ON STABLE LATTICES AND THE DIAGONAL
GROUP

URI SHAPIRA AND BARAK WEISS

ABSTRACT. Inspired by work of McMullen, we show that any or-
bit of the diagonal group in the space of lattices accumulates on
the set of stable lattices. As consequences, we settle a conjecture
of Ramharter concerning the asymptotic behavior of the Mordell
constant, and reduce Minkowski’s conjecture on products of linear
forms to a geometric question, yielding two new proofs of the con-
jecture in dimensions up to 7. We also answer a question of Harder
on the volume of the set of stable lattices.

1. INTRODUCTION

Let n > 2 be an integer, let G SL,(R), ' SL,(Z), let A C G

be the subgroup of positive diagonal matrices and let L, “a /T be

the space of unimodular lattices in R". The purpose of this paper is
to present a dynamical result regarding the action of A on £,,, and to
present some consequences in the geometry of numbers.

A lattice x € L, is called stable if for any subgroup A C z, the
covolume of A in span(A) is at least 1. In particular the length of the
shortest nonzero vector in x is at least 1. Stable lattices have also been
called ‘semistable’, they were introduced in a broad algebro-geometric
context by Harder, Narasimhan and Stuhler [ , |, and were
used to develop a reduction theory for the study of the topology of
locally symmetric spaces. See Grayson | ] for a clear exposition.

Theorem 1.1. For any x € L,,, the orbit-closure Ax contains a stable
lattice.

Theorem 1.1 is inspired by a breakthrough result of McMullen | ].
Recall that a lattice in £,, is called well-rounded if its shortest nonzero
vectors span R™. In connection with his work on Minkowski’s conjec-
ture, McMullen showed that any bounded A-orbit intersects the set of
well-rounded lattices in £,,. The set of well-rounded lattices neither
contains, nor is contained in, the set of stable lattices, but the proof of

Theorem 1.1 closely follows McMullen’s strategy.
1
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We apply Theorem 1.1 to two problems in the geometry of numbers.
Let x € L, be a unimodular lattice. By a symmetric box in R" we
mean a set of the form [—ay,a1] X -+ X [—a,,a,], and we say that a
symmetric box is admissible for x if it contains no nonzero points of x
in its interior. The Mordell constant of x is defined to be

e Vol(B

k(x) © sup w, (1.1)
B 2"

where the supremum is taken over admissible symmetric boxes B, and

where Vol(B) denotes the volume of B. We also write

Ko inf{k(z) : z € L,}. (1.2)
The infimum in this definition is in fact a minimum, and, as with many
problems in the geometry of numbers it is of interest to compute the
constants k,, and identify the lattices realizing the minimum. However
this appears to be a very difficult problem, which so far has only been
solved for n = 2,3, the latter in a difficult paper of Ramharter | ].
It is also of interest to provide bounds on the asymptotics of x,, and
in | |, Ramharter conjectured that limsup,_,_ &y "™ > 0. As
a simple corollary of Theorem 1.1, we validate Ramharter’s conjecture,
with an explicit bound:

Corollary 1.2. For alln > 2,
Fin > 02 (1.3)

In particular

1

1/nlogn —1/2logn __ _—
Ky >n v
We remark that Corollary 1.2 could also be derived from McMullen’s
results and a theorem of Birch and Swinnerton-Dyer. In §4 we show
that the bound (1.3) is not optimal and explain how to obtain better
bounds, for all n which are not divisible by 4. We refer the reader to
[SW] for more information on the possible values of k(z),z € L,.
Our second application concerns Minkowski’s conjecture!, which posits
that for any unimodular lattice x, one has

1
sup inf [N(u —v)| < —, (1.4)

uERM veT 2”
where N(uq, ..., uq) o []; u;. Minkowski solved the question for n = 2
and several authors resolved the cases n < 5. In | ], McMullen

settled the case n = 6. In fact, using his theorem on the A-action

Tt is not clear to us whether Minkowski actually made this conjecture.
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on L,, McMullen showed that in arbitrary dimension n, Minkowski’s
conjecture is implied by the statement that any well-rounded lattice
x C R? with d < n satisfies

Vd

covrad(z) < DR (1.5)
where covrad(z) o max,cpd MiNye, [[u — v|| and || - || is the Euclidean
norm on R?. At the time of writing | |, (1.5) was known to hold
for well-rounded lattices in dimension at most 6, and in recent work of
Hans-Gill, Raka, Sehmi and Leetika | , ,RL], (1.5) has

been proved for well-rounded lattices in dimensions n = 7,8,9, thus
settling Minkowski’s question in those cases.

Our work gives two new approaches to Minkowski’s conjecture. A
direct application of Theorem 1.1 (see Corollary 5.1) shows that it
follows in dimension n, from the assertion that for any stable x € L,
(1.5) holds. Note that we do not require (1.5) in dimensions less than
n. Using the strategy of Woods and Hans-Gill et al, in Theorem 5.8
we define a compact subset KZS C R™ and a collection of 27! subsets
{W(Z)} of R". We show that the assertion KZS C |J; W(Z) implies
Minkowski’s conjecture in dimension n.

Secondly, an induction using the naturality of stable lattices, leads
to the following sufficient condition:

Corollary 1.3. Suppose that for some dimension n, for all d < n, any

stable lattice x € L4 which is a local mazimum of the function covrad,
satisfies (1.5). Then (1.4) holds for any x € L,,.

The local maxima of the function covrad have been studied in depth
in recent work of Dutour-Sikiri¢, Schiirmann and Vallentin | ],
who characterized them and showed that there are finitely many in
each dimension. These two approaches give two new strategies for
providing Minkowski’s conjecture. These two approaches give two new
proofs of the results in dimensions n < 7. give appropriate references
to Hans-Gill et al.

A significant difference between Theorem 1.1 and McMullen’s work
on well-rounded lattices, is that we do not need to assume that the
orbit Az is bounded. A natural question is whether McMullen’s result
is valid without the hypothesis that Ax is bounded, namely is it true
that the closure of any A-orbit in £,, (or even the orbit itself) contains
a well-rounded lattice? We answer these questions affirmatively for
closed orbits in §6. To this end we use results of Tomanov and the
second-named author | |, as well as a covering result (which we
learned from Michael Levin) generalizing one of the results of | I;
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this topological result appears to be well-known to experts, but in order
to keep this paper self-contained, we give the proof in the appendix.
For another perspective on this and related questions, see [’5].
Another natural question is to what extent stable lattices are typical
in £,,. The definition of stability may appear at first sight to be very
restrictive. Nevertheless in §7 we show that as n — oo, the probability
that a random lattice is stable tends to 1 (where the probability is
taken with respect to the natural G-invariant measure on £,). This
answers a question of G. Harder. In fact a stronger statement is true,
see Proposition 7.2. For the results of §7 we use Siegel’s approach to
measure volumes | ] and rely on computations of Thunder | ]-
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Hans-Gill, Giinter Harder, Gregory Minton and Gerhard Ramharter for
useful discussions. The authors’ work was supported by ERC starter
grant DLGAPS 279893 and ISF grant 190/08.

2. ORBIT CLOSURES AND STABLE LATTICES

Given a lattice z € £,, and a subgroup A C z, we denote by r(A) the
rank of A and by |A| the covolume of A in the linear subspace span(A).
Let

V(x) o {|A|ﬁ A C x} :
a(z) € min V(z). (2.1)

Since we may take A = x we have a(z) < 1 for all x € £,,, and z is
stable precisely if a(x) = 1. Observe that V() is a countable discrete
subset of the positive reals, and hence the minimum in (2.1) is attained.
Also note that the function « is a variant of the ‘length of the shortest
vector’; it is continuous and the sets {x : a(z) > €} are an exhaustion
of L£,, by compact sets.

We begin by explaining the strategy for proving Theorem 1.1, which
is identical to the one used by McMullen. Following | |, for a
lattice z € X and € > 0 we define an open cover U** = {U;“},_, of
the diagonal group A, where if a € U;° then a(ax) is ‘almost attained’
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by a subgroup of rank k. In particular, if @ € U?° then az is ‘almost
stable’. The main point is to show that for any € > 0, U>*® # @; for
then, taking e; — 0 and a; € A such that a; € U™, we find (passing
to a subsequence) that a;z converges to a stable lattice.

In order to establish that U* # @&, we apply a topological result of
McMullen (Theorem 3.3) regarding open covers which is reminiscent
of the classical result of Lebesgue that asserts that in an open cover
of Euclidean n-space by bounded balls there must be a point which
is covered n + 1 times. We will work to show that the cover U**
satisfies the assumptions of Theorem 3.3. We will be able to verify
these assumptions when the orbit Az is bounded. In §2.1 we reduce
the proof of Theorem 1.1 to this case.

2.1. Reduction to bounded orbits. Using a result of Birch and
Swinnerton-Dyer, we will now show that it suffices to prove Theo-
rem 1.1 under the assumption that the orbit Ax C L, is bounded;
that is, that Az is compact. In this subsection we will denote A, G by
A,, G, as various dimensions will appear.

For a matrix g € G,, we denote by [g] € L, the corresponding lattice.
If

[%1 * X
g=|Y * o (2.2)
: . *

where g; € G, for each ¢, then we say that g is in upper triangular
block form and refer to the g;’s as the diagonal blocks. Note that when
writing GG in upper triangular block form, we insist that each g; is of
determinant one.

Lemma 2.1. Let x = [g] € L, where g is in upper triangular block
form as in (2.2) and for each 1 <i <k, [g;] is a stable lattice in L,,.
Then x s stable.

Proof. By induction, in proving the Lemma we may assume that £ = 2.
Let us denote the standard basis of R™ by eq,...,e,, and let us write
n=n +ns Vi def span {eq,..., e, }, ngg span{e,, +1...,€,}, and
let 7 : R™ — V5 be the natural projection. By construction we have
eNVi = [g1], 7(x) = [g2]-

Let A C x be a subgroup, write A; AN V1 and choose a direct
complement Ay C A, that is

A=A+ Ay ArNAs = {0}
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We claim that
Al = Ay - |7 (Ag)] . (2.3)

To see this we recall that one may compute |A| via the Gram-Schmidt
process. Namely, one begins with a set of generators v; of A and
successively defines u; = v; and u; is the orthogonal projection of v;
on span(vy,...,v;_1)". In these terms, |[A| = [1; l[wll- Since 7 is an
orthogonal projection and A N V; is in kerm, (2.3) is clear from the
above description.

The discrete subgroup A;, when viewed as a subgroup of [¢1] € £,
satisfies |A;| > 1 because [g1] is assumed to be stable. Similarly
m(Ag) C [go] € L, satisfies |1(Ag)| > 1, hence |[A| > 1. O

Lemma 2.2. Let v € L, and assume that Ax contains a lattice [g]
with g of upper triangular block form as in (2.2). For each 1 < i <k,
suppose [h;] € An, [gi] C Ln,. Then there exists a lattice [h] € Az such
that h has the form (2.2) with h; as its diagonal blocks.

Proof. Let € be the set of all lattices [g] of a fixed triangular form as
in (2.2). Then Q is a closed subset of £,, and there is a projection

T Loy X x Ly, 7([g]) = (91, - - [g8])-

The map 7 has a compact fiber and is equivariant with respect to the
action of A% Ap, X -+ x A,,. By assumption, there is a sequence
a; = (agj), . 7@}(3’)) . a? € A, in A such that a”[g;] — [hs], then

after passing to a subsequence, a;[g] — [h] where h has the required

properties. Since Az D A[g], the claim follows. O

Lemma 2.3. Let x € L,,. Then there is [g] € Ax such that, up to a
possible permutation of the coordinates, g is of upper triangular block
form as in (2.2) and each Ay, [g:] C L, is bounded.

Proof. If the orbit Ax is bounded there is nothing to prove. According
to Birch and Swinnerton-Dyer | ], if Az is unbounded then Az
contains a lattice with a representative as in (2.2) (up to a possible
permutation of the coordinates) with & = 2. Now the claim follows
using induction and appealing to Lemma 2.2. U

Proposition 2.4. It is enough to establish Theorem 1.1 for lattices
having a bounded A-orbit.

Proof. Let « € L,, be arbitrary. By Lemma 2.3, Az contains a lattice
[g] with g of upper triangular block form (up to a possible permu-
tation of the coordinates) with diagonal blocks representing lattices
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with bounded orbits under the corresponding diagonal groups. As-
suming Theorem 1.1 for lattices having bounded orbits, and applying
Lemma 2.2 we may take g whose diagonal blocks represent stable lat-
tices. By Lemma 2.1, [g] is stable as well. O

2.2. Some technical preparations. We now discuss the subgroups
of a lattice « € £,, which almost attain the minimum a(z) in (2.1).

Definition 2.5. Given a lattice z € £,, and § > 0, let
Ming () o {A Cx: |A|ﬁ <(1+ 5)a(m)} :
V() &f span Ming(x),
dimg(z) © dim V().
We will need the following technical statement.

Lemma 2.6. For any p > 0 there exists a neighborhood of the identity
W C G with the following property. Suppose 2p < 6y < d+ 1 and
suppose x € L, such that dims,_,(z) = dims,4,(x). Then for any
g €W and any 6 € (6o — 5,00 + §) we have

Vi(gz) = g Vs, (2). (2.4)
In particular, there is 1 < k < n such that for any g € W and any
6 € (60— 5,00+ %), dims(gz) = k.

Proof. Let ¢ > 1 be chosen close enough to 1 so that for 2p < §y < d+1
we have

1+6d0— %

02<1+50—|—g)<1+(50+,0 and > Z2>1+46 —p. (2.5)
c

Let W be a small enough neighborhood of the identity in G, so that
for any discrete subgroup A C R™ we have

gEW = AT < [gA|ToT <Al . (2.6)
Such a neighborhood exists since the linear action of G on @) _, /\]1€ R™
is continuous, and since we can write |A| = ||vy A -+ A v,|| where
v1,..., 0 is a generating set for A. It follows from (2.6) that for any
x € L, and g € W we have

cta(z) < a(gr) < ca(z). (2.7)

Let § € (50 — 5,00+ g) and g € W. We will show below that
gMing,_,(x) C Ming(gz) C g Ming,4,(z). (2.8)

Note first that (2.8) implies the assertion of the Lemma; indeed, since
Vs, () C Vg, (x) for 41 < d2, and since we assumed that dims,_,(z) =
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dimgy4,(z), we see that Vi (z) = Vs(x) for o —p < 9§ < o+ p. So
by (2.5), the subspaces spanned by the two sides of (2.8) are equal to
gVs,(x) and (2.4) follows.
It remains to prove (2.8). Let A € Ming,_,(z). Then we find
1 (2.6) 1
GA[TT 'S AT < (146 — paf)

(2.5) 2.7

< c! (1 +do — g) a(x) (<) (14 0)a(gx).
By definition this means that gA € Ming(gx) which establishes the
first inclusion in (2.8). The second inclusion is similar and is left to the
reader. U

2.3. The cover of A. Let x € £,, and let ¢ > 0 be given. Define
U= = {U;};_, where

U~ oo {a € A : dims(az) = k for 0 in a neighborhood of ke}. (2.9)

Theorem 2.7. Let x € L,, be such that Ax is bounded. Then for any
e€(0,1), U +£ @.

In this subsection we will reduce the proof of Theorem 1.1 to Theo-
rem 2.7. This will be done via the following statement, which could be
interpreted as saying that a lattice satisfying dims(z) = n is ‘almost
stable’.

Lemma 2.8. For each n, there exists a positive function (6) with
W(9) —s5-0 0, such that for any x € L,

{Ai}le C Mln(;(.%) — A +---+AN € Mmd,((g)(:c) (210)
In particular, if dimg(z) = n then a(x) > (1 + ()~ .

Proof. Let A, A’ be two discrete subgroups of R?. The following in-
equality is straightforward to prove via the Gram-Schmidt procedure
for computing |Al:

A [A]
IANA|
Here we adopt the convention that [A N A’| = 1 when ANA" = {0}. Let
x € L, and let {A;}/_, C Min,(z). Assume first that £ < n. We prove
by induction on /¢ the existence of a function (0) 2280 for which
A+ -+ Ay € Ming,5)(z). For £ =1 one can trivially pick ¢,(6) = 6.
Assuming the existence of ¢,_1, set A = Ay, AN = Ay +--- + Ay,

A+ M| < (2.11)
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a = a(z) and note that r(A + A') = r(A) +r(A) —r(ANA). We
deduce from (2.11) and the definitions that

AL A _ (L4 8)a)™ (L + ¢ (8))a) ™

|A N A’| — o (ANAY)

= (14 8)" ™ (1 4 ghy_1 (8))r M) @rA+A), (2.12)

A+ A <

Hence, if we set

e(8) = max ((1 +0) M1+ wm(s))m) pemu il L

where the maximum is taken over all possible values of r(A), 7(A’), r(A+
A’) then vy(d) — 50 0 and (2.12) implies that A+ A" € Miny, ) (z) as
def

desired. We take ¥(6) = max}_, 1¢(d). Now if £ > n one can find a sub-
sequence 1 < iy < ig--- < iy < n such that T(Zle A;) = T’(Z?Zl As;)
and in particular, ijl Ay, is of finite index in S A;. From the first
part of the argument we see that Z?Zl A;, € Miny s (z) and as the co-
volume of Y2¢_, A; is not larger than that of Z;.lzl A;; we deduce that

25:1 A; € Minw((s) (SL’) as well.
To verify the last assertion, note that when dims(x) = n, (2.10)
implies the existence of a finite index subgroup 2z’ of x belonging to

Minys)(z). In particular, 1 < |a:’|% < (1+¢(d))a(z) as desired. O

Proof of Theorem 1.1 assuming Theorem 2.7. By Proposition 2.4 we may
assume that Az is bounded. Let ¢; € (0,1) so that £; —; 0. By Theo-
rem 2.7 we know that U, # &. This means there is a sequence a; € A
such that dimg,(a;xz) = n where §; = ne; — 0. The sequence {a;zr} is
bounded, and hence has limit points, so passing to a subsequence we

let 2/ % lim a;x. By Lemma 2.8 we have

1 > limsup a(a;z) > liminf a(a;x) > lim(1 4+ ¢(5;)) " =1,
j j J

which shows that lim; a(a;x) = 1. The function « is continuous on £,
and therefore a(z’') = 1, i.e. 2/ € Ax is stable. O

3. COVERS OF EUCLIDEAN SPACE

In this section we will prove Theorem 2.7, thus completing the proof
of Theorem 1.1. Our main tool will be McMullen’s Theorem 3.3. Before
stating it we introduce some terminology. We fix an invariant metric

on A, and let R > 0 and k € {0,...,n — 1}.
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Definition 3.1. We say that a subset U C A is (R, k)-almost affine
if it is contained in an R-neighborhood of a coset of a connected k-
dimensional subgroup of A.

Definition 3.2. An open cover U of A is said to have inradius r > 0
if for any a € A there exists U € U such that B,(a) C U, where B,(a)
denotes the ball in A of radius r around a.

Theorem 3.3 (Theorem 5.1 of | ). LetU be an open cover of A
with inradius v > 0 and let R > 0. Suppose that for any 1 <k <n-—1,
every connected component V' of the intersection of k distinct elements
of U is (R, (n—1—k))-almost affine. Then there is a point in A which
belongs to at least n distinct elements of U. In particular, there are at
least n distinct non-empty sets in U.

The hypotheses of McMullen’s theorem were slightly weaker but the
version above is sufficient for our purposes. We give a different proof
of Theorem 3.3 in this paper; namely it follows from the more general
Theorem 6.2, which is proved in Appendix A.

3.1. Verifying the hypotheses of Theorem 3.3. Below we fix a
compact set K C L, and a lattice x for which Az C K. Furthermore,
we fix € > 0 and denote the collection U** defined in (2.9) by U =

{Uities-

Lemma 3.4. The collection U forms an open cover of A with positive
nradius.

Proof. The fact that the sets U; C A are open follows readily from
the requirement in (2.9) that dims is constant in a neighborhood of
0 = ke. Given a € A, let 1 < kg < n be the minimal number £ for
which dim 1 je(ax) < k (this inequality holds trivially for k = n).
From the minimality of kg we conclude that dimgs(ax) = ko for any
o€ [(ko — %) £, (k:o + %) 5]. This shows that a € Uy, so U is indeed a
cover of A.

We now show that the cover has positive inradius. Let W C G be the

open neighborhood of the identity obtained from Lemma 2.6 for pdéf 5

Taking d def koe we find that forany g € W, 6 € ((ko — %1) g, (ko + %) E)
we have that dims(gax) = ko. This shows that (W N A)a C Uy,. Since
W N A is an open neighborhood of the identity in A and the metric on
A is invariant under translation by elements of A, there exists r > 0
(independent of kg and a) so that B,(a) C Uy,. In other words, the
inradius of U is positive as desired. O
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The following will be used for verifying the second hypothesis of
Theorem 3.3.

Lemma 3.5. There exists R > 0 such that any connected component
of Uy is (R, k — 1)-almost affine.

Definition 3.6. For a discrete subgroup A C R? let
c(A) ¥ inf {|aA|1/k La€ A} :
and say that A is incompressible if ¢(A) > 0.
Lemma 3.5 follows from:

Theorem 3.7 (] , Theorem 6.1]). For any positive ¢,C" there
exists R > 0 such that if A C R™ is an incompressible discrete subgroup

of rank k with ¢(\) > ¢ then {a € A:laA|"F < C} is (R, j)-almost
affine for some j < ged(k,n) — 1.

Proof of Lemma 3.5. We first claim that there exists ¢ > 0 such that
for any discrete subgroup A C x we have that ¢(A) > c¢. To see
this, recall that Az is contained in a compact subset K, and hence
by Mahler’s compactness criterion, there is a positive lower bound on
the length of any non-zero vector belonging to a lattice in K. On the
other hand, Minkowski’s convex body theorem shows that the shortest
nonzero vector in a discrete subgroup A C R” is bounded above by a
constant multiple of |[A|'/"(™). This implies the claim.

In light of Theorem 3.7, it suffices to show that there is C' > 0 such
that if V' C U}, is a connected component, then there exists A C x such

that V C {a cA: |aA|1/k < C}. For any 1 < k < n, write gr,, for the
Grassmannian of k-dimensional subspaces of R™. Define

MUy — gry, M(a) = a 'V (az).
Observe that M is locally constant on Uy. Indeed, by definition of Uy,

for ay € Uy there exists 0 < p < § such that dims(apz) = k for any
0 € (ke — p,ke + p). Applying Lemma 2.6 for the lattice apx with p
and dy = ke we see that for any a in a neighborhood of the identity in

A,

def

M aay) = ay'a Vi (aapr) = ay ' Vi (agz) = M(ap).

Now let A% 2N M(a) where a € V; A is well-defined since M is

locally constant. Then for a € V/,
al = a(x N M(a)) = a(z Na 'V (ar)) = ax N Vi (ax).
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By Lemma 2.8 we have that
laA|Y* = |az N Vie(az)|Y* < (1 + (ke))alaz).

Since a(ax) < 1 we may take c¥ +1(ke) to complete the proof. [

Proof of Theorem 2.7. Assume by contradiction that Az is bounded
but U>¢ = & for some ¢ € (0,1). Then by Lemma 3.4,

UE {Uy,..., Uy}, where U; & UT*,
is a cover of A of positive inradius. Moreover, if V is a connected
component of U;, N---NU;, with j; <--- <ji <n—1, then V}; C Uj,
and 7; < n—k. Soin light of Lemma 3.5, the hypotheses of Theorem 3.3
are satisfied. We deduce that U = {Uy,...,U,_1} contains at least n
elements, which is impossible. 0

4. BOUNDS ON MORDELL’S CONSTANT

In analogy with (2.1) we define for any z € £,, and 1 < k < n,
V() & {|A|1/’“<A> A Ca,r(A) = k;} , (4.1)

ap(z) & min V(). (4.2)
The following is clearly a consequence of Theorem 1.1:

Corollary 4.1. For any x € L,, any e > 0 and any k € {1,...,n}
there is a € A such that ag(ax) > 1 —¢.

As the lattice x = Z" shows, the constant 1 appearing in this corol-
lary cannot be improved for any k. Note also that the case k£ = 1
of Corollary 4.1, although not stated explicitly in | |, could be
derived easily from McMullen’s results in conjunction with | .

Proof of Corollary 1.2. Since the A-action maps a symmetric box B to
a symmetric box of the same volume, the function x : £, — R in (1.1)
is A-invariant. By the case k = 1 of Corollary 4.1, for any € > 0 and
any x € L, there is a € A such that ax does not contain nonzero
vectors of Euclidean length at most 1 — ¢, and hence does not contain

nonzero vectors in the cube [— (\/Lﬁ — 5) , (\/Lﬁ — 5)] . This implies

1" :
that k(z) > (Tﬁ) , as claimed. O

We do not know whether the bound s, > n~"™/? is asymptotically
optimal. However, it is not optimal for any fixed dimension n:

Proposition 4.2. For any n, s, > n~"/2.
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Proof. 1t is clear from the definition of the functions x and a4, that if
xj — xo in L, then
k(xo) < liminf k(z;) and og(xe) > limsup ag(z;).
J J

A simple compactness argument implies that the infimum in (1.2) is
attained, that is there is x € £,, such that x, = r(z); moreover, for
any xo € Az, k(xg) = k() = K,. Using the case k = 1 of Corollary 4.1,
we let zg be a stable lattice in Az such that ag(zg) > 1. That is, zg
contains no vectors in the open unit Euclidean ball, so the open cube

n
c <—\/Lﬁ, \%) is admissible. Moreover, the only possible vectors

in g on 0 C are on the corners of C', so there is € > 0 such that the
n—1

box "% (—\/Lﬁ, \%) X (— (\/Lﬁ + 5) 7\% + 6) is also admissible.

Taking closed boxes B C C” with volume arbitrarily close to that of C”,

we see that

Vol(C”)

—n/2
> .
on n

Kn = K(Tg) >
]

Our next goal is Corollary 4.6 which gives an explicit lower bound
on K, which improves (1.3) for n congruent to 1 mod 4. To obtain
our bound we treat separately lattices with bounded or unbounded
A-orbits. If Az is unbounded we bound s(x) by using an inductive
procedure and the work of Birch and Swinnerton-Dyer, as in §2.1. In
the bounded case we use arguments of McMullen and known upper
bounds for Hadamard’s determinant problem. Our method applies
with minor modifications whenever n is not divisible by 4. We begin
with an analogue of Lemma 2.1.

Lemma 4.3. Suppose x = [g] € L, with g in upper triangular block
form as in (2.2). Then r(z) > TI5k(lg]). In particular r(z) >

[Tin "
Tl

Proof. By induction, it suffices to prove the Lemma in case k£ = 2. In
this case there is a direct sum decomposition R" = Vi @ V5 where the
V; are spanned by standard basis vectors, and if we write 7 : R” — 1,
for the corresponding projection, then [g;] = x N V4, [g2] = w(x). Write

k() déf/{([gi]). Then for € > 0, there are symmetric boxes B; C V; such
that B; is admissible for [¢;] and
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We claim that B By x By is admissible for x. To see this, suppose
u € x N B. Since 7(u) € By and By is admissible for m(x) = [go] we
must have w(u) = 0, i.e. w € xNV) = [g1]; since By is admissible for
[g1] we must have u = 0.

This implies

k(z) > 2"Vol(B) = 2™ Vol(By) - 2 Vol(By) > (kM — ) (k® —¢),
and the result follows taking ¢ — 0. U

Corollary 4.4. If x € L, is such that Ax is unbounded then
k(x) > (n—1)~"=D/2, (4.3)

Proof. 1f Az is unbounded then by | |, up to a permutation of
the axes, there is 2/ € Aw so that 2’ = [g] is in upper triangular form,
with & > 2 blocks. Let the corresponding parameters as in (2.2) be
n=mny+---+ng Since k(x) > k(a'), by Lemma 4.3 it suffices to prove

that
k

11 LI L (4.4)

i=1 T4 (n

It is easy to check that for j =1,...,n —1,

n—1
2

=T < (=17,
and the case k = 2 of (4.4) follows. The general case follows by induc-
tion on k. O

To treat the bounded orbits we will use known bounds on the Hadamard
determinant problem, which we now recall. Let

ho < sup {|det(ay)| : Vi, j € {1,...,n}, ay| <1}.  (4.5)

Hadamard showed that h, < n"/? and proved that this bound is not
optimal unless n is equal to 1,2 or is a multiple of 4. Explicit upper
bounds for such n have been obtained by Barba, Ehlich and Wojtas

(see | , 1.

Proposition 4.5. If x € £,, has a bounded A-orbit then x(z) > %

Sketch of proof. Let € > 0. There is p < oo such that the L” norm and
the L*> norm on R™ are 1 4 e-biLipschitz; i.e. for any v € R"”,

[l
Tr e < lolle < L +e)folly. (4.6)
In | |, McMullen showed that the closure of any bounded A-orbit

contains a well-rounded lattice, i.e. a lattice whose shortest nonzero
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vectors span R™. In McMullen’s paper, the length of the shortest vec-
tors was measured using the Euclidean norm, but McMullen’s argu-
ments apply equally well to the shortest vectors with respect to the LP
norm. Thus there is a € A and vectors vy, ...,v, € axr spanning R",
such that fori=1,...,n,

|l € [r, (1 +&)r].
Here r is the length, with respect to the LP-norm, of the shortest
nonzero vector of ax. Using the two sides of (4.6) we find that ax
contains an admissible symmetric box of sidelength /(1 + ¢), and the
L> norm of the v; is at most (1 + €)?r. Let A be the matrix whose

columns are the v;. Since the v; span R", det A # 0, and since x is
unimodular, | det A| > 1. Recalling (4.5) we find that

1 <|det Al < ((14¢)*)r)" hn,
and by definition of x we find
r n
= > .
k(z) = k(azx) > <1 +6>
1

Putting these together and letting ¢ — 0 we see that x(z) > 7o, s

claimed. 0

Corollary 4.6. Ifn > 5 is congruent to 1 mod 4, then
1

V2n —1(n —1)(n-1/2°

Proof. The right hand side of (4.7) is clearly smaller than the right hand
side of (4.3). Now the claim follows from Corollary 4.4 and Proposition
4.5, using Barba’s bound

hy < V20 —1(n —1)"1/2 (4.8)
O

The same argument applies in the other cases in which n is suffi-
ciently large and is not divisible by 4, since in these cases there are
explicit upper bounds for the numbers h,, which could be used in place

(4.8).

(4.7)

Kn 2

5. TWO STRATEGIES FOR MINKOWSKI’'S CONJECTURE

We begin by recalling the well-known Davenport-Remak strategy for
proving Minkowski’s conjecture. The function N(u) = []} u; is clearly
A-invariant, and it follows that the quantity

N(z) ' gup inf |N(u—v)]

uER™ vex
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appearing in (1.4) is A-invariant. Moreover, it is easy to show that
if 2, — x in £, then N(x) > limsup, N(z,). Therefore, in order to
show the estimate (1.4) for 2’ € L,,, it is enough to show it for some
x € Ax’. Suppose that z satisfies (1.5) with d = n; that is for every
u € R" there is v € x such that [|u — v| < \/77‘ Then applying the
inequality of arithmetic and geometric means one finds

n
H |uz z Z |uz U7,|2 < n
1

which implies |[N(u — v)| < 55. The upshot is that in order to prove
Minkowski’s conjecture, it is enough to prove that for every 2’ € L,
there is z € Ax satisfying (1.5). So in light of Theorem 1.1 we obtain:

Corollary 5.1. If all stable lattices in L,, satisfy (1.5), then Minkowski’s
congecture is true in dimension n.

In the next two subsections, we outline two strategies for establishing
that all stable lattices satisfy (1.5). Both strategies yield affirmative
answers in dimensions n < 7, thus providing new proofs of Minkowski’s
conjecture in these dimensions.

5.1. Using Korkine-Zolotarev reduction. Korkine-Zolotarev reduc-
tion is a classical method for choosing a basis vy,...,v, of a lattice
x € L,. Namely one takes for v; a shortest nonzero vector of x and
denotes its length by A;. Then, proceeding inductively, for v; one takes
a vector whose projection onto (span(vi,...,v;_1))* is shortest (among
those with nonzero projection), and denotes the length of this projec-
tion by A;. In case there is more than one shortest vector the process is
not uniquely defined. Nevertheless we call Ay,..., A, the diagonal KZ
coefficients of x (with the understanding that these may be multiply
defined for some measure zero subset of £,). Since x is unimodular we

always have
[T4=1 (5.1)

Korkine and Zolotarev proved the bounds

3 2
A12+1 > ZA127 A22+2 314?- (5-2)
A method introduced by Woods | | and developed further in

[ | leads to an upper bound on covrad(z) in terms of the di-
agonal KZ coefficients. The method relies on the following estimate.
Below , % sup,c,, i1(z), where o is defined via (4.1), that is, 472 is
the so-called Hermite constant.
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Lemma 5.2 (Woods). Suppose that x is a lattice in R™ of covolume

d, and suppose that 2A7 > dyit. Then
A2n+2
covrad®(z) < A? — L

2.2n+2"
d 7n+1

Woods also used the following observation:

Lemma 5.3. Let x be a lattice in R™, let A be a subgroup, and let A
denote the projection of x onto (spanA)t. Then

covrad®(z) < covrad®(A) + covrad®(A’)
As a consequence of Lemmas 5.2 and 5.3, we obtain:

Proposition 5.4. Suppose Ay, ..., A, are diagonal KZ coefficients of

x € L, and suppose ny,...,n; are positive integers withn =n; +---+
ng. Set
my; déf nq + -+ n; and dz déf H Aj. (53)
j=m;_1+1
If
for each 7, then
2 m;_1+1
covrad (ZE’) S Z (Azni—1+1 - d2—nz1+1> (55)
i=1 i Tni+1
Proof. Let vy, ..., v, be the basis of x obtained by the Korkine Zolotarev
reduction process. Let A; be the subgroup of z generated by vy, ..., vy,
and for i = 2,...,k let A; be the projection onto (" A;)* of the
subgroup of z generated by v, ,41,...,Vm,. This is a lattice of di-

mension m;, and arguing as in the proof of (2.3) we see that it has
covolume d;. The assumption (5.4) says that we may apply Lemma 5.2
to each A;. We obtain

2n;+2
9 9 mi—1+1
covrad™(Ai) < A, 1 — oot
i Yni+1

for each i, and we combine these estimates using Lemma 5.3 and an
obvious induction. 0

Remark 5.5. Note that it is an open question to determine the num-
bers v, ; however, if we have a bound 7,, > 7, we may substitute it into
Proposition 5.4 in place of 7, as this only makes the requirement (5.4)
stricter and the conclusion (5.5) weaker.
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Our goal is to apply this method to the problem of bounding the
covering radius of stable lattices. We note:

Proposition 5.6. If x is stable then we have the inequalities

A >1, AjA>1, 0 A A > L (5.6)
Proof. In the above terms, the number A --- A; is equal to |A| where
A is the subgroup of z generated by vy, ..., ;. O

This motivates the following:

Definition 5.7. We say that an n-tuple of positive real numbers A4, ..., A,
is KZ stable if the inequalities (5.1), (5.2), (5.6) are satisfied. We denote
the set of KZ stable n-tuples by KZS.

Note that KZS is a compact subset of R”. Recall that a composition
of n is an ordered k-tuple (ni,...,ny) of positive integers, such that
n =mny;+ ...+ n, As an immediate application of Corollary 5.1 and
Propositions 5.4 and 5.6 we obtain:

Theorem 5.8. For each composz'tz’onl’déf (n1,...,ng) ofn, definem;,d;
by (5.3) and let W(Z) denote the set

| : N
{(Al, oo Ap) Vi, (5.4) holds, and Z (A?m_ﬁl — dQZ—;ZH < % .

+1
i=1 z’yni—l-l
If

KzS c [ Jw(T) (5.7)

then Minkowski’s conjecture holds in dimension n.

Rajinder Hans-Gill has informed the authors that using arguments
as in | , |, it is possible to verify (5.7) in dimensions up
to 7, thus reproving Minkowski’s conjecture in these dimensions.

5.2. Local maxima of covrad. The aim of this subsection is to prove
Corollary 1.3, which shows that in order to establish that all stable
lattices in R™ satisfy the covering radius bound (1.5), it suffices to
check this on a finite list of lattices in each dimension d < n.

The function covrad : £,, — R may have local maxima, in the usual
sense; that is, lattices x € L£,, for which there is a neighborhood U of x
in £,, such that for all 2’ € U we have covrad(z’) < covrad(z). Dutour-
Sikirié¢, Schiirmann and Vallentin | | gave a geometric charac-
terization of lattices which are local maxima of the function covrad,
and showed that there are finitely many in each dimension. Corollary
1.3 asserts that Minkowski’s conjecture would follow if all local maxima
of covrad satisfy the bound (1.5).
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Proof of Corollary 1.53. We prove by induction on n that any stable
lattice satisfies the bound (1.5) and apply Corollary 5.1. Let S denote
the set of stable lattices in £,. It is compact so the function covrad
attains a maximum on S, and it suffices to show that this maximum is
at most \/TE Let x € S be a point at which the maximum is attained.
If = is an interior point of & then necessarily x is a local maximum for
covrad and the required bound holds by hypothesis. Otherwise, there
is a sequence x,, — z such that x,, ¢ S; thus each z,, contains a discrete
subgroup A, with |[A,| < 1. Passing to a subsequence we may assume
that that the rank of A,, is the same for all n, and A, converges to a

discrete subgroup A of x. Since z is stable we must have |A| = 1. Let

7 : R™ — (spanA)® by the orthogonal projection and let A’ défw(x).

It suffices to show that both A and A’ are stable. Indeed, if this
holds then by the induction hypothesis, both A and A’ satisfy (1.5) in
their respective dimensions, and by Lemma 5.3, so does z. To see that
A is stable, note that any subgroup Ag C A is also a subgroup of z,
and since z is stable, it satisfies |Ag| > 1. To see that A’ is stable, note

that if Ag C A’ then Kgdéfx N7~ (Ag) is a discrete subgroup of x so

satisfies \ANOI > 1. Since |A| = 1 and 7 is orthogonal, we argue as in
the proof of (2.3) to obtain

1< [Aof = |A]- |Ao] = [Aol,
so A’ is also stable, as required. 0

In | ], it was shown that there is a unique local maximum
for covrad in dimension 1, none in dimensions 2-5, and a unique one
in dimension 6. Local maxima of covrad in dimension 7 are classified
in the manuscript [ |; there are 2 such lattices. Thus in total, in
dimensions n < 7 there are 4 local maxima of the function covrad. We
were informed by Mathieu Dutour-Sikiri¢ that these lattices all satisfy
the covering radius bound (1.5). Thus Corollary 1.3 yields another
proof of Minkowski’s conjecture, in dimensions n < 7. In | , 87],
an infinite list of lattices (denote there by [L,, @,]) is defined. The list
consists of one lattice in each dimension n > 6, each of which is a local
maximum for the function covrad, and satisfies the bound (1.5). It is
expected that for each n, this lattice has the largest covering radius
among all local maxima in dimension n. In light of Corollary 1.3, the
validity of the latter assertion would imply Minkowski’s conjecture in
all dimensions.
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6. CLOSED A-ORBITS AND WELL-ROUNDED LATTICES

It is an immediate consequence of Theorem 1.1 that any closed A-
orbit contains a stable lattice. The purpose of this section is to show
that the same is true for the set of well-rounded lattices. Note that
this was proved by McMullen for compact orbits but for general closed
orbits, does not follow from his results. Our proof relies on previous
work of Tomanov and the second-named author | ], on [SW], and
on a covering result (communicated to the authors by Michael Levin),
whose proof is given in the appendix to this paper.

Theorem 6.1. For any n, any closed orbit Ax C L, contains a well-
rounded lattice.

We will require the following topological result which generalizes
Theorem 3.3. Let s,t be natural numbers, and let A denote the s-
dimensional simplex, which we think of concretely as conv(ey, ..., es1).

We will discuss covers of M % A x R?, and give conditions guarantee-
ing that such a cover must cover a point at least s + ¢ 4 1 times.

For j = 1,...,5+ 1 let F; be the face of A opposite to e;, that is

F; = conv(e; : i # j). Also let M; o

subset of M.

F; x R" be the corresponding

Theorem 6.2. Suppose that U is a cover of M by open sets satisfying
the following conditions:
(i) For any connected component U of any element of U there exists
J such that UNM; = @.
(1) There is R so that for any connected component U of the inter-
section of k < s+t distinct elements of U, the projection of U to
R is (R, s+t — k)-almost affine.
Then there is a point of M which is covered at least s +t + 1 times.

Note that hypothesis (ii) is trivially satisfied when k& < s, since any
subset of R" is (1,¢)-almost affine. Note also that Theorem 3.3 is the
case s = 0 of this statement. We give the proof of Theorem 6.2 in the
appendix.

We will need some preparations in order to deduce Theorem 6.1 from
Theorem 6.2. For 1 < d < n, let

1<y < <ig<n}

denote the collection of multi-indices of length d and for J = (i1, ...,i4) €

I let e, o ei, \---Ne;,. We equip /\il R™ with the inner product with
respect to which {e;} is an orthonormal basis, and denote by &, the
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quotient of /\f R™ by the equivalence relation w ~ —w. Given a sub-
space L C R™ with dim L = d, we denote by w;, € &, the image of a
vector of norm one in /\‘11 L. If A C R" is a discrete subgroup of rank
d, we denote by wp € &4, the image of the vector vy A --- A vy, where
{Ui}‘f forms a basis for A. The reader may verify that these vectors are
well-defined and satisfy wa = |AJwy, where L = spanA. We denote the
natural action of G' on &;,, arising from the d-th exterior power of the
linear action on R™, by (g,w) — gw. Given a subspace L C R" and a

discrete subgroup A we set
A, Y

Note that the requirement aw; = wy, is equivalent to saying that al =
L and det(a|;) = 1. Given a flag

F={0G L1 & & Ly & R"} (6.1)

. def
, F = . .
(not necessarily full), let A (; Ar,. The support of an element

w € &, is the subset of Ijj for which the corresponding coefficients of an

{a € A:awy, =wr} and AAdéf{a € A:awy = wyp}.

element of /\d R™ representing w are nonzero, and we write supp(L) or
supp(A) for the supports of wy, and wy. For J = {iy <--- < iy} € I},

set RV & span(e;;) and define the multiplicative characters

Y71 AR xsla) X det(alp).
Then for any subspace L C R",

AL = ﬂ keI'XJ (62)

Jéesupp(L)

(and similarly for discrete subgroups A). As in §3 we fix an invariant
metric on A. In order to verify hypothesis (ii) of Theorem 6.2, we will
need the following lemmas (cf. | , Theorem 6.1]):

Lemma 6.3. Let T C A be a closed subgroup and let x € L, be a
lattice with a compact T'-orbit. Then for any C' > 0 there exists R > 0
such that for any collection {A;} of subgroups of x, there exists b € A
such that

{a € T :Vi ||awy,|| < C} C R-neighborhood of b (ﬂ Am) . (6.3)

Proof. We will identify A with its Lie algebra a via the exponential
map, and think of the subgroups A, as subspaces. By (6.2) only finitely
many subspaces arise as A,. In particular, given a collection of discrete
subgroups {A;}, the angles between the spaces they span (if nonzero)
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are bounded below. Therefore there exists a function ¢/ : R — R with
(R) = R0 00, such that

{a € A:VY J e Ussupp(wy,), ¥(R)™ < xy(a) < @/J(R)} C (6.4)

{a € A:d(a,n;An;) < R}.
Since T'x is compact, there exists a compact subset 2 C T such
that for any a € T there exists b = b(a) € T satisfying bz = x and

b~la € Q. It follows that there exists M > 0 such that the following
two statements hold for b(a):

(I) for any subspace L, ||bw|| < M||awg]||.
(IT) for any multi-index J, x;(ba™') < M.

Given C > 0, let C’ MO and consider the finite set

def

S ={ACzx:||lwp|| <C'}.

For any A € . write wa = >~ s ppw,) @ (A)es. Let € > 0 be small
enough so that

e <min{|ay(A)]: A €., J €supp(wp)},

and choose R to be large enough so that ¢(R) > C"/s. We claim that
for any {A;} C .7,

{a € T:Vi ||awyp,|| < C} C{a €T :d(a,MAx) < R}. (6.5)

To prove this claim, suppose a is an element on the left hand side
of (6.5). By (6.4) it is enough show that for any J € U;supp(/;)
we have ¢¥(R)™! < ys(a) < 9¥(R). Since the coefficient of e; in the
expansion of awy, is xs(a)ay(A;) and since ||awy,|| < C, we have

() < o < C < (),

On the other hand, letting b = b(a) we have bA; € . from (I), and
e < Jay(bA)| = xs(0)|as(Ai)] = xs(b7") < Ce
i ,

E ™) = xula (™) < C'e < U(R),

which completes the proof of (6.5).

Let {A;} be any collection of subgroups of x and assume that the
set on the left hand side of (6.3) is non-empty. That is, there exists
ap € T such that for all i, ||agwy,|| < C. Let b = b(ag) € T, and set
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Al ©'pA,. Tt follows that {Al} € . and by (6.5) we have
{a €T :Vilawy|| <Cl={a€T:Vi Hab_lbw/\i” <C}
:b{a ET:‘v’iHawA/i < C’}
Cb{aeT:d(a,MAy) <R}
={a €T :d(a,b(N;Ax,)) < R},

where in the last equality we used the fact that Ay, = A, because A
is commutative. U

Lemma 6.4. Let F be a flag as in (6.1) and let Az be its stabilizer.
Then Ag is of co-dimension > k in A.

Proof. Given a nested sequence of multi-indices J; & --- & Ji it is
clear that the subgroup

k

Mker o

i=1

is of co-dimension k in A. In light of (6.2), we see that it suffices to
prove the following claim:

Let .F be a flag as in (6.1) with d; © dim L;. Then there is a nested
sequence of multi-indices J; € I, such that J; € supp(L;).

In proving the Claim we will assume with no loss of generality that
the flag is complete. Let vy,...,v, be a basis of R" such that L; =
span {vj};.:1 for i = 1,...,mn — 1. Let T be the n x n matrix whose
columns are vy ...v,. Given a multi-index J of length |J|, we denote
by T; the square matrix of dimension |.J| obtained from 7' by deleting
the last n — |J| columns and the rows corresponding to the indices not
in J. Note that with this notation, possibly after replacing some of the
v;’s by their scalar multiples, each wy,, is the image in &z, of

U1 VANRRIVAY Vg = Z(det TJ)@J. (66)

Jerr

In particular, J € supp(Ly) if and only if det T); # 0.

Proceeding inductively in reverse, we construct the nested sequence
Jq by induction on d =n, ..., 1. Let J, = {1,...,n} so that T'="T),.
Suppose we are given multi-indices J, D --- D Jyi1 such that J; €
supp(wp,) for i = n,...,d+ 1. We want to define now a multi index
Jq € supp(wg,) which is contained in Jgyi. By (6.6), det Ty, , # 0.
When computing det T7,,, by expanding the last column we express
detTj,,, as a linear combination of {detT; :J C Jyy1,|J| =d}. We
conclude that there must exist at least one multi-index J; C Jy1 for
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which detT);, # 0. In turn, by (6.6) this means that J; € supp(wy,).
This finishes the proof of the claim. U

The following notation is analogous to Definition 2.5. Given a lattice
x €L, and d > 0 let
Mini(z) € {fv e z:0 < [jv] < (1+0)ar(z)}.
Vi(z) o span Minj(z).
dim}(z) < dim Vi(z).
Finally, for e > 0, let Y®) = {U ](5) }n be the collection of open subsets

of A defined by

Jj=1

U; = UJ@ {4 € A for all § in a neighborhood of je, dim’(az) = j}.

(6.7)
Similarly to the discussion in Lemma 3.4 we see that ¢/®) is an open
cover of A.

Proof of Theorem 6.1. The strategy of proof is very similar to that of
Theorem 1.1. We consider covers U®) of A and use Theorem 6.2 to
deduce that Uﬁf) is non-empty. The first step towards applying Theo-
rem 6.2 is to find a decomposition A ~ R"~! = R* x R? and a simplex
A C R*, so that the restriction of the cover to A x R! satisfies the two
hypotheses of Theorem 6.2.

According to | ,5W], there is a decomposition A = Ty x Ty and

a direct sum decomposition R" = @f V; such that the following hold:

e Each Vj is spanned by some of the standard basis vectors.
e 77 is the group of linear transformations which act on each V; by

a homothety, preserving Lebesgue measure on R™. In particular

53 dim7T; =d— 1.

e T, is the group of diagonal (with respect to the standard basis)
matrices whose restriction to each V; has determinant 1.
e Thx is compact and Tz is divergent; i.e. Ax =Ty x Ty /(Th).,
where (15), o {a € Ty : ax = z}.
o Setting A; et ViNz, each A; is a lattice in V;, so that @@ A; is of
finite index in z.
For a € Ty we write x;(a) for the number satisfying av = Xy for
all v € V;. Thus each y; is a homomorphism from T; to the additive

group of real numbers. The mapping a — €, xi(a)Idy,, where Idy, is
the identity map on V;, is nothing but the logarithmic map of T} and
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it endows T with the structure of a vector space. In particular we can
discuss the convex hull of subsets of 77. For each p we let

A, o {a € T} : max x;(a) < p}.

Then A, = conv(by,...,bs) where b; is the diagonal matrix acting
on each Vj,j # ¢ by multiplication by e, and contracting V; by the
appropriate constant ensuring that det b; = 1.

Let P, : R® — V; be the natural projection associated with the
decomposition R” = @@ V;. Each P;(x) is of finite index in A; and hence
discrete in V;. Moreover, the orbit Tox is compact, so for each a € T5
there is @’ belonging to a bounded subset of T, such that ax = a'z.
This implies that there is 7 > 0 such that for any ¢ and any a € T, if
v € ax and Pj(v) # 0 then || P;(v)|| > n. Let C' > 0 be large enough so
that aq(2') < C for any 2’ € L,,. Let p be large enough so that

efn > 2C. (6.8)

We restrict the covers U (where € € (0,1/n)) to A, x Ty and apply

Theorem 6.2 with ¢ dim Ty, = n —d. If we show that the hypotheses
of Theorem 6.2 are satisfied for each cover U®), we will obtain A # .
Then, taking ¢; — 0 and applying a compactness argument, we find a
well-rounded lattice in (A, x T3)z.

Let U be a connected subset of U, ,f) € U'®). Repeating the arguments
proving Lemma 3.5, or appealing to | , 87], we see that the k-

dimensional subspace L o a'V;_(ax) as well as the discrete subgroup

AY LNz are independent of the choice of a € U. By definition of

U,EE), for any a € U, aA contains k vectors v; = v;(a),7 = 1,..., k which
span al and satisfy

|lvil| € [r, (1 + ke)r], where rdg&l(ax). (6.9)

Verifying hypothesis (i) of Theorem 6.2: We need to show that there
is at least one j for which UNM; = @. Let Py, ..., P; be the projections
above. Since ker P, N ---Nker P; = {0} and dim L = k > 1, it suffices
to show that whenever U N M; # @, L C ker P;. The face Fj of A,
consists of those elements a; € 77 which expand vectors in V; by a
factor of e?. If U N M; # @ then there is a € T5,a; € Fj so that
aja € U. Now (6.8), (6.9) and the choice of n and C' ensure that the
vectors v; = v;(aja) satisfy Pj(v;) = 0. Therefore L C ker P;.

Verifying hypothesis (ii) of Theorem 6.2: Let U be a connected subset

of an intersection U;; N---NU;, N (A, x Ty) and let L, o a_lija(ax)
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and A def L;; Nz. Similarly to the above L;;, A;; are independent of

acU.
By the definition of the L;’s we have that L;; & L;,,, and so they
form a flag . as in (6.1). Lemma 6.4 applies and we deduce that

Ay = ﬂ?f’:lALij is of co-dimension > k in A. (6.10)

For each a € U and each j let {Uéj )(a)} € al\;; be the vectors spanning

aL;; which satisfy (6.9). Let uéj)(a) o a_lvéj) € A;;. Observe that:

(a) spany {uéﬂ )(a)} is of finite index in A;; and in particular, ugj )(a) A
R ug )(a) is an integer multiple of wy,, - As a consequence
lawa, || < [ (@) A~ A v (a)]]-

(b) Because of (6.9) we have that [|v\ (a) A -- ~/\vg)(a)|| < C for some
constant depending on n alone.

It follows from (a),(b) and Lemma 6.3 that there exist R > 0 and an
element b € T5 so that

UcC Apx{a e Ty : Vi, ||awAij|| < C} C Tix{a €Ty:d(a,bAz) < R}.

By (6.10) we deduce that if p, : A — T5 is the projection associated
with the decomposition A = T} x Ty then po(U) is (R, s+t — k)-almost
afine, where R’ depends only on R, p. This concludes the proof. U

7. A VOLUME COMPUTATION

The goal of this section is the following.

Theorem 7.1. Let m denote the G-invariant probability measure on
L, derived from Haar measure on G, and let S™ denote the subset of
stable lattices in L,,. Then m (8(”)) — 1 asn — oo.

We shall actually prove a stronger statement. Recalling the notation
(4.1), for k=1,...,n—1, let

S L v e Ly an(x) >t), SMESM).

It is clear that S = Z;i S,i"). In order to prove Theorem 7.1 it is
enough to prove that
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as this implies

m(§™) =1—m <£n N ﬂZ;iSIE;”)) —1-m (ugj (Ln N S,i”)»

n—1
> 1—Zm(£n\s,§”’> :1—(n—1)0(l> iy

n
k=1

We will prove the following stronger statement:

Proposition 7.2. There is C; > 0 such that if we set

k(n—k)

fom ) ()T 1
k= t(n, k) ( Cl) , (7.1)
then

(n) _ (1

In particular, m < Z;ll S,gn) (tk)> v

Let
def
i sup oy ().
€Ly
Recall that Rankin’s constants or the generalized Hermaite’s constants,
are defined as 77, (note that our notations differ from traditional no-
tations by a square root). Thunder [ ] computed upper and lower
bounds on v, and in particular established the growth rate of ~, j.
The numbers ¢(n, k) have the same growth rate. Thus Proposition 7.2
should be interpreted as saying that the lattices in £,, for which the
value of each «y is close to the maximum possible value, occupy almost
all of the measure of £,,.

The proof of Proposition 7.2 relies on Thunder’s work, which in turn
was based on a variant of Siegel’s formula | | which relates the
Lebesgue measure on R™ and the measure m on £,,. We now review
Siegel’s method and Thunder’s results.

In the sequel we consider n > 2 and k € {1,...,n — 1} as fixed and
omit, unless there is risk of confusion, the symbols n and k from the
notation. Consider the (set valued) map ¢ = <I>,(€n) that assigns to each
lattice z € £,, the following subset of A¥R":

() o {xwp : A C 2 a primitive subgroup with r(A) = k},
where wy % vy A+ A vy, and {v;}¥ forms a basis for A (note that wy
is well defined up to sign). Let

%:%f(n)déf{vl/\"'/\’vkIUZ‘GRn}
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be the variety of pure tensors in A¥R™. For any f € C.(¥) set

fiLyi—=R fa)= Y fw). (7.2)
)

wedD(z

Let 0 = 9,(:”) denote the Radon measure on ¥ defined by

/ a0 [ fdm, for fe C.(7). (7.3)
v Ln
This definition make sense by virtue of the fact (see | |) that for
f € C.(7) the (finite) sum (7.2) defines a function in L(L,,m).

For t > 0, let x = x4 : ¥ — R be the restriction to ¥ of the
characteristic function of the ball of radius ¢ around the origin, in A*R".
Note that y(z) = 0 if and only if z € S,in) (t) and furthermore, x(z) > 1

ifrxel, S,g") (t). It follows that

m (L’n N (t)) < /En (X/t\)dm = [//Xth. (7.4)

In this section we write G = G, & SL,,(R). There is a natural transi-

tive action of G,, on ¥ and the stabilizer of e; A- - - Ae; is the subgroup
H=H"Y {(ABYecG:AcGDecG,y}.

We therefore obtain an identification ¥ ~ G/H and view 6 as a mea-

sure on G/H.

It is well-known (see e.g. | |) that up to a proportionality con-
stant there exists a unique G-invariant measure mg,y on G/ H; more-
over, given Haar measures mg, my on G and H respectively, there is
a unique normalization of m¢ g such that for any f € L'(G, mg)

/G fdimg = / B /H Flghydmu (ydmayu(gH). — (7.5)

We choose the Haar measure m¢ so that it descends to our probability
measure m on L,; similarly, we choose the Haar measure my so that
the periodic orbit HZ"™ C L, has volume 1. These choices of Haar
measures determine our measure mq, gy unequivocally. It is clear from
the defining formula (7.3) that 0 is G-invariant and therefore the two
measures mg,/u, 0 are proportional. In fact (see | | for the case
k=1 and | ] for the general case),

me/m = 0. (7.6)
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Let V; denote the volume of the Euclidean unit ball in R’ and let ¢
denote the Riemann zeta function. Define

Vi ifj=1

R()E {12V
21 otherwise

¢(4)

and n .
def Hj:l R(j)

T I ROITSFRG)

The following calculation was carried out in | ]

Theorem 7.3 (Thunder). Fort > 0, we have
tn
[ xadmegn = Bn.b)”
¥

n
We will need to bound B(n, k).

B(n, k)

Lemma 7.4. There is C' > 0 so that for all large enough n and all
E=1,....,n—1,

C k(n—k)
2
B(n, k) < <—> . (7.7)
n
Proof. In this proof cg, ¢y, ... are constants independent of n, k, j. Be-

cause of the symmetry B(n,k) = B(n,n — k) it is enough to prove
(7.7) with & < . Using the unconventional convention ¢(1) = 1 and

i/2 .
the formula V; = F(%——l—l) we obtain

. . a(n—k+j)/2
CH)n =k + )

_ N

k . . 2 1
B W) (n=kti\ ax TG+
‘H<<n—k+j> ( j ) [ 4 1)

2

Note that ((s) > 1 is a decreasing function of s > 1, so that g(nc_(ﬁrj) <

co. It follows that for all large enough n and for any 1 < j <k,

] - k ] 2 n— n— n—

<G — . (n : +‘7> St < cOnZWTk < 475", (7.8)
C(n—k+j) j

According to Stirling’s formula, there are positive constants ¢, ¢co such

that for all x > 2,

5 () =T (1)
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We set udéf% + 1 and vdﬁf%k, so that u +v > "T’I, and obtain

I'(Z+1)  T(w) e Ju+v  u* et
[(2=5t 4 1) T T(u+v) ~ g u  (u+ov)uty ev

w12 e \"’ 1
< c3e’ =c ,
= g oyiE T <u+) (142"

u

n—k

< 4e 2
C
=~ (3 n—1

Using (7.8) and (7.9) we obtain

n—k k n—k k
n—k 46 2 166 2
< 2 =
B(n,k) < [034 (n—l) ] [03 (n—l) ]

So taking C' > 16¢3e we obtain (7.7) for all large enough n. O

Proof of Proposition 7.2. Let C be as in Lemma 7.4 and let C; > C.
Then by (7.4), (7.6) and Theorem 7.3, for all sufficiently large n we
have

(7.9)

m (L, 87 (0)) < B, k)%

k(n—k) k(n—k) k(n—k)
SLey ()t (O "
“n\n Ch -\ Oy

Multiplying by n and taking the maximum over k£ we obtain

(n=1)

n max m (,Cn \S,E:n)(tk)) < (g) ’ — oo 0.

k=1,...,n 1

APPENDIX A. PROOF OF THEOREM 6.2

Below X will denote a second countable metric space. We will use
calligraphic letters like U for collections of sets. The symbol mesh(.A)
will denote the supremum of the diameters of the sets in A. The
symbol Leb(A) will denote the Lebesgue number of a cover A, i.e. the
supremum of all numbers r such that each ball of radius r in X is
contained in some element of A. The symbol ord(A) will denote the
largest number of distinct elements of A with non-empty intersection.

Definition A.1. A collection {X}};c » of subsets of X is said to be
uniformly of asymptotic dimension < n if for every r > 0 thereis R > 0
such that for every j € ¢ there is an open cover &; of X such that
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e mesh(X;) < R.
o Leb(&X;) > 7.
e ord(X;) <n+1.
As an abbreviation we will sometimes write ‘asdim’ in place of ‘as-
ymptotic dimension’.

Recall that a cover of X is locally finite if every x € X has a neigh-
borhood which intersects finitely many sets in the cover. We call the
intersection of k distinct elements of A a k-intersection, and denote
the union of all k-intersections by [A]*. We will need the following two
Propositions for the proof of Theorem 6.2. We first prove Theorem 6.2
assuming them and then turn to their proof.

Proposition A.2. Let A be a locally finite open cover of a space
X such that ord(,A) < m and the collection of components of the k-
intersections of A, 1 < k < m, is uniformly of asdim < m — k. Then A
can be refined by a uniformly bounded open cover of order at most m.

Proposition A.3. Let A; and As be simplices, X = A; x Ag, p; :
X — A, the projections and A a finite open cover of X such that for

every A € A and ¢ = 1,2 the set p;(A) does not meet at least one of
the faces of A;. Then ord(A) > dim A; + dim Ay + 1.

Proof of Theorem 6.2. Let m® dim M = s+ t, and suppose by con-
tradiction that ord(U) < m. Since every cover of M has a locally finite
refinement, there is no loss of generality in assuming that U/ is locally
finite. Replacing U with the set of connected components of elements
of U, we may assume that all elements of U are connected. For any 7,
and any bounded set Y, the product space Y x R? can be covered by
a cover of order d + 1 and Lebesgue number greater than ry. Hence
our hypothesis (ii) implies that for each k& = 1,...,m, the collection
of connected components of intersections of k distinct elements of U
is uniformly of asymptotic dimension at most m — k. Therefore we
can apply Proposition A.2 to assume that U/ is uniformly bounded and
of order at most m. Take a sufficiently large ¢t-dimensional simplex
A; C R? so that the projection of every set in U does not intersect at
least one of the faces of A;. We obtain a contradiction to Proposition
A.3. O

For the proofs of Propositions A.2, A.3 we will need some auxiliary
lemmas.

Lemma A.4. Let {G; : i € I} be a locally finite collection of open
subsets of a metric space X, and let Z be an open subset such that
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for each i # j, GiNG; C Z. Then there are disjoint open subsets
E; i € .7, such that for any i

Proof. For each G; and x € G; NI (G; \ Z) set

2 Lt d (2,0 (G~ 2)).
3 j#i

where d is the metric on X. The infimum in this definition is in fact a
minimum since {G;} is locally finite. To see that it is positive, suppose
if possible that y, — « for a sequence (y,) C J(G; \ Z). Then there
are Jy € G; ~ Z with d(ye, J¢) — 0 so that g, — x. Since G; is open,
for large enough ¢ we have g, € GG;, contradicting the assumption that
GiNG; C Z. Now we set

def

def
Ei - !

E'UE", where E'¥G~nZ and E"¥ Gin U B(z,7,).
xeGma(Gi\Z)

Clearly each E; satisfies (A.1), and it is open since E” is open and
covers the boundary points of E’. To show that the sets E; are disjoint,
suppose if possible that z € E; N E;. Then there are z € G,,y € G|
such that z € B(z,r,) N B(y,r,). Supposing with no loss of generality
that r, > r, we find that

d(z,y) <d(z,z)+d(z,y) <2r, < -d(z,0(G; \ Z)),

[GVI N )

which is impossible. U

We denote the nerve of a cover A by Nerve(A), and consider it
with the metric topology induced by barycentric coordinates. Given a
partitition of unity subordinate to a cover A of X, there is a standard
construction of a map X — Nerve(.A); such a map is called a canonical
map.

Lemma A.5. Let a spaceY be the union of two open subsets D and E,
and let D and £ be open covers of D and E respectively, with bounded
mesh and ord, and such that if C'" C D NE is a connected subset
contained in an element of D, then it is contained in an element of £.
Then, there is an open cover Y of Y such that:

(1) The cover Y refines DUE.
(2) mesh(Y) < max (mesh(D), mesh(E)) .
(3) ord(Y) < max (ord(D) + 1,0rd (£)).

Proof. Let ord(D) = n+1, let x4« Nerve(D), and let 7 : D — X be a
canonical map. Take an open cover of X of X such that ord(X) < n+1
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and 771(X) refines D. Let f : Y — [0,1] be a continuous map such
that fly-s =0 and fly.p = 1. Set Y’ £~ ([4,2]) and

g:Y' = 7% X x Bg} L 9(y) = (n(y), fy))

Since dim Z < n+ 1 there is an open cover Z of Z such that ord(Z) <
n + 2, the projection of Z to X refines X and the projection of Z
to [%, %} is of mesh < 1/3. Let )’ denote the collection of connected
components of sets {g7'(W) : W € Z}. By construction )’ refines
D. Also, since the sets in ) are connected and contained in D N E
the assumption of the Lemma implies that )’ also refines £. Moreover
ord()’) < n+2 and no element of ) meets both f~! (%) and ! (%)
For every 2 € ) which intersects f~1 (%), there is an element D € D
such that € C D. We choose one such D and say that D marks €.
Similarly if Q intersects f~* (%) there is £ € £ so that 0 C E, we
choose one such F and say that £ marks ). We now modify elements

of D and &: for each element D € D, define
D= (Dnf (o3 u |

D marks
Similarly we modify elements of £, defining

ES (Enfesu J @
E marks Q
We refer to D, E as modified elements of D,E. Finally define ) as
the collection of modified elements of D and £ and the elements of )’
which do not meet f~' (1) or f7 (). It is easy to see that X has the
required properties. U

Lemma A.6. Let Y be a metric space and let D, E;, 1 € & be open
subsets which cover Y. Assume that the E;’s are disjoint, connected,
and are uniformly of asdim < £. Let D be an open cover of D which is
of bounded mesh and ord D < ¢. Then Y has an open cover ) which
refines the cover DU{E; : 1 € Z}, is of bounded mesh and ord Y < (+1.

Proof. Using the assumption that E; is uniformly of asdim < ¢ — 1 we

find an open cover &; of E; which is of uniformly bounded mesh, such

that ord&; < ¢ and Leb &; > meshD. Let E et U, E; and let

£ | JEiNU Ueg).
ices
Clearly it suffices to verify that the hypotheses of Lemma A.5 are
satisfied. Indeed, by assumption the cover D is of bounded mesh and
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order, and £ is of bounded mesh because of the uniform bound on
mesh(&;). We also have that ord€ < ¢ + 1 because of the bounds
ordf; < ¢+ 1 and the fact that the E; are disjoint. For the last
condition, let a connected subset C' C D N E which is contained in an
element of D be given. By the connectedness and disjointness of the
E,;’s we conclude that there exists ¢ with C C E;. Because Leb&; >
meshD we deduce that since C' is contained in an element of D it must
be contained in an element of & and in turn, as it is contained in E;,
it must be contained in an element of £. 0

Proof of Proposition A.2. Proceeding inductively in reverse order, for
k = m,...,1 we will construct a uniformly bounded open cover A*
of [A]* such that ord(A*) < m + 1 — k and A refines the restriction
of A to [AJ*. The construction is obvious for & = m. Namely, our
hypothesis and Definition A.1 with n = m — &k = 0 mean that [A]™ has
a cover of bounded mesh and order 1, that is, we can just set A™ to be
the connected components of [A]™. Assume that the construction is
completed for k+1 and proceed to k as follows. First notice that for two
distinct k-intersections A and A’ of A the complements A\ [A]**! and
A’ [A]F are disjoint. By Lemma A.4, we can cover [A]*\ [A]*"! by a
collection {E; : i € .} of disjoint connected open sets such that every
E; is contained in a k-intersection of A. In particular, the collection
{E; :i € #} is uniformly of asdim < m — k. We can therefore apply
Lemma A.6 with the choices Y = [A]" D = [A""' D = AF the
collection {E; : i € .}, and { = m — k, and obtain an open cover ) of
[A]" of order < m—Fk+1 that refines DU{E; : i € .#} and in particular,
refines Aly. This completes the inductive step.

O

Proofs of Proposition A.3. For every A € A choose a vertex vl of A,
so that p;(A) does not intersect the face of A; opposite to vl Let

y Nerve(A) and let f : X — X be the composition of a canonical
map X — Y and a map Y — X which is linear on each simplex of Y
and sends the vertex of Y related to A € A to the point (v{!,vs!) € X.
Take a point € 0A; x Ay. Then p;(z) belongs to a face A} of Ay
and hence for every A € A containing z we have that v{! € A}. Thus
both x and f(x) belong to A} x A,. Applying the same argument to
A1 x 0A, we get that the boundary 90X is invariant under f and f
restricted to 0X is homotopic to the identity map of 0X. If ord(A) <
dim Ay +dim Ay then dim Y < dim X —1 and hence there is an interior
point a of X not covered by f(X). Take a retraction r : X \{a} — 0X.
Then the identity map of 0X factors up to homotopy through the
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contractible space X which contradicts the non-triviality of the reduced
homology of 0.X. O
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