of Wy, .
(3) The leafwise measures of 1, along the Wj,-orbits of z2, y2 remain close.

Taking € to 0, and repeating this process, produces points with displacement belonging to W; for
suitable o', and whose leafwise measures agree, thus implying the desired invariance.

The random walk maneuvers that produce such xg, y2 consist of first deleting the length-n prefix
of b, n = n(e), and then adjoining a suitably chosen length-m prefix, m = m(n). The first leg
(resp. second) of this itinerary is referred to as the backward (resp. forward) random walk. Item (2)
follows from general properties of linear random walks, roughly that vectors tend to point towards
the direction of a suitable top Lyapunov space under the random walk; cf. Lemmas 7.2 and 7.3.

The role of the no-rotations hypothesis. The reason the strategy involves both going backward
and forward by the random walk is to achieve item (3), where n and m are chosen so that the
distortion of the leafwise measures in the two legs nearly cancel each other out. Here, and in all
prior works, the key property needed is the conformality of the action of the random walk on these
leafwise measures. In our setting, this is the reason we assume the linear part of our IFS has no
rotations. Indeed, otherwise, these rotations may generate a non-compact group over one of the
primes in the definition of the induced random walk on 2 dil. Such non-compactness would lead
to a non-conformal action on the Lyapunov space corresponding to Wj.

The role of the group W5t. To achieve (1), we must ensure that z, y are not aligned along direc-
tions that may contract by going either backward or forward by the random walk. In [BQ11], and
almost all prior works, this is done by ensuring that 14 gives 0 mass to Wj-orbits, so that backward
motion does not contract the displacement, while relying on growth properties of random walks to
ensure that, for any given vector in the tangent space, most forward random walk trajectories will
cause it to grow (with additional complications arising from neutral/central directions).

By contrast, our random walk admits a non-trivial deterministic contracting subspace under
every forward random walk trajectory. The group W' is thus defined to be the group generated by
deterministic forward-contracting and backward-contracting groups, in addition to the centralizer
of the random walk. A key step in carrying out the above strategy is thus to show that v} gives 0
mass to W3t-orbits. This is Theorem 9.1. Due to the mixed behavior of W5' (some of its directions
expand in the future while others expand in the past), the proof of this result represents the
major departure in our proof compared to prior works. A key ingredient is a projection argument
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introduced in Lemma 9.4 to separate these mixed behaviors allowing us to handle them individually.
This is the critical step where the hypothesis that points have trivial stabilizers in Wt is used.

To get that most forward trajectories of our random walk expand a given transverse direction
to W*t, we note that such directions point along Gg,. to which we apply the expansion results of
Simmons and the third author [SW19]; cf. §7. Note that the results of [SW19] hold for a certain
real random walk, which nonetheless has the same block structure as the restriction of the random
walk considered in this article to the Sye-adic places.

Non-atomicity in the presence of contracting spaces. Non-alignment along WSt-orbits is
done by applying the forward and backward random walks to separately contract the respective
pieces of the orbit, reducing the problem to showing almost sure non-atomicity of the measures
vp. This is established in the strong form needed for the proof in Theorem 8.1. The presence of a
deterministic forward contracting space poses significant difficulties in this step. For instance, the
standard arguments involving a ‘Margulis inequality’ (see [BQ11, Prop. 3.9 & §6.2]) do not seem
applicable in this setting. Note also that such non-atomicity fails to hold without the hypothesis
on trivial stabilizers in W*!, as shown by the examples of stationary, non-invariant measures given
in §4.

Instead, we argue directly by a delicate local analysis. We first show that averaging on the set
of words which grow a given displacement vector to a macroscopic size satisfies a certain pointwise
ergodic theorem in the underlying Bernoulli shift space; cf. Theorem 8.2. Our hypothesis that the
IFS has a single contraction ratio is used in this step to ensure that this set of words has nearly
full measure (indeed, otherwise these words will be given polynomially decaying measure in their
length as can be checked by a direct computation). We believe it is possible to push our arguments
to bypass this difficulty, and hope to return to this problem in future work.

Equipped with the above ergodic theorem, if the measures v, were atomic, we would obtain a
contradiction by finding words that simultaneously push generic points towards one another (by
continuity and the aforementioned prefix ergodic theorem), and away from one another (by the
expansion of the action transverse to orbits of the forward-contracted group). The fact that the
words have comparable norm in every irreducible component allows us to control the speed at which
our points diverge from one another and capture our pair of generic points just as they are starting
to separate from one another.

3. PRELIMINARIES

In this section we collect some standard facts about our objects of study.

3.1. Attractors of IFS’s. A mapping f : R? — R? is said to be a contracting affine half-dilation
if it is of the form f(x) = ox +y, where o € R, 0 < |g| < 1 is the contraction ratio and y is the
translation. The nomenclature ‘half-dilation’ is due to the fact that we allow negative contraction
ratios. Note that when d > 1, the semigroup of contracting affine dilations is strictly contained
in the well-studied semigroup of contracting similarity maps, in which one is allowed to compose
the maps f as above with orthogonal transformations. We say that f is rational if ¢ € Q and
y € Q% A collection ® = {fi,..., fx} of maps is called an iterated function system (IFS). With
this terminology, the carpet-IFS’s we consider in this paper are iterated function systems of rational
half-dilation affine maps with constant contraction ratio.
Let B={1,...,k}Y and let cod : B — R? be the map defined by

cod(b) = h_)m fiy0---0fi,(x0),  where b= (i1,ia,...) and xg € R% (3.1)

It is well-known that the limit in (3.1) exists for all b, is independent of the choice of xg, and
that the map cod is continuous. The image of cod is called the attractor of ®, and we denote it
by K = K(®). Basic results about the attractor K were obtained in classical work of Moran and
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Hutchinson [Mor46, Hut81]. Among other things, they showed that K is the unique non-empty
compact subset of R? satisfying the stationarity property

K= U fi(K). (3.2)

When the elements in this union are disjoint we say that ® satisfies strong separation. If there is
a non-empty open subset U C R? such that f;(U) C U for all i and f;(U) N f;(U) = & for i # j,
we say that ® satisfies the open set condition. It is known that strong separation implies the open
set condition. Let p = (p1,...,pr) be a probability vector of full support, that is a k-tuple of real
numbers such that

k
i=1

The Bernoulli measure § = 6(®,p) on K is the image of the measure (E?:l p;0;) under the map
cod. It is the unique measure on R? which satisfies the stationarity property

k
0 = Zpifnﬁ- (3:3)
=1

Let s = dim(K) denote the Hausdorff dimension of K. It is well-known that if one assumes the
open set condition, then up to scaling, the restriction of s-dimensional Hausdorff measure to K is a
Bernoulli measure. If in addition, one assumes that the contraction ratios are equal to each other,
this Bernoulli measure is given by the uniform probability vector p = (1/k,...,1/k).

We will be interested in the effect of conjugation of elements of ® by an affine similarity mapping
f R4 — R If we let

O ={fi,....fr} and ® ={f,..., fy}, where f{ = fo fiof™, (3.4)
then it can be easily checked that
K(2) = f(K(®)) and 0(2',p) = f.0(2,p). (3.5)

3.1.1. Examples. A missing digit set is a set of the form

K= {iaib_l ta; € D},
=1

where b > 3 and D C {0,...,b — 1}, with 2 < |D| < b — 1. The standard example is given by
the Cantor middle thirds set, with b = 3 and D = {0,2}. These sets are attractors of the IFS
in dimension d = 1, given by fi(z) = z + %, where D = {a1,...,a;}. This IFS satisfies strong
separation if D does not contain consecutive indices, and satisfies the open set condition for any
D. Thus the class of missing digit sets is obviously contained in the class of carpet IFS’s which we
consider in this paper. Other well-known examples of irreducible carpet IFS’s satisfying the open
set condition are those whose attractors are the Sierpiriski carpet and Menger sponge, which are
examples in dimensions d = 2 and d = 3 respectively.

An example of a well-known fractal not covered by our results is the Koch snowflake. This two-
dimensional fractal is the attractor of an irreducible IFS on R? satisfying the open set condition,
where the maps in the IFS are similarities, but these similarities do not have rational coefficients and
cannot be represented as dilations (rotations by multiples of /3 are required). Another example
not covered by our work is the translation of a Sierpiiiski carpet by an irrational vector. It would be
interesting to know whether Bernoulli measures on these fractals satisfy the conclusion of Theorem
1.1.
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3.2. Friendliness of some fractal measures. We now introduce some properties of a measure
6 on R?, following [KLWO04|. Let B(x,r) be the ball of radius r centered at x, with respect to the
Euclidean metric on R?. For a constant D > 1, we say that  is D-Federer if for any x € supp(f)
and any r > 0 we have

0(B(x,3r)) < DO(B(x,r)). (3.6)
For any A C R and ¢ > 0, we write A®) = Ugea Bla,e) for the e-neighborhood of A. Given
positive C, «, we say that 6 is (C, «)-absolutely decaying if for any ball B centered in supp(f), any
affine hyperplane £, any B = B(x,r) with x € supp(f), r € (0,1) and any € > 0, we have

9 (B N L<€>) <C (;)a 0(B). (3.7)

A measure 6 for which there are D, C, a such that 6 is D-Federer and (C, «)-absolutely decaying
is called absolutely friendly.
We will need the following;:

Proposition 3.1. Let ® be an irreducible carpet-1FS. Assume that 0 is a measure on the attractor
IC of ®, satisfying the conditions of Theorem 1.1, namely at least one of the following:

(1) ® satisfies the open set condition and 0 is the Hausdorff measure on K;
(2) ® satisfies strong separation and 6 = 0(®,p) is a Bernoulli measure, for some probability
vector p.
Then 6 1is absolutely friendly. Moreover, there are D,C,« such that for any conjugate ® of ® by
an affine dilation map, the Hausdorff measure on the attractor K' of ® is D-Federer and (C,«)-
absolutely decaying.

Proof. The first assertion is proved in [KLWO04, §8| in case (1), and in [DFSU21, Thm. 1.7 in case
(2) (the latter proof is based on [Urb05]). For the second assertion we use (3.5), and note that an
affine similarity map sends Euclidean balls to Euclidean balls, and hence does affect the validity of

(3.6) and (3.7). O
We will also need the following ‘self-similar Lebesgue density theorem’:

Proposition 3.2. Let ® and 6 be as in Proposition 3.1, let cod : R¢ — K be the coding map, and
let B C R be a Borel set. Then for 0-a.e. x € B we have that

NICLYACS)
ENITA()

where x = cod(i1,12,...) and fr, = fiy 00 fi,.

~1, (3.8)

Note that in the Lebesgue density theorem, valid for all finite Borel measures on R? (see [Mat95,
Cor. 2.14]), the appearance of f,(K) is replaced with a ball centered at x, shrinking as n — oo.
The self-similar structure allows us to replace balls with shrinking copies of the attractor.

Proof. For each n, let B,, be the finite o-algebra of subsets of I generated by the sets f(K), where
f ranges over all the compositions f;, o---o f; . We claim that under the assumptions on 6 we
have that for any i # j, 6(f;(K) N f;(K)) = 0. Indeed, under the strong separation condition
O(fi(K)N f;(K)) = @, and for the Hausdorff measure on K we use (3.3) and the scaling of Hausdorff
measure under similarity maps.

This implies that in the covering (3.2), the sets are disjoint up to #-nullsets. Thus the atoms of
B, are (up to O-nullsets) the sets f(K) themselves, and the quotient on the left-hand side of (3.8)
is the conditional expectation of the indicator function 1g w.r.t. the o-algebra B,,, evaluated at x.
Since the diameter of the sets f,,(K) goes to zero, the o-algebra generated by |J,, B, is the Borel
o-algebra on K. The increasing Martingale theorem (see [EW11, Chap. 5.2]) now implies that for
f-a.e. x, the left hand side of (3.8) converges to 15(x). This completes the proof. O
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3.3. The Dani-Kleinbock correspondence and homogeneous dynamics. The so-called Dans
correspondence was developed by Dani in [Dan85]. He showed that for equal weights approximation,
a vector x € R? is badly approximable if and only if the trajectory {a;Ax : t > 0} is bounded in
i1, where a; = a;° is the one-parameter group as in (1.5), corresponding to equal weights ro =
(1/d,---,1/d). The correspondence was later developed and extended to the notions of Dirichlet
improvability and weighted approximation in the papers [Kle98, KW08, KR21|. In particular the
following hold:

Proposition 3.3. Let x € R? Ay and r be as above. Then the following hold:

(1) x is r-badly approximable if and only if the trajectory {agr)Ax it > O} is bounded in Zyy1.

(2) Denoting the sup-norm by || - ||co, we have that x is (r,| - |0 )-Dirichlet improvable if and
only if for every e € (0,1), for all sufficiently large T, there are Q € N and (P, ..., Py) € 72
such that Q <T and max; (|Qm2 — Pz-|1/”) < .

We can view the expression appearing on the left-hand side of (1.4) as the sup-norm of the vector
Q(Qzy — P, ..., |Qxq — Py|Y/™4). Tt follows from item (1) of Proposition 3.3, and can also be
easily inferred directly from the definition, that the property of being r-badly approximable does not
depend on the choice of a norm on R%. On the other hand, Dirichlet improvability depends rather del-
icately on the chosen norm. Note that following [KR21], we have defined the notion of Dirichlet im-

provability for a general norm in terms of the dynamical behavior of the trajectory {agr)Ax it > 0}.

Item (2) of Proposition 3.3 shows that for the sup-norm, there is a simple interpretation of this prop-
erty in terms of Diophantine inequalities, and indeed, this was the original definition introduced
by Davenport and Schmidt [DS70]|. Similar Diophantine interpretations can be given for norms on
R+ arising from a norm || -||” on R? via the formula ||(y1, . . ., yas1)|| = max(||(y1, - - -, va)l, [var1l),
but there is no such interpretation for general norms on R4, It was shown by Davenport and
Schmidt (see [DS70]) that r-badly approximable are necessarily (r, || - || )-Dirichlet improvable. For
general norms this implication does not necessarily hold, see [KR21].

3.3.1. Quantitative nondivergence for friendly measures. Given a probability measure v on Zy41
and a sequence of elements (a;) C SLgy1(R), we say that v has no escape of mass under (a;) if any
weak-* accumulation point of (aj,v) is a probability measure; equivalently, for any ¢ > 0 there is a
compact subset K C Zy41 such that for all large enough j, a;jv(K) > 1 —e.

Let A C G be the group of diagonal matrices of determinant one. Each a € A can be represented
as

exp(X) = diag (eXl, .. ,eXd+1)
where
X:(Xl,...,Xd+1), X;eR, X144+ Xg41=0.

Following [KWO08| we say that a sequence a,, = exp (X(”)) drifts away from walls if
{X(”)J — 00, where |X] 4 hin {X;:i=1,...,d}.
The following result, proved in [KLWO04], is useful for exhibiting no escape of mass.

Proposition 3.4. Let 6 be an absolutely friendly measure on R%, let v be the pushforward of 6
under the map x — Ay, and let (aj) be a sequence in A that drifts away from walls. Then v has no
escape of mass under (a;).

We will need the following strengthening of Proposition 3.4, which establishes the uniform non-
divergence property of Theorem 1.1:
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Proposition 3.5. For any positive €, C, a, and any D > 1 there is a compact K C %411 such that
for any (C, a)-decaying and D-Federer compactly supported measure 6§ on R?, for any g € SLq,1(R),
the measure v = vy defined below (1.2) satisfies that for any sequence {a;} C A which drifts away
from walls, for all sufficiently large 7 we have

ajxv(K)>1—e.

The proof is essentially given in [KWO08]|, based on [KLW04]. We sketch the argument for the
reader’s convenience.

Sketch of proof. We first claim that in proving this statement we may assume that supp(d) C B,
where B is the unit ball around the origin in R%. Indeed, if the support of # is not contained in B,
we can replace 0 by f.0, for a linear contraction f : R? — R? which maps supp(#) into B. As in the
proof of Proposition 3.1, such a map does not affect the constants D, C, «, and can be realized by
the conjugation action of a; on U for some tp € R. This amounts to replacing xo by a¢,xo, replacing
v by az«v, and replacing (a;) by (ajaq, ), which is also a sequence drifting away from walls.

We now verify the assumptions of [KLW04, Thm. 4.3|, with U a big enough ball containing B and
with h(u) = a;7(u)go, where 7 is as in [KWO08, Sec. 2.1], go satisfies g = m(go), and with p =1, and
we verify the conditions for all j large enough. Assumption (1) is immediate from [KLW04, Lemma
4.1] and [KWO08, Lemma 3.3] (where in [KWO08, Lemma 3.3] we take w to be vi A --- A v;, where
v; = gow; and uy, ..., u; generate Z¥ NV as a Z-module). Assumption (2) is verified in [KLW04, Pf.
of Thm. 3.3] for the standard one parameter flow and for go = Id. For the general case we need here,
we argue as in [KWO08, Section 3.3|, only using the drifting away from walls assumption. Namely,
in the proof in [KWO08, Proof of Thm. 3.5], the constant J is allowed to depend on go. This does
not cause any issues and the same proof goes through.

O

3.4. Generalities on stationary measures. We will use the following basic facts about stationary
measures. Most of the results are valid in great generality but we only state the results which we
will need here. See [BQ11,BQ24] for details and proofs.

Proposition 3.6. Let G be a locally compact second countable group, acting continuously on a
locally compact second countable space X, and let u be a measure as in (1.11). Let

def def
B={1,... kN ={hy, ... b}, B= N, (3.9)

and T : B — B the shift map. Then:

e The collection of u-stationary measures on X is a compact convex set in the space of prob-
ability measures on X. Ergodic stationary measures are extremal in this cone.

e If a homeomorphism ¢ : X — X commutes with each element in the support of u, then it
maps any (ergodic) p-stationary measure to an (ergodic) p-stationary measure.

o An ergodic stationary measure which assigns full measure to a countable subset of X is
supported on a finite set and gives equal mass to all elements in this set.

e For any p-stationary probability measure v, for B-almost every sequence b = (hy)n, the limit

Up 4 Jim (hyo---0hy)ww (3.10)

n—oo

exists and is a probability measure on X. The collection (1) of limit measures satisfies
for every i and $-a.e. b € B, vpp = hip, (3.11)

and

v= /I/b ds(b). (3.12)
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o Conversely, for any assignment b — vy, where vy, is a measure on X and the assignment
satisfies (3.11), the measure defined by (3.12) is stationary and the collection (vp)pep s its
system of leafwise measures.

o Also define

BX ¥ B« %dil, TX(b,z) = (Tb7 hb_llx) , B o /X o @ v, dB(D). (3.13)
B

Then B is TX -invariant, and is ergodic if and only if v is ergodic.

We remark that what we denote here by TX is the backward random walk transformation which is
denoted in [BQ24] by TV¥. It should not be confused with the forward random walk transformation
(b,x) — (Th, hp, x).

3.5. Irreducible S-adic lattices. In this subsection we record some simple properties of the groups
introduced in §1.2 which we will use repeatedly.

Proposition 3.7. For any x € 3%”([3_1 and any nontrivial g = (g("))(,es € G in the stabilizer of x,
we have

Voe S, ¢\ #£1d. (3.14)

Proof. Since property (3.14) is invariant under conjugations, and the stabilizer of x = 7(go) is a
conjugate of A°, it suffices to consider the case that 2 = 7(A®) and that g € A. In this case (3.14)
follows immediately from the definition of A® as a diagonal embedding, O

Proposition 3.8. For any o € Sye, there are no nontrivial elements of G(Q,) which commute with
all of the matrices hy, ..., hg.

Proof. Suppose o € Sye, let

7

Hd:ef<h("):z':1,...,k>,

and let C be the centralizer of H. Since G(Q, ) is center-free, it suffices to prove that C' is contained
in the center of G(Q,). Since G(Q,) is a matrix group, it is enough to show that H is epimorphic
in G(Q,); that is, in any finite-dimensional representation of algebraic groups, any vector fixed by
H is fixed by G(Qy). In order to verify this statement, we can replace H by its Zariski closure, and
by using [Sha96, Lemma 5.2], we see that it suffices to show that the Zariski closure of H contains
the group

U@Ly @), where u®: QF 5 GQ),  u(x) Y (I{,l ’f)- (3.15)

To this end, let Uy 77 n U@, where H? denotes the Zariski closure of H. Since U() is

normalized by H, so is Uy. Also, for each i, j, Uy contains the elements
-1
h o (h§ )> =ul? (y; — yi);

that is, Uy contains the image under u(?) of all the differences of the translations vectors appearing
in the IFS ®. Let 1y be the subspace of Q¢ spanned by these differences. An easy calculation
shows that the maps in ® all preserve the affine subspace (1 — o) ~'y1 + Vp. Since @ is irreducible,
this means that Vy = fol, and since Uy is Zariski closed, this means that Uy = u(")(VO) = U as

required. O
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4. EXAMPLES OF STATIONARY MEASURES

In analogy with Theorem 1.1, we define a measure 7y on 2 di_l as the pushforward of # under the

map x — u(x)A°. We denote the orbit of the identity coset A° under the group Ug by %°. This
is a compact subset of 2 dﬁrl, which is isomorphic to the compact S-arithmetic quotient

3@9)/3 (25

]) . where J = (G,)?

and G, is the additive group. We can also view % as a solenoid, that is, the natural extension
of RY/Z% for which the multiplication maps x,, p € S¢ are invertible; cf. [HR63, Chap. I1.10]
and [EL18, Ex. 10.3]. We denote the unique Ug-invariant measure on % by mg . We denote by
A C SLg41(R) the group of diagonal matrices of determinant one.

We repeat here a simple computation from [KL23, §4| that is central to our approach. By
identifying SLg1(R) with a subgroup of G(R), we consider the map u in (1.2) as a map R? — G°.
From (1.7) one sees that for any i € {1,...,k} and any x € R? we have that hyu(x)h; ' = u(0x).
Let A; be the diagonal embedding of (Q Edd _1}’1) € GLg 4 (Z [%]) , so that

i €A and b= u(ys).
As a consequence
hiu(x)A% = u(ox)hid® = u(ox) ulys) A* = u(fi(x))A®. (4.1)
Proposition 4.1. The measures Mys vo and ma are all p-stationary. For any a € A, the same
holds for the pushforwards of these measures by a.

Proof. Since each h; preserves m 25 it is clear that this measure is u-stationary. For iy, we have

from (4.1) that the map x — u(x)A® is a conjugacy between the actions of the f; on R?, and of the
h; on the orbit UAS € 2. d‘il. Stationarity for x4 now follows from (3.3). For my we observe that
each h; belongs to the normalizer of Ug, and hi)\;l € Ug, and so by repeating the computation in
(4.1) and using that Ug is abelian, we have that

Vw € Ugs, hwA® = u(y;)(hywh; 1)AS. (4.2)

That is, applying h; to %° induces a solenoid affine endomorphism; i.e., a map which is the
composition of a group endomorphism and a group translation. Since its inverse is given by applying
hi_l this is actually an automorphism, and thus preserves Haar measure on % °. This implies that
every h; preserves mg,, and in particular mg is u-stationary. The last assertion follows from
Proposition 3.6. ]

Note that 7 is supported on the solenoid % ° and is not invariant under the individual elements
h;.

Remark 4.2. The measures appearing in Proposition 4.1 are all ergodic. For 7y, this follows from
the uniqueness in (3.3). For m 25, and for my one can give proofs along the lines of [CKS21, Lemma

7.1]; we will not be using this statement and so we omit the details.

We now construct some additional ergodic p-stationary measures by ‘finite-index perturbations’
of the measures appearing in Proposition 4.1. These examples are not surprising but are useful for
understanding some of the conditions appearing in our results.

Example 4.3. The orbit UAS is dense in the solenoid % °, and the measure 7y is supported on
a compact subset of this orbit. Here we construct another p-stationary measure, supported on a
different U-orbit in the solenoid. As we saw in (4.2), this is equivalent to producing a stationary
measure with this property on %°, invariant for the random walk by affine automorphisms.



14 OSAMA KHALIL, MANUEL LUETHI, AND BARAK WEISS

Write x = (m(”))o_ cg for an element of GZ and let [x] denote the corresponding coset in %°. In

these coordinates, the U-orbits in % are obtained by adding real numbers to the ¢ = oo coordinate
of x, and 7y is supported on the orbit of the zero coset [0]. Let ¢; denote the affine automorphism

induced by h;. Then

pll) = [(5), ] where 5= { <%

For a first example, suppose that o = % for some ¢ € N, and that S¢ consists of the prime divisors
of ¢ (in other words, the divisors of the translations y; do not involve primes not dividing ¢). Let
a be an integer coprime to ¢ and let

z = (z(o)) ., where 2(>) =0 and 2 def Zaqi € Q, forpe S
i>0
This choice implies that for p € S, 02 = % + 2(P), Since we can replace a coset representative

by subtracting % from each coordinate, we see that the random walk fixes the U-orbit through |[z],
acting on this U-orbit by x — x +y; — %. Thus if we define

o C{fi,... fi}, where fi(x)=f(x)— 5
let 6 be the unique stationary measure for ® on R? (in the sense of (3.3)), and let v/ be the
pushforward of # under the map x — u(z 4+ x)A®, then v/ is a p-stationary measure on %°. It
differs from 7y since it is supported on the orbit of [z].

In this first example, the main property of the U-orbit of u(z)A” is that it is mapped to itself by
the affine maps {¢1,...,¢r). More complicated examples can be constructed by considering finite
collections of U-orbits which are permuted by this collection of maps. In the preceding example,
this will happen if in the definition of z, we replace the series Y aq’ with a series with a periodic
sequence of coefficients. We leave the details to the dedicated reader.

5. DEDUCING THEOREMS 1.1 AND 1.2 AND PROOF OF COROLLARY 1.4

5.1. Proof of Theorems 1.1 and 1.2. Let 6 and vy be as in Theorem 1.1. As in §4, let iy
denote the pushforward of § under x + u(x)AS. Let P : %dSH — Za+1 be the projection, so that
vy = P.1y. In this subsection we will assume Corollary 1.4 and show:

Theorem 5.1. If (a,) C A is a sequence so that 6 is uniformly non-divergent along (ay), then

nh_)ngo nsly = Mys - (5.1)

Since the map P is equivariant for the action of SLy11(R), Theorem 1.1 follows immediately from
Theorem 5.1. For the proof, the key property of the diagonal element b appearing in Corollary 1.4
is that it commutes with PGLg11(R). This follows from (1.12) and the fact that oo ¢ Sye.

Proof of Theorem 5.1 assuming Corollary 1.4. Let T = (ay). The space of measures on 2 d*j_l of
total mass at most one, is compact with respect to the weak-* topology. Thus it suffices to show
that (5.1) holds along any subsequence of T for which the left-hand side converges. We will take a
subsequence of 7, which we still denote by (a;) to simplify notation, and for which lim;_, aj.p =

. o s o
Uso, Where Uy is a measure on 2, of total mass at most one. We need to show v = m 28

Along the proof we will freely pass to subsequences, which we will continue to denote by (a;).

We first claim that 7 is a probability measure. Indeed, by the assumption of uniform non-
divergence along (a,), there is no escape of mass in the real factor Z;1; that is, that any subse-
quential limit lim;_, a;j«1p is a probability measure on Z41. Since the projection P is a proper
map, this also implies that there is no escape of mass in the S-adic extension 2~ dil.
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Note that the projection of each of the elements h; to PGLg4y1(R) is contained in the diagonal
group, and thus commutes with the a;. Also note from Proposition 4.1 that 7y is p-stationary. It
follows by Proposition 3.6 that 7, is a p-stationary measure. By Corollary 1.4, there is € [0, 1]
such that vs, = (1 — n)m%dil +nv', where 1/ is a p-stationary measure such that for b as in (1.12),

we have that bffl/’ — koo 0. We want to prove n = 0.

Assume for the sake of contradiction that n > 0. By the assumption of uniform non-divergence
along (ay), there is a compact K C %41 such that for any z¢g € 2341, for all large enough j we
have

gy (K) > 1 — g (5.2)

where v, is the pushforward of # under the map x — u(x)zg. Let K « P YK)C Z dﬁl? where

P: ‘%dil — Z4+1 1s the projection. Since P is proper, K is compact.
By the definition of 7, for some kg large enough we have

Bop (K) < 1 — g (5.3)

Now, using (5.3), let f be a compactly supported continuous function on %’ d‘il satisfying the
pointwise bound 17 < f <1, and such that

1—727>/fd(b’,f0ﬁoo) :/f(b’%)dﬁoo(:c) = lim [ f(b*ajx)dip(x)

j—o0

> lim [ 170" aju(x)A%)d0(x) = lim [ 1z(aju(x)b™A%)do(x)

j—o00 j—o00

= lim [ 1g(a;x)dvy(x) = lim (ajvs,)(K),
j—o0 j—o0

where 2o = P(0"A%) € Z4,1. Note that in the second line we used the commutation relation
between b and the elements of the random walk. We have obtained a contradiction to (5.2). t

Proof of Theorem 1.2. Given a norm | - || on R let €| be as in (1.6) and let ¢ < | Let r be
a weight vector. We need to show that for f-a.e. x € R?, the trajectory {agr)Ax it > 0} visits U

along an unbounded set, where
U={Ae Zy1: ANB(0,e) ={0}}.

Here B(0,¢) is the closed ball of radius e around the origin in R?, with respect to the given norm.
Note that U is open, is nonempty by definition of €|, and hence

5 ma,, , (U) satisfies 6 > 0.

Assume for the sake of contradiction that there is tg > 0 such that
(B)>0, where B {x e RY: vt > tg, oV Ay ¢ u} .

Using Proposition 3.2, there is f : R? — R? of the form f = f;, o--- o f; such that

oBOFK) |0

o(f(K) — 2
Let 6; = f.0. Because of the self-similar structure, #; is the normalized restriction of 6 to f(K),
and we have 61(B) > 1 — g Let 71 be the measure obtained by pushing forward 6; under the map
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x — u(x)A°. By Propositions 3.1 and 3.4, the measure ; satisfies uniform non-divergence along

any unbounded subsequence (a,) C {agr)}. Also, the definition of B implies that for all ¢ > tg,

a o (U) <

| >

On the other hand, 6; is the self-similar measure for the conjugated IFS @ as in (3.4), and thus we
can apply Theorem 5.1 to obtain that

liminf afy 71 U) = mz,, U) = 6.

This gives the desired contradiction. (Il

Remark 5.2. Following [KWO08|, one can define Dirichlet improvability along any unbounded se-
quence (ay,) of the diagonal group. Our arguments then show that for any measure 6 as in Theorem
1.1, and any sequence (a,) drifting away from walls, the set of x which are Dirichlet improvable
along (ay) are a nullset with respect to 6.

5.2. Proof of Corollary 1.4. The goal of this section is to establish complete escape of mass, for
certain stationary measures which differ from Mys under the action of certain diagonal subgroups
of G5.

We first use the structure of the lattice A®, to obtain the following statement:

Proposition 5.3. Let W5 and b be as in (1.10) and (1.12), and let xg € %dil such that Stab(zg)N
Wst =£ {1d}. Then b"xg — o0 as n — oo.

Proof. Recall from Proposition 3.7 that (3.14) holds for any nontrivial element in the stabilizer of
any r € ,%”d*il. Let w € W'~ {Id} with wzg = x¢. Suppose by contradiction that for some
subsequence n; — oo we have by — xo, for some x5, € Z, df_l. The stabilizer of ™ xy contains
b"wb~". Thus any accumulation point ws, of the sequence (b™wb~"7); belongs to the stabilizer
of Zoo. By definition of Sye, we have that [o~!|, < 1 for all ¢ € Sye. In particular, the conjugation

action of b on Uye def Ug,. is contracting. Hence, writing w = (w(”)) and we = (wgg)) g we
S

oeS
see that

oo

w(g) . Id o € Sue
Tl w@ e S\ Se.

This contradicts (3.14). O

Armed with Proposition 5.3, Corollary 1.4 now follows at once from the following:

Corollary 5.4. If v is a finite measure on %di—l and b € G° satisfies that b™xg — oo for v-a.e. x,
then b'v — 0. In particular, in Case 1 of Theorem 1.3, b}v — 0 as n — oo.

Proof. We prove the first assertion; the second assertion follows immediately in view of Proposition
5.3. For any compact K C z%”dil and for v-a.e. x € %dil, by assumption there is ng = ng(x, K)
such that for all n > ng, b"z ¢ K. This implies that for any € > 0, there is ng = ng(K) such that

v({ze 224 :¥n > ng, Ve ¢ K}) <e.

Thus any measure v/ which is an accumulation point of the sequence (bv) satisfies v/(K) < . Since
K and ¢ were arbitrary we have that afv — 0. U
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6. MEASURE CLASSIFICATION FOR AN AUXILIARY RANDOM WALK AND PROOF OF
THEOREM 1.3

Theorem 1.3 is derived from a detailed analysis of stationary measures for a related measure . We
now introduce this random walk and state the corresponding measure rigidity result, Theorem 6.1
below.

Let Sye be as in (1.9). Recall that o = g with ged(r, q) =1, and let

Sae € {octU{peSiiplry,  Su™ {peSt:ged(p,q) = ged(p,r) = 1, (6.1)

so that
S = Spe U Sqy U Sty (6.2)
In the remainder of the paper, for an algebraic group J, we will simplify the notation (1.8) by
writing Jye = Js,o, Jat = sy, Jtr = Js,,. Using the same probability vector p appearing in (1.11),

we let
_ def

where h; = (B§J)> < are defined by
oc
Qi)dd _1% if o€ Sue
plo) & Id; 0 . 6.4
v <Q0d 1> if o € Syt (6.4)
Id if o € Sir.

The subscripts dt, tr stand respectively for ‘deterministic’ and ‘trivial’. To explain this terminol-
ogy, and motivate the use of this modified random walk, note first that words in the generators h;
always remain at a uniformly bounded distance from the corresponding words in the generators h;.
As a result, the two random walks exhibit similar dynamical properties. On the other hand, the
p-random walk is easier to analyze. The directions tangent to G, remain bounded in forward and
backward time under the py-random walk, but these directions are left unchanged by the f-random
walk. Additionally, since the Sgi-coordinates of h; are simultaneously diagonal, the behavior of the
i random walk on these coordinates is deterministic, while still capturing the essence of the action
of the p-random walk.

Note that when the numerator of the contraction ratio g is equal to 1, and when all the primes
appearing in the denominators of the y; also appear in the denominator of o, we have h; = h; and
w = ii. However, in the general case, these random walks are different. The following is our result
about f-stationary measures.

Theorem 6.1. Let ® be an irreducible carpet IFS satisfying the open set condition, let h; be as in
(6.4), let p be a probability vector, let i be as in (6.3), and let W be as in (1.10). Then for any
p-ergodic fi-stationary measure v, one of the following holds:

(1) v({z e %dil : Stab(z) N W' £ {Id}}) = 1.
(2) v=mgys .

It would be interesting to classify all ergodic stationary measures for the random walks generated
by @ and f.

6.1. Compact and contracting extensions of random walks. In this section, we construct a
common cover of the random walks with laws p and i and prove the key Proposition 6.2, which
transfers measure rigidity results from one to the other. For related results on extensions of other
random walks, see [SW19, §5| and [AG24, Thm. 1.1].
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Let k; € G° be such that k;h; = h;. More explicitly, we have that k; = <k50)> , Where

Id if 0 € Sye U {00}
() def <Igd —1y,> if 0 € Sgt \ {0}
(g %dd _1yz> if o € Sy

Consider the subgroup F' =[] cq F (@) of G¥ defined as follows:

{Id} 0 € Sye U {o0}
po) &) UQ,) o€ S {00}

<k(0)> o € Sir.

7

Note that the group F is normalized by both h; and h; for all i. We shall consider an extension of
our random walks on %‘11 to the space

E=27,xPF.

The random walk is generated by the following elements:
B (e, £) < (hia, kihi fh1). (6.5)

In analogy with (1.11) and (6.3), define the law of this random walk as
A= vty
i

We define two projections P, P : E — %dil by P(x, f) = fr and P(z, f) = . Then, we note the
following equivariance properties of these projections:

P (hi (z,f)) = hiP(z,f),  P(hf (z,f)) = hP(, f). (6.6)

Proposition 6.2. There exists a probability measure mp on F' such that every At -stationary prob-
ability measure m on E with Pym = Mys s of the form m = Mys X mp.
B + © +

Proof. We will deduce this result from a combination of uniqueness results for Haar measures on
compact groups, stationary measures for contracting IFS’s, and from the mixing property of the
p-random walk on 2 dil'

We begin by giving a more explicit description of the action of the random walk on the F-
coordinate. Let

QY I F©.
UEStr
Since F(9) is compact for o € Sir, Q is a compact factor of F. For f = (f(")) € F we have
Id if 0 € Sye U {00}
Idd -y + 0x

(kiﬁifl_z;l)(a) = ( 0 ) ) if 0 € S ~ {00} and f(7) = u(x), x € Q¢
k) £ if o € Sy

In particular, if f € @ then kiﬁifl_z;l = k:ZQf € @, where k:lQ is the projection of k; to Q.
. Let m be a fif-stationary measure with Pym = Mys - Let {DO : t/i&”dilix F— %dil x ( and
P Z dﬁ_l X Q=X dil denote the standard projections so that P = P; o Py. We first show that

(P =m s @ma. (6.7
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where mq denotes the Haar probability measure on Q.
To this end, let T'? denote the group generated by ]_IZQ, where BZQ denotes the restriction of the

action of l_lf to ‘%dil X Q. Our claim will follow by [SW19, Proposition 5.3] upon verifying ergodicity

of the action of I'? with respect to m 25, ® mg. By the Howe-Moore theorem, since the group

generated by h; is unbounded, its action on .2 dil is weak-mixing with respect to m 25 Moreover,

since the group generated by (ki(g)> 5 is dense in @, its action by left translations on @ is ergodic
TEStr

with respect to mg. Hence, the action of I'? on Z d*j_l x @ is ergodic with respect to the product
measure mg-s & me; cf. |Gla03, Theorem 9.23(2)|. This gives (6.7).

To conclude the proof, we define
def o
Up = Ugy oo} = H F),
c€Sap~{oo}

which is a factor of F' complementary to (), and take advantage of the fact that action of the random
walk on Uy is given by contracting affine maps. Let

def . = (7 F iF
mp = 7}1_)120 (hiyo---ohy ) m (6.8)
be the limit measures as in Proposition 3.6, so that

m= [ myd(a" ') (6.9)
We will show that for almost every b, there is u; € Uy such that
mp = m“%dil & mq & 5ub. (610)

Plugging into (6.9), we see that this implies the proposition with mp = mg @ [ &y, d(z?)N(b).
By (6.7), the projection of m to %dil x @ is invariant by elements of I'%, and hence, by (6.8) we
have that (Pp)«my = m 25, ®mg. Moreover, note that |g|, < 1 for all o € Sq; by definition of the

deterministic places. Hence, letting PY . E — Ug denote the standard projection, it follows that
(PUO)* my is a Dirac mass at some point u, € U. This implies (6.10) and concludes the proof. [

6.2. Proof of Theorem 1.3 from Theorem 6.1. Let v be an ergodic u-stationary measure on
Zz ds—;-l and let v¥" be some lift of v to E, that is a measure satisfying P,v¥" = v; the existence of such

a lift can be constructed using a Borel section of the projection P : £ — %dil' We will choose
the section so that the F-coordinate takes values in (). This choice implies that the sequence of
measures (,aF)*” « v are all supported on %di_l X Q.

Let 7' be a weak-+ limit measure of the sequence of measures

F ae 1 al —F\*n F
VN = N Z ('LL ) * UV
n=1

as N — oo. Then, (6.6) implies the following properties of %",

o
—n

Lemma 6.3. For all N > 1, the measures VJIC, satisfy

P*V]I(; = .

F

In particular, o¥ is a g -stationary probability measure. Moreover, we have that P,o% is [i-

stationary.
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Proof. Since v is p-stationary, the P-equivariance in (6.6) implies that P,(if * vf) = v. This
implies the first claim. The second claim follows from the first assertion, Proposition 3.6, and the
fact that Z° d“j_l X Q — E&”dil is a compact extension, so there is no loss of mass in taking limits. The

last claim is immediate from the averaging construction of #f" and the P-equivariance in (6.6). O

The following lemma, along with Proposition 6.2, concludes our deduction of Theorem 1.3 from
Theorem 6.1.

Lemma 6.4. Suppose that v gives 0 mass to the set of points x with non-trivial stabilizer in Wwst,
Then, the same holds for P.(0%). In particular, by Theorem 6.1, P.(v) = Mys -

Proof. Let W C %;lil denote the set of points with non-trivial stabilizers in Ws'. By definition of
P, we need to show that 7" (W x F) = 0. First, we note that, since F C W, W is F-invariant. It
follows that W x F = P~1(W). These observations give

P W) ='W x F) ="' (P7Y(W)) = P,o"'(W).

By Lemma 6.3, we have that P,7¥" = v. Hence, the first assertion follows by our hypothesis that
v(W) = 0. The second assertion follows from the first one via Theorem 6.1. O

Remark 6.5. We did not give an explicit example of a ji-stationary measure satisfying conclusion
(1) in Theorem 6.1, but the preceding arguments show that such measures exist. Indeed, start
with a p-stationary measure on ‘%/dil which is supported on the solenoid % °, and note that the

construction of P.7f in the proof of Lemma 6.3 gives rise to such a measure.

7. GROWTH PROPERTIES OF THE RANDOM WALK

Following Benoist and Quint [BQ11], we need to understand the growth properties of a random
walk generated by the support of [i, acting linearly via several finite dimensional linear represen-
tations of G°. One major obstruction to running the same arguments given in [BQ11] without
change is the absence of uniform expansion, which cannot be expected in the case where the Zariski
closure of the group generated by the random walk is solvable. However, it was noted in joint
work of David Simmons with the third-named author, that in some cases a useful analogue is true;
cf. [SW19, Prop. 3.1(a)]. The goal of this section is to prove several analogous growth properties
for the action of the random walk in its Adjoint representation on g,,0 € Sye.

Throughout this section, we fix an irreducible carpet-IFS ® with common rational contraction
ratio o > 0. Given a finite list of indices i1, ... 4, in {1,..., k}, following [SW19| we write

71711 déf 7% O---Oflil and 71711 déf Bil O‘--Ohin, (71)
where the h; are as in §6.
Further, for 0 € S and = € Q, |z|, denotes the o-adic absolute value of x, g, denotes the Lie
algebra of G,, where we view g, as a vector space over Q,, equipped with the o-adic norm. We
denote the Lie algebra of G° by g, that is,

g= @QU-

c€eS

7.1. Action on the Lie algebra. In this subsection, for h = (hy)scs, ||h|lo denotes the operator
norm of the action of Ad(h,) on g,. The following Proposition implies that the norm of each of the
random walk elements in each place is dictated by the growth of the scalar contraction ratios.

Proposition 7.1. There is a constant C > 1 such that for any n € N, the following holds. Denoting
by A, <¢ By, the inequalities C~*A,, < B, < CA,, for any word (i, ...,i,) of length n, for all
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o € S we have

7 olg, 0 € Sue,
g, =c § 125, 7 72)
‘Q‘O' , OE€ Sdt-
o"ldy . . . n n .
Proof. The element 0 1 acts on g, diagonally, with three eigenvalues o",1, 0~". Thus in

the case o € Sqt, the statement follows from (6.4).
For o € Sye, we first show that the left-hand side of (7.2) dominates the right-hand side. Indeed,
let v = (%), for some X € Q¢ with [ X||, = 1. Then Ad (h}) (v) = ¢"v, and hence ||R ||, > [ol2.
For the opposite inequality, denote by
y = fio-ofi(0)

the translation vector of the map f;; o---o f; . Then by a straightforward induction using (1.1)

and (6.4) we have
() = ¢"lda —y\ _ (¢"Ida 0) (Idg —o™"y
Vo 0 1 0 1)\0 1 '

Since the operator norm is sub-multiplicative, for an upper bound it suffices to give separate upper
bounds for the two elements in this product. As we saw in the case o € Sy, the operator norm

"
of the first element <Q da O> is |o|?. Again by a straightforward induction we see that we can

0 1
express each of the coefficients of p™"y as a sum > b;o~", where the b; are contained in the set
of coordinates of the vectors yi,...,yr, which is a finite set. By the ultrametric property of the
o-adic absolute value and the fact that |g|, > 1, we deduce that the operator norm of the second
N

element (Igd Ql y) is bounded, independently of n. This completes the proof. ]

Let B, be as in (3.9). As in [BQ11], to simplify notation we identify the index set {1,...,k}
with the random walk elements {h1,...,hx}. In particular, for b € B we let

pr R and b X RL
be the elements given by (7.1) corresponding to the n-prefix (i1,...,4,) of b. For o € S we also let
u, denote the Lie algebra of the group U(Q,) (see (1.10)). Let P(g) be the projective space over

g, let d be some metric on P(g) inducing the topology, and for two subsets A, A" C P(g), we let

dist(A, A7) of inf{d(a,a’) :a € A,a’ € A'}.

The following lemma provides a weaker version of the aforementioned results of [SW19| which
suffices for our purposes (cf. [BQ11, Cor. 5.5] and [SW19, Prop. 3.1]).

Lemma 7.2. For all § > 0 there are C > 1 and mqg € N such that for all 0 € Sye and all non-zero
Vs € go we have

B({be B:¥m >mo, [AAB)|s]volls < CIAIBvollo}) =1 - 6.

Moreover, for every § > 0 andn > 0, there is my € N such that for all 0 € Sye, for any v € g, ~ {0},
BH{be B:Vm>my, dist(Ad(bT)v,us) <n})>1-9§

(where we identify v,u, with their image in P(g)).

Proof. This follows from [SW19, Sections 3 & 6]. By the argument of [SW19, Section 6.1], assump-

tions I, II, III are satisfied for the restriction of the random walk to g,, with W = u,. Now the

desired estimates follow from [SW19, Prop. 3.1]. Note that in [SW19|, V' is a real vector space, but

the arguments given there are valid in vector spaces over Q,. Note that the arguments in [SW19]
use the Oseledec theorem; for a p-adic version of the Oseledec theorem, see [Rag79|. ([
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7.2. Action on the exterior powers of the Lie algebra. Let P be the normalizer of U and let
po be the Lie algebra of P(Q,). Note that dimU = d and dimP = d? +d. For r € {1,...,dim P},

we let VA" = V(o) e A" 9o There is an action of the elements of the random walk on V" and
P(V/") through the r** exterior power. We denote these actions respectively by

v hv and [v] — hv], where v € V"~ {0}, h € supp a®*.

Lemma 7.3. For any 0 € Sye and any r € {1,...,dim P} we define a nonzero subspace W) =
W) (o) in V() as follows:

() def span (up A -+ Ay @ u; € Uy) ifre{l,...,d}
T olspan (ur A AUug Avgpr A A U € U, v € P)  if T €{d+1,...,d* +d}.

Then we have:

(i) The subspaces W) are h;-invariant for each r and i;
(ii) For every v € VN ~ {0} and B-a.e. b, ||b1v]| =3 oo, and any accumulation point of the
sequence (bH[v))nen is contained in P (W)).

Sketch of Proof. Assertion (i) is a straightforward computation which is left to the reader. The
second assertion follows from the results of [SW19|. Before outlining the proof, we caution the
reader not to confuse W) with W/"; for r > 1, what we denote here by W) is properly contained
in the space denoted by W/ in [SW19]. For the proof, we replace V with V" and consider our
random walk elements as contained in GL(V""). With this modification, what we denote here by
W) corresponds to the subspace of V" which in [SW19| was denoted by W”!. The reader can
now check that the arguments of [SW19, §6] imply that the random walk on V/\" satisfies properties
(I), (II), and (III), and thus the results of [SW19, §3] imply assertion (ii). O

Corollary 7.4. For o € Sye and r € {1,...,dim P}, and for the ji-random walk on V", there are
no stationary measures besides the Dirac mass on {0}.

Sketch of proof. By Lemma 7.3 (ii), the norm of v increases under most random trajectories for
the 7 random walk. Consider the probability space B x V9 equipped with the transfer map
(b,v) — (Tb,b1v). A stationary measure on V"¢ gives rise to an invariant probability measure on
B x V/ but from growth of trajectories one sees that the function (b,v) + |v|| almost surely goes
to infinity under repeated application of the transfer map. This contradicts Poincaré recurrence.
See [SW19, Prop. 3.2 & Prop. 3.7| for more details. O

7.3. The effect of changing prefixes. Finally, we record the following lemma which measures
the effect of changing the prefix of a long random walk trajectory. We introduce the notation ||y ||op
to denote the operator norm, with respect to the Euclidean metric, of the linear operator v, acting
linearly on Q4*! (this should not be confused with the notation |||/, used in Proposition 7.1 and
Lemma 7.2).

Lemma 7.5. Given a = (a1,...) and b= (b1,...) in B, and given n € N, let
def 1 - - - - - =
7(a7n7b) = ay o(b}l) :han”'hal . (hbn) 1,..(hb1) 1.

Let 0 € Sye and

def def
Gapo(n) = ||y(a,n, b)U”op and  Gmax,po (1) = g}é%cGa/’b(n).
Then

(1) For o ¢ Sye we have vy(a,n,b), = Id.
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(2) There is c; > 1 such that for any o € Sye, any b € B and any n € N,

i S Gmax,b,a(n) S c1.

C1 |Q|g’

. —
In particular Guyax,p.o (1) = 0

(3) For any o > 0 there is ca > 0 such that for allb and alln € N, there is a set By = By(b,n) C
B with B(By) > 1 — «, such that for all a € By and any o € Sye, we have

Ga,b,o(n) > C2 Gmax,b,o’(n)~ (73>
Proof. Assertion (1) is clear from (6.4). For o € Sye write (h;)y = u(—y;i)go, where u : Q4 — U(Q,)
is the map as in (1.2), and g def diag(o,...,0,1). We have a commutation relation gou(y) =

u(gy) go. Carrying out a matrix multiplication, and using the commutation relation to move all the
diagonal matrices to one side, we get that

_Jul(=Yan)g0 u(—Ya1 ) 9095 ulyp,) - 95 ulys) 0 € Sue
e, = { & T

_ Ju(yo) o€ Sye
1 Id o ¢ Sie,

where yo = yo(a,n,b) is given by

n n n
Yo=>_ 0" yo, = > 0" Yo, =Y 0" (Yo, — Ya,)- (7.4)
i—1 i=1 j=1

Since the y; are contained in a finite set, the size of G, ,(n) is comparable to max(1, ||yol|+), i.e.,
to |o|l, where r = r(a,b,n) is the largest power n — j appearing in (7.4) with a nonzero coefficient.
It is clear from (7.4) that r(a,b,n) < n — 1 for all a. Also, for each b,n, we can choose a; so that
Yb,_ —Ya, is nonzero, and this is the coefficient of ¢"~!. This implies that for any sequence starting
with a; we have r(a,b,n) =n — 1. This proves (2).

To prove (3), given «, let ¢ be large enough so that any cylinder set in B defined by specifying
one prefix of length ¢ has S-measure less than «; namely, we choose £ > «/log(max; p;). Arguing
as in the proof of (2), we see that the only way to have 7(a,b,n) < n — £ is to have 7, = 7, _;
for j < ¢, and this means that the first ¢ digits of a are determined by the last £ digits of b. We
define By to be the complement of this prefix set of length £ corresponding to b, and the statement
follows. O

8. PREPARATIONS FOR EXPONENTIAL DRIFT: NON-ATOMICITY OF LIMIT MEASURES

Following [BQ11], the first key step in running the exponential drift argument is to show that,
given a stationary measure v, the limit measures v, are non-atomic almost surely. This property
however fails for our random walks. Indeed, in case u = [ the stationary measure v = 9y does have
atomic limit measures, as can be seen from the proof of Proposition 4.1. In the general case, it can
be shown that the property fails due to the deterministic forward-contracting space ugy = Lie(Ugy).
Nevertheless, in this section we will show that non-atomicity of limit measures (in a strong form)
does hold under the hypotheses of Theorem 8.1 below.

In order to state the main result of this section, we introduce some notation. Let BX, 3X be as
in (3.13) and Proposition 3.6. Define Z to be the subgroup of G° commuting with all of the h;.
By Proposition 3.8, the elements (z("))o_es of Z satisfy 2(9) = Id if 0 € Sy, 2(9) = (Ag’) (1)) for

some invertible A) if ¢ € Sy, and with no restrictions on 2(?) for o € S,. Let P o (0 %) be the
normalizer of the group U in (1.2), let Sqy and Sy be as in (6.1), and let

def

ane = PSd X Gstr. (8.1)

t
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The superscript ‘fne’ stands for ‘forward non-expanding’; indeed, for the linear random walk consider
in §7, none of the vectors in the Lie algebra hpe of H™® expand under any of the elements h;.
Then from (1.10) we have

Z c H™ c wet, (8.2)
and from (6.4) that for all i,
h aneh 1 ane (83)

Theorem 8.1. Let ®, h;,p and [i be as in Theorem 6.1. Let v be an ergodic fi-stationary measure.
Suppose that v(H™x) = 0 for every x € 2, . Then vy(Zx) =0 for 3X-almost every (b,x) € BX.

The remainder of this section is devoted to the proof of Theorem 8.1.

8.1. Prefix ergodic theorem. We will need a pointwise ergodic theorem specifically geared to the
symbolic space. In order to state it we introduce some additional notation and terminology. Let
B* denote the set of finite words in the alphabet {1,...,k}, and for a € B* let [a] C B denote the
cylinder set of words in B whose initial word is a. A complete prefix set is a finite subset P C B*
such that

{la]: a € P}
is a partition of B. Let len(a) denote the length of the word a € B*, and for a € B* and b € B we
let ab € B be the infinite word obtained by concatenation.
Theorem 8.2. Let (P,)nen be a sequence of complete prefix sets such that

min{len(a): a € P} *==% oo

Then
VfEL®(B.A), Y Flab)B(la)) T / f48 B-ae
aEPn B

We give the proof of Theorem 8.2 in §8.5. We will use the following useful consequence.

Corollary 8.3. Let f € L*>°(B, ). Then

lim Y~ f(ab)B /fdﬁ B-a.e.
n_molena

=n

8.2. Consequences of concentration on the centralizer. The following lemma provides a very
useful consequence of the condition that v,(Zz) is positive for a positive measure set of pairs (b, z).

Lemma 8.4 ( [BQ13, Prop. 7.8 and Lem. 7.9]). Let v be an ergodic fi-stationary probability measure
on %d“j_l, and let vy, be the system of limit measures as in (3.10). Suppose that

8% ({(b,z) € BX : v(Zz) > 0}) > 0. (8.4)
Then there exists a compact subgroup Zy C Z such that
(i) Zo preserves the measure v;
(ii) The Zo-action on 22, is free;
(iii) for a full measure set of (b,x) in BX we have vy(Zox) > 0;
(v) vy is Zp-invariant almost surely;
(v) there is a bounded neighborhood W of 0 in g such that the Lie algebra 30 of Zy satisfies that

the restriction of the exponential map to W N3q is well-defined and a homeomorphism onto its
mage.
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Proof. First we show that the Z-action on %2 dﬁ_l is free, and hence so is the action of any subgroup
of Z. Let x € Z d‘il and let Z(z) denote its stabilizer in Z. Since the Sye-coordinates of h; and
h; agree, Proposition 3.8 implies that the projection of elements of Z(x) to the S,c-coordinates is
trivial, and we have from Proposition 3.7 that Z(z) is a trivial group.

By (8.4), and since v is ergodic, we have v(Zx) > 0 for f~X-almost every pair (b, z). Let Z; C Z
be the subgroup consisting of elements of Z which preserve v, and let £ C %dil be the set of
‘typical points’ for the random walk, in the sense of [BQ13, Lemma 3.7]. Then E is Z;-invariant,
v(E) =1and zENE = & for z € Z ~ Z;. By the argument in [BQ13, Proof of Prop. 7.8], we
get that v,(Z12) > 0 for 3X-almost every (b,x). Since Z; commutes with the random walk and
preserves v, we have from (3.10) that Z; preserves almost every vj,.

We now show that Z; is compact. For this, note that for a.e. b, the Zi-invariant measure
is supported on countably many Zj-orbits of positive measure. For any z € %dil’ let Zy(x)
denote the stabilizer of x in Z;. As we have seen, Z;(z) = {Id}. On the other hand, the orbit map
Z1/Z1(x) — Zyx is a Borel isomorphism, and whenever v,(Z1x) > 0, the finite Z;-invariant measure
Up| 7z, induces a finite Z;-invariant measure on Z1/Z;(x). This implies that there are z € 2 dil for
which Z;(x) is a lattice in Z;. Thus Z; admits the trivial group as a lattice, so is compact.

We now let Zy C Z; be a subgroup satisfying (v). To see that such a subgroup exists, see
e.g. [Rat98, §3]. Since Z; is compact, Zj is a subgroup of finite index, and we claim that it satisfies
the required conclusions. Indeed, properties (i) and (iv) hold for Z; and thus hold for Zy. Moreover,
since each Z;-orbit is a finite union of Zy-orbits, there is a positive measure subset of (b, z) for which
vp(Zox) > 0. Since Zy commutes with the random walk, the set of (b, x) satisfying this property is
invariant for the random walk, and by ergodicity, (iii) holds for Zj. O

8.3. Notation for the Proof of Theorem 8.1. In the proof we will argue by contradiction, we
now introduce some notation that arises when assuming that (8.4) holds. Let Zy C Z be a subgroup
satisfying the conclusions of Lemma 8.4. Then, since Zy C Z, the random walk acts on the quotient
space

def s
X' = Zo 2.

Since Z is compact, the quotient topology on X’ is Hausdorff, locally compact, and second count-
able, and there is a Borel section 7 : X' — ,%”dil; that is, 7 satisfies Idxs = mxs o 7, where
TX %dil — X' is the projection.

We fix an Ad(Zp)-invariant norm on each g,, and use it to define a metric distgs on G which
is both right-invariant and left Zy-invariant. For the real place this involves defining a suitable
Riemannian metric on Gg, for finite places the construction is explained in [Riith16, §3], and for a
general vector v = Y__v(?) with v(?) € g,, the norm on g is given by ||v| = max, [|v\?), where
|| - |lo is the norm on g,. The metric distgs induces a metric dist Zs, on '%div and we use it to

define
dist x+ (a:’l,arlz) = inf {diSt%di-l(y17y2) DY € Zoxg, 1 =1, 2} ,  where 7, = Zyz;.

Since Zy is compact and since dist 5-s is Zp-invariant, this can also be written as
d+1

dist x- (x/l,xg) = min{dist%ds;l(xl,zoxg) 120 € ZO}.

In the sequel, when discussing balls and distances between points in the spaces G°, 2 d‘il, X', or
norms of vectors in g, we will always have in mind the metrics arising from this norm on g. When
confusion is unavoidable we will simplify notation by omitting subscripts, writing ‘dist’ for each of
these metrics.

The pushforward v/ of v to the quotient X’ is an ergodic stationary measure with the property that
the limit measures v have atoms for almost every b. By ergodicity of v/ (see [BQ11, Lemma 3.11]
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for a similar argument), for almost every b € B, the limit measure v} is in fact a purely atomic
uniform measure supported by a finite subset of X’ depending on b. Moreover, the cardinality of
the support of v} is constant almost surely and we denote it by Np.

Let X denote the collection of subsets ¥ C X’ of cardinality Ny. Given two elements X1, Yo € Xy,
we define a metric on Xy by

distx, (21, 32) = max min dist(z1,z2) + max min dist(z1,z2).
T1€31 T2€32 T2€32 1€

The diagonal action of the group elements of the random walk on the product space (X’)0 induces
an action on Xy. Similarly, since the group H™® is normalized by Zj, its left multiplication action
on ‘%dil induces an action on the space X’ and hence on the space Xj.

Let 3, gdt, gue and e denote respectively the Lie algebras of Z, Gg,, , Gg,, and Hfe Let ug C gat
be the Lie algebra contracted by the restriction of the Ad(ﬁ;l) to gq¢, and denote

def _
Vex = U, ® Gue-

The letters ‘ex’ stand for ‘expanding’; indeed, under the linear random walk, all the nonzero vectors
in uy, expand exponentially, and the vectors in P, s, 9o expand for most infinite random walk
paths by the results of §7. As suggested by this terminology, Vex is a complementary subspace to
hfne~

Let 30 be the Lie algebra of Zy, let to be an Ad(Zp)-invariant complementary subspace to 3o
inside 3, and define 33‘ C g by

| def
30 = 0 Dugy D Vex.
Then ;ml is a complementary subspace to 309 in g, and the subspaces by, 33‘, 0, Uqe, Uy, Vex and 3o
are all invariant under the linear random walk.

Every vector vgqy € gqy can be written uniquely as vq; = vdg, fne + Vdt,exs Where vgt e € gdt N bine

and vggex € gat N Vex. Given a vector v € g, we define vex = (véi)) S € g by
aS

Uex

(o) def {Udt,ex if o € Sat,

v(@)  otherwise,

and define

Ufme = U — Vex-

From the definition of the norm, we have that for any v € bge and any i, ||Ad (k) v|| < [|v].
Also, since Vi is invariant under Ad(Zp), after adjusting the inner product defining || - ||, we may
also assume that for any v € g we have ||v]| < ||vex|| + [|Vtnel|-

8.4. Proof of Theorem 8.1. We first give an overview of the proof. We will assume (8.4) and
obtain a contradiction. Let X', Ny and X be as in §8.3. Define

k: B — X, k(b) dof supp v, (8.5)

(more precisely, the right hand side of (8.5) is a well-defined measurable map on a subset of B of
full measure, but we will ignore nullsets and continue to denote this subset by B). Let A C X2
denote the diagonal. Since v(H™z) = 0 for every z and by (8.2), ¢/ is not a Dirac mass on Xg, but
the random walk pushes it toward the Dirac mass v; supported on x(b). In particular, for a.e.b,
off-diagonal points in Xg get pushed toward A by b}.

We will show that on a certain neighborhood U of a compact subset of A, the action of the
random walk on X7 is essentially given by Ad® Ad on g?. This step is made somewhat complicated
by the fact that we have to take a quotient by the action of the compact group Zy. The reader may
wish to first consider the simpler case in which Z; is trivial.



MEASURE RIGIDITY AND EQUIDISTRIBUTION FOR FRACTAL CARPETS 27

Given this relation between the random walk on Xg, and the adjoint action, we recall from
§7 that vectors tend to grow under most elements of the random walk. Using this, we will show
that for many random walk paths of controlled length, points in U ~ A get pushed away from A,
which contradicts convergence to the diagonal. A complication in the argument is that the linear
coordinates on U need to make sense on a large enough set of words so that expansion can be
exploited. The prefix ergodic theorem will be useful for dealing with this issue.

We proceed to the details. In order to make the logic more transparent, we will break up the
argument into steps.

Step 1. Setting up constants, defining the neighborhood ¥/, and formulating the goal.
Let T': B — B be the left-shift. By Proposition 3.6, and since B* is countable, for S-a.e. b € B we
have

#(Tb) =b;' - wk(b), and k(ab) = a) - x(b) for any a € B*, where n = len(a). (8.6)

Let € € (O,%). By Lusin’s theorem, we can find a compact set K3 C B such that k|g, is
continuous, satisfies properties (8.6), and such that S(K;) > 1 —e. Let f = 1g,. Given n € N,
define the function f,,: B — [0, 1] by

Fa®)= > [f(ab)5(la]).
a€(supp fi)"
By Corollary 8.3, there exists ng € N such that the set
B(E(ng)) >1— %’ where E(ng) ={b€ B:Vn>ng, fo(b)>1—2¢}.
Hence there exists a compact set

Ky C E(ng) such that p(K3) >1—e.

We define
K3 déf Ii(Kl),
a compact subset of Xy. Recall that the injectivity radius at © € X dﬁ_l is the maximal r such that

the restriction of the map G° — 2 dﬁrl, g — gx to the open ball around the identity of radius r,
is injective. Given X € X, i.e., a collection of Ny orbits for the group Zj, we use the same letter
3} to denote the subset of 2 dﬁl comprised by these orbits, and denote by ry and dy, respectively
the minimal injectivity radius of a point in ¥, and the minimum of the pairwise distances between
elements of 3. Both of the numbers ry, dy; depend continuously on Y. Hence the numbers

r(Ks) Cinf{rg: D€ K3} and  d(K3) € inf{ds: ¥ € K3} (8.7)

are both positive. Choose ¢ > 0 small enough so that

v < min{r(Ks),d(Ks),1},
and so that there is a neighborhood W of 0 in g such that

explw : W — B(Id,t) € G¥ (8.8)
is well-defined and is a homeomorphism. Let Cy > 1 be a bi-Lipschitz constant for exp |y, that is,

dist(exp (w1, ws))
Cw

the fact that exp is locally bi-Lipschitz follows from the construction of the metric dist. By item (v)
of Lemma 8.4, by making I smaller we can also assume that the map exp |yn;, is a homeomorphism
onto its image, which is open in Zy. By making W and ¢ even smaller we can find an open subset
W' C W containing 0, and a constant Cyy» > 1, such that the two maps (W'N3o) x (W'N33) — G,

Ywy, we € W, < lwr — wa|| < Cw dist(exp(wi, w2));

(20, 2) — exp(z0) exp(zg), and (2,25 ) — exp(zy ) exp(zo) (8.9)
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are both bi-Lipschitz homeomorphisms onto their image, and this image contains B(Id,¢) and is
contained in exp(30 N W) exp(3a N W') Nexp(33 N W) exp(30 N W’). Finally, by making W even
smaller, and using the fact that the Zy-action on % dS+1 is free, we can assume that if x1 € exp(W)K3
and xo = zgx1 for zy € Zy, then
1 . : .

O dlst%ds+1 (x1,m2) < distgs(Id, 20) < Cw dlst%dil(xl, x2).

Let
def 3
0= —=,
No [S]
and let mp € N and C' > 1 be constants (depending on §) for which the conclusions of Proposition
7.1 and Lemma 7.2 hold.

For o € S we let A, def |log |0|s|, and set Amax

(8.10)

o max{\, : 0 € S}. We choose L; satisfying

CCwlS
L > COw S| (8.11)
L
Now we choose Lo large enough so that for all o € S,
1
(mo + ’rl()) IOg(Lg) — )\7 log(CW Ll) — 1> mg+ ng, (812)
g
and so that if we define
4 gy ool hmas. (8.13)
then ,
< . 8.14
"SR Oy e L, (8.14)
We define

A(Ks) € {(2,%): ¥ € Ky}

Finally we define & to be the r-neighborhood of A(K3). Using uniform continuity of x|x,, let
ny € N be such that for all sequences b, b’ € Ky which agree on a prefix of length at least ni, we
have (k(b), k(b)) € U.

Our goal is to find finite words @,a € B* and b, b € B, such that the following hold:

(I) @ab € Ky and aab € K;.

(IT) len(a) > ng. B
(III) The pair (k(aab), k(aab)) is outside U.
To see that this gives a contradiction, note that items (I) and (II) and the definition of n; imply
that (k(aab), k(aab)) € U. This contradicts item (III).

Step 2. Linearizing the action of the random walk near the diagonal. By definition
of ¢, we have that for any pair ¥ = (X, X9) for which there is ¥ € K3 with dist(2;,X) < ¢/2
for i = 1,2, for any z; € ¥; there is exactly one element zo € Y9 such that dist(zy,22) < r. In
particular this holds for ¥ € #. We denote this element xo by px(z1), so that ¢x: X1 — Xy is a
bijection. It is easy to see that the map ¢y depends continuously on 3.

We would like to estimate the displacement dist(z’, px(2’)) in terms of the adjoint action on g.

To this end, note that if 2’ € ¥; then we can write 2’ = Zyx for some x € %d“il, and by the
choice of W, there is a unique © = ¥(x) € 33 N W such that ¢x(z') = Zyexp(?)z. As suggested
by the notation, this choice of v depends on the choice of z € 71';(,1 (2'). However, we have that if
' = Zyx1 = Zpxe then ||0(z1)]| = ||0(x2)]]; indeed, if o = zgxy for some 2y € Zy then by the
fact that 33 is Ad(Zp)-invariant we see that ¥(zg) = Ad(20)9(z1), and ||#(x1)|| = ||5(x2)]| since the
norm is Ad(Zp)-invariant. Using the section 7: X' — 2 dila we define

vs: B st vs(@) ¥ o), (8.15)
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and we have that ||vs(2’)|| does not depend on the choice of the section.
Note further that
VE €U, Vo' €, |vs(@)] < Cwr. (8.16)

Using the fact that 3& is invariant under the adjoint action of the random walk, the reader can now
verify the following statement:

Suppose n € N, h = hj; o---oh; and X = (X1, %) € U satisfy that h(X;) € K3 and

IAd(R)vs(2')]| < —  for all 2’ € 5. (8.17)
Cw
Then B B
dist (R(21), h(S , -
st (Cl) (%)) max [[Ad(R)vs ()] < Ciy dist (A(21), h(2)) (8.18)
W z'eXq

Step 3. Choosing a,b,b. By (8.2) we have that Zy C H™® and thus the partition of X into
He_orbits induces a well-defined partition of X', which we will continue to refer to as H™e-orbits
and denote by H™¢z’ (although H™¢ might not act on X’). Our assumption is that these H™-orbits
are of zero measure with respect to v/. On the other hand, the supports k(b) of the limit measures
v, are finite sets of Zy-orbits, and again by (8.2), if x(b) intersects an H fne_orbit, the measure v
assigns this orbit positive measure. This implies via Proposition 3.6 that for any fixed b € B, for
any 2’ € xk(b) and for S-a.e. b we have

k(b) N HM ' = . (8.19)

Hence we can find b,b € B such that for all 2/ € x(b), we have (8.19), and the points b, b are generic
for 1x,nK, in the sense of the prefix ergodic theorem. The latter condition means that for both
c="b and ¢ = b, we have

Jim > 1k, (a0)B([a]) = B(K1 N Ky). (8.20)
a€(supp i)™
By (8.20), since K; and K3 both have measure at least 1 — ¢, there is k > n; such that
Z 1x,ni,(ac)B(a]) > 1 -3 (c=b,b). (8.21)
a€(supp fi)*

Since 1 — 3¢ > 1/2, we can find a € (supp )" such that
ab,ab € K1 N Ks. (8.22)
By (8.3) and (8.19) we still have
for all 2’ € k(ab), k(ab) N H™2' = . (8.23)
The choice of k ensures that the word a satisfies (II).

Step 4. Choosing the word a. We now choose a. Let

> =(3,%) where ¥ ¥ k(ab), B3 k(ab). (8.24)
By (8.22) and the definition of n;, we have that 3 € U. It follows from (8.2) and (8.23) that for
any ' € X1, vs(2’) € Be. In the notation introduced in §8.3 above, this means that vs(z')ex # 0.
Given o € S, and 2/ € X1, let

dgf ‘ def

}vg(x')eXHU and  Sgood(2) = {0 € S: ay(2') > 0}. (8.25)

def . 1 1
n@) = min ba (log (aa(w’)) - bg(Ll))J '

ag(z")

Now set



30 OSAMA KHALIL, MANUEL LUETHI, AND BARAK WEISS

This choice implies that for all o € Sgood(2”), we have

/ 1
@ (2)) < o (8.26)
1

and there is 0 € Sgo0d(2’) (the one for which the minimum is attained) satisfying

1 1 1 N~ 1
x log (ag(x’)> <n(z)+1+ o log(L1) and ™ @ a,(a') > v (8.27)
Our choices ensure
n(z') > mo + no. (8.28)
Indeed, since 3 € U, for all ¢ we have
1 1 (8.16)&(8.25) 1 (8.13)
x (log <a0(:1;’)> —|—log(CW)> > —zlogr > (mo + no) log Lo.
Now (8.28) follows by (8.12) and (8.27).
Let
def . /
n = min n(z'). (8.29)
r’eXy
With this choice of n, let
pY {a € (supp i)™: for c=b,b, aac€ K}, P, U [a].
acPy
Since ab, ab € K5 by (8.22), and n > ng by (8.28) and (8.29), the definition of ng ensures
B(Pn) > 1 - 2¢. (8.30)
Next define
—_ def [/~ ~ \n ~ ~
En(2') = {(@1,- @) € (supp )" : Vo € Sgo0a(@”), l|apllollvs(@)exlle < Cllay, - vs(a”)ex|lo } -

Note that the Bernoulli measure has a symmetry property 3([a}]) = B([a}]). Thus using Lemma 7.2,
and since n > mg, we have

B(Ep(2')) >1—6 for each 2/ € 3y.
The choice (8.10) now implies that 3( ()¢5, En(2’))) > 1 —e. Combining with (8.30) we have

Bl Pun () Enla) | =1-3e>0.
' €Xq

In particular, the above intersection is non-empty. Fix a word @ in this intersection. The definition
of P, now ensures that property (I) holds.

Step 5. Verifying property (III). We need to show that for 3 = (31, 3s) as in (8.24) we have
dist (&}121, &71122) > r. For this it suffices to check condition (8.17), and show that for some 2’ € ¥,

|Ad (@) vs(2)|| = Cwr-. (8.31)

For (8.17), we note that for any 2’ € X1, the non-expanding coordinates of vs(z') are of small norm
since X € U. For o € Sgo0q(x’) we have

_ (7.2) (8.26)&(8.29) (8.11)
JAd®),, an(a) < CMmag(a) < S
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Let 2’ € 31 be the element for which the minimum in (8.29) is attained, and let o € Sgooa(z’)
be the place for which (8.27) holds. Since a € Z,,(z'), we get that

[Ad(ay)vs ()| = [|Ad(ay,)vs(2)q]| > é [Ad(ar)ll, [[lvs(z1)q |,

T2 1 . (8:27) 1 (8.14)
Z @ e ag(w Z m Z CWT.
This proves (8.31) and completes the proof. O

8.5. Proof of the prefix ergodic theorem. In this subsection we prove Theorem 8.2. For a
bounded function f on B and a A C B, we define the variation of f on A by

Var(f, A) e sup f(z) — inf f(x).

€A T€EA

Clearly for any measurable function f, any set A with 3(A4) > 0, and any 2y € A, we have

‘f@m)BéA)/Qfdﬁ‘fzvaﬂfyA)

Equip B with its standard ultra-metric, and suppose first that f is continuous. Then, since B is
compact, f is uniformly continuous. Using the condition that the minimal length of a word a € P,
goes to infinity, which implies that the diameter of the corresponding cylinder set [a] goes to zero,
we see that there is ng so that for all n > ng and a € P,

Var(f,[a]) < e.

Since the sets {[a] : a € P,} are a partition of B, we have for all n > ny and any b that

}jmmvmm—/ﬁw EjMMVWM—E;Aﬁw

a€Py acPy a€Py
1
< a ab) — d al)e =e.
_E%MDP()B@DAJ4<E%MD€E

The general case, in which f € L*(B, /), will now be proved by an approximation argument.
By replacing f with a bounded function agreeing with it almost everywhere, subtracting a constant
and rescaling, we may assume that

[ fa5=0 ad |1
B

Let € > 0 and, using Lusin’s theorem, let K = K. be a compact set such that f|x is continuous
and B(K) > 1 —e. Let ng so that for all n > ng and all a € P, we have

Var(f,[a] N K) < e.
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For fixed n > ng, and an element a € P,, the corresponding cylinder set [a] is called a continuity

atom or CA if % > 1—¢l/2. If @ is a continuity atom then for any zo € [a] N K,

ST 95

1

1 1
ME) / IV SR Lo O T e f T
1 B([a] ~ K) (s
<G o199+ D - BT 197+ Vol 0 )
Bllal~ K) | Blla) < K)
— B(la]) B([al])

We claim that

‘1 481w

B(lal) Ji

(8.32)

+e< 281/2+6 < 3c1/2,

B (U continuity atoms> >1-—¢e/2 (8.33)

Indeed, otherwise, denoting K¢ = B \ K, we have

ﬂ(KC) > 6 ( U KN [a]) > Z ﬁ([a])51/2 > 81/2 2,51/2 =,

[a] not a CA a not a CA

and we get a contradiction to f(K°¢) < e

We now define
Bad = {b €B:j (U{[a] - ab ¢ K}) > 51/2},
and claim that
B(Bad) < /2. (8.34)

Indeed, denote by 1 = 1k« the indicator of K¢. Recall that for any prefix [a], the measure /3 |[a] is
the same as the pushforward of 8 by the map b +— ab, multiplied by the scalar §([a]); this is easily
verified for cylinder sets contained in [a] and thus is true for all measurable subsets of [a]. Thus, if
(8.34) is not true then

5= [ 143 3 o /abdﬁU

a€Py, acPy,

/ZB 1(ab) dB(b / >~ B(la])1(ab) dB(b)

a€P, aGP
= al . a a 81/2 81/2'81/228
| 3 (Ut ab ¢ K3) a5(e) = 5 (Bag) 2 > ,

giving a contradiction to S(K°¢) < e
Now for b ¢ Bad we have

> ftanlia) - [ 1as) = | 3 flab)s Z/fdﬁ

acPy ach, et
1
S[a] gcAB([aD T /[a]f‘w +M Zt: i (W[GD\J‘(%)H/[@] K d@) (8.35)
abelt or ab¢ K

<3¢1/2 1 28 (U {[a] : [a] is not a CA}) + 8 (U ([a] : ab ¢ K}) < 7€/,
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where in the last line we used (8.32), the definition of Bad, and (8.33). Since ¢ was arbitrary,
combining (8.34) and (8.35) we get the desired conclusion.

9. PREPARATIONS FOR EXPONENTIAL DRIFT: NON-ALIGNMENT OF LIMIT MEASURES

The goal of this section is to establish the following result regarding non-alignment of the limit
measures v, along orbits of the group Ws'. This will serve as crucial input for the exponential drift
argument as described in § 2. We retain the notation introduced in §8.

Theorem 9.1. Let ®, h;, p, i and v be as in Theorem 6.1. Suppose that
v({z € 2,7, : Stab(z) N W £ {Id}}) = 0.
Then, for BX-almost every pair (b,x) € BX, we have
vy (W) = 0.

The proof of Theorem 9.1 occupies the rest of this section. The notations and conditions of
Theorem 6.1 will be assumed throughout this section.

A key ingredient in the proof of Theorem 9.1 is Theorem 8.1. The following Lemma shows that
the hypotheses of Theorem 9.1 imply the hypotheses of Theorem 8.1.

Lemma 9.2. Let v be a fi-stationary measure such that v(H™z) > 0 for some x. Then Stab(z) N
wst £ {1d}.

Proof. We first claim that we can find two distinct words g1, ge in the semigroup generated by
{71;1 r=1,..., k}, of the same length, such that the orbits H™g 2, HM¢gox are the same. To see
this, note that in order to show that two orbits are the same, it is enough to show that these orbits
intersect nontrivially. Moreover, it follows from (6.4) and (8.1) that the elements h; normalize H™
and hence the same is true for the group generated by the h;. Hence for every word g in the ﬁ;l we
have gH™x = H™ gz, Let u®¢ denote the ¢-th convolution power of fi; this measure is supported
on finitely many products of ¢ elements in supp(jiz). Suppose by contradiction that for all ¢, the
collection { g tH™ex g € supp (/2@[)} is disjoint. Consider the collection of numbers

{y (g_lenex) : g € supp (ﬂw)} = {g*u (anex> : g € supp (ﬂ@%)} C [0,1].

The number of elements in this multi-set is k. Since v is stationary, the fixed number v(H™¢z) is
an average of the numbers in this set. This implies that for large enough ¢, there are more than
2(v(H™x))~! numbers in this set, each larger than v(H™x)/2. This contradicts the fact that v is
a probability measure, and proves the claim.

The claim implies that there is h; € H™® such that hygiz = gox. Hence, h def gl_lhl_lgl € Hive
satisfies that hgl_lgg € Stab(x). We write g for the projection of g € G° to Gye. Since g; and go
are of the same length, it follows from (6.4) that

97 92 = (97 92)") € Uy,

and this implies via (1.10) that g; *gs € Wt. Since we also have H™¢ C W*!, we have found that
hgflgg belongs to W, By (8.1) we have that h("®) = Id. Since (9;192)(%) = gflgz = 1d, we see
that hgy *ge # Id. O

In the notation of §8.3, let uj, be the subspace of vectors in gq¢ which are contracted by the
action of Ad (71;1) for each i, let uye = Lie(Ug,,), and set

be def

0 = Uye DUy
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It is easily checked that, with the notation (7.1), we have
bc __ . . 71y—1
10 —{ng.VbEB,nlggo(hn) :1:—0},
and
Lie(W*") = hpye @ 10", (9.1)
We define
be def S . : TVl 1y
W lgeGS e B, lim (i) g (hy) =14}
The superscript ‘be’ stands for ‘backward contracting’. Clearly Lie(WP®) = wP¢ and WP® is nor-
malized by the random walk. Let H™°T/P¢ denote the set of pairwise products {hw : h € H™ w €

Whe}. Clearly HMeWPe ¢ W*t, and it follows from (9.1) that H™¢WP contains an open neighbor-
hood of Id in W', We have the following:

Lemma 9.3. There is a finite set F C G° such that W = UfeF Hfvewbe ¢ In particular, if
vp(HPeWbez) = 0 for BX-a.e. pair (b,x), then vy(Wtz) = 0 for BX-a.e. pair (b, z).

Proof. In order to prove the first assertion we note that with respect to the partition (6.2), we have
from (1.10) and (8.1) that

WSt = Us, X Ggy, X Gg,,, Hfve — {0} x Pg,, x Gg,,.
Also WP® contains the connected groups Ug,. and Ug., with Lie algebras uye and ug,. Thus it

suffices to prove the statement for Gg,,,Pgs,,, Ugdt in place of Wst, Hfme JWP¢ Note that the quotient

Ps, \Gg,, is compact, and since Whe Hfre contains a neighborhood of the identity, Ug 4, brojects onto
a subset of Pg,, \Gg,, with nonempty interior. Thus the cover {PsdtUgdtg : g € Gg,, } has a finite
sub-cover, and this proves the first assertion. The second assertion follows from the first one, by
covering an orbit W5tz of positive measure for v, by the finitely many sets HPeWP fz, f e F. O

Lemma 9.4. Suppose that
v({z € 27, : Stab(z) N W* #£ {Id}}) = 0. (9.2)
Then
vp(HPeWbes . HMz) = 0
for almost every pair (b, ) € BX.

Proof. Let Z % B x X x X and define R: Z — Z by

R(b,x,2) < (Tb, b7 2, b7'2'),  where b€ B, b= (by,ba,...),

and T : B — B is the shift. We define a probability measure 3 on Z by
5= [ 6@nondso). (93
B

It follows from the equivariance property vy, = hi«1 in Proposition 3.6 that vy, = (bfl)*yb, and
this implies that 3 is R-invariant. Suppose by contradiction that £ C B¥X is a measurable set such
that 8X(E) > 0 and
V(b,z) € B vy(HM WPz . H™z) > 0.

Let

Z={(b,x,2') € Z: ' € HMWPz  H™Mz}.
Note that Z is R-invariant. Indeed, suppose that z = (b,z,2’) € Z and write 2/ = pux where
p € H™ and u € WP~ {Id}. Then

R(z) = (T, bflx,l_)lbfla:) . where by = b ! (pu)b;.
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Since the conjugation map g — bl_lgbl is a group automorphism, and the groups H™¢ WPC are
both invariant under conjugation by elements of the random walk, we have that b; € H™eWP® and
its WP¢-component b; 'ub is nontrivial.

We claim that 3(Z) > 0. Indeed, if 5(Z) = 0 then by (9.3) and Fubini’s theorem we have that
for -a.e. b € B and for yp-a.e. x € X we have that

Vb(aneWbcx ~ anew) = ({x’ € X: o' ¢ Hivepybeg anesc}) =0;

but recalling (3.13), we see that this contradicts the assumption that 58X (FE) > 0.

We now remove from Z the set of (b, z, 2’) for which Stab(z) NW** # {Id}. We continue to denote
the resulting set by Z and note that by assumption (9.2), it still satisfies 3(Z) > 0. Following this
modification, if z = (b,z,2') € Z, then there are unique p € H™ and w € WP° ~ {Id} such that
2’ = pwz; indeed, if p € H™ and @ € WPC also satisfy 2/ = piox, then w™tp~'p € Stab(x) N WS,
Using this uniqueness, and denoting p = p(z), w = w(z) the elements in H™® for which 2/ = pwz,
we obtain an almost surely well-defined map

©: Z—[0,00), O(b,z,z) def dist%dil (x,p(z)_lzrl) (where 2z = (b,z,2') € Z). (9.4)

Here dist%dil is the metric introduced in §8.3. Then © is positive on Z.
Given b € B and n € N, and writing b}, as in (7.1), we have
R"z = (T”b, (b}L)fla (bi)flx/) = (T"b, (b,ﬁ)flx,pz,nwzm(b;)*lx) ,
where
Pom = (B1) ' p()BL, o = (B1) " w(2)B
In particular, by the construction of the metrics dist 25 1,disth, there is C' > 0 such that for all
large enough n,

O(R"z) = dist s ((bh) 'z, w0 (b)) Tw) < Cdistgs (Id, ) .

In particular ©(R"z) — 0, on a set Z of positive measure. This gives a contradiction to Poincaré
recurrence, and completes the proof. O

Lemma 9.5. Suppose that for X -a.e. (b,z) € BX we have vy(Zx) = 0 (where Z is the centralizer
of the random walk as in §8). Then for BX-a.e. (b,z) € BX we have vy(H™x) = 0.

Proof. Recall from (8.1) and Proposition 3.8 that H™ = ZUy;. Let
pY {(b, z): vy (H™x) > 0} and F % (b,z) € BX: y(Zzx) > 0}.

We assume S~ (F) = 0 and suppose for sake of contradiction that 8% (E) > 0. Since [ is finitely
supported, we can assume without loss of generality that for all (b,x) € E, for all k£ € N, and for
all a € supp(f)* we have vy, = a.1,. Using Lusin’s theorem, let X C E \ F be a compact set with
BX(K) > 0 and such that the map (b, ) + 1 is continuous on K.

Let 7% : BX — BX be as in (3.13). By Proposition 3.6, 3~ is T-invariant and ergodic. Let
L: LN(BX, %) — LY(BX, p¥) be the adjoint operator of TX; that is, for all f € L*(BX, %) and
for all p € L>®°(BX, %) we have

folporas = [

Lf-pdp¥.
BX

BX
From the definition and by a straightforward induction, one finds that X-almost surely

L' fb,x)= > f(aba),-x)B([a]).

a€B*,len(a)=n
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We recall that by the Chacon-Ornstein ergodic theorem [CO60] the averages
L V-l
Nfbx) =) L"f(bw)

n=0
converge pointwise $X-almost surely. We choose large compact subsets C' and M of Ug; and Z
respectively, and € > 0, such that the set

et (b,x) € K: p(MCx) > ¢}

has positive measure. We let Q@ C Q' be compact and of positive measure. By the Chacon-
Ornstein ergodic theorem and ergodicity of T%, we know that AN1g(b,z) — BX(Q) > 0 for
BX-a.e. (b,z) € BX. Thus, there are (b,z) € @, a sequence n; — 0o, and a sequence of words
a(j) € B* of length nj, such that

. def . .
vjv (b]vxj) = (a(])bv a(]) : .’E) € Q
Here we view a(j) as both an element of B*, and as an element of G° obtained by the product

(a(j))}. Passing to a subsequence, we assume that (b;, x;) % (¥, 7)) € Q. We claim that
vy (Mz') > 0. (9.5)
This will give us the desired contradiction, since M C Z and (b',2') € K C E\ F.
To see (9.5), let @ C G be a compact neighborhood of the identity in G*. Using Urysohn’s
lemma and outer regularity of 14/, we have that
vy (MOz'") = inf{vy (p): ¢ € C.(X) and ¢|p0r = 1}

If follows from the definitions of the group U, the places Sy;, and the elements h; (see (1.2), (6.1)
and (6.4)) that the conjugation of elements of Ug; by elements of the i random walk is uniformly
contracting, in the following sense. For any compact subset C'y C Ug; and any open neighborhood
01 of the identity in Uy, there is kg such that for all k > kg, for any a € B* of length k, we have

a;.Cy1(ap)™ C Oy.
In particular, taking C7 = C and O; so that O; such that the closure of Oy is contained in the
interior of O, we have that
a(j)Cx = a(j)C’a(j)*lxj c O
for all sufficiently large j. Therefore, for ¢ € C.(X) satisfying |y 0. = 1, we have
/gpdyb/ > lim sup v, (), (M Ox') > limsup vy, (Ma(j)Cx) = vp(MCx) > €,
Jj—00 j—o0

and therefore vy (MOz') > . Now Mz’ is the intersection of all sets of the form MOz, where O
is a neighborhood of the identity in G°. This yields vy (Ma') > € and proves (9.5). O

Proof of Theorem 9.1. Using Lemma 9.2 we see that under our hypotheses, we can apply Theo-
rem 8.1. This yields
for fX-a.e. (b,x), vp(Zzx)=D0.

Hence, by Lemma 9.5,

for fX-a.e. (b,x), v(H™z)=0.
Combining this with Lemma 9.4, it follows that

for fX-a.e. (b,x), wp(HPWP z) = 0.

Applying Lemma 9.3 we get that

for ¥-a.e. (b, x), v(Wz) = 0.
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10. ADDITIONAL INVARIANCE: THE EXPONENTIAL DRIFT

The goal of this section is to prove that, under the assumptions of Theorem 9.1, almost every limit
measure decomposes as a convex combination of measures invariant under one-parameter subgroups
of Uye. To this end, we will employ the exponential drift argument introduced by Benoist and Quint
in [BQ11]. Running the argument will require the preliminary work done in §7-§9. The following
result is the main result of this section.

Theorem 10.1. Suppose that v is a stationary measure satisfying the hypotheses of Theorem 9.1.
Then for B-a.e. b € B and for vy-a.e. x € %d“j_l, there exists a mnon-trivial subgroup W, ;) C Uye
generated by one-parameter subgroups and a W i) -invariant probability measure v z) on ‘%/dSH

such that
1433 :/ V(b,:r;) dl/b(:(}).
X

Moreover, for 3% -almost every (b, x) € BX we have Wiz = leTX(b,x)bfl and V(pz) = bravrx (p z)-

For the rest of this section we retain the notations and assumptions of Theorem 10.1. The proof
relies on an analysis of leafwise measures, for which we follow [BQ11, §4|. For more information on
leafwise measures, we refer the reader to [EL10]. We now recall the necessary notations and results.

Denote by M (uye) the convex cone of positive non-null Radon measures on . Also let My (tye)
be the set of rays in M(uye), i.e., the quotient space for the equivalence relation of proportionality,
defined by

01 X 09 <= dc > 0 such that o9 = coq.

The choice of o to denote leafwise measures is consistent with [BQ11|, although we also use o to
denote elements of S; even punctilious readers should have no difficulty disambiguating these two
uses. Let

7: BX = M (Uye), (b, ) = T(p.a)
be a family of leafwise measures for X with respect to the action of uye given by
U: BY xuge = BY,  U((b,2),u) & (b, exp(u)z). (10.1)
For u € u,e we will use the notation
U, : BX 5 BX, 0,(2) ¥ w(z,u). (10.2)

Since the Lie algebra u,e is abelian, exp : uye — Uye is a group isomorphism and the expression on
the right-hand side of (10.1) coincides with the action of Uy, on 2, dil. It will be more convenient
(and also consistent with the notation of [BQ11]) to stick with exponential notation and use e
instead of U .

Note that 7, ;) denotes an equivalence class of measures. In order to choose a concrete represen-
tative, we let (K, )nen be a sequence of compact sets which form an exhaustion of u,e, and we denote
by o) the element in the proportionality class 7, ) satisfying a(b7x)(KnO) = 1, where ng is the
minimal n for which &, ) (K;) > 0. Similarly, given o € M (uye), we will denote by & € M (uye)
its equivalence class. We will fix a conull subset £ C BX on which o is well-defined up to propor-
tionality and satisfies all the characterizing properties of leafwise measures; cf. [BQ11, Prop. 4.2].

Recall that ¢ € Q denote the contraction ratio of the maps in the IFS &, and for any u € e
and any h; € supp i we have Ady, (u) = ou. Therefore

VU € ttye, Ty, 0T =TX 0T, (10.3)
Given a € QgF, denote

Na: Uye — Uye, Ne(u) = au.
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Let BX denote the Borel o-algebra on BX and let
of = (N (r¥) ™" BX. (10.4)
neN
The following is an immediate consequence of the uniqueness of leafwise measures and (10.3).

Corollary 10.2 (cf. [BQ11, Cor. 6.12 and Cor. 6.13]). There ezists a conull subset E C BX such
that

V(b,x) e FE, VneN, (TX)n(b, $) clk = O(bx) X (ng”)*a(TX)"(b@)' (105)
Moreover, the map T is Qg(o—measumble.

Note that the right hand side of formula (10.1) involves the action of the group Uy on %2, dil?

and in contrast with [BQ11], the acting group does not depend on b. Therefore for 3X-a.e. (b, x),
(b, x) is the leafwise measure of v}, with respect to the Uye-action on ‘%iil'
We also introduce notation for the translation map

T Uge X Uye — Uye, Tu(V) &t + .
We recall from [BQ11, Prop. 4.2] that (after removing a nullset), for all z € E and all u € uye such
that ¥, (z) € E, we have that
T2 X Tus Oy, (2)- (10.6)
Given Theorem 8.1, the main step towards a proof of Theorem 10.1 is to show that there exist
many generic pairs (b, ) for which the leafwise measure agrees up to proportionality with the

translate by arbitrarily small non-trivial elements of uy. The first step in the argument is the proof
that there exist many nearby pairs of points whose displacement is not contained in

def .
104t é Lle(WSt) = Uye ©® ddt @b Otr- (107)

Lemma 10.3. For every measurable set L C BX there exists a conull subset L' C L and, for every
element (b,x) € L', a sequence (Uym)men of elements of g \ Wy such that v, — 0 as m — oo and

Vm € N, (b, exp(vm)z) € L.
Proof. Assume without loss of generality that 8% (L) > 0 and, using inner regularity, that L is

compact. Denote by F’ the projection of L to B and for any b € F’ let L, denote the fiber
{xe 27, (bx) € L}, so that

55(1) = [ niLn)as()

Let F' C F’ consist of those b € F” satisfying v3(Ly) > 0. The intersection L C BX of the preimage
of F with L is a conull subset of L. Let b € F, then for v-a.e. x € Ly and for every neighborhood
V of 0 in g for which the exponential map is well-defined,

vp(Ly Nexp(V)z) > 0. (10.8)
From Theorem 9.1 we know that for all b € F' we have
for yp-a.e. x, I/b(Lb ~ WSt:B) > 0. (10.9)

Then the claim holds if we take L’ to be the subset of L consisting of (b, z) for which (10.9) holds,
and (10.8) holds for a countable basis of identity neighborhoods V. t

We set up some more notation. We write (supp i)™ for the words in B* of length n. Given
(b,x) € BX, define a map

def

hn,(b,a}) : (supp )" — BXa hn,(b,x) (a) = (aT”bﬂ Qn - - albﬁl e b;1$) 3
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i.e., for any a € (supp i)", and z € BX, 2 = hy, .(a) has the same future (under 7%) as z and, in
fact, (T%)"(z) = (T%)™(2). The image of h,, , is the set of all points whose futures agree with that
of z after time n. Put differently,

im(hn,:) = (T%) " {(T%)"(2)}.
As in [BQ11, Prop. 2.3], using the decreasing martingale theorem, we have that for all ¢ €
L>(B¥, %),
for fX-a.e. z, E (4p|Q§o) (z) = nh_}m Z B([a]) ¢ o hy - (a). (10.10)
a€(supp fi)"
Indeed, the image of h,, ., is the atom of z in (TX)~"B% and thus one only has to check that the
right hand side defines a conditional measure for 4~ with respect to the sub-o-algebra (TX )7n BX.

Lemma 10.4. Let E be as in Corollary 10.2. There exists a conull subset F C E such that for
z € F, for alln € N, and for all a € (supp i)™ we have

hy.(a) € E = 0, x 0., wherez =hy,(a).

Proof. Formula (10.5) means that as long as z = (b, z) € E, the measure o, can be recovered from
o(rx)n for every n, by composition with the contraction map 7nyn. Thus the conclusion of the

Lemma follows from the fact (7X)"(2') = (TX)"(z). O

Given n € N and ¢ € B*U B such that len(c) > n, following [BQ11|, we use the letter R to denote
the adjoint representation, so that

R(ch) € Ad, 0---0Ad,,, R(¢}) Y Ad,, 0 0Ad,,

and set
-1
F,p(a) = R(a})o R (by,)
Note that for o € S \ Sye, the adjoint action of F;, (a) on g, is trivial for any n, b, a.
Using Lemma 10.3, we can run the core of the exponential drift argument.

(10.11)

Proposition 10.5 (cf. [BQ11, Prop. 7.1]). For any dy > 0, for X -almost every z € E there exist
U € Uy and 2’ € E such that

0 < ||ul| < do, Vu.(2)e€E, O, (z) X Oz X 0. (10.12)
Proof. Let QX be the o-algebra defined by (10.4), let £ € (0,1) be arbitrary and fix a compact
subset K C E such that & is continuous on K and such that 3X(K) > 1 —¢2/2. We denote by
1 the indicator function of K. Recall that the conditional expectation E (1x|Q2X) (-) is an almost

everywhere defined QX -measurable function on BX which is uniquely defined up to a nullset; we
fix one representative and continue to denote it by E (1 K| Qfo) We let

F.={2€E:E(1x|Q%) (2) >1—¢}.

One computes that
2

1_%<5X( ) < (1—¢)(1 = BY(F)) + B (F)
=1—e+efX(F).

Hence X (F.) > 1 —£. Given n € N, let

Yn: BX — R, Ua(2) € ST Blla]) 1k © e (a).

a€(supp )"
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Using (10.10), we fix a full measure subset Ey C E such that
Ve B,  a(z) =3 E(1x|Q%) (2). (10.13)

We let Ly C FE; be a compact continuity set for E (lK]Qgg) such that ¥ (Ly) > 1 —e. Using
Egorov’s theorem, we can additionally assume that the convergence in (10.13) is uniform on L1,
and thus there exists ng € N such that

Yn >ng, Vz € L1, ¥p(z) >1—c. (10.14)
This implies that

Vn >ng, V2 € Ly, B <U{[a] ca € (supp )", hp(a) € K}) >1—e.
Using Theorem 9.1, we fix a compact set L C L; such that 3X(L) > 1 — ¢ and
V(b,x) € L, vp(Wz)=0.

We further fix a compact subset L' C L of measure 3X(L') > 1 — ¢ satisfying the conclusion of
Lemma 10.3.

For what follows, we fix an element zg = (b, z) € L’ and a sequence (v, )men of vectors in g\ tog
such that exp(vy,) is well-defined for all m, v, — 0 as m — oo, and

YmeN z, € L, where z, def (b, exp(vm)x).

Using (10.14), we know that for all m > 0 and for all n > ng we have
B({a € (supp @)": hnz,,(a) € K}) > 1 —€. (10.15)

Extending the definition in (10.2), we write ¥, (b,z) = (b,exp(v)x) for every v € g for which
exp(v) is well-defined. Note that the map (z,v) — W,(z) is continuous where defined. Recall
(or see [BQ13, §5]) that if exp(v) is well-defined, then so is exp(Ad(g)v) for every g € G°, with
exp(Ad(g)v) = gexp(v)g~!. From this and using (10.11) we see that if y € X satisfies y = exp(v)z,
where exp(v) is well-defined, then

Va € (supp )" By o) (@) = (Y5, (a0 © Pn,(b2)) (@)

Given o € S, let vy(,ff) € g, denote the projection of v, to g,. Given m,n € N and o € .S, define

def R (b%)—l ’l)(U)

pu n
rn7m70— - ’Q|U m

def
and 7, = MaxTy m.o-
o€eS

We claim that
lim sup 7y, = 00. (10.16)

n—oo

To see this, let a = diag(o,...,0,1), and for each o € Sye, let
9o :ua@uél @uég

be the decomposition of g, into the eigenspaces for the adjoint action of a~!, corresponding respec-
tively to the eigenvalues o1, 1, 0. Using this direct sum decomposition we write

olg) = ol + vls + vy
Since vy, ¢ Wy we see from (10.7) that there is o € Sye such that at least one of vg)Q and 1}7(73)3 is

(o)

nonzero. For this choice of o and each 7 we can write h; ' = au;, where u; is in the group U (@)

defined by (3.15). The adjoint action of u; ' satisfies

Ad;i1 (U(U)> — % eu and Ad;i1 (vfﬁé) —09 e u@uil.

m,2 m,2 m,3
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Using this one verifies that
inf HR (b}l)il (o)

> 0;
g

L ul is not contracted by R (b}l)fl. Since o € Sye, We

indeed, the component in at least one of Uz, ug,
— 00. This shows (10.16).
o

have |g|s > 1. From this it follows that |o|? ||R (b}L)f1 v

Let C' > 1 be as in Lemma 7.2, let
Ch def max{|ol,: 0 € S}, Cy def maX{HAd(ﬁ;l)Ho_ :0 €S, h; €supppi},

and
o

20,C5C”
For each n € N let n,, € N be the minimal index for which A" < r, ., which is well-defined in
light of (10.16). It follows from the definition of C and Cy that ry,4q,m < C1Cory 1, and hence

Vm € N A < Thm,m < A’Cng.

At

Since v, — 0 we have n,, —5 oo, and since the action of F,p(a) on gy is trivial for o ¢ Sy, the
place o for which the maximum in the definition of r,,, », is attained, belongs to S,e for all large
enough m.
Given o € Sye and m, M € N, let
1
15,100 {a € B ds(@ o)l ) < 17,

1
qul(b) déf {a € B: 7T”m7ma‘7 S ‘ anyb(a)v’gg)

C
Given m € N, we let M,, , € NU {oco} maximal such that
VM < My B(Shy, (b)) > 1 —ec.

Since € was small, using Lemmas 7.2 and 7.5, there exists mg € N such that for every m > mg
we can find a word

< Crnm,m,cr} .
o

am € () (Shd,as,,, (b) NEqg,(b))
0E€Sue
such that hy,, - (@m), b,z (@m) € K. Note that

m—o0

for all 0 € Sye, My — 0. (10.17)
Hence, after passing to a subsequence, there is u € g such that
P zo(@m) = 2" € K, hp,, s (@) — 2" € K, and  Fy,, p(am)vm — u.

We claim that v € uye. Indeed, for o ¢ Sy the action of F), p(a) on g, is trivial and hence the

o-component of F, ,(am)vm is equal to vfg ), which goes to zero as m — oo. Furthermore, for

0 € Sue, it follows from the definition of Shy, ,,(b) and from (10.17) that any limit of F, »(am)vm
belongs to u, (and in particular, to the domain of definition of ¥). From the definition of EqJ, (b)
that for o € Sy for which the maximum in the definition of 7, , is realized, we have

/

A
0< 5 < [l || < [Jul| < A'CLC2C < 6.

From the continuity of the map ¥ we have
=1,
Because K is a continuity set, we have that

O, = Oy, and 7, = [P
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This proves (10.12). O

In what follows, given z € BX, we denote by W, the stabilizer of &, in Uye. Combining Propo-
sition 10.5 and formula (10.6), we obtain:

Corollary 10.6. There exists E C BX of full measure such that W, is non-trivial for every z € E.

Lemma 10.7. There ezists a conull subset E C BX such that:
(1) If z = (b,x) € E and TXz € E, then Wyx, = by "W.by and Gpx, = (Adby 1).0..
(2) For every z € E, we have that

Wz: H WZ,O‘v

0ESue

where W, , = exp(w, ) for a Lie subalgebra v, » C u,.
(8) For every z € E, o, is W -invariant.

Proof. The proof is mostly a combination of facts about closed subgroups of unipotent S-arithmetic
groups and techniques used in [BQ13, §8.2]. Item (1) is an immediate consequence of the charac-
terizing properties of leafwise measures. For item (2), we know from Corollary 10.6 that for typical
z € BX the stabilizer W, of 7, is non-trivial. Let u be a nontrivial element of W,. Then the
logarithm v = logu € uye is well-defined and non-zero, and we write v = (v("))gegue. It follows
from strong approximation (see [Cas78, Ch. 3, Lem. 3.1]) that

In particular, for any element in W, each component fixes 7, separately, i.e., W, is a direct product
of subgroups of Uy.. We denote these groups by W, ,, and note that each of the W, ; is closed,
since W, is closed.

Let 10, » C uye be the Lie algebra generated by log(W, ) and note that, since W, is abelian,

1, , = spang_log(W, ).
By the preceding argument t, , = {0} if and only if W, , is trivial. We claim that
exp(, q) = W, ,.
This certainly holds if W, , is trivial. By construction, W, , C exp(tv, ). For the opposite inclusion,

we use the argument given in the proof of [BQ13, Lem. 8.3]. We suppose by contradiction that the
opposite inclusion does not hold for some z € BX, and let

vo(2) = inf{Hv(") (@) g W, 5, exp(v) & WZJ} )

Then there is a subset of B¥X of positive measure on which po > 0. By the definition of Sy
we have that |g|, > 1 for every o € Sy, and this implies that for every b € B we have that
[|(67) " |u, || = 0 as n — oo. By item (1) we have that ¢, ((TX)"(2)) tends to zero for f*-a.e. z,
and this contradiction to the Poincaré recurrence theorem proves the claim.

In order to prove item (3), note that, since uy,e is abelian and since the action of u on Radon
measures on Uy is continuous, for every o € Sy the map o, ,: w, » — R given by

Y, € W,o Tugs0z = eaz’q(va)az
is a continuous group homomorphism. Since w, , is a Qs-vector space, o . is trivial. ]
Proof of Theorem 10.1. For the proof we disintegrate each measure v, along the map that sends
z = (b, z) to the Lie algebra tw, = Lie(W¥,). This is done as in Propositions 7.5 and 7.6 in [BQ11].

Note that [BQ11] treats actions of R?. Recall that we showed in the proof of Lemma 10.7 that if
U € Uy satisfies that exp(v) fixes a leafwise measure, then so does exp(v’) for any v’ € spang_(v).
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Since the exponential map is a bijection between i, and Uy, all the statements in [BQ11, §4| adapt
mutatis mutandi to our situation. ]

11. RATNER’S THEOREM AND CONCLUSION OF THE PROOF OF THEOREM 6.1

In this section we complete the proof of Theorem 6.1. Let v,, W, be as in the conclusion of
Theorem 10.1, where z = (b,z) € B x X. Applying Ratner’s theorem in the S-adic setting (see
[Rat98]), and a refinement of Tomanov (see [Tom00]) we have: There is a subset E C BX, which
is TX-invariant and satisfies 8% (BX \ E) = 0, such that for all z = (b,x) € F, there are groups
M’ (z) such that the following hold:

(i) W2 C M'(z2);

(ii) M'(z)x = W.x = supp(v,) is a closed orbit, and v, is a M'(z)-invariant probability measure
which is ergodic for the action of W;

(iii) For z = (b,x) € B, M"(TX2) = by 'M'(2)b;.

(iv) If g satisfies * = gI'® then the group M = M(z,g) def g 'M'(2)g and its Zariski closure
M = M(z, g) satisfy that M is Q-algebraic subgroup of G and M is a finite-index subgroup
of M(Qs).

Since M(z, g) is defined over Q, it belongs to a collection which is at most countable. The
conjugacy class [M(z,g)] of M(z,g) depends only on z, and we denote it by [M(z)]. By (iii), the
assignment z — [M(z)] is constant along T -orbits. By ergodicity of the stationary measure v, the
conjugacy class [M(z)] is the same for fX-a.e. z. Since the collection of finite-index subgroups of
M(Qg) is also countable, the conjugacy class of M'(z) is the same for X-a.e. 2.

Proposition 11.1. Let M'(z)x = W,x as above, suppose M'(z) is not a unipotent group, and let
Up C M'(z) be a normal unipotent subgroup. Then Uy does not act ergodically on M'(z)x (with
respect to the M'(z)-invariant measure).

Proof. Let g € G° so that x = ¢gI'*. By a conjugation by g we can replace M’ with M. That
is, we can assume that z represents the identity coset and M’(z) is a subgroup of finite index in
M(Qg), for a Q-algebraic subgroup M C G. Let R = Rad, (M) denote the unipotent radical of

M. Since M'(z) is not unipotent, R is a proper subgroup of M, and is also defined over Q. Let

R dof ppr NR(Qg). Then R is normal in M’, contains Uy, and the orbit Rz is closed and is strictly

contained in M’z. Since R is normal, Uymz C Rmx = mRxz is a closed proper subset of M’z for
any m € M’'. In particular, the Up-action on M’z has no dense orbits, and hence the Up-action is
not ergodic. ]

We will need the following facts about the group U and its normalizer P.

Proposition 11.2. e For any proper Q-algebraic subgroup H C G, we have dim H < dim P.
e U is not contained in any unipotent abelian subgroup of larger dimension.

Proof. The first assertion can be inferred from the list of maximal subalgebras of simple Lie algebras,
due to Dynkin [Dyn57|. See [Stu91] or [OVG94, p. 187|. For the second assertion, note from [BT71]
that if V is a unipotent abelian group properly containing U, then after applying a conjugation we
can assume that V is a contained in the unipotent radical of a Borel subgroup of G. However, it
can be checked explicitly that U is maximal, as an abelian subgroup of the unipotent radical of the
Borel subgroup of G. O

For any ro € {1,...,dimP} and any o € S we define V/"°(o) and P(V""(0)) as in §7.2. Each

of the elements h; acts on each V(o) via the rf* exterior power of the Adjoint representation,

and hence on P(V/"(o)). The measure ji determines a random walk on V/\"(g). For o € S, each

h; acts trivially on V/\70(¢) and this random walk is trivial. For o € Sg; each h; acts in the same
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way on V" (g) and this random walk is deterministic, i.e., amounts to repeated application of one
map.

For each o, the stationary measure v on ‘%ﬁl gives rise to stationary measures (o) on V/"0(0)
and 2(o) on V/"0(o) as follows. Write m/ (z) for the Lie algebra of the projection of the Lie algebra
of M'(z) to the o-component g,. Let [m/(2)] € P(V/") denote the class of m/ (z), and let m/ (z)
denote a vector in [m/ (z)], whose length is equal to the volume of M’(z)x with respect to the
ro-dimensional volume on 2 dﬁ_l. Note that m/ (z) is uniquely defined up to +. This ambiguity will
not play any role in what follows.

Now define measures on P(V/\") by

def

vy = /5mg(z) dl/b(z)a and Vdﬁf/ybdﬁ(b)' (111)

oy déf/d[m;(z)} dvy(z), and ﬁdzef/ﬁbdﬁ(b)- (11.2)

Then v = v(o) (respectively o = (o)) is a fi-stationary measure on V(o) (respectively, on
P(V/ " (g))). By uniqueness of the disintegration into leafwise measures, the measures (o )pcp and
(Dp)pep are the systems of limit measures for 7 and .

Proof of Theorem 6.1. We assume that we are not in Case (2) of Theorem 6.1 and prove that we
must be in Case (1). Let r be the almost-sure value of dim M(z). Since we are not in Case (2), for
pX-almost every z we have M # G, and hence r < dim G. By the first item of Proposition 11.2 we
have r < dimP = d2 + d.

Assume first that » € {1,...,d}. We claim that in this case, for fX-a.e. z, the group M’(z) is
contained in W, Since M’(z) has a finite volume orbit through z, this will imply that for fX-a.e.
(b, ), vy is supported on points whose stabilizer in W5 is nontrivial. This implies that we are in
Case (1), completing the proof in this case.

In order to prove the claim, in view of (1.10) it suffices to show that for o € S, we have
m’ (z) C u,. By item (ii) of Lemma 7.3, we have that each i, is supported on P(W ")) = P(A" u,).
This implies that o is supported on P(A"u,) and 7 is supported on A" u,. The decomposition
(11.1) of 7, into Dirac masses now shows that for 3X-a.e. z, we have m/ (2) C u,. The claim now
follows via (1.10).

Now suppose r € {d +1,...,d> + d}. Let 0 € Sy. Consider again the measures o, 7, iy, 0
defined in (11.1) and (11.2). In this case, applying item (ii) of Lemma 7.3, we have that each 7y is
supported on P(W (). The definition of W) implies that for f¥-a.e. z,

Uy G m (2) Cpy, and hence W, C U, ¢ M. (2) C P,,.

Applying Proposition 11.1 we see that M’(z) is unipotent for a.e. z, and U, is a proper normal
subgroup of M/(z). Let C(z) denote the center of M’(z) and denote its projection to the place
0 € Sue by Cy(2). Since M’(z) is a unipotent group, the dim C'(z) > 0 has positive dimension, and
by standard facts about lattices in nilpotent groups (see [Rag72, Chap. 2|), the intersection of any
lattice in M'(z) with C(z) in a lattice in C(z), and in particular, contains nontrivial elements. In
particular, for 3X-a.e. z = (b,z), C(2) contains nontrivial elements belonging to the stabilizer of
x. Thus it suffices to show that C(z) C W™, and hence, from (1.10), that for ¢ € Sy we have
Cy(z) C U,. Suppose to the contrary that Cy(z) ¢ U,. Since M’(z) contains U, as a normal
subgroup, Cy(z)U, is an abelian unipotent group satisfying dim C,U, > dim U,. This contradicts
the second item of Proposition 11.2. ]
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