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ABSTRACT. Let 0 € RY. We associate three objects to each approxima-
tion (p, q) € Z¢ x N of 9: the projection of the lattice Z**! to R?, along
the approximating vector (p, ¢); the displacement vector (p — ¢f); and
the residue classes of the components of the (d 4 1)-tuple (p, ¢) modulo
all primes. All of these have been studied in connection with Diophan-
tine approximation problems. We consider the asymptotic distribution
of all of these quantities, properly rescaled, as (p, ¢) ranges over the best
approximants and e-approximants of 0, and describe limiting measures
on the relevant spaces, which hold for Lebesgue a.e. §. We also consider
a similar problem for vectors # whose components, together with 1, span
a totally real number field of degree d+ 1. Our technique involve recast-
ing the problem as an equidistribution problem for a cross-section of a
one-parameter flow on an adelic space, which is a fibration over the space
of (d + 1)-dimensional lattices. Our results generalize results of many
previous authors, to higher dimensions and to joint equidistribution.
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1. INTRODUCTION

Our results concern the asymptotic statistics of certain geometric and
arithmetic quantities associated with approximation vectors. We begin by
introducing the notions and notations necessary for formulating the results
(more details will be given in subsequent sections of the paper).

Throughout this paper, d and n are positive integers with n = d + 1. Let
e1,..., e, be the standard basis of R”, and let v =) v;e; € R™ with v, # 0.
We will continuously use the direct sum decomposition

R" = R? @ span(v), where R? e {ueR":u, =0}, (1)

and the first summand in this decomposition will be called the horizontal
space. The projection R™ — R? will be denoted by 7¥,, and mpa will be an

R4
abbreviation for 7.
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Choose some norm on R%, and for y € R?, denote (y) = mingezq ||y —pll-
For § € RY, we say that (p,q) € Z% x N is a best approzimation of 6 if for
any ¢’ < q, (qf) < (¢'0), and (g0) = ||qgf —p||. For all § € RY\ Q% the set of
best approximations of 6 is an infinite sequence (py, gx)jcp, Where the order
is chosen so that ¢; < g2 < ---. In fact there will be kg such that qxr1 > qx
for all k& > kg, and the pg will be uniquely determined for £k > kg. The
potential ambiguity of choices for k < ko will have no effect on the objects
we will consider in this paper. For § € R? and v = (p,q) € Z¢ x N, we will
write

disp(6,v) & ¢"/4(p — ¢0) € RY, 2)

and refer to this vector as the displacement.

All measure spaces in this paper will be standard Borel spaces and all
measures will be Borel measures. The collection of probability measures on
a measure space X is denoted by P(X). Two measures on X are said to be in
the same measure class if they are mutually absolutely continuous (i.e. have
the same null-sets). If X is a locally compact second countable Hausdorff
(lesc) space, p is a regular measure on X, and (xj)ren is a sequence in X,
we say that (xy) equidistributes with respect to p if the measures % fo:l Ouy,
converge weak-* to p.

A lattice in R™ is a discrete subgroup of full rank. Its covolume is the vol-
ume of a fundamental domain in R™, and the space of all lattices of covolume
1 is denoted by . It can be identified with the quotient SL,(R)/SLy(Z)
via the map gZ" — g SLy(Z), and thus acquires a natural SL, (R)-invariant
probability measure, which we denote by mg; . This measure is sometimes
called the Haar-Siegel measure. Two lattices in R™ are homothetic if one can
be obtained from the other by multiplication by a nonzero scalar, and the
homothety class of each A contains a unique representative in %,,, which we
denote by [A]. If A is a lattice in R” and v € A\ R? then my,(A) is a lattice
in R? and [m34(N)] € Za.

We denote by Z the profinite completion of Z, that is, the inverse limit
of groups Z/mZ, with respect to the natural maps Z/m17Z — 7Z/moZ when-
ever mo|mi. This is a compact topological ring which is isomorphic to
Hp prime Zps where Z, is the ring of p-adic integers. We denote by Z" the

additive group which is the n-fold Cartesian product of Z; it is also the
inverse limit of quotient groups Z" /A, where A ranges over finite index sub-
groups of Z™. We denote by ms, the Haar probability measure on Z". For
A e Z,, avector v € A is said to be primitive if it is not a multiple of a
vector in A by an integer different from +1, and we denote the primitive
elements of A by Aprim. The natural diagonal embedding Z" — 7" has a

dense image, and we denote the closure of the image of Zj ;. by errim. Note

that Z". is one orbit for the natural action of the group SLH(Z), and

prim

Zgrim = {(vp)p prime : VP, [lopllp = 1}
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Since SL,, (A) acts transitively on anm, there is a unique invariant proba-
bility measure for this action, which we denote by mz,,

prim

Theorem 1.1. For any norm || - || on R there is a probability measure
K= [best,||| O Zd X R? x Z" such that for Lebesgue almost any 6 € R,
the following holds. Let vy € Z" be the sequence of best approximations to
0 with respect to the norm || - ||. Then the sequence

([ (Z™)] , disp(0, Vi), vr) oy € 2 x BRE X 27 3)

equidistributes with respect to pu. The measure p has the following properties:
(1) It is a product p = p(®) x p) where p(= € P(Zy; x RY), JITS
P(Z™).

(2) The measure p') is m— (cmd in particular, does not depend on

77 i
the choice of the norm,).

(8) The projection ,u('%d) of,u(oo) to Zg 1s equivalent to m g, but is equal
to it only in case d = 1.

(4) The projection M(Rd) of () to R? is boundedly supported, absolutely
continuous w.r.t. Lebesque with a nontrivial density (i.e., is not the
restriction of Lebesque measure to a subset of RY). If || - || is the
Euclidean norm then it is SOd( )-invariant.

(5) Ford > 1, u(>) # p(%a) x ;R .

Furthermore, each of the coordinate sequences
([mys(Z™)]) € 24, (disp(9,vi)) CRY,  (vy) C Z" (4)

equidistributes in its respective space, with respect to the pushforward of
pl%a), M(Rd), p) respectively.

Let ¢ > 0 and fix a norm || - || on RY. Given § € RY, we say that
w = (p,q) € Z? x N is an e-approzimation of 0 (with respect to || - ||) if
||disp(8, w)|| < € and ged(p1, - - ., pd,q) = 1. Standard results in Diophantine
approximation imply that for a.e. 8, for all €, there are infinitely many e-
approximations. When we refer to the sequence (pg, qx) of e-approximations,
we will always assume that they are ordered so that g1 < g < --- .

Theorem 1.2. For any norm ||-|| on R? and any ¢ > 0 there is a probability
Measure V = V_approx,||-|| 0N Zd % R % Z" such that for Lebesgue almost any
6 € R?, the following holds. Let wy, € Z™ be the sequence of e-approximations

of 0 with respect to the norm || - ||. Then the sequence
([Wﬂ‘gf (z™)] ,disp(@,wk),wk)keN € Xy xR x 2" (5)

equidistributes with respect to v. The measure v has the following properties:

(1) The measure v is a product v = v(#d) x yRY o () where v(Zd) ¢
P(Za), V&) € P(RY) and v) € P(Z").
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(2) The measure '*@) is my, and the measure vf) is Mz, (in par-

ticular, these measures do not depend on the choice Osz or of the
norm).

(3) The measure v®) s the normalized restriction of the Lebesgue mea-
sure on R?, to the ball of radius € around the origin with respect to
the norm || - ||

Furthermore, each of the coordinate sequences
([mpr (ZM)]) € 23, (disp(8, wy)) CRY, (wy) C 2" (6)

equidistributes in its respective space, with respect to the pushforward of
v(Za), Z/(Rd), v(f) respectively.

Remark 1.3. A comparison of the two statements reveals that for the
measure v arising in Theorem 1.2 we have a somewhat simpler description
than for the measure p in Theorem 1.1. In fact, as will be seen in §11, u
is absolutely continuous with respect to v, and the density, which will be
described explicitly, is not a product.

Remark 1.4. In the case of best approximations, our proof gives more
information on the set of full measure in R% for which the conclusions hold.
For instance, as was pointed out to us by Yiftach Dayan, using [ ] one
obtains the equidistribution of the first two components of (3) with respect
to the measures described in Theorem 1.1, for a.e. 8, with respect to the
natural measure on a self-similar fractal such as Cantor’s middle thirds set
or the Koch snowflake. See Remark 13.1.

Various special cases of these results, dealing with the individual coordi-
nate sequences (4), and mostly for d = 1, were proved in prior work. Even
in case d = 1, the joint equidistribution of these sequences is new. We will
survey these results in §3. Furthermore, in the sequel we will state a re-
finement (see Theorem 2.1) where equidistribution will take place in a torus
bundle over the product 2 x R? x A

Theorems 1.1 and 1.2 give information about typical vectors 6 € R? but
as is often the case, they say nothing about concrete vectors. The follow-
ing result deals with the asymptotic statistical properties of approximation
vectors of certain algebraic vectors 6. It shows that there are limit laws gov-
erning the approximations but that they are actually quite different from
the ones appearing in Theorems 1.1 and 1.2. To the best of our knowledge
there are no prior results of this type.

Theorem 1.5. Let @ € R? be a vector of the form & = (o, ..., aq), where

K % spang(1, a1, ..., aq) is a totally real number field of degree n > 3. Let

o & inf {e > 0: there are infinitely many e-approrimations to &} . (7)

Let € > g9 and let || - || be a norm on R  Then there are measures

M(&) = Néa;it I and (@ = z/(a) on Zy x R x Z”, such that the

e—approx,||-|
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following hold. Let (vi)ren and (Wg)ren denote respectively the sequence of
best approrimations and e-approzimations of &, with respect to || - ||. Then:

e The sequence (3) equidistributes with respect to u(&), provided
the norm on R? is either the Buclidean norm or the sup-norm. (8)

e For any norm, the sequence (5) equidistributes with respect to (@)

Furthermore, the supports of the projections of 1/l and % to 2y, R, A
are null sets with respect to mg,, mga, Mz,  respectively, and in particular,

prim

they are singular with respect to the measures appearing in Theorems 1.1 and
1.2.

Remarks 1.6. (1) A version of Theorem 1.5 is also true in dimension
d = 1 but requires slightly different methods (see Remark 8.12 for
details on what can go wrong in our proof). Also, with our method
one can also treat vectors @ for which the field K is real but not
totally real. However this necessitates some additional arguments
and some additional conditions on the norm. We hope to return to
these topics in future work.

(2) Let @ = (a1, ...,aq) be as in Theorem 1.5. It is well-known that &
is badly approximable (see e.g. | ]). That is,
inf{||disp(@, w)|| : w € Z¢ x N} >0 9)

(where disp(d@,w) is as in (2)). This shows that if limit measures
1@ (@) as in Theorem 1.5 exist, then their projection to RY is
bounded away from 0. This is already quite different from the typical
behavior described in Theorems 1.1, 1.2.

(d@)

(3) The measures ;Lba; and ¥

st |-l e—approx, |-||
see §11. Although they are very different from the measures pip,eq,|.|
and V. _pprox, ||| @ppearing in Theorem 1.1 and 1.2, in the recent
paper [S7], the first author and Zheng exhibit explicit choices of

sequences of vectors @’j, corresponding to totally real number fields,

admit an explicit description,

for which péae;a”_“ —j—00 Mbest,||-||-

(4) Several authors (see | , §2.3] and references therein) have shown
that in some cases of vectors whose coordinates generate cubic fields
which are not totally real, best approximation denominators vectors
are periodic, or satisfy higher order linear recurrences. We show (see
Proposition 11.7) that for any norm, and any & as in Theorem 1.5, for
both best approximations and e-approximations, the sequence of de-
nominators (log(qx))ken is strongly asymptotic to a one-dimensional
cut-and-project set, and the sequence of approximation vectors is
strongly asymptotic to a generalized cut-and-project set (see §11.2
for the definitions of these terms).
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1.1. Outline of method and structure of the paper. Our method
closely follows that used by [C'C], which in turn was inspired by | ].
We consider a space X, a flow a; ~ X, and a subset S C X intersect-
ing all orbits along a discrete infinite countable set of times. The set § is
called a Poincaré section or cross-section, and the flow induces a return time
function
7:8 =Ry, 7(z) =min{t > 0: a;x € S},
and a first return map
Ts:8 =S, Ts(z) = aymz.

It has been known since classical work of Ambrose and Kakutani (see [ )

] or §4.1) that there is a bijection pu <— s between {a;}-invariant
ergodic measures on X, and Ts-invariant ergodic measures on S. These
notions were intensively studied both in the setup of standard Borel spaces
with Borel actions, and in the setup of smooth flows on manifolds, with
sections which are codimension one submanifolds. In our setup, the space
X and the section S are chosen so that they satisfy the following properties.

e The space X is an adelic homogeneous space, that is, a quotient
X = G(A)/G(Q) where G is a Q-algebraic group, and {a;} is a
one-parameter real subgroup acting on X by left translations. In
particular, X is a locally compact and second countable topological
space, but is not a manifold.

e The section S is chosen so that for eac}LG in R? there is /~\9 € X, such
that visits to S of the trajectory {a;Ay : ¢ > 0} in X, correspond
in an explicit way to a sequence of approximations. In particular
we will choose distinct (but closely related) sections for dealing with
best approximations and e-approximations.

e The observables we are interested in, like [m,(Z")], disp(¢, v), and

v (seen as an element of 2gﬁm), are explicitly given by functions on
S.

e For certain dynamically natural measures p on X, the corresponding
measures ps on S can be described explicitly. In particular this is
true for y = my, the unique G(A)-invariant probability measure on

X.

The specific cross-section we work with in this paper involves lattices
which contain a primitive vector whose nth coordinate is 1. We remark that
in [CC] a different cross-section is used.

Recall that for a flow {a;} on a locally compact second countable space X,
and an invariant measure p, the trajectory of a point x € X is generic for p if
the orbital averaging measures % fOT 0g,2dt converge weak-* to p as T — 0.
A similar definition can be given with us,Ts in place of u, {a;}. Although
the relationship between as-invariant measures on X and Ts-invariant mea-
sures on § is well-understood, for our application we need a finer under-
standing of the relationship between {a;}-generic trajectories on (X, u) and
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Ts-generic trajectories on (S, us). We are not aware of any treatment which
is suitable for our purposes and we develop it in detail in this paper.

In §2 we introduce a torus bundle &, — %2y, which we call the space of
lift functionals. We then state strengthenings of Theorems 1.1, 1.2, 1.5 in
which the measures ,u,(‘%), v(Z4) are replaced with measures ,u(‘g)”), v(én) on
&,. In §3 we state more detailed results and compare our results to those of
previous authors. §4 contains some measure-theoretic preliminaries, and in
§5 we introduce reasonable cross sections for a flow on a lcsc measure space
(X, u) (here and throughout, lesc is an abbreviation for locally compact
second countable Hausdorff space, and all measures on lcsc spaces are Borel
regular Radon measures, but not necessarily probability measures). Roughly
speaking, the definition of a reasonable cross section captures the minimal
topological and measure-theoretic structure needed in order to establish a
link between generic points for {a;} and for Ts.

A further helpful notion introduced in Definition 4.7 is that of a tempered
subset of a reasonable cross-section. Such a subset is a cross-section in its
own right, and for tempered subsets, the relation between generic points is
clearer: a point in X is generic for p if and only if its {a; }-orbit intersects S in
points which are generic for Ts. We remark that the cross-section we will use
for analyzing best approximations is a tempered subset, but the cross-section
we will use for analyzing e-approximations is not (see Proposition 9.10).
Correspondingly, for best approximations our results will be slightly stronger
(see Remark 1.4 and Remark 1.6(3)). We remark further that the section
of [CC] was also shown to be tempered.

In §6 we will discuss some useful abstract properties of reasonable cross-
sections; in particular, how to lift a cross-section from a factor, and conti-
nuity properties of cross-sections measures. Taken together, sections §§4-6
constitute our contribution to the abstract theory of cross-sections in lcsc
spaces.

In the subsequent sections we will apply this abstract theory to the spaces
which are relevant for us. In §7 and §8 we will introduce the specific real
and adelic spaces we will work with, and the flows and cross-sections we will
use. Namely, for Theorems 1.1 and 1.2 we will work with u = m a4, the
natural measure on the adelic space SLy,(A)/SL,(Q), and for Theorem 1.5
the measure p will be a homogeneous measure on an adelic torus-orbit. A
considerable part of the paper, comprising §8-§9, will be devoted to checking
that the cross-sections we work with are reasonable, and special subsets cor-
responding to best approximations and e-approximations, are Jordan mea-
surable. In §10 we will explain how certain observables associated with
approximation vectors, can be read off from intersection times with the sec-
tion. In §11 we will analyze the cross-section measures in detail. In §12 we
will argue that for typical 8, the trajectories {aJ\@} relevant for the approx-
imation question, give rise to generic intersection with the cross-section. In
§13 we will combine all of these ingredients to conclude the proofs of the
main results.
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2. A STRENGTHENING: THE BUNDLE &,, OF LIFT FUNCTIONALS OVER
PROJECTED LATTICES

Let pg;, be the map appearing in the first coordinate of (3), that is
def
pa, (V) = [ma(Z™)] .

In this section we will introduce a probability space (&, ms,) and maps
T, ps, that fit in the following commuting diagram:

én (10)
P& l
7rg{'d
7. —— Zy

prim par,

We first define the spaces and maps group-theoretically, and then use them
to state strengthenings of our results. We will then discuss the geometric
information encoded in the space &,.

Let
& YN e 25 en € Aprim} (11)
be the set of lattices containing e, as a primitive vector, and let
Hd:ef{(;gg)) € SL,(R) : A € SLy(R), xteRd}. (12)

Then the lattice Z™ is contained in &,, the group H acts transitively on
én, and H(Z) is the stabilizer of Z™ for this action. Thus we may identify
&, ~ H/H(Z). Since H(Z) is a lattice in H, there is a unique H-invariant
probability measure on &, which we denote ms,. We define

Ty En— Xy ma, (M) E wpa(M); (13)
that is, the projection of A along e,. The condition e, € Apim ensures
that the image of this map is indeed in 2. It is clear that 74, intertwines
the SL4(R)-actions on &, and Zy (where we view SLg(R) as embedded in
H by taking x = 0 in (12)). From the uniqueness of invariant probability
measures for transitive actions we obtain

(ﬂ'{%fd)* me, = mgy,. (14)

We now define the map pg, : Z7,;,, — ép. For v € R? and t € R, let

prim

u(v) € (147) € SLy(R) (15)
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and
at def diag (et, el e_dt> € SL,(R). (16)
Given v = (vq,...,v,)" € Ly We set
1
'Ud;f—ﬂ-Rd(V) :_7(U17"'7vd)t andtdéf—log‘fun’?
Un, Un
and define
pe,(v) = agu(v)Z". (17)

That is, we use u(v) and a; to deform Z™ to a lattice in &, by moving v to
e,, using maps which do not change the homothety class of the projection
to the horizontal space. Recall that [-] is our notation for the covolume one
representative of the homothety equivalence class, and note that a; acts by
dilations on R% and u(v) acts trivially on RY. Thus, this choice ensures that

[mRa(Z7)] = [avu(v)mga(Z")] = [mga(aru(v)Z™)] = [12;,(ps, (V)] -
This is the commutativity of the diagram (10).
With this notation in hand we now state a strengthening of Theorems
1.1, 1.2 and 1.5:

Theorem 2.1. Let || - || be a norm on R?, let ¢ > 0, and let @ be as in
Theorem 1.5. Then there are measures

M(en)’ Iu(en,&)7 @) and p(end)

on &, x RY x 7" such that, denoting by (Vi)ken, (Wk)ren the sequence of
best approzimations and e-approzimations of § € R, the sequences

(péan (Vk),diSp(G,Vk>,Vk)keN € éan X Rd X 271 (18)
and ~
(P&, (W), disp(60, Wi), Wi) ey € En x R x 27 (19)

equidistribute with respect to p(®m) and v®) respectively for Lebesque a.e. 6,
and with respect to p®% (provided (8) holds) and v®%) (provided e > o,
foreg as in (7)) for 8 = &. Furthermore, the properties of these measures,
listed in Theorems 1.1, 1.2 and 1.5, remain valid, provided we replace ev-
erywhere Xy with &,.

We now discuss the additional information encoded by pg, (v), besides
the information encoded by pg;,(v). Let v € R" \ R? and suppose A € 2,
contains v as a primitive vector (for example A € &, and v = e,). We
will introduce an additional geometric invariant associated with v and A,
which we will call the lift functional. It records the information required
to reconstruct A from its projection onto the hyperplane R? along v. Let
A mra(A) and let A’ be the rescaling of A” which has covolume one.
That is, if v, is the nth coefficient of v, then

N = ||V 71X (A) € 2. (20)
Note that A" = 74, (A) if A € &, and v = e,,.
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We claim that there is a linear functional f : R¢ — R such that
vw € A 3k € Z such that w = ms(w) + (f(mga(W)) + k) v. (21)
def

To see this, complete v to a Z-basis v,vy,...,vq of A, so that w; =
mpa(Vi) (i =1,...,d) is a Z-basis of A”. For each i there is ¢; € R such that

v; = W; + ¢;v, and we can define f € (R%)* via the requirement
fwi)=c (i=1,....d).

This construction depends on the choice of the vectors v;, but any two
functionals fi, fo satisfying (21) will satisfy that fi(u) — fo(u) € Z for any
u € A”, that is they differ by an element of the dual lattice (A”)*. It will
be more convenient to work with lattices of covolume 1, so we will replace
A" with A’ and f with

£(@) = f (Joal ™) (22)

so that f’ is well-defined as a class in the torus T/, where for A € 2y we
denote

T, % (Rd)* JA*, (23)

This class [f’] is the lift functional.
Consider the set

YL, )N ey feTul,
which is a torus bundle over 2Zy. Then a pair (A’, f) constructed as above
by projecting A along v € Apyim ~ R? is an element of &. Moreover, using
(21), we can recover A from A’, f and v, as follows:

A=A, f,v) = {yvnr%x F(fx)+k)vixeN ke z} L (24)

Thus for each fixed v € R™ ~ R? we have an identification of & with the
set of lattices in 2, which contain v as a primitive vector. In particular,
choosing v = e,, we obtain &, as the image of the map A(-,-,e,) as in (24).
In order to make the connection between &,, = HZ" and lift functionals
more concrete, we write any element of h € H in the form h = (;‘g (1’),
as in (12). Writing h = (A,x) we see that H is a semi-direct product
SL4(R) x RY where SL4(R) acts on R? by right-multiplication on row vectors.
Furthermore, for h; = (g;,x;) we have hiZ"™ = hoZ"™ if and only if g1 €
g2SL4(Z) and xtg; ' € xbg,t + Z4 . In particular, the lattice A’ = g;Z¢
and the equivalence class of the functional f(w) = xlg; 'w, seen as an
element of T/, are well-defined independently of ¢ = 1,2. They represent
respectively the projected lattice my,(h;Z"), and the lift functional.
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3. CONSEQUENCES, AND PRIOR WORK

Fix a norm ||-|| on R? and fix £ > 0. Let p, v be as in Theorem 1.1 and 1.2
respectively, and let p(%a), N(Rd),,u(f), V(%d),V(Rd),l/(f) be the projections
of these measures on the respective factors. We discuss prior work about
equidistribution on these spaces. Throughout this section we fix # € R for
which the conclusions of Theorems 1.1 and 1.2 are valid, and let (vg), (wg)
denote the sequence of best approximations and e-approximations of 6.

3.1. Equidistribution of (shapes of) projections in Z;. Our theorems
assert that the sequence of projected lattices ([w]}gf (Z”)]) equidistributes
(Za)

keN

with respect to the natural measure v =mg;, on Zg, and the sequence

([ﬂ%’; (Z”)] ) kN also equidistributes with respect to a measure u(”%) on Zy,

Za) < mg,. We stress that pl#a) £ mg,. We will give an explicit

(Za

and p!
description of p ) in §11. In particular we will show that ,u(%d) gives less
weight to lattices with short vectors than m 4.

The first equidistribution result for projected lattices appears in beautiful
papers of Roelcke | | and Schmidt | ]. Let

S# 4 804(R)\ SL4(R)/ SLa(Z)

denote the space of shapes of lattices, that is, the space of similarity classes
of lattices in R? (two lattices are similar if they differ from each other by a
conformal linear map, that is a composition of a dilation and an orthogonal
transformation). This space is equipped with a natural measure mgsg-,
constructed from the Haar measure on SLg(R). There is a natural projection
map Zq — SZ ¢ with compact fiber, and we can define msz-, concretely
as the image of m g, under this projection.

For any v € Z" \ {0}, the projected lattice 7Y, (Z") is a lattice in the

d-dimensional subspace v C R”, and represents an equivalence class in

SZ 4 (which we continue to denote by m¥,(Z")). Schmidt showed that

the uniform measures on the finite sets {W“I’L (Z7) : v € Ly, IV < T} are
equidistributed with respect to msg,, in the limit as 7" — oo!. There
has been a recent surge of interest in equidistribution results for shapes of
projected lattices, see [ , , | and references therein. In
these finer results, one typically considers projected lattices along a sparser
sequence of vectors, than the one considered by Schmidt.

Our results deal with the projections along vectors close to a line and to
the best of our knowledge these have never been considered. Note that we
do not work in S%"; but in the larger space Zy. Indeed, in our case the
directions of spaces in which the projected lattices lie converges, and there
is no reason to reduce lattices modulo similarity.

"n fact Schmidt considered the lattices obtained by interecting Z" with v*, but the
results are equivalent, as can be easily seen by passing to dual lattices.
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3.2. Equidistribution in the bundle of lift functionals. In case d =1
the space 2y reduces to a point and the bundle &, is isomorphic to the fiber
over this point, namely the one-dimensional torus T; = R/Z. It thus makes
sense to consider an analogous question to Schmidt’s result mentioned in
§3.1, namely ask whether in the limit as T" — oo, the uniform measures
on the finite collection of lift functionals associated with vectors of Z2

prim
of length at most T, converges to the uniform measure on T;. Indeed,
such results were obtained by Dinaburg-Sinai | | and Risager-Rudnick

[ ]. The analogous question for lift functionals arising from a sequence
of approximations to a line in R? has not been previously considered, as far
as we know. In this very special case, our result for the equidistribution of
the sequence (pg, (Vi))en takes the following form:

Corollary 3.1. Let € > 0. For a.e. § € R, let (pg,qr) be the sequence of
best approzimations, let (p}.,q,.) be the sequence of e-approximations, and let
(u,vx) and (u,v},) denote respectively the shortest vector in Z? for which

det Pr Uk _ ,
dx Uk

/ /
det (p;« “k) =
4% Uk

/ ! !,/
s def PR + G

and respectively, for which

Write

f def piku;“_{—qgvk and f = ———s.

pi+q; (Pf)? + (a1,)°
Then, as N — oo, the sequence (f,;)évzl becomes equidistributed in the in-
terval [f%, %], with respect to Lebesgue measure; and the sequence (fi)keN

becomes equidistributed in [—%, %} , with respect to an absolutely continuous

measure whose density is given by

11 1 1 1
F:.:|——,= R, F(t)= .
[2’2}_>  F)=51555 <2—|t|+1+|t|>

See | , , | for related work and for an interpretation of
(uk,vg) as the shortest solutions to the ged equation.

3.3. Equidistribution of displacement vectors in R%. In case d = 1,
for best approximations, a very closely related result is the so-called Doeblin-
Lenstra conjecture, proved by Bosman, Jager and Wiedijk (see | ,

] for the original papers, and | , Chap. 5.3.2] and [ , Chap.
4] for more detailed treatments and related results). They showed that for
a.e. § € R, with best approximations (g, px), the uniform measures on the
sets

{lar(gre —pr)| :n=1,...,N}
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converge weak-* to the measure v on [0, 1] whose density function is given
by

Y, ) 1/t—1
1{)g2 % <t<l

In contrast, our result, is about the uniform measures on

{ak(qz —pr) :n=1,...,N}

(i.e., we have removed the absolute values), and we show weak-* convergence
to the measure on [—1, 1] whose density function is

Fil-1,1] >R, F(t)= %F(|t|).

That is, the measure u/ we consider is invariant under ¢t — —t and projects
to the measure p given by (25) under the map ¢ +— |¢].

As far as we are aware, in dimension d > 1, the distribution of the displace-
ment sequence disp(6,vy) for best approximations has not been studied.
Similarly, the distribution of displacements disp (6, wy,) for e-approximations
has not been studied, even in the one dimensional case. However, there has
been some study of the direction of the displacement of e-approximations.
Namely, let S¥1 = {# € R? : ||| = 1} be the unit sphere with respect to
the given norm, let

Proj : R — %71, (26)
and consider the sequence
(Proj(disp(6, wi))) ey C ST (27)
In | ], Athreya, Ghosh and Tseng showed that if || - || is the Euclidean
norm, and e-approximations are defined without requiring ged(p1, .. .,pa,q) =

1, then the sequence (27) is equidistributed with respect to the unique
SO4(R)-invariant measure on S*~!. From Theorem 1.2 we immediately ob-
tain the following statements, valid for any norm:

Corollary 3.2. For any norm || - | on RY, let m|p be the normalized re-
striction of Lebesgue measure to the unit norm-ball {u : ||u|| < 1}, and let
vETY = (Proj).(m|p). Also let pS) = (Proj)un®), where p®" is as
in Theorem 1.1. Then for any e > 0, the sequence (27) of directions of
e-approximations is equidistributed with respect to Z/(Sdil), and the sequence

(Proj(disp(0, vi))) yen (28)
of directions of best approrimations, is equidistributed with respect to ,u(Sdil).

Note that by Theorem 1.1(4), when || - || is the Euclidean norm, the
measures £ ") and ") coincide, but this is not true for general norms.
In another direction, Moschevitin | | has characterized the possible

sets that can be obtained as the closures of the sequences (28), for various
6.
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3.4. Equidistribution in in, and congruence constraints. According
to (4) and (6), for Lebesgue a.e. 6, the sequences (Vi),cn » (Wk)pen Of best

approximations and e-approximations, considered as elements of Zprim, are

both equidistributed with respect to ms, . In case d = 1, such results have

prim
a long history. In 1962, Sziisz | | proved the following. For any a and
m, there is ¢ such that for any € > 0, for a.e. § € R, the sequence (pg, qx)
of e-approximations satisfies

1
NHl <k<N:g=a mod m}| =N C.

He also proved a similar statement for sequences of rationals arising from
more general approximation functions. In 1982 Moeckel [ | proved a
dynamical result which implies the following. For a positive integer m and
integers a, b, there is ¢ such that for a.e. # € R, the sequence (p, qx) of best
approximations satisfies

1
N|{1§k§N:qua&pkEb mod m}| = N0 C

In these results, the constants ¢, ¢ can be easily computed. See also | ,
, ] and references therein.

For a positive integer m and a vector d@ € (Z/mZ)", we say that @ is
primitive (mod m) if there are no b,dy,...,d, € Z/mZ with b ¢ (Z/mZ)*
and a; = bd; for all i. Let INV,,, be the cardinality of the set of primitive
vectors in (Z/mZ)"; it is not hard to verify that

k
Nm,n _ H (p?” _ p?(’/‘i—l)) ’

i=1
where m = pi* p};’“ is the prime factorization of m. We generalize the

above results to any dimension d > 1 in the following Corollary, which
follows immediately from Theorems 1.1, 1.2.

Corollary 3.3. Let || - || be a norm on RY. Let m be a positive integer
and let @ € (Z/mZ)". Then for any ¢ > 0, a.e.§ € R?, the sequences
(Vi) en » (WE)pen of best approzimations and e-approzimations to § both sat-
isfy

1
N|{1§k§N:ukEd’ mod m}| =N €

(in both cases uy, = vy, and up, = wy, ), where

N,

def ﬁ a is primitive (mod m)
B 0 otherwise.

As far as we know, prior to this work, there were no such results for dimen-
sion d > 1; this despite a remark of Cassels (Math Review of | ]) that ‘it
would be interesting to extend these results to simultaneous approximation’.
A related work of Berthé, Nakada and Natsui | | establishes similar
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properties for the convergents arising from the d-dimensional Jacobi-Perron
algorithm.

3.5. Growth of ¢, the Khinchin-Lévy constant, and a ‘Khinchin-
Lévy distribution’. The asymptotic rate of growth of the denominators gy,
(i.e., the last coordinate of the vector vy in case of best approximations, and
of the vector wy, in case of e-approximations) has been a topic of detailed
study. For both best approximations and e-approximations, Theorem 2.1
makes it possible to obtain new information about this growth. Namely, as
we will show, for a given 6, the quotient gx11/qx can be computed explicitly
from the data contained in the 3-tuple (18) (in the case of best approxima-
tions) and (19) (in the case of e-approximations). Using this we prove:

Corollary 3.4. Let || - || be a norm on R? and let € > 0. Then there are

KL) (KL

probability measures Al )‘II-H E) on Ry with finite expectation such that

[l best

for a.e. 0 € R, the following holds. Let (vi)ken, (Wk)ren denote respectively

the best approrimation and e-approrimation sequence, and let q,ibeSt),q,(f)

denote the corresponding denominators. For any k > 2, let

(best) def Q;E;belst) () def ql(:)l

es € g €

t, = log <q(]:'est)> and t’ = log ( q(if) ) . (29)
k k

Then the uniform probability measures on the sets
{tl(cbeSt):lngN}v {t,(f):lgkzgj\f}
oy ety i 3 X

(KL) .. ((n)
e * Vet

the unit ball of the norm, in R?.

in the weak-* topology as N — oo.

The expectation of A

where Vg . is the Lebesgue measure of

For d = 1, in the case of best approximations, Khinchin [ | showed

in 1936 that the limit limg_,., log q,i/k exists, and in the same year, Lévy
[ | gave the value of the limit. In our terminology, this limit is the
expectation of the measure A = )\ge(sf), and thus Corollary 3.4 provides an
analogue of the Khinchin-Lévy result for e-approximations, valid for any
d and any norm. For d = 1 and for best approximations, in 1986 Jager
proved a convergence to a measure A as above, and gave an explicit formula

for A. He also established a joint equidistribution result for the sequence of
pairs (t,(gbeSt), disp(0, Vk))k N (see [ , Lemma 5.3.11]). For best approx-
c

imations, and for the Euclidean norm, the convergence to a limit measure

(KL)
)\H~||,best

lier[C'C’]. Our work extends this to arbitrary norms, answering [('C’; Question
1]. As a corollary, Cheung and Chevallier obtained that for a.e. §, the de-
nominators g in the sequence of best approximations in dimension d > 1,

was recently proved in arbitrary dimension by Cheung and Cheval-
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satisfy that the limit limg_. o q;/ * exists. In a subsequent work with Xieu
[ ], the limit was evaluated in the case d = 2.

Lagarias | | constructed examples showing irregular growth of the
sequence q,i/ k; in particular showing that the a.e. behavior can fail dramat-
ically for some special choices of 8. A different way to measure the growth
of approximations is due to Borel and Bernstein in dimension d = 1, and
was extended by Chevallier to the case d > 1. See | | for more details
on this, and for a survey of more results on best approximations.

As noted in [C'C; Question 1], it would be interesting to compute the

. (KL)
expectation of )\||~||,best
also be interesting to obtain additional statistical informations about these

distributions, such as higher moments and tail bounds.

for different dimensions and different norms. It would

4. PRELIMINARIES

In this section we recall some standard results. Some of them will be
valid in a general Borel measurable setup, and for some we will require some
topological assumptions. To distinguish these cases we will use the following
terminology. We will have a space X on which a one-parameter group {a;}
acts, a g-algebra Bx of subsets of X, and a measure p which is a;-invariant.

o The Borel setup is the one in which (X,Bx) is a standard Borel
space, i.e., there is a Polish structure (the topology induced by a
complete and separable metric) on X for which Bx is the Borel o-
algebra. In this setup the action map R x X — X, (¢,z) — auzx is
assumed to be Borel, and the measure u is assumed to be o-finite.

e The lcsc setup is the one in which in addition, X is a Hausdorff locally
compact second countable (lcsc) space, Bx is the Borel o-algebra for
the underlying topology, and the action map is continuous. Moreover
the measure p is assumed to be Radon (regular and finite on compact
sets).

The above conditions will be assumed throughout the paper without fur-
ther mention. Additionally, we will usually assume that p is finite, but will
make explicit mention of this when we do.

4.1. Measurable cross-sections. In this section we recall classical defi-
nitions and results in the Borel setup. We start with the definition of a
Borel cross-section which do not involve a measure and continue with the
definition of a p-cross-section which is relevant when a measure is present.

Definition 4.1. Let (X, Bx, {a:}) be as in the Borel setup. A Borel cross-
section is a Borel subset S with the following properties:
e For any = € X, the sets of visit times

Vo @l eR:qur € S (30)

are all discrete and totally unbounded; that is, for any 7" > 0,
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Ve N(T,00) £ D, Vo N(—00,-T) # &, and # (V. N(-T,T)) < oc. (31)
e The return time function

7s:S >Ry,  7s(x)  min (Ve NRY) (32)

is Borel.

If S is a Borel cross-section we will denote by Ts : § — S the first return
map defined by
def
TS(x) = Qrg(z)T-

Definition 4.2. Let (X, Bx,{a:}) be as in the Borel setup and let p be
an {a;}-invariant measure. We will say that S € Bx is a p-cross-section if
there is an {a;}-invariant set X € Bx such that

o 1(X N\ Xp)=0.

e SN Xy is a Borel cross-section for (Xo, Bx,) (where By, is the re-

stricted o-algebra defined by Bx, e {ANXy:AeBx}).

If § is a p-cross-section and X is as in Definition 4.2, then we denote
7s : S = Ry U {oo} the function

def [ Tsnx,(z) if x € SN X,
Ts(x)_{ 00 if v € S~ Xp.

We denote T'snx, by Ts. It is a well defined Borel map S N Xg — S N Xy,
and we say that a measure on § is Ts-invariant if S \ Xg is a null-set and
its restriction to S N X is Ts-invariant.

Remark 4.3. The restricted Borel space (Xo, Bx,) appearing in Definition

4.2 is a standard Borel space, see | , Chap. 13].
For € > 0 we let
S>c dof {reS:1s(x) >} and S df s S>e. (33)

The sets S>. are an increasing collection of Borel sets whose union is S.
Given F € Bx and I C R we let

Efdéf{atx:er,tEI}, (34)

and let m = mpg denote the Lebesgue measure on R.
The following structure theorem is due to Ambrose and Kakutani [
], see also | ) |:

Theorem 4.4. Let (X,Bx,{a:}) be as in the Borel setup and let S € Bx.
Then, for any finite {a:}-invariant measures p on (X, Bx) for which S is
a p-cross-section, there exists a Ts-invariant measures ps on (S, Bs) such
that the following holds for any Borel set E C S:
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(i) If E C S>¢, and I is an interval of length < e then

_ u(E
ns(E) = W

In particular, for any € > 0 we have ps(S>z) < 00.

(i1) For any interval I, us(E) > %?II))-

(iii) In general

: 1 0,e
us(E) = lim — (B9 (35)
(iv) We have pus(E) = 0 if and only if u(E®) = 0.

(v) If p = [ndO(n) for a measure © on P(X), where O-a.e. 1 is {ai}-
invariant, then S is an n-cross-section for ©-a.e. n, and ps = [ ns dO(n).
Moreover, u is {a;}-ergodic if and only if us is Ts-ergodic.

(vi) We have

M(X):/STSdug.

(vii) If K ~ (X, ) is a group-action commuting with the {a;}-action and
preserving S, then the K-action also preserves us.

We will refer to item (vi) as the Kac formula. Note that (vii) is not
mentioned in the above references but follows immediately from (35).

Definition 4.5. Let (X, Bx,{a:}) be as in the Borel setup and let u be a
finite {a;}-invariant measure. Let S be a p-cross-section. Then the measure
s from Theorem 4.4 is called the cross-section measure of p.

Note that in Theorem 4.4, y is finite but us need not be. However, from
(vi) one easily sees that if 75 is bounded below, or more generally, if there
is ¢ > 0 such that 7s(x) > ¢ for ps-a.e. x, then pgs is finite.

Remark 4.6. In Theorem 4.4 we defined a map p — us. Under suitable
conditions this map is injective and its image has an explicit description.

See | .

Definition 4.7. Let (X, Bx,{a:}) be as in the Borel setup and let u be a
finite {a;}-invariant measure. Let S be a u-cross-section. Let M € N and
let £ C S be Borel. We say that E is M-tempered if for us-a.e. z,

#{t€[0,1] : a4z € E} < M.

We say that F is tempered if it is M-tempered for some M, and that S is a
tempered -cross-section if this condition holds for £ = S.

Clearly S is tempered if S = &>, for some ¢ > 0. It is not hard to show
(see [C'C, Proof of Prop. 19]) that us(E) < oo for any tempered subset.
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4.2. Tight convergence of measures on lcsc spaces. Let X, Bx be as
in the lesc setup, let Cp(X) denote the collection of bounded continuous real-
valued functions on X, and let M(X) denote the collection of finite regular
Borel measures on X. Whenever we discuss convergence of measures in this
paper, it will be assumed that the measures belong to M(X). In particular,
although infinite measures may appear in the discussion, convergence of
measures will only be discussed for finite measures. For p € M(X) and
[ € Cy(X), we denote the integral [y fdu by pu(f). We will use the so-
called tight topology (sometimes referred to as strict topology) on M(X) for
which convergence up — p is defined by either of the following equivalent
requirements (see | , §5, Prop. 9] for the equivalence):

(i) For all f € Cy(X), pi(f) = n(f)-
(ii) For any compactly supported continuous function f : X — R, ur(f) —

u(f) and i (X) = p(X).

Note that this is not equivalent to weak-* convergence, in which f is taken
to be compactly supported. Due to the characterization (ii), the weak-*
topology is coarser than the tight topology when X is not compact. Never-
theless, when the total masses p(X), ux(X) are the same (e.g., when they
are probability measures), these notions of convergence coincide.
For a topological space X and E C X, int(E), cl(E) and 0(E) = cl(E) N
cl(X \ E) denote respectively its topological interior, closure, and boundary.
Since we will work with several topological spaces, if we want to stress the
dependence on X we will write intx (E), clx(E), Ox(F).

Definition 4.8. Let X be an lcsc space and p € M(X). We say that E €
Bx is Jordan measurable with respect to p (abbreviated p-JM) if p(0x (E)) =
0.

Suppose X’ C X is locally compact (in its relative topology as a subset of
X) and pu(X ~ X') = 0. It may happen that for £ C X' we have dx/(E) &
Ox(E). Nevertheless, since u(X ~ X’) = 0, we still have pu(9x/(E)) =
w(0x (E)), and so the notion of Jordan measurability with respect to u is
not affected by adding or removing sets of measure zero (as long as we work
with locally compact sets).

The collection of u-JM sets forms a sub-algebra of Bx, and this algebra is
rich enough to capture the tight convergence to u. More precisely we have
the following.

Lemma 4.9 (See | |, Thms. 2.1 & 2.7, or | |, Chap. 4). If ux, p €
M(X) then u, — p tightly if and only if for any p-JM set E one has
u(E) - u(E).

Moreover, if Y is also an lcsc space and ¢ : X — Y is a measurable
function, then the push-forward map ¥, : M(X) — M(Y') is continuous at
a measure p € M(X) (with respect to the tight topologies) provided that 1)
is continuous p-almost everywhere.
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5. EQUIDISTRIBUTION OF VISITS TO A CROSS-SECTION

Throughout this section we let (X, Bx, {a:}, 1) be as in the lcsc setup and
S be a p-cross-section as in Definition 4.2. We further assume that
(A) p is a probability measure.
(B) ps is finite.
(C) S is lesc (with respect to its subset topology induced by the topology

on X).

Let xg be the indicator of £ C X. For x € X and E C § we let
N(z,T,E)=#{t€[0,T]: asx € E}.
Definition 5.1.

(1) We say that a point z € X is (a, p1)-generic if £ fOT Oapzdt =700 fi-

(2) We say that x € X is (a, us)-generic if the sequence of visits of the
orbit {a;z : t > 0} to S equidistributes with respect to u%@s) LS.

(3) For a Borel subset &’ € § which is pus-JM and of positive ps-
measure, we say that x € X is (a4, pus|s’)-generic if the sequence
of visits of the orbit {a;z : t > 0} to S’ equidistributes with respect

1
to —ryksls
Since, by (A), both cases above concern probability measures, we can
understand the equidistribution equivalently as either weak-* convergence
or as tight convergence. Also, by Lemma 4.9, = is (a¢, u)-generic if and only
if .
for any p-JM set E C X, T/ XE(ax)dt —7_00 (E). (36)
0

Similarly, by Lemma 4.9, and using (B) and (C), = is (a¢, us)-generic if and
only if

N(SL‘,T,E) MS(E)
— L . 37
N@T.S) 7 st B0
Remark 5.2. Note that we do not define genericity with respect to the first

return map Ts : S — S, but the reader will note the relationship between
(at, ps)-genericity and (Ts, ps)-genericity: = € X is (a, ps)-generic if and

for any ps-JM set £ C S,

only if 2’ = a () is (TS, “%(S) ,ug)—generic (in the natural sense).

In this section we will study the relationship between (ay, ut)-genericity
and (at, ps)-genericity. As a motivating example, consider the following
simplified situation. Assume that (i) for any us-JM set E C S, the thickened
set EO1) (defined via (34)) is pu-JM; and (i) the return time function 75 is
bounded below by 1. Then it follows that if z € X is (a, 1) generic, then it
is (a¢, ps)-generic. Indeed, we have

1 1/ ("
—N(x, T, E) = — </ X E(0,1) (ata:)dt + O(l))
T T\ Jo

and the claim can be deduced using (36), (37), and Theorem 4.4(i).
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Since the notions of cross-sections in Definitions 4.1, 4.2 refer only to the
Borel structure, while equidistribution is a topological notion, it is natural
to expect a topological assumption like (i), and indeed, we will require some
similar additional assumptions. Regarding (ii), when trying to remove it,
one encounters a complication involving the relation between the continuous
time parameter 7" and the number of visits N(x,T,S). Suppose x is (at, pt)-
generic but the number of visits up to time 7" is large compared to T' (e.g.,
on the order of T?). This implies frequent visits to Sc.. In Theorem 5.11
below, which is the main result of this section, we use this observation to
define a concrete u-null set, and show that for trajectories avoiding this set,
(at, p)-genericity implies (a, ps)-genericity.

Definition 5.3. Let S C X be a p-cross-section satisfying (A), (B) and
(C). We say that S is a p-reasonable if in addition, the following hold:

(1) For all sufficiently small ¢, the sets S>. are ps-JM.

(2) There is a relatively open subset & C S such that the following two
conditions hold:
(a) The map (0,1) xU — X, (t,x) — a;x is open;
(b) 1t ((clx (S) ~ U)®D) = 0.

Remark 5.4. We note that the interval (0,1) in Definition 5.3 can be
replaced by any fixed small interval. We also note that it is possible to
obtain our results while replacing Definition 5.3(1) with the weaker require-
ment that there exists an increasing collection of pugs-JM sets Fj such that
S = U, Fr and such that F, C S>., for some ¢, > 0. This more flexible
framework requires slightly more involved arguments, but we will not need
it and leave the details to the dedicated reader.

The following elementary lemma shows that Definition 5.3 implies the
property (i) used in the preceding discussion.

Lemma 5.5. If S is p-reasonable then for any ps-JM set E C S and any
interval I C [0,1], B! is p-JM.

Proof. Assume for concreteness that I is a closed interval, the other cases
being similar, and write I = [11,72]. Let U C S be the relatively open set
appearing in Definition 5.3(2). We need to show that (8X (EI)) = 0. This
will follow once we show

dx (ET) C (clx(S)~U) UanSUa,S U (9s(E)) (38)

Indeed, all sets on the RHS of (38) are p-null: the first by the choice of
U, the fourth because of Theorem 4.4(iv) and the assumption that ds(E)
is ps-null, and the second and third sets are u-null by standing assumption
(B) and Theorem 4.4(ii).

We prove (38). Let « € dx (E'), so that there is a sequence ¢y, € |11, 7]
and y;, € E such that a;, y, — . By passing to subsequences we may assume
that tx — to € I and yr — yo € clx(E) C clx(S). We distinguish several
cases. If yo ¢ U, then x clearly belongs to the RHS of (38). Thus we assume
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that yo € U. If tg € {71, 72} then again x clearly belongs to the RHS of
(38). Assume that 71 < tgp < 72 and yo € U, hence in particular yg € cls(E).
If yo ¢ ints(E) then by definition yg € ds(F) and again z belongs to the
RHS of (38). The only remaining possibility is that yg € ints(F) but this
is impossible since # ¢ intx (E) but the map (¢,y) — a;y is open from
(0,1) x U to X. O

For a set E C S>. the relation between N(z,T, F) and f(;[ X po.o) (arx)dt
is simple:
Proposition 5.6. Let S be a p-reasonable cross-section. Then for any x €

X which is (at, p)-generic, for any € > 0 and for any ps-JM set E C S>¢,

lim %N(m,T, E) = us(E). (39)

T—o0

Proof. By Lemma 5.5 we have that F(®¢) is ;-JM, and thus by Lemma 4.9,
%fOT Xpo.o (ax)dt =700 ,u(E(O’e)). Since £ C S>., we obtain (using
Theorem 4.4) that

T
'LL(E(O,E)) = 5MS(E) and / XE(O,E)(atI‘)dt :EN(I,T, E) +O(1)7
0
and (39) follows. H

The following sets will be useful for analyzing trajectories {a;z : t > 0}
visiting S<. with abnormally large frequency. Let

1
Ass def {a: €S8 :Ve >0, imsup =N (z,T,S<.) > 5} , (40)
T—o0 T
def
Ag = U AS,&
6>0

We have the following variant of Proposition 5.6, in which we do not
require that £ C S>..

Proposition 5.7. Let S be a p-reasonable cross-section. Assume that x €
X AR s (ag, p)-generic (where AR is the thickening of As as in (34)).
Then (39) holds for any ps-JM set E C S.

Proof. By Definition 5.3, for any small enough ¢ > 0 we have that £ NS>,
is us-JM, as an intersection of two such sets and so by Proposition 5.6,

1 1
liminf =N (2,7, E) > lim —N(z,T,ENSs.) = ps(E N Sxe).

T—o0 T—o0

Since the sets S>. exhaust S, and € can be chosen arbitrarily small, we find

1
liminf =N (z,T,E) > pus(E). (41)
T—oo T



24 URI SHAPIRA AND BARAK WEISS

Fix § > 0. Since z ¢ AE, we have z ¢ Agé. By (40) there exists € > 0 so
that 1
limsup =N (z,T,S<.) <6, (42)
T—00 T
and clearly we may take e arbitrarily small to ensure that S>. is pus-JM.
Taking (42) into account and applying again Proposition 5.6 we get

1 1
lim sup TN(JJ, T,E) = limsup T (N(z,T,ENS>:) + N(z, T,ENS..))

T—o0 T—o0

1 1
< lim fN(:c, T,ENS>c) + limsup TN(ac, T,S<¢)

T—o0 T—o0
(43)
<pus(ENSs:) +6 < us(E)+ 4.
Since § was arbitrary, we get (39). O

The following lemma shows that the extra assumption in Proposition 5.7,
namely that = ¢ AR, is almost harmless.

Lemma 5.8. Let S be a p-reasonable cross-section. Then
ps (As) =0 and p (A%) =0.

Proof. By Theorem 4.4(iv) it is enough to show that us (As) = 0. For this it
is enough to show that for any fixed 6 > 0, s (Ass) = 0. Take 0 < &1 < gg

small enough so that ps(S>¢,) > 0 and ps(S<e,) < 6. This is possible by
(B) and because S = |J,-( S>e. Let

p= /ud@(y)

be the ergodic decomposition of u; that is, © is a probability measure on
P(X), and for ©-a.e. v, v is an {a; }-invariant ergodic measure on X. More-
over, O-a.e. v satisfies that S>., S<, are both v-JM, and S is a cross-section
for (X, v, {a:}). We will show that for such v, for v-a.e. z, the cross-section
measure vs satisfies

. 1
lim —=N(z,T,S<,) = vs(S<e,)- (44)
T—oo T

This will imply vs (Ass) = 0 for such v, and hence that ps (Ass) = 0.

Note that for £ C S, the ratio %((i:;g))

ergodic dynamical system (S, VS#(S)VS, Ts). Applying the pointwise ergodic

is an ergodic average for x g in the

theorem to the characteristic functions of the sets S>¢,, S<., we deduce that
there is a set F' C S of full v-measure such that for any y € F,
N(ya T, 8260) N VS(SZEO)
N@.T,8) 7% ws(s)
N(y, T, S<61) s V5(8<61)
N@y,T.5) 7% ws(S)
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and thus
lim %N(y7Ta S<61) — lim N(y7T7 S<81) _ VS(S<€1)
T—00 %N(y, T,S8>z,) T—oo N(y,T, 8260) vs(S>e)
Moreover, replacing F' with a smaller set of full v-measure, we can assume
that each y € F is also (a¢,v)-generic. Applying Proposition 5.6 for £ =

S>¢, we get that the denominator on the LHS of (45) converges to the
denominator on the RHS. This implies (44) for y € F. O

(45)

For tempered subsets of S (see Definition 4.7) we can prove a version of
Proposition 5.6 without reference to the problematic set Ag.

Proposition 5.9. Let S be a pu-reasonable cross-section and let E C S be a
tempered subset which is ps-JM. If v € X is (ay, p)-generic then (39) holds.

For the proof we will need the following lemma which provides the sub-
stitute for the assumption z ¢ A%.

Lemma 5.10. Let S be a p-reasonable cross-section for (X, a,p) and let
F C S be a ps-JM set which is M-tempered. Then for any x which is
(at, p)-generic we have

1

limsup =N (z,T,F) < Mpu (F(0’1)> . (46)
T—ooo 1

Proof. Let I = (0,1). By Lemma 5.5, the set F is p-JM and hence

x fOT Xpr(ax)dt =700 1 (FT). Thus (46) will follow from

N(z,T,F) <M -m({t €[0,T]: qyz € F'}) + M, (47)

for each T" > 0 (where m is the Lebesgue measure on R). Let k = N(z, T, F)
and let ¢; < --- <t be an ordering of {¢t € [0,T] : azx € F'}. Then, the M-
temperedness implies that there is a subset J C {1,...,k} of cardinality at
least %, such that for any j; < jp in J one has t;, —t;, > 1. For each t; € J
except perhaps the largest, and for any t € (t;,t; + 1), we have t < T and
atx € FI. This implies that {t € [0,7] : a;z € F'} contains at least | & | —1
disjoint intervals of length 1, which implies (47).

Proof of Proposition 5.9. The proof is very similar to that of Proposition 5.7.
The inequality lim inf7_,o, #N (2, T, E) > ps(E) follows as in (41). On the
other hand, similarly to (43), using Proposition 5.6, for any sufficiently small
€ > 0 we have

1 1
lim sup TN(.%‘,T, E) = pus(ENS>c) + limsup TN(CL‘,T, E.),

T—o0 T—o0

where E. def ENS... The sets E. are M-tempered and so by Lemma 5.10,
limsupy_,.o 2N (2, T, E) < ps(E) + M p (EE(O’U). But since (., £V
&, we have

H (Eg(O’l)) —2e—0 05
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and hence limsupy_, ., #N(z,T,E) < ps(E). Putting these inequalities
together gives (39). O

We summarize the results of this section in the following theorem.

Theorem 5.11. Let S be a p-reasonable cross-section, and let 8" C S be
ps-JM such that us(S") > 0. Suppose x € X is (at, p)-generic. Assume in
addition that one of the following also hold:

(i) = ¢ A
(ii) 8’ is tempered.
Then x is (a, us|s:)-generic.
Proof. Let x be (at, p1)-generic and assume (i). Then Proposition 5.7 and

Lemma 4.9 imply that = is (a, us)-generic. Showing that x is (a¢, ps|s’)-
generic is equivalent to showing that for any ps-JM set E C &,

lim N(z,T,E) _ us(E)
T—oo N(z,T,8")  ps(S")’

which readily follows using (39) in both numerator and denominator.

Now assume (ii). Since &' is tempered, so is F C &', and by Proposi-
tion 5.9, we once again have (39) for both the numerator and the denomi-
nator. ]

5.1. Continuity of the cross-section measure construction. In this
subsection we prove the following continuity property of the map pu — us
that will be used at the very end of the paper in Theorem 14.2:

Proposition 5.12. Let X, B,{a;} be as in the lcsc setup, and let pp,pu €
P(X). Suppose p and each pi are {a:}-invariant, and pp —k—oo H N
the strict topology (or equivalently, since they are in P(X), in the weak-*
topology). Also assume that S',S satisfy the following, for v = p and for
v = ug, for any k € N:

(1) S is a v-reasonable cross-section.
(2) 8" C S isvs-JM.
(3) S’ is tempered.

Then (pr)sls' —k—oo slsr, with respect to the strict topology.

Remark 5.13. It seems to us that in the above proposition we cannot de-
duce that pg s — ps or even that there is convergence after renormalizing
the measures to be probability measures. The reason for this is that po-
tentially, there exists § > 0 such that for any ¢ > 0, ups(S<c) > 0 for
infinitely many k’s. This is reminiscent of escape of mass. To overcome this
we restrict attention to the tempered set S’. Nevertheless, the proof does
give that for any pus-JM set £ C S we have

liminf (1) (E) 2 ps(E).
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Proof. By Lemma 4.9 we need to show that for any ps-JM set E C S’ we
have

(k)8 (E) =00 ps(E). (48)
Take E C 8" a us-JM set. For any € > 0 we can decompose E = (ENS>.)U
(ENS<.) and hence for v € {u, ux} we have
vs(E) =vs(EN 325) +vs(ENSce).

By Lemma 5.5 we have that (ENS>.)(%9) is u-JM, and so by Theorem 4.4(i),
1
i = i — (0,¢)
i () (B0 S20) = fin =g ((21522))

1
=1 ((BN8:00) = ps (BN S0
Moreover pus(E NS<:) —e—0 0, because us is a finite measure, and hence
liminf (u)s (B) > ps(B),
k—o0
and (48) will follow once we establish that
lim sup (:uk)S(E n S<5) —e—0 0. (49)

k—o0
Clearly, it is enough to show (49) for F = &’. Assume first that each py is

ergodic. Since 8’ is pug-JM, there is z; € X which is (ay, pux)-generic. Choose
M so that 8’ is M-tempered, then by (46) we have

1
()5 (8' N1 8<e) = lim N (wn, T, 8 (1 8<e) < Mpag ((S'0S<0) @) (50)
hde el
Using the ergodic decomposition and Theorem 4.4(v), we see that (50) also holds
without assuming that py is ergodic. This gives
limsup(py)s (8N S<.) < Mp ((8'nS<) ™),

k—o0

and taking the limit as ¢ — 0 we obtain (49). O

6. LIFTING REASONABLE CROSS-SECTIONS

The goal of this section is to prove Proposition 6.3 which roughly says
that a lift of a reasonable cross-section to a fiber bundle extension is again
reasonable. We will begin with an elementary lemma about fiber bundles
that will be needed at a certain point.

6.1. Fiber bundles. Let X, Y, F be topological spaces. Recall that a con-
tinuous map 7w : Y — X between two topological spaces is called an F'-fiber
bundle if X can be covered by a collection {U;} of open sets, called triv-
tal open sets, such that for each index ¢, there exists a homeomorphism
Vi« Uy x F — 77 1(U;) satisfying 7(v;(z, f)) = z for all (z,f) € U; x F.
A morphism between two F-fiber bundles Y; — X;, ¢ = 1,2, is a pair of
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continuous maps ¢ : Y7 — Ys, ¢ : Z; — X, for which the following diagram

commutes:

Vi —2 =Y, (51)

X1 *,)Xz
¢

Definition 6.1. The bundle morphism (51) is said to be proper relative
to fibers, if any sequence {y,} C Y7 for which {m1(y,)} and {¢(y,)} are
bounded sequences in X7, Y respectively, is bounded in Y; (here bounded
means has compact closure).

Lemma 6.2. Let F, X;,Y; (i = 1,2) be lesc spaces such that 7; : Y; — X;
are F-bundles. Suppose the bundle map (51) is proper relative to fibers,
¢ : X1 — Xo is open, and the restriction ¢’ﬂ_1—l(x) sy ) =y e () s a
homeomorphism between the fibers, for any x € X1. Then ¢ is open.

Proof. By restricting to trivial open sets in X7, X2 and their preimages in
Y1, Y5, we may assume that Y7, Y5 are trivial bundles. Note that the proper-
ness relative to fibers holds after such restriction.

Assume then that Y; = X; x F' and m; is the projection on the first
coordinate. For any x € X write ¢(x, f) = (¢(z), ¢=(f)), so that ¢, :
F — F is the homeomorphism ¢ induces between the fibers {x} x F' and
{g?)(w)} x F'. Since we assumed all spaces involved are lcsc, the topology is
induced by a metric. Let (xq, fo) € X3 x F and let U x V be a basic open
neighborhood of (zg, fo) in X7 x F. We will show that ¢(xq, fo) is in the

interior of

oU x V) ={(6(2),¢:(f)): 2 €U, feV}. (52)
For any z € U, since ¢, is a homeomorphism of F', there exists € > 0 so that
BE(¢.(fo)) € ¢.(V) (where BF () is the ball of radius ¢ in F' centered at
x, with respect to a metric defining the topology). The following claim says
that € can be taken to be uniform for z close enough to xzg.

Claim: There exists € > 0 such that for any z close enough to xy,

We first assume the Claim and complete the proof of the Lemma. By
continuity of ¢ at (zg, fo), there is a neighborhood U’ of xy so that for
z € U’ we have d(¢z,(f0), ¢-(fo)) < /2. Thus for z € U’, Bfﬂ(qﬁxo(fo)) C

BF(#.(fo)). By the Claim, making U’ smaller if necessary, we have that
By (9xo(f0)) € ¢2(V) for 2 € U', s0 (52) contains ¢(U") x Bljy(bwy(fo))-

Since ¢ is open, we have shown that ¢(zo, fo) is in the interior of (52).

We now prove the claim. Assume to the contrary that there exists a
sequence z, — zg for which the homeomorphisms ¢,, : F' — F map a point
fn ¢ V into Bf/n(qﬁzn (fo)). By the properness relative to fibers of ¢, we
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may assume f, — fi« # fo. Moreover, by the continuity of ¢ we get that
lim ¢(zp, frn) = ¢(x0, f«). On the other hand, this limit is also equal to

lim(¢(zn)7 ¢z, (fn)) = (¢($0), Gz (fO)) - ¢($0, fO)

This contradicts the assumption that ¢, is one to one. O

6.2. Extensions. Let {a:} ~ (X,Bx,pu) and {a;} ~ (X,BX,[L) be two
actions as in the lcsc setup, and assume that y, fi are both probability mea-
sures. We say that 7 : X — X is a continuous factor map or equivalently
a continuous extension map if it is continuous and satisfies u = 7w, and
atom = moa for any t € R.

Proposition 6.3. In the above setup, let m : X — X be a continuous
factor map. Assume furthermore that 7 is a fiber bundle. Let S C X be a

p-reasonable cross-section and let S 7 1(S). Then:

(a) S is a fi-cross-section.

(b) mfig = ps.

(c) fig is finite.

(d) S is fi-reasonable.

(e) For any ps-JM set EC S, n7Y(E) C S is pg-JM.

(f) If E C S is M-tempered then ©=(E) is M-tempered.

Remark 6.4. In the proof of Proposition 6.3, the only place that we use the

assumption that m is a fiber bundle and not simply a continuous extension
is in the proof of item (d).

Proof. Since a; o™ = 7 o at, we have
(rH(E) = (BT) (53)
for the thickened sets as in (34). In addition, for x = m(Z) we have
{t:atfeg}:{t:ataﬁeé‘}, (54)
and hence
Vi=Yi, 7s(x)=r75(7), and 5’28 =71 HS>0). (55)
We prove (a): since S is a p-cross-section, there exists an {a;}-invariant
set Xg € Bx such that u(Xp) =1 and S N X is a Borel cross-section (see
Definitions 4.1, 4.2). It follows that if X af 71(Xp), then X, € By is
an {a,}-invariant set with i(Xo) = 1. Finally, it follows from (55) that
SN Xy is a Borel cross-section according to Definition 4.1. This finishes the
verification of Definition 4.2 and proves (a).
Item (b) follows from (35), (53), and the assumption that m.fi = p.

Item (c) follows from (b) since the p-reasonability of S implies that ps is
finite.



30 URI SHAPIRA AND BARAK WEISS

Since 7 : S — S is continuous, for any £ C S,
85(7r_1(E)) c Y 9sE).
It follows that if £ C S is ps-JM then
fig(05(r~(E))) < fig(r~'(9sE)) = ns(ds E) =0,

and (e) follows.

Item (f) follows from the equivariance of .

It remains to prove (d). We verify Definition 5.3. We note that S satisfies
(A), (B) and (C). Indeed, (A) is part of our assumptions, (B) follows from

(b) and (C) follows easily from the fact that X and S are lesc and = is
continuous. We now check the further conditions of Definition 5.3. Condi-
tion 5.3(1) follows from (e) and (55). For the technical condition 5.3(2), let
U C S be the subset appearing in the definition for S, and let U = 7~ 1(U).
First,

g (S)NUC 7 (clx(S) N U)
and since 7. i = u,

i (cl)?(S) N z]) < 1 (clx(S) ~U) = 0.

In order to verify that the map (0,1) x U— X, (t,y) — apy is open, note

that Y1) = 71 UOD) is open in X, and thus it is enough to show that
the map (0,1) x U — U is open. Consider the commutative diagram

~ (t,.’z) — arx

0,1) x U U (56)
(id,w)l ™
(0,1) xU 2

(t,z) — ax

in which the vertical maps are fiber bundles and the horizontal maps consti-
tute a morphism of fiber bundles. Note that the map between the bottom
spaces is open by assumption and the map between the top spaces is a home-
omorphism when restricted to single fibers. Moreover, we claim that this
morphism of bundles is proper relative to fibers in the sense of Definition 6.1.
An application of Lemma 6.2 then shows that the upper horizontal map is
open which finishes the proof. N

We verify properness relative to fibers. Let {(t,,%Z,)} C (0,1) X U be a
sequence such that both {(t,, 7(Z,))} € (0,1) x U and {a(t,)Z,} c UOD
are bounded. We may assume without loss of generality that

(tn, 7(Fn)) = (to, o) € (0,1) x U and ay, T — Z € UOY.

It follows first that tg € (0,1), and second, by applying m we get that
Z € mY(agyw0), which implies that a_,z € 7~ 1(U) = U. Finally, by the
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continuity of the action we see that that
limz, =lima_,at,p =a_t,z €U

which shows that {(t,, %)} converges in (0,1) X U to (to, a_4,Z). O

7. HOMOGENEOUS SPACES AND HOMOGENEOUS MEASURES

7.1. Guide to the rest of the paper. In order to obtain our results,
we will apply the theory developed in §84-6 in order to get equidistributed
sequences on cross-sections in various spaces, and then interpret them as
being related to best approximations and e-approximations. For our results
we will have three distinctions which give rise to 8 = 23 cases. The first
distinction is between best approximations and e-approximations (compare
Theorems 1.1 and 1.2), the second distinction is between Lebesgue a.e. vector
and vectors with entries in a totally real field (compare both of the above,
with Theorem 1.5) and the third is between results on equidistribution in
the real spaces &, x R? and in the larger locally compact space &, x R? x Zn
(compare the first two coordinates of (18) with all three of them). In all
cases we will specify the dynamical system, define our cross-section, give an
expression for the cross-section measures, and check that the axioms used
in §§4-6 are satisfied. Some of these verifications will be routine but others
will require detailed argumentation.

Since the reader may not be equally interested in all eight cases, we pref-
ace this discussion with a short guide. We will first consider the real ho-
mogeneous space Z, = SLyp(R)/SLy(Z), where the action is given by left
multiplication by the one-parameter group {a;} in (16). Understanding the
space 2, will only give information about the real components &, x R? in
(18). On %, we will define a cross-section S,, (defined below in (81)). We
will consider two kinds of measures p on 2. The first is the Haar-Siegel
measure mgy; . This measure will give information about the properties of
Lebesgue a.e. 8 € R, When discussing this measure we will say that we are
in Case I. In the second case, related to approximation in totally real fields,
which we will refer to as Case II, we will have a homogeneous measure mg
(see Proposition 7.5), where by homogeneous we mean that there is a closed
subgroup L C SL,(R), such that mg is L-invariant and supp (mg) is a closed
L-orbit. In our case L is a conjugate of the diagonal group A, where the
conjugating matrix will depend on the algebraic vector @, and supp (mg) is
compact. We will prove that &, is p-reasonable in both Case I and Case 11
(see §8.3 and §8.4 respectively).

In order to derive information about best approximations, we will work
with a subset B C S, and for e-approximations, we will work with a subset
S: C Sy We will show (see §9.1, §9.2) that these sets are ps, -JM in both
cases. As remarked in the introduction, B will be a tempered subset (see
Proposition 9.8), but S: will not be.
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In order to understand all three components in (18), we will consider the

adelic homogeneous space Z;* e SL,(A)/SL,(Q), and the factor map
7 XA — Z,. These will be defined in §7.4. The group {a;} defined in
(16) is contained in SL,(R) and thus in SL,(A), and hence acts on 2%,
and the map 7 is {at}-equivariant. We will lift S, to a cross-section 5}0 =
7 HS,,) in 274, and define relevant a;-invariant measures p on 2,* which
descend under 7w to the correct measure on %, according to the case at
hand. Namely, in Case I, the measure y = my is the unique SL;(A)-

invariant probability measure on Z;*, and in Case IT we will take measures
W= mg = m - corresponding to @, which are homogeneous measures
ado
supported on a compact adelic torus-orbit. These measures satisfy m.m p-» =
n

my;, and m,mg = mg. Using the results of §6, we will obtain that the lifted

. S def .o~ . N
cross-section S,, = 71(S,,) is fi-reasonable in both cases. Similarly we

will obtain that the lifted subsets B % ™ Y(B), S. e 77 1(S.) are fi-JM.

Throughout the discussion we will take care to obtain explicit description
of the maps and measures that arise.
In the subsection below we will introduce the spaces and measures (X, 1),

and in the subsequent sections we will introduce the cross-sections and their
JM-subsets.

7.2. The real homogeneous space, Case I. We will work with the space

of lattices 2, SL,(R)/SL,(Z), and the Haar-Siegel measure my;,. Let
sLi (R) denote the n x n real matrices of determinant +1. The following

simple observation will be useful.

Proposition 7.1. %, is isomorphic to the quotient SL%i)(R)/SL,(li)(Z),
via a map which is SL, (R)-equivariant.

Proof. Let 7 : SL,(R) < SL(R) be the embedding. Then 7(SLy(Z)) C
sLi (Z) and hence 7 induces an SL,, (R)-equivariant map 7 : SL,,(R)/SLy(Z) —

SL,(qi)(R)/SLgLi) (Z). We leave it to the reader to verify that 7 is a bijec-
tion. U

Note that elements of SL'" (R) act on Z;, via their action on R"; in terms

of the isomorphism given in Proposition 7.1, the left-action of SL%i)(R) by
matrix multiplication on lattices, is given by left multiplication on cosets.

7.2.1. Contracting horospherical group. Let G be an lcsc group, {a;:} C G a
one-parameter subgroup, and I' < G a lattice. Let 2~ = G/T" and let u be
an {a;}-invariant measure on 2°. The group

_ def
H = {g€G:aga_; —tsi00 €}, (57)
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is known as the contracting horospherical subgroup of GG, corresponding to
{a;}. Also we denote the centralizer of {a;} by HY, that is,

HO {g € G :Vt,ag = gas}. (58)
We will need the following well-known fact. We leave the proof to the reader.

Proposition 7.2. The product HS = HYH~ is a group. If xq is (az, u)-
generic and h® € H°, h= € H~, then h°h~xq is (a;, hOu)-generic.

7.3. The real homogeneous space, Case II. Let d > 2, and let K =
spang {a1, ..., aq, 1} be a totally real field of degree n over Q. Let 01,..., 0y :
K — R denote the distinct field embeddings. Departing slightly from com-
mon conventions, we let o,, = Id. Let

aq

a¥ || erd (59)

aqd

We point out a slight abuse of notation: what we now denote by & is a
column vector whereas in the introduction the same notation was used for a
row vector with the same entries. In this section it will be more convenient
to work with column vectors, and this should cause no confusion.

For g € K, let ¢ : K — R" be the Q-linear map defined by

o1(8)

o(3) & %51(6) € R™, (60)
B

We will refer to o(3) as the geometric embedding of 5. A lattice A € 2, is
called of type (o,K) if there exist a basis f,..., [, of K over Q such that
A is homothetic to the lattice

{o(B): B espany {B1,....6u}t=|0(B1) ... a(Bn) | Z". (61)
Let A C SL,(R) denote the group of diagonal matrices with positive diagonal
entries. We say that an orbit AN’ C 2, is an orbit of type (o, K) if there is
A € Z, of type (0,K) such that AN’ = AA.

Lemma 7.3. Orbits of type (,K) are compact, and all compact A-orbits are
of type (0,K), for some totally real number field K and some o. If ', A €
I are lattices such that A’ is of type (0,K), and Staba(A) = Staba(A'),
then AN is an orbit of type (o,K) (for the same field K).

Proof. For the first two assertions see | , §6]. For the third assertion,

let A % Stab A(A). Tt is well-known that the Q-linear span of A, in the
linear space of n X n real matrices, satisfies

K := spang(A) = {diag (01(a), ..., on(a)) : @ € K}.
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This follows from the fact that any finite index subgroup of the group of
units in the ring of integers of K spans K. For o € K let us denote & :=
diag (o1(@),...,on()). Fix a vector w € A all of whose coordinates are
strictly positive. Consider the map

t:K—=R" a) df Gw.
Note that this is an injective Q-linear map. We claim that its image is
the Q-span of A, which we denote by Ag. Indeed, any & € K is a linear
combination over Q of elements from A, and this implies that ((K) C Ag.
Since K has dimension n over Q we conclude that ¢ is a linear isomorphism
between K and Ag.

Now let M = :~!(A) and let Bi,..., [, be a basis of M as a Z-module.
It is clear from the construction that A is obtained from o (M) by applying
the diagonal matrix whose diagonal entries are the coordinates of w. This
shows that AA = AA”, where A” is the lattice of type (¢, KK) obtained from
o (M) by normalizing its covolume to be one. O

Let @ be as in (59). We set

9 2 | o(r) ... olag) o), (62)

so the bottom row of gz is (a*, 1), where a* denotes the transpose of a@. It
is well-known that the matrix g5 is invertible. Let

rg | det ga| VP gaZ" € 2. (63)

For M € GL,(R) we denote by M* = (M~1)* the inverse of the transpose

of M. For a lattice x = gZ™ € %, the dual lattice is defined by x* def qg*zr.
We then have that
ry = cgzll, (64)
where ¢ > 0 is chosen so that x7, € 2.
Note that the one-parameter group {a;} defined in (16) is contained in
A. We will need the following well-known fact:

Proposition 7.4. The orbit AxY is of type (0,K), and {a;} acts uniquely
ergodically on Ax?%,. For any A € Az%, and any v € A\ {0}, all the coordi-
nates of v are nonzero.

Proof. Let ¢ aef |det(gg)|~"/™ > 0, so that zg def dgzZ™ € Zp. Then

by Lemma 7.3, Axg C %, is a compact orbit. The map M — M* is a
continuous group automorphism of SL,,(R) which maps the groups A and
SL,(Z) to themselves. Therefore it induces an automorphism ¥ of 2,
such that % = W(zg). Since a* = a~! for a € A, the stabilizers satisfy
Staby(z%) = Stabs(zg), and Lemma 7.3 implies that Az is an orbit of
type (o, K).
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We now prove the second assertion. The group A is isomorphic (as a Lie
group) to RY, and we can realize this group isomorphism explicitly using the
exponential map Lie(4) — A. The orbit Axz?% is isomorphic to T = R%/A
for some lattice A in R%, and the action a; ~ Az’ is mapped by this
isomorphism to a straightline flow on T, that is, a flow of the form

tP(x):P(x+tZ), where £ € R~ {0} and P: R? - T

is the projection. Recall that such a straightline flow is uniquely ergodic
unless the straightline orbit of 0 € T is contained in a proper subtorus of
T. Let L be the Galois closure of K/Q and let 4 = Gal(L/Q) denote the
corresponding Galois group. Then ¥ acts transitively on the field embed-
dings o1, ..., 0, by post-composition. This gives an identification of 4 with
a transitive subgroup of the group S, of permutations of {1,...,n}. In
turn, this allows ¢ to act on the group of diagonal matrices by permuting
the coordinates on the diagonal. As the discussion in [ , §6] shows (in
particular, from | , Step 6.1]), for N C R? = Lie(A), P(N) is a com-
pact subtorus of T if and only if Ay def exp(N) C A is 9-invariant. Thus if
{a;} C Ag, then Ay contains any group obtained from {a;} by acting on it
with ¢. Because of the transitivity mentioned above, Ay must contain all
the subgroups

{ai it e R} , where a; = diag <et, . ,et,ith%;iiion, e, ... ,et> .
Since the groups {ai} generate A, we must have Ay = A, and this establishes
unique ergodicity.

For the third assertion, note that if () has one of its coordinates equal
to zero, then 8 = 0. This observation, along with (61), implies the third

assertion for A = x%. The statement now follows for general A = ax’ by
the definition of the A-action. O

We will denote the A-invariant probability measure on Az} by m Az,

Proposition 7.5. Let
I VY (65)
0 1
where 0 € R? is the zero (column) vector, and let

def def
Bg = (bij)ij=1,..a where by = oj(aq) — .

Then Bg is invertible, and for cq def |det (B&)|_1/", the matriz

ha ¢ (ﬁf (1)> € SL(R) (66)
satisfies that the trajectory {a;Ag : t > 0} is generic for the measure

meg déf (Ea)*mAzg. (67)
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Proof. Note that

Bg = (0i(aj) — O‘j)i,jzl,...,d'
Also note that the entries of the right-most column of (62) are all equal to
1, and the first d entries of the bottom row in (62) are at. Thus, letting
1 € R? be the column vector all of whose entries are 1, we find

Bt 1 I; O

which implies det(Bg) # 0, and thus det (hg) = +1.
From (68) we have that

. Bt 1\* (I, —-a& B-' 0 I, —a
gd’:<0g 1) <0t 1>:<00f: 1 q Ot 1 ) (69)

where ¢ is of the form

_(1a O d
q—<Xt 1>,f01rsomex€]R.

In particular we have lim;_, arqa_; = e; i.e., ¢ € H~, the contracting
horospherical subgroup of {a;}.

Let 2% = cl_lg;zZ". By (69), c1 = |det (g§)|
as in Proposition 7.4 and satisfies

71/”, and thus z7% is the lattice

. = Iy —a =
ii= ey (of 17) 2" = ) ke (70)
The lattice x7% is (ay, mAxg)—generic by Proposition 7.4. Since Az = qilﬁ@xg,
h commutes with the {a;} action, and ¢! belongs to the contracting horo-
spherical group for {a;}, we have by Proposition 7.2 that A, is (a;, mg)-
generic. 0

7.4. The adelic homogeneous space, Case I. We briefly recall facts
and notation regarding the rational adeles. See [ , | for more
details on adeles and arithmetic groups, and see | | for a gentle recent
introduction. Let P be the set of (rational) primes. Let A =R x Ay =
R x H;zeP Qp be the ring of adeles. Here H/ stands for the restricted product
— that is, a sequence 5 = (Boo, B¢) = (B0, 82,83, - - -+ Bp, - - . ) belongs to A if
and only if 3, € Z, for all but finitely many p. As suggested by the notation,
we denote the real coordinate of a sequence 8 € A by B+ and the sequence of
p-adic coordinates by 85 = (8p)pep- The rational numbers Q are embedded
in A diagonally, that is, ¢ € Q is identified with the constant sequence
(¢:q,--+)- We let SLy(A) = SLy(R) x SLp(Af) = SLn(R) x [T cp SLn(Qp)
and use similar notation (goc,9f) = (goo, (gp)pep) to denote elements of
SLy(A). It is well-known that the diagonal embedding of SL,,(Q) in SL,(A)
is a lattice in SL,(A). Let

def
Ky < ] SLu(Zy) (71)
peP
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and
def
75 : SLp(A) = SLn(Af),  7f(900,9f) = 9y-

Then Kj is a compact open subgroup of SL,(Af). Via the embedding
SL,(Ay) = {e} x SL,,(Ay) we also think of Ky as a subgroup of SL,,(A). We
shall use the following two basic facts (see | , Chap. 7]):

(i) The intersection K N m¢(SL,(Q)) is equal to 7¢(SLy(Z)).
(ii) The projection m¢(SL,(Q)) is dense in SLy,(Ay).

Let
2% = SLn(A)/ SLn(Q),

and let mys denote the SLy(A)-invariant probability measure on P

There is a natural projection 7 : %HA — %, which we now describe in
two equivalent ways.

First definition of m Given 7 = (g0, g7) SLn(Q) € Z;*, using (ii) and
the fact that Ky is open, we may replace the representative (g, gs) by an-
other (g0, 9f7), where v € SL,(Q) is such that gy € K. We then define
7(T) = gooY SLp(Z). This is well-defined since, if g¢y1,9y2 € Ky, then by
(i), mr(v1 '2) € Kf Np(SLa(Q)) = m7(SLa(Z)), and s0 goom1 SLa(Z) =
9oov2 SLn(Z).

Second definition of 7: View Ky as a subgroup of SL,(A). We
claim that we may identify the double coset space K\ SLy(A)/SL,(Q)
with SL,,(R)/SLy(Z). Indeed, by (ii) and since K is open (as a subgroup
of SLy,(Ay)), each double coset K ¢(goo, gf) SL,(Q) contains representatives
with g = ey (the identity element in SL,(A¢)). The real coordinates of
all such representatives form a single left coset of Ky N SL,(Q) = SL,(Z).
With this identification 7 is simply the projection from the coset space
SL,(A)/SL,(Q) to the double coset space K¢\ SLy,(A)/SL,(Q).

We leave it to the reader to check that these two definitions agree and

that 7 intertwines the actions of Goe 2 SL, (R) on ZA, 2. Since there is

a unique Go-invariant probability measure on %, we have that m,m s =
mg,. In particular, the l-parameter group {a;} C Go acts on both of
these spaces and = is a factor map for these actions. The following standard
statement will be important for us:

Lemma 7.6. The group {a;} acts ergodically on (%nA, m%ﬁx\).

Proof. By the Mautner phenomenon (see e.g. | ]), it is enough to show
that G acts ergodically on (%nA,m t%x). By duality, this is equivalent
to the ergodicity of the action by right translations, of 7(SL,(Q)) on
G\ SLyp(A) = SLy,(Af). Since the stabilizer of a measure is a closed group,
by property (ii) above, any 77(SLy,(Q))-invariant measure must be SLy, (Af)-
invariant, and thus is the Haar measure of SL,,(Af). In particular the action
of m¢(SL,(Q)) is uniquely ergodic, and hence ergodic. O
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7.4.1. The adelic homogeneous space, Case II. Let A be the diagonal group,
let 2% be as in (64), let hgy be as in (66) and let

def def T

Az = hg Ahq Ya = hax (72)

The measure mg defined in (67) is Agz-homogeneous, more precisely, by
Proposition 7.4, we have that the orbit Azys is compact and mg is the
Ag-invariant probability measure on Azys.

Let

def

Stabz_(va) = {a € Az : ays = ya} (73)

be the stabilizer group of yz in Ag. Write 5 = gooZ" for some g, € SL,(R),
so that g/} Stabj (yj&)goo C SL,(Z) is cocompact in the conjugated group

It Aggoo- Let A be the diagonal embedding of SL,,(Z) in SL,,(A), let Mz C
K denote the closure of mp o A (ggol Stabj (gj&)goo) , and let

Lo Aq x Mg C SLy(A).

For a € Stabj_(ya) we let

va & mp o A(ga ageo) € Mg,
and
~def
Ya = (gomef) SLn(@) € f%nA- (74)

Note that Mz is a compact abelian group. Note also that the group Mg,
the homomorphism a +— 73, and the point g5 all depend on the choice of
the representative g of yz. This dependence will not matter to us and we
suppress it from the notation.

Proposition 7.7. The orbit Laya - %A is compact, and supports a fi-

nite L~-mvamant measure mj . The action of {at} on (Laya,mL ) 18
uniquely ergodic, and m, (m~ ) = mg. Moreover, Mg acts transitively on

Lzya
the fibers of 7T|I:_gq

Proof. In order to show that Lz{z is compact we need to show that Stab i ()

is a lattice in E@. We claim that
{(d,’ya) Ge Stabia(ga)} C Stab; (7). (75)
Indeed, for any @ € Stabz_(yz) we have
((_I, 7&)3]62 :((_1, 7&)(9007 ef) SLn(@) = (googo_olagom 7&) SLn(Q)

(goor €£) (90 8Go0s 75 © A9 @goo)) SLin(Q)
(9007 ef) SLn(@) = Ya-
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We remark that the other inclusion in (75) is also true, but we will not need
it. Now, since Mg is compact and Stab 5 (yg) is a lattice in Ag, the graph
{(@,7a) : a € Stabz_(ya)} is a lattice in Lg.

Since My C Ky we have that F(i}&g&) = Azys and since 7 intertwines
the Ag-action, we have that m,m Fatia is an Az-invariant probability measure
supported on Azyz. As mg is the unique such measure, we have m,m fae =
mg.

It remains to establish the unique ergodicity of the action of a; on Lz
By standard facts on translation flows on compact abelian groups (see e.g.
[ , Thm. 4.14]), this is equivalent to showing that any character on
Lg/ Stabj (Ys) which is trivial on the image of {a;} is trivial. This is in
turn equivalent to the fact that any character on Ly which is trivial on {a;}
and on Stab; (yg) is trivial. To this end, let x : Ly — S! be a character

such that ¢
X|{at} = X|Stabi&(ga) =L

There are characters y1 : Ay — S!, x2 : Mz — S! such that
x(a,h) = x1(a) - x2(h).

We claim that there exists k& € N such that x5 is trivial. Let W be a
neighborhood of 1 in S' which does not contain any nontrivial subgroups.
The group Ky has a collection of clopen subgroups that give a basis of the
topology at the identity, and thus the same is true for Mz. By continuity
of x2 there is a clopen subgroup M’ of Mgz such that xo(M') C W, and
hence M’ C ker y2. This implies that ys factors through the finite quotient
of Mz/M', proving the claim.

It follows that xi is trivial on Stabj_ (yz)* and on {a;} and therefore
induces a character on Ag/Stabz_ (yz)* which is trivial on the image of
{as}. Since {a;} acts ergodically on Az/Stabs_(yq) and Ag is connected,
{as} also acts ergodically on Ag/ Stabz_ (yz)*. Hence x; is trivial. This in
turn implies that yo is trivial on {’ya :a € Stab L&(ga)}, which is a dense
subgroup of M. Therefore x9 is also trivial.

We now establish the transitivity of the Mz-action on the fibers of 7| [

We need to show that if z,y € Lgjs are such that w(z) = n(y), then
there exists m € Mg such that ma = y. Since Lz commutes with 7, acts

transitively, and is commutative we may assume without loss of generality

that © = g5. Recall that g5 = (goo,€f)'a, Where we set I'y def SL,(Q).

Since Ay x My acts transitively, we can write
y = (a,ms)fa = (@, mf)(goos €f)L'a = (agoo, ms)La.
Applying ™ we see that

Ya = Joo SLn(Z) = W(x) = W(y) = aYoo SLTL(Z)v
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and therefore by definition of Mg, there exists v € M N SLy(Z) such that
G900 = Joo?y- It follows that

y= (goo'}/ymf)FA = (gommff)/il)FA = (6007mf771)(9007ef)PA € M?jd“
O

8. SOME REASONABLE CROSS-SECTIONS

We will now define the cross-sections & we will need for our applications,
as well as the cross-section measures ps. In this section we will work with
the real space 2;,, and the adelic space 2;* will be discussed in §9.3.

8.1. The cross-section S,,. We introduce some convenient notation. Re-
call that the set of primitive vectors in A is denoted by Apim. Given a subset
W CR"™ and k > 1 we let

LW, k) (A € 25« #(Aprim N W) > K} (76)

For k£ = 1 we will omit k£ and denote

2, (W) < 2., (W, 1).

We will be interested in the case when there is a unique primitive vector in
W, and thus we let

ZEW)E 2,,(W) ~ 2, (W,2).
There is a natural map
v: ZEHW) — W, defined by {v(A)} = Aprim N W. (77)
With this notation we have:

Lemma 8.1. Let W C R” be a compact set, V. C W a relatively open subset
and k > 1 an integer.

(1) The set Zn (W, k) is closed in Z,,.
(2) The set %,?(W) N Zn(V) is open in Zp,(W).
(8) The map v : ,%”,f(W) — W is continuous.

Proof. Let A; € 2, (W, k) such that A; — A. We can choose g; — h such
that A; = ¢;Z"™ and A = hZ"™. We need to show that A contains at least k
primitive vectors in W. Since g; — h and W is compact, there is a compact
subset of R™ containing all of the sets g, W. Since A; € 2, (W, k), each
9; YW contains at least k distinct elements of Lpyim- After passing to a
subsequence if necessary, there are distinct p1,...,pg € Zgﬂm, such that
gz-_lpj e Wfor j=1,...,k. Since W is closed, their limits h_lpj belong to
Aprim N W, and are distinct. This proves (1).

The complement of %nﬁ(W) N Z,(V) in 2, (W) consists of lattices that
either contain at least two distinct primitive vectors in W or else, contain a

primitive vector in W .V (these cases are not mutually exclusive). That is,

Zn(W) N (ZEHW) N 25(V)) = Zn(W,2) U Z,(W N\ V),
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which by part (1) of the Lemma, is a union of two closed subsets of 25,.
This proves (2).

Suppose A; = g;Z"" — A = hZ" is a converging sequence in L%?(W),
with g; — h. As before, the sets g, YW are all contained in a fixed compact
set in R"™. Since A; and A belong to %,?(W), the sets g; 'W N Z", . and

prim

W N Ly are singletons. Passing to a subsequence if needed, we may
assume that g;'W = {p} for a fixed p. Therefore v(A;) = g;p — hp €
Aprim N W and hp = v(A), proving (3). O

The following Lemma is proved using similar arguments:

Lemma 8.2. Let W C R" be an open set. For any k > 1, Z,(W, k) is open
n Zn.

U
Fix a norm | - || on R?, and denote the Lebesgue measure on R" by m.
For x = (z1,...,x,) € R™, we refer to mpa(x) as the horizontal component

of x and to z, as the vertical component of x. For positive numbers r and
s, let

Cr(s) € {x € R™ : |mpa(x)|| < 7, &g < s} and C, € Co(1). (78
Note that this cylinder depends on the choice of the norm; we consider the
norm as fixed and thus it does not appear in the notation. Choose ry > 0
large enough so that

m(Cyy) > 2", (79)

By Minkowski’s convex body theorem, this implies that for any A € 2,
Aprim N Cry # @. In other words, 25,(Cy,) = Zn. Also set

D, E {x €R": |[rga(x)]| <7, 70 =1}, (80)

and define
S, = 2,(D,;) and S!= 2}D,). (81)
The set S, will be our cross-section.

Remark 8.3. The reader will note that we have not specified ry explic-
itly, e.g. we did not specify an equality m(C,,) = 2". Two situations in
which this additional flexibility will be useful, are when dealing with -
approximations for large ¢ (in which case we will require ry > ¢), and in the
proof of Proposition 12.5.

Lemma 8.4. Let i be any {a;}-invariant probability measure on Z,,. Then
Sry 1S a p-cross-section for (X, u,{ai}). Furthermore, the cross-section
measure satisfies

18,4 ((Zn(Drg, 2)) = 0. (82)
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Re,,
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Proof. We verify Definition 4.2. We take X to be the set of lattices which
intersect the horizontal space and the vertical axis span{e,} only at {0}.
It is easy to see that this is a Gs-set and therefore (X, Bx,) is a standard
Borel space. In order to show that S is a p-cross-section we need to check
three things: that u(Z2, ~ Xp) = 0, that for any A € Xy the set of visit
times Y, is discrete and unbounded from below and above, and finally that
the return time function 75 : § N Xy — R, is measurable.

Let A € Z,,. We say that A is divergent in positive (negative) time if for
any compact K C %, there is ty € R such that for all t > ¢y (respectively,
for all ¢t < tp) we have a;A ¢ K. Recall that by Mahler’s compactness
criterion, a closed subset K C %, is compact if and only if there is € > 0
such that for all A € K, any nonzero v € A satisfies ||v]| > e. In particular,
if A € 2, ~ X then either it is divergent in positive time or in negative
time. By Poincaré recurrence, 2, ~\ Xg is a p-null set.

Let A € Xy. We verify (31), that is, we show that {t € R: a;A € Sy} is
discrete and unbounded from below and from above.

Note that a;A € S, if and only if A,im contains a vector in a_(Dy,).
Discreteness of the set of visit times readily follows from this, and the fact
that Aprim is a discrete set in R”. Now suppose by contradiction that there is

T > O such that for all s > T, asA ¢ S;,. The set F' &f arANCy, is finite and
since A € Xy, all vectors in F' have non-zero horizontal component. It follows
that for all large enough ¢t > T, a;_7(F) N C,, = &. By Minkowski’s convex
body theorem and the choice of rg, the lattice a;A contains a primitive
vector v = (v1,...,vy,) in the cylinder Cy,. Since A € Xy, we have v,, # 0,
and we can assume without loss of generality that v, > 0. Let v = a;vg for
1o € Aprim- By (16) there is a unique s such that asvg € D,,, and since
the vertical component of v is at most 1, we have s < ¢. This means that
asA € Sy, and by choice of T we have s < T, so that the vertical component
of arvg is at most 1. On the other hand

Ima(azvo)|| = [|mga(ar—v)|| = €~ ||mga ()| < 7o,

so that arvy € Cp,. This shows that arvg € F and hence v € a;—7F, a
contradiction. The argument showing unboundedness from below is similar.
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To complete the verification of Definition 4.2 we need to show that the
return time function is Borel measurable, or equivalently, that the sub-level
sets Spy,<e defined in (33) are Borel. The thickened set

W. €D = ) ay(Dy,) (83)

te(0,e)
is a Borel subset of R™, and therefore
Srg<ce = {A € Spy t Aprim N We # @} = 20 (Dyy) N 2 (We) (84)

is Borel as well.

To finish the proof we show (82) holds. This follows since 2;,(Dy,,2)* C
Zn ~ Xo (where we use the notation in (34)) is p-null and so by Corol-
lary 4.4(iv), Zn(Dry,2) is ps,,-null. O

8.2. Parameterizing S,,. One of the advantages of the cross-section S,
is that it has a nice description in terms of orbits and groups. Let

H={(A%): A€SLyR), w e R}, and (85)
U= {u(v) NS Rd} ,  where u(v) is as in (15) ; (86)

that is, H = H= is the group defined in (12) and Proposition 7.2, the orbit
HZ"™ is the space &, = Zn(e,) of lattices which contain e,, as a primitive
vector (see (11)), and U is the expanding horospherical group of a; in positive
time.

We let B, C R? denote the closed ball centered at 0 € R?, with respect
to our chosen norm (note that the norm is suppressed from the notation).
Consider the map

©: 8 X Bry = Spgy (A, 0) e u(v)A.

Note that the map v + u(v)e, is a bijection between B, and D,,. It follows
that ¢ is onto S, and

for any r € (0,7r9), (&, x By) =S, (87)
Furthermore, for A € S,
# @_I(A) = # (Aprim N Dro) . (88)

Indeed, for any v € Aprim N Dy,
(u(mga(v)) " A, mRa(v)) € 97 H(A),
and this assignment is easily seen to be a bijection. Let

¥ SE = & X By, (89)
D(A) Y (u(va) A va)

where

va ¥ rga(v(A)) and {v(A)} = AN D,,. (90)
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Lemma 8.5. The set Sy, is closed in 2y, ¥ as in (89) is the inverse of
g0|@_1($u ) and is a homeomorphism between b, and o (S%,).
70

Proof. The assertions that S, is closed, and that v is continuous, follow

from Lemma 8.1. It is clear that ¢ is continuous. To see that 3 and

90’99*1(3” ) are mutual inverses, we see easily that po¢) =Idg . By (88), ¢ is
0 70

injective on ¢~ 1(S%), and thus we also have v o cp‘(p =1d O

THSt) T e Sk

In the following subsections we will use the map ¢ to describe the cross-
section measure (s, , corresponding to certain invariant measures .

8.3. The cross-section measure, real homogeneous space, Case 1.
The goal of this subsection is the following result:

Theorem 8.6. The cross-section Sy, is mg; -reasonable.

For the proof we will need some preparations. The first is an explicit
description of the cross-section measure pugs, . Let mpa be the Lebesgue

measure on R%.

Proposition 8.7. In Case I,

1
HSry = ) P (mo“n X de\Bm)

(where ((n) = > penk™"). In particular, ps,  is finite and supp(us,,) =
Sry -

The proof is a straightforward but lengthy computation which is post-
poned to §8.5.

Here is another result used in the proof of Theorem 8.6. We state it in a
general form which will be useful in the sequel.

Lemma 8.8. Let L C SL,(R) be a closed subgroup, with left Haar measure
my. Let Ag € Z, such that LAy is a closed orbit supporting a finite L-
invariant measure mrp,. Let W C R"™ such that for any v € W N LAg there
ts € > 0 such that

mr ({¢€BE:tveW})=0 (91)

(where BL denotes the e-ball around the identity element of L, with respect
to some metric inducing the topology). Then mpa, (Zn(W)) = 0.

Proof. By covering W with countably many bounded sets we may assume
that W is bounded. Since W is bounded, for any A € LAg, the cardinality
of Aprim MW is finite, and bounded for A in a compact subset of LAg. Using
the hypothesis we deduce that for each A € LAgN 25, (W) there exist € > 0
such that (91) holds for any v € Aprim N W. Since mpa, is the restriction of
my, to a fundamental domain for the action of the stabilizer Ly, it follows
that mpa, (,%”n(W) N Bé:A) = 0. We can cover LAy by countably many sets
{BEA;}ien, and therefore mpa, (25, (W)) = 0. O
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For positive r and ¢, define
DS x e R mpa(x)|| <7, 2 =1}

(compare with the set D, defined in (80)), and

F., % (D, ~ D)=

Rep,

_—a_ecD,

Fs,r = — . .
\ = lattice point that will

hit D, in time < ¢

lattice point in D,

FIGURE 1. The set D,(fg’o) bounded by the surface F;, and

the disks D, and a.(D,). Lattice points in D) correspond

to visits to S <.

See Figure 1. We will need the following:
Lemma 8.9. For any r > rg, € > 0 we have that
s, (Sr,<c) € Zn(Dr,2) U(Zn(Dr) N Zn(a—c(Dr))) U Zn(Fer),  (92)
and the set Sy <- is s, -JM.
Proof. Let W. be as in (83) and let W, be its closure in R™. Note that
W.=W.UD,Ua_.(D,;)UF_,. (93)

Recall from (84) that S, .. consists of the lattices containing a primitive
point in D, and another primitive point in W;. In particular, S, -, is con-

tained in

El déf %n(Dr) N f%n(Wm 2)7

which is closed by Lemma 8.1. By Lemma 8.2, %, (W) is open and in
conjunction with Lemma 8.1 we deduce that the set

B 2#(D,)n 2,(D2) N Z,(W2)
is open in 2,,(D,). It follows that
68’r (Sr,<£) C Fq \ Es.

We now show that E; \ Es is contained in the RHS of (92). Suppose A € E;
and hence Apim contains two distinct vectors vy, vy such that v; € D, and



46 URI SHAPIRA AND BARAK WEISS

vo € W,. If A does not belong to the RHS of (92), then v; must be the
unique primitive vector in D,, it cannot lie in F, and so it must lie in
Dy and vy cannot lie in F; , or a_.(D,) and so it must lie in W,. That is,
A € E5. This concludes the proof of (92).

In order to show that S, <. is us,-JM, it suffices to show that the sets

%n(Dra 2)7 &/Vn(FE,'r)a %n(DT) N %n(a—E(DT))
are all ps, -null. By Theorem 4.4 it is enough to show that the sets
Zn(Dr, Q)Ra %n(Fe,r)Ra (2n(Dr) N %n(a—s(Dr)))R

are all mg; -null.
The set Z;,(Dy,2)® is my;,-null because of (82). Next, if we set

{xeR":xn-HwRd(X)Hd:Td}: Uat(DT\D,?), (94)
teR

def
M, =

then
Zn(Dy ~ DR = 25, (F. . )* = 2,,(M,). (95)
Since SL,(R) contains elements which expand the vertical component
without affecting ||mra(x)||, condition (91) is satisfied for W = M,., so ap-
plying Lemma 8.8 we have that 2, (M,) is mg; -null.
It remains to show that

E: € (2,(Dr) N Znla—o(D) = | J(Zn(a(Dr)) N Zn(ass(Dy)

teR

is mg;,-null. If A € 25, (a:(D,)) N Zn(ai+e(Dy)) for some ¢, and v, w are
primitive vectors in A such that v € a;(D,) and w € a¢1.(D,), then v, w are
two linearly independent vectors in A and the ratio between their vertical
components satisfies % = ¢€°.

We use a result of Siegel [ ], according to which for a null set in
Q C R™ x R", the function

W= Y xaluw)

v,wEA
linearlty independent

has integral zero with respect to mg; . We apply this with

Qdﬁf{(v,w) eR" an:wnzeE}.

U'Vl
Since Yo bounds the characteristic function of E. from above, we obtain
that E. is mg;,-null. O

Let

def

Z’[7“0 - ‘%n#(DTO) N ‘%n(D?O)' (96)

Lemma 8.10. The set Uy, is open in Sy, the set (clx, (Spy) ~ Uy, ) OV s
my, -null, and the map (t,A) — azA from (0,1) X Uy, to 2, is open.
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Proof. Item (2) of Lemma 8.1 shows that U, is open in S,,, and item (1)
shows that S,, = Z,(Dy,) is closed in %,,. Therefore
Clé’lh(sm) \uro :*%n(DT’o) ~ (’%n#(D’/‘O) N %H(DSO))
CZ0(Dry,2) U Zn(Dry \ Dyy).

In the proof of Lemma 8.9 we showed that 27,(D;,, 2)R as well as .2, (Dry ~
D,E’O)R are m g, -null. This proves the second assertion.

For the third assertion, let U and H be as in (85), let @ e {at} x U,
and let b, q, g denote respectively the Lie algebras of H, @ and SL,,(R). The
product map (t,u) — ayu is a homeomorphism R x U — @, and since
g=q@b, the product map R x U x H — G is open. This implies that the
map

(97)

RxUx HZ" — Z,, (t,u, hZ") — auhZ"™
is open, and the map in the statement of the Lemma is its restriction to an
open set because 2, (Dy,) = BY - HZ™ (see §8.2). O

Proof of Theorem 8.6. Property (A) of §5 is immediate, property (B) follows
from Proposition 8.7, and property (C) follows from Lemma 8.5. Ttem (1)
of Definition 5.3 follows from Lemma 8.9, and item (2) follows from Lemma
8.10. 0

8.4. The cross-section measure, real homogeneous space, Case II.
In this subsection, the notation is as in §7.3, and we write ;1 = mg (see (67)).
We denote by ps,  the corresponding measure on Sy, defined via Theorem
4.4. The goal of this subsection is the following result:

Theorem 8.11. With this choice of p, the cross-section S, is p-reasonable.

Remark 8.12. Recall that in Case II we always assume d > 2. The reason
is that for d = 1, for some choices of ry, Sy, may fail to be p-reasonable. This
is because the Jordan measurability of some sets may fail. More specifically,
the conclusion of Lemma 8.14 may fail for some values of r.

We will need a detailed description of ps, . Let x% be as in (64), let
Ag, yg be as in (72), so that

supp mg = hAr: = Azya-

Also let

AV a e Ay ae, = en}, (98)
and let m 10 denote the Haar measure on flg). Note that both h and flg)
act on R™ without changing the vertical component of any vector.
Proposition 8.13. The following hold:
(a) The support of ps,, s the compact set Agya N Sry;
(b) The support of us,, is equal to a finite union Ule O;\; where each

O; C AW s homeomorphic to a closed ball, and A; € Azya;

—
a
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(¢) The restriction of us, to each of the subsets O;A; in (b) is the push-
orward of the restriction of the Haar measure m ~1)|o. under the orbit
A 7
map a — ayg. °
(d) Azys N Spy C Syy.>e for some e > 0;
(e) s, is finite.

Proof. Ttem (a) follows from Corollary 4.4(iv). For item (b), we have from
Proposition 7.4 that the orbit Ax% is of type (o, K). Define N : R" — R by

n
N(x) def Hsi, where (s1,...,s,)" = hz'x. (99)
i=1
In other words, the restriction of N to yg is obtained from the norm N g by
the geometric embedding and a change of variables. Then N is Az-invariant
and, since the N g takes a discrete set of values on 7, there is a sequence
a; — oo such that the vectors comprising y5 all lie in the countable union
of hypersurfaces | J22; N~} ({e;}), and each N71({a;}) is a finite union of
Ag-orbits. Only finitely many of these hypersurfaces intersect the bounded
set Dy, and therefore there is a finite set {v,..., v} C yg such that if we
denote

o

O; fef {EL € Az :av; € Dm} and W; o Oiya

then
k
Azyz N STO = U Wi;.
i=1

Let Ly def {x € R": x,, = 1}, so that flg) is the subgroup of Ay leaving L
invariant, and D, C L;. Thus we may write O; = 0;a; for some a; € Ag
and with O; C flg). Setting A; = a;y5 we obtain (b).

We show (c). Note that the orbit map a + aA; is injective on each O;
since otherwise yz would contain two distinct vectors with the same vertical
component, contradicting the boundedness of the orbit {a;yz :t € R}. It
follows that O; is contained in a fundamental domain for the orbit Azys.
Since mg can be identified with the restriction of the Haar measure of Ag

to a fundamental domain via the orbit map, and since
T (1
Az = A x {a;},

item (c) follows from (35).

To prove item (d), suppose by contradiction that for any j € N there
exists A; € Ayz N Spy,<1/4- Then by compactness we can take a convergent
sequence to conclude that there is A’ € AzyzN 2y (Dy,,2). Hence A’ contains
a nonzero vector with zero vertical component. The map hg preserves the
horizontal space R?, and thus Bgll_\’ € Az, also contains a nonzero vector
with zero vertical component, contradicting Proposition 7.4. Item (e) now
follows from Theorem 4.4(i). O
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Lemma 8.14. For any norm || -||, any r > 0, and any & as in (59), the set
M, defined in (94) satisfies mg (2, (M,)) = 0.

Proof. We apply Lemma 8.8, with L = Az and W = M,. We need to check
(1)

.
a

(91). Let mj_, m 1 denote respectively the Haar measure on Az and A

Assume by way of contradiction that there exists v € R™ N yg N M, such
that

my. ({aeAg:ave M})>0.
1)

Since M, is a;-invariant, and the action of fld commutes with the projection

mra this implies that for v e mra(v) we have

me (B) >0, where B {ac AL : flavl| = o]}

a

We can make a change of variables to replace Ag) with the group of diagonal
matrices of positive diagonal entries and determinant 1 in SLy(R). We will
denote this group by As. By Proposition 7.4, after this change of variables,
the coordinates of ¥ are nonzero. Thus, by applying another linear change
of variables on R? and changing the norm, we may assume that o = 1 is the
vector all of whose coordinates are equal to 1. Furthermore, we can replace
B with bgB for some by, in order to assume that the identity is a Lebesgue
density point for B. To get a contradiction we will show that there is b € B
such that ||b1]| > ||1]].

Define

—_ T def

Z: Ay — RY, 2 (diag (z1,...,2q9)) = (z1,...,1q)",
and v & Z.«m4,. Then = is a diffeomorphism between Ay and the hyper-
surface {x eRY: 2 >0, Hcll x; = 1}. Note that 1 = Z(e) and the ray Ry 1
is transverse to =Z(A). Let By be the image under Z of the intersection of B
with a bounded neighborhood of e. Then 1 is a density point for v, i.e.

i v(By N B(1,r))
r—0+  v(B(1,7))

=1. (100)

This implies that the interior of the convex hull of By intersects the ray
R, 1, since if this did not hold there would be a linear functional vanishing
on 1 and non-negative on By, and the left hand side of (100) would be at
most %

It follows that there are distinct x,...,X4+1 € Z(B) and positive scalars
B, -+, Ba+1, ¢, such that

d+1 d+1

> Bi=1 and Y Bixi=cl.
i=1 i=1
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Write x; = (%1, ..., x;q). By the inequality of means in the jth coordinate,
for each 1 < j < d we have

d+1 d+1

H wlﬁ] < Z Birij = ¢,
i=1 =1

with strict inequality for at least one j since the x; are distinct. Multiplying

these inequalities for 1 < j < d and taking into account that for each 4,
H?:l xi; =1, we get

Bi n
T <,

k
=1

=11
=14
and therefore ¢ > 1.

—_
—

Since x; € Z(B) we have ||x;|| = ||1|| for each i. By the triangle inequality

K
DBl <> Billxill = Billl] =[],
1

o[1f| =

a contradiction.

O

Proof of Theorem 8.11. Property (A) of §5 is immediate, property (B) fol-
lows from Proposition 8.13(e), and property (C) follows from Lemma 8.5.
Item (1) of Definition 5.3 follows from Proposition 8.13(d). It remains to
prove (2). Define U,, using (96). In light of Lemma 8.10, we only need to
show that

Mg ((cl 2 (Sr) N u,no)(O’l)) —0. (101)

For (101) it is enough to show that the two sets on the RHS of (97) are
ps,,-null, and hence, by Theorem 4.4(iv), that

mea (%n(DTO, 2)R) =0 and mg (%H(Dm ~ DSO)R) = 0.

Since any lattice in 2;,(Dr,,2)® contains a nonzero horizontal vector, and
hg preserves the horizontal subspace, Proposition 7.4 implies supp mg N
Zn(Dyy,2)® = @. The second equality follows from (95) and Lemma 8.14.

O

8.5. Proof of Proposition 8.7. We will need the following;:

Lemma 8.15. Let L be Lie group and let Ly, Lo be closed subgroups such
that L1 N Ly = {e} and dim L; + dim Ly = dim L. Then:

(1) the map o : L1 X Ly — L given by a(lq,l2) = €1 - l2 is a diffeomor-
phism onto an open subset U C L. .

(2) If furthermore L is unimodular, and mlfft,m?fht denote left and

. . igh’
right Haar measures on L1, Lo respectively, then o, <mlL’aft X mgf t)

is proportional to the restriction to U of a Haar measure on L.
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Lemma 8.15 is standard, see e.g. | , Lemma 11.31].
Proof of Proposition 8.7. Let G = SL,(R), I' o SLn(Z), I'y & H(Z),
g : G = G/T'q and 7y : H — H/I'y the projections, and let mqg and
my denote respectively the Haar measures on G and on H. Recall that
a fundamental domain for G/T" in G is a Borel subset  C G for which
7ala is a bijection, and that every Borel set on which ¢ is injective is
contained in fundamental domain. One can describe the measure mg r by
mgr(A4) = mg(Qﬂﬂél(A)), and in particular, this formula does not depend
on the choice of Q2. The same facts hold for H in place of G.

We will first show that there is ¢ > 0 such that

/"LSTO = C(p* (mgn X de|BT0> (102)

and then we will determine the constant. It suffices to show (102) locally,
that is, to prove that for a.e. o = p(Ao,v0) € Sy, there is a neighborhood
U = p(V) of z, where V is open in &, x B, and contains (Ag,vp), and ¢ > 0,
such that s, [ = c g« ((mg, X mga) |v). Using Lemmas 8.1 and 8.5, and
the discreteness of I'gy, I', we see that for any xg € Sﬁo there are open sets
Wi C H, Wy C U, Wa C G, and € > 0, such that 7y is injective on Wy,
TG is injective on Wg, and

U ag (WUWH) C Wg.

te[0,e]

We can assume that Wg C Qg and Wy C Qp. By Theorem 4.4(iii), it is
enough to show that the product map

U:RxRIx H— G, Utv,h) & atru(v)h

pushes the measure mg X mps X mpy to a multiple of m¢|p, where P is the
image of W. (The attentive reader will have noted that we have switched
the order of the factors, that is we work with R x R% x H rather than with
R x H x Rd.) To see this, let my be the Haar measure on U, i.e., my is the

image of mpa under the map v — u(v). Note also that mq def mpr X my is a
left Haar measure on the group def {a;} x U, and, since H is unimodular,

mpy is a right Haar measure on H. By Lemma 8.15, v def U, (mg xmpg) is a
multiple of mg|p. This proves (102) and moreover shows that supp(us,,) =
Sro-
We now claim that
1

= T (103)
We normalize the Haar measures used above by requiring ma(Qg) = mu(Qp) =
1, and similarly normalize my by requiring that a fundamental domain for

U/U(Z) has measure one. The preceding discussion shows that ¢ is the
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scalar for which mg = cv. Write

et 0 - elxy

def | 0 et - el
Q(taxla"'axd): eQ?

0 0 ... ed

and note, using the fact that my induces a probability measure on U/U(Z),
that the map

t
Q—R" qg=qlt,z1,...,2q9) = qep = (etxl,...,etxd,e_dt>

sends mg to the restriction of mgn» to the upper half space

df
R% = {(y1,..-,yn)" €R" 1y, > 0}

Also, the map
QxH—G, (¢h)— qh

is injective, since for ¢ = gh we can reconstruct ¢ uniquely from the vector
gen. It is easy to verify that the image QH C G is open.
Let f =15 : R™ — R be the indicator of the set F defined by

1
g {(et:cl,...,etxd, dt) € [0,1],Vi, |z;| < = } C RZ.

For A € 2, write

S fw) and PAO)E YT f

UEA\{O} 'UEAprlm

By the Siegel summation formula | ,

L= mgn(E) = [ fdmzn = /% Fimy, =) [ Fdma,. (o

We define a lift of f to QH C G by
F:QH =R, F(qgh)= f(gen) - 1a,/(h).
It is easily checked that this definition implies

> F(gy) = fr(gz"). (105)
vel
Then
c/ Fdmg :/ Fdv = fdmgn = 1. (106)
G G R

Using Fubini and ‘folding’, we have

/deG—Z/Q deG_/ S Fgy) dma, "2 /% frdma.
G n

vyel Zn vyel
(107)
Comparing (104), (106) and (107) gives (103). O
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9. SPECIAL SUBSETS OF THE SECTION

The cross-section S,, contains two subsets of Diophantine significance,
related respectively to best approximations and to e-approximations. In this
section we will introduce these subsets, establish their Jordan measurability
under suitable hypotheses, and discuss their temperedness.

9.1. The set B for best approximations. Recall from (90) that for A €

Sﬁo we denote by vy € R? the horizontal component of the unique vector
U(A) € Aprim N DTO' Let
def
r(A) = fvall (108)

be its distance from the vertical axis, and let
B= {A € 881 Copy N Aprim = {iv(A)}} , (109)

where C, is defined in (78).

FIGURE 2. If the cylinder C,.(5) defined by the unique vector
v(A) € AN D, contains another lattice point w, then A ¢ B5.

The set B will detect best approximations. It consists of lattices in the
cross-section Sy, with a unique vector in Dy, such that the cylinder C, 4,
they define contains no lattices points besides {0,+v(A)} (see Figure 2).
Note that B depends on the norm, although this is not reflected in the
notation.

Lemma 9.1. The set B is open in Sy,. The boundary 83TOB s contained
in the union of Z,(Dy,,2) and

y {Ae Z,, : v, w € Apyim 8-t v # Fw and ||rpa (v)|| = ||7ra(w)]]}.  (110)
Proof. We show B is open by showing its complement is closed. Let

def
K = {A S Sﬁo : #(C’I‘(A) N Aprim) > 3} ;
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that is, K consists of the lattices A € Sﬂo such that the cylinder C, (4
contains at least one extra primitive vector besides £v(A). By definition

Sro N B = 20 (D, 2) UK.

By Lemma 8.1 %2, (D,,,2) is closed, so we let A; € K be a sequence con-
verging to some A, and show that A € Z,,(D,,,2) U K.

By Lemma 8.1, A € Z2,(D,,), and suppose that A ¢ 2,,(D,,,2), so
that A € SEO. Since A; € K, the cylinders C,(,) contain at least three
primitive vectors. By Lemma 8.1, v(A;) — v(A) and so r(A;) — r(A). Let
r’ > r(A), then for all large enough 7, r(A;) < r’ and so for all large enough
i, Ay € 2,,(Cpr,3). Using Lemma 8.1 again we see that A € 2,,(C(1),3).
Since this is true for all 7/ > r(A) we deduce that A € 27,(Cy(a),3), and so
Ae K.

We now prove the second assertion. Let

def {A € 8%t Apri N Crny) # Q}

Uy =

(where C; denotes the interior of C,). We claim that Uj is open in S,.
From this, and since S,, \ B is closed, it will follow that

05,,B = 8s,, (Sry ~ B) C (23(Dyy,2) U K) ~ Up.

Since K ~\ Uy C %, this will imply the second assertion of the Lemma.

To prove that Uy is open, let A; be a sequence in 2,,(D,,) that converges
to a lattice A € Uy. We need to show that for all large enough i, A; € Up.
Since A does not belong to the closed set 23, (Dy,,2), Ai ¢ Zn(Dy,,2) for
all large ¢. By Lemma 8.1, v(A;) — v(A) and thus r(A;) — r(A). Since
there exists a primitive vector w € Apim in the open set C':( A)’ there is some
r" < r(A) such that w € C,. In other words, A € 2, (C,). The latter set is
open in %2, by Lemma 8.2, and hence A; € Z,(Cy,) for all large i. But for
all large i we also have r(A;) > 7/, so A; must contain a primitive vector in
the open cylinder C:(Ai)v ie., A; € Up. O

Lemma 9.2. In Case I, for any norm on R%, the set B is B,y ~JM and

Proof. The fact that us,, (B) > 0 follows from the openness of B in S, (see
Lemma 9.1) and the fact that ps,, has full support by Proposition 8.7.

By Lemmas 8.4 and 9.1, it is enough to show that us, (2°) =0, for 2
as in (110). Since Z is {a;}-invariant, this is equivalent to showing that
my, (Z) = 0. Let G = SL,(R) and let mg denote the Haar measure on
G, so that myg; is the restriction of mg to a fundamental domain. For
g € G denote the column vectors of g by g1, ..., gn, and for v € R™, denote
0 = mpa(v). Let

> def — —
Z ={9€G:|lall=lgnll}-
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Then the image of % in Zr under the projection g +— ¢gZ" contains .
Also mg(Z) = 0, as can be seen using the invariance of m¢ under right-
multiplication by elements of {a;}. This implies my; (Z°) = 0. O

Lemma 9.3. In case II with = mg, ps, (B) > 0.

Proof. Assume by way of contradiction that KSr, (B) = 0. Since B is open in
Sy, by Lemma 9.1, it follows from Proposition 8.13(b), that Agyy N B = @.
The contradiction follows since it is easy to see that for any lattice A without
non-zero vectors on the vertical axis, the trajectory {a;A :t > 0} always

visits B.
O

Let Ag be the group defined in (72).

Definition 9.4. We say that the norm || - || on R? is Agz-analytic, if for any
v,w € R™, the set

T def
Av,w =

{a € Ag : [|mga(av)|| = ||rra(aw)| }
is an analytic subset of Az = R?; that is, the zero-set of an analytic function.
For example, the Euclidean norm is analytic.

Lemma 9.5. In Case II, if the norm is Az-analytic then the set B is ISy -
JM.

Proof. As in the proof of Lemma 9.2, we need to show that mg(Z) = 0.
Let hg, ys and flg) be as in (66), (72) and (98). Let m_ denote the Haar
measure on Ag, so that mg is the pushforward under the map @ +— ayg, of
the restriction of m j_ to a measurable set.

Suppose by way of contradiction that mg(2°) > 0. Then there are fixed
v, w € (Yg)prim such that v # +w, and

m, (Avw) > 0.
Since the norm || - || is Ag-analytic, we must have Az = A, ,,. Let
t; = B&(ei), 1= 1,...,n

be a basis of R™ consisting of simultaneous eigenvectors for A5. Write

n n
v = Zn‘ti, w = Z Sz‘ti.
i=1 i=1
By acting with
az def hg diag (edt, et e*t) h
we see that that |ri| = |s1|; indeed,

Iral _ a(rat)ll _ lmga(ar)] +oft) _
s1] ~ TaeCssto)ll ~ Imgaaw)[+ o(t)
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In particular, the first coordinate (with respect to the eigenbasis t;) of
v+ w € yg is zero. Therefore the nonzero vector h& (vEw) € (%) prim has
one of its coordinates equal to zero, which contradicts Proposition 7.4. [

Lemma 9.6. In Case II, if the norm on R? is the sup-norm, then the set
B is ps,,-JM.

Proof. Once again we need to show that mg(2°) = 0. Supposing by contra-
diction that mg(2°) > 0, and using the explicit description of mg given in
Propositions 7.4 and 7.5, we see that there is a lattice A1 of type o, and
two linearly independent primitive vectors v,w € A1, such that for a set of
positive measure of t = (t1,...,tq) € RY,

H7T1Rd(7lo7@tv)” = Hﬂ'Rd(iL&atw) ,  where ag ey diag (etl, . .,etd,e_zj‘:ltj) .

Using (61) and (66), we obtain that for some £, 8, € K, which are linearly
independent over Q, we have

4 efi(o(an) — a1)o;(By) €5 (05(an) — an)o(Bu)

. : :
D j=1€ i(oj(aa) — aa)oi(By) ] 1€ (0j(ad) — aq)oj(Buw)

Since we are working with the sup-norm, this implies that there are indices
1 <ki,ko <dand w = =+1 such that for a set of positive measure of t,

d d

> ei(oj(ar,) = ar)oi(By) =w Y el (o(an,) — h,) o5 (Buw)-

— s
This is an equality of analytic expressions, which holds for t in a set of
positive measure, and thus it must hold for all t. In particular, we can take

partial derivatives %]tzg to obtain that for any j = 1,...,d we have
(05(0k,) — o, )05 (By) = wloj(ok,) — oy )05 (Bu)- (111)

If k1 = ko it follows that 8, = wpB,, which is a contradiction. Assume

therefore that k1 # kp. Multiplying (111) by o; (5, 1y and letting B Bv/ﬁw
we get

(0j(any) — ar,)o;(B) = wloj(ar,) — ar,). (112)
Recall our convention o, = Id, which implies that for v € K, the trace Tr

satisfies
d
> oi(y) =Te(y) — 7.
j=1

Summing (112) over j gives

Tr<ak15) - O‘klﬁ — Oy (Tr(ﬁ) - /3) - w(Tr(Osz) = Oy — dakz)v
and thus
Tr(og, B — wag,) — Tr(B)ak, +nay, =0
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and this is a nontrivial linear dependence over Q between 1, ag,, ag,. This
is a contradiction. O

Remark 9.7. There are other norms for which the conclusion of Lemmas
9.5 and 9.6 fails. Here is a sketch of how one can build an example. Let
d = 2. We define a norm, a lattice A, two vectors v, w € A, and positive r, e,
so that:

(a) v, w are primitive in A and linearly independent;
(b) A arises from a number field as in §7.3;

(¢) v,w are both in IC,, with Cy N A = {0};

(d) for all t € (—¢,¢),

def . _
lgimge (V)| = ||lgimre (w)]|,  where g¢ = diag (e',e7").

One can then see using from Proposition 8.13(c), that in this case the bound-
ary of B must have positive ps, -measure.

To this end, we first construct a norm | - ||, two linearly independent
vectors uy,uz in R?, and positive ,7, such that 7 = ||giu1|| = ||gruz|| for all

t € (—e,e). Let
= () = (32)

We will define the norm in R? by specifying a symmetric convex body B
which is its unit ball. The boundary of B consists of four small smooth arcs
+;,1 = 1,2, where ; passes through w;, and four line segments connecting
the ends of these arcs. See Figure 3. The ~; are carefully chosen so that (d)

uz

—ug

F1GURE 3. Defining the norm by a carefully chosen convex
set in R2.

is satisfied, for some small € > 0, and for u; = mR2(v), ug2 = TRz (w). Since 7;
passes through u; and determines the norm, the requirement (d) implies that
~1 uniquely determines 9, and we have to choose ~; so that the resulting
figure is convex. This can be shown using an explicit computation in polar
coordinates. Moreover the computation shows that in this construction, we
have freedom to vary uj, us in some open set in R? x R2.
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It is not hard to construct a lattice A C R3 containing two primitive lin-
early independent vectors v, w such that mg2(v) = uq, Tz (w) = ug. More-
over it is not hard to choose A so that (c¢) holds, and again this can be carried
out for uy,us in some open set in R? x R2. Using the fact that number field
lattices are dense (up to a rescaling) in the space of lattices, one sees that
one can also arrange that (b) holds.

Recall Definition 4.7. The following temperedness result will be important
for our analysis. For related results, see | ], [CC] and | ]-

Proposition 9.8. The set B is tempered.

Proof. Assume otherwise. Recalling the notation (78), let M be large enough
so that any set of cardinality M +1in Cy(e) = {(¥) e R" : |jv]| < 1,|c| < e}
contains distinct points (%), (%) such that [[v — ¢'|| < § and |c — ¢| < 1.
Such a number M exists by the compactness of C(e). By applying a linear
transformation which dilates the horizontal subspace, one sees that for any
r > 0, in any subset of C,(e) of cardinality M + 1, there are distinct points
(%), (”é,’) such that [[v — /|| < § and |c — /| < 1.

We claim that B is M-tempered. Indeed, suppose by contradiction that
one can find A € Band 0 =1y <t; <--- <ty <1 such that a;;A € B for
0 <j < M. Then, for each j the vector w; e v(ag;A) (see (77)) satisfies

wj € at;Aprim N Dy, and ag; AN C;Rd(wj) = {0}.

Applying a_¢;, we find vectors a_¢,w; = (:fj ) € A such that
ANCY = {0}, where CV = € (eY).
In particular, this implies ||vg|| > ||v1]| > -+ > ||var]], and thus
V4 .
(et]j ) € C”UOH(e) for j=0,..., M.

By the property of M, there are indices j1 < jo such that ||v;, —vj,|| < @
and |e'2 — ei1| < 1. The difference

_ Yis Vi1
w= ()= (5)
then belongs to the lattice A but also to the interior of the cylinder Cjj, | (1),
which contradicts the assumption A € B. O

9.2. The set S. for c-approximations.

Lemma 9.9. In both Cases I and II, for any 0 < r < rg, the sets S, are
WS,y I M.

Proof. By Lemma 8.1, 2,,(D,) is closed in Z;, and hence in Z,,(D,,). Again
by Lemma 8.1, Sﬁo N Zn(Dy) is open in 2, (Dy,). It follows that

Ds,,Sr C Zn(Dr) N (sﬁo N %n(p;’)) C Z(Drg,2) U Zin(Dy ~ DY),
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By Lemma 8.4, us,, (25(Dr,,2)) = 0, and hence, by Corollary 4.4, it suffices
to show that

K (%R(MT)) =0,
where M, = (D, ~ D2)® is as in (94). In Case I, this follows from Lemma 8.8
as in the proof of Lemma 8.9; in Case II, this follows from Lemma 8.14. [J

Proposition 9.10. For any d > 1, for any € > 0 and any norm, S: is not
tempered. For d =1, and any € > 0, S is tempered.

Proof. Suppose d > 1. Given M and ¢, let A € Z,, be a lattice containing

. def def .
the primitive vectors u = 2Men and v = (v,1)!, where v € R? satisfies

|v]] < §. Such a lattice exists because d > 1. Then A contains the vectors

v
), j=0,...,M.
)

Let t; af log (1 + ﬁ) € [0,1). This choice ensures that a;; A contains the

vector
t,
A
e2v
ag .Vj =

which shows that a;; A € S.. Since M is arbitrary, S; is not tempered.
Now suppose d = 1. By Minkowski’s second theorem, there is Kk > 0
satisfying the following. For any lattice A € £5, denote by vy a shortest
nonzero vector of A, and by vs a shortest vector such that v, v are linearly
independent. Then |v2| > m Thus, for any C' > 0 there is ¢ > 0 so
that if ||vi|| < ¢, then there is no vy € Appim \ {£v1} with [|vs]| < C. Now,
given € > 0, choose C' large enough so that the ball of radius C' around the

vdeEfv+ju:<

origin contains the rectangle R & [—e,e] x[1,e]. Let ¢ be the corresponding
constant, and choose M large enough so that any M points in R contain
a pair of distinct points of distance less than ¢. With this choice, S; is M-
tempered. Indeed, if this were not the case, there would be a lattice A € 25
and 0 = tg < t; < --- < tpr < 1 such that at].A € S.. This implies that A
contains M + 1 primitive vectors in R, and hence one of their differences,
which is a nonzero vector of A, has length less than c¢. But by the choice of
c and C we get that R N Apim contains only two vectors £wv;. U

9.3. The adelic space, cross-section and cross-section measure. We
now lift the cross-section S,, to the adelic space, and, using the theory
developed so far, derive properties crucial to our discussion.

Let 22 be the adelic space, let m: 2% — 2, be the projection, and let
mg-s and m Faiia be the measures introduced in §7.4 and §7.4.1 respectively.
Let

Sy ¥ 1(s,,), B2 B), and S. ¥ rl(s.). (113)

Theorem 9.11. Let yi be mys (Case 1) or = my . (Case II). Then,

Sro is a p reasonable cross-section. The sets S. are Hg,, -JM and the set B
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is tempered. In Case I, B is pg -JM, and the same statement holds in Case
70

II provided the norm on R? is either the sup-norm or an Ag-analytic norm
in particular, if it is the Euclidean norm). In Case e measure jLg 1S
in particular, if it is the Fuclid In Case I th pg
T0
Ky-invariant (where Ky is as in (71)), and in Case II, pg is Mg-invariant
70
(where Mg is as in §7.4.1).

Proof. The fact that gro is a p-cross-section, its p-reasonability, and the
statements about Jordan measurability and temperedness are immediate
consequences of Proposition 6.3, the fact that 7 : 2» — 2, is a K s-fiber
bundle, and the results in §8 and §9 proved above.

For the invariance of u &y under Ky in Case I, we use Theorem 4.4, item
(vii), the fact that Ky preserves m 44, and the fact that K acts transitively

on the fibers of m and hence leaves 5}0 invariant (see the discussion of 7 in
§7.4). For the invariance of pg under Mgz in Case II, we use the same
0

argument, noting that p is Mg-invariant and Mg preserves the fibers of
. O

Given 6 € R? we define Ag = u(—0)Z" as in (65) and (15), and define its
lift to the adelic space by
Ao X (u(=0),e5) SL,(Q) € 22, (114)

Proposition 9.12. Let @ be as in Case II, and let u = mj . (see Propo-

sition 7.7 for notation). Suppose the norm on R? is either the sup norm

or Ag-analytic (see Definition 9.4). Let € € (0,79) be large enough so that

s, (Se) > 0, and let pi' be equal to any one of pg , pg |g, pg g Then
0 0 0 € 0

the point Ay is (ag, p')-generic (see Definition 5.1). Moreover, if tp — 0o
are such that ay, Ag € Sy and limy ay, Ag = x, then x € supp ug .
70

Proof. By Proposition 7.7, any point in Lgfg is (¢, i1)-generic, and thus, by
Propositions 7.2 and 7.5, K& is (at, p)-generic.

The statement will follow by applying Theorem 5.11. We verify its con-
ditions. First observe that K& ¢ A%T . To see this note that if K@ € A% ,

0 70
the orbit {atINX& it > 0} intersects §r07<€/ for arbitrarily small &’ > 0. This
leads to a contradiction using a similar argument to the one giving the proof
of Proposition 8.13(d).

Next, we apply Theorem 5.11 to S’ being one of the three sets un-
der consideration, gro,gg,g. We need to check that S’ is ,ugTO—JM and

that pug (S’) > 0. The Jordan measurability of S’ follows from Lem-
7‘0 —

mas 9.5, 9.6, 9.9. The positivity of ug (S:) holds by choice of e and the
70

positivity of g (B) follows from Lemma 9.3 and the fact that ug (B) =
0 70
us,, (B) (by Proposition 6.3(b) and Proposition 7.7).
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We prove the last assertion in the statement. Let x be an accumulation
point in positive time of a;Ag. Note that by (114), (70), (72), and (74) we
have that A~ = qA where ¢ satisfies a;ga_; — €. Thus, the accumulation
points of atAﬂ in positive time are equal to those of aA. By Proposition 7.7,
a¢ acts uniquely ergodically on the orbit Laya, and hence z € Lgjs =
supp . It is clear that supp Hg, = Suppp N STO and so x € supp Hg, as

claimed.
O

9.4. The special case d = 1. When d = 1 we can fully describe the cross-
section S;, and the sets S; and B (see Figure 4).

Proposition 9.13. Let d =1 and let

def (1 def (1 0 def 9
Y = <0 1>’ hy = (y 1)’ Aoy = ughyZ”.

Then we can choose ro = 1, and for e € (0,1),

Se={Ayzy:lz|<e,ye(0,1)}. (115)
Setting
def 1 def 1
fl(t) = _1—|-t and fg(t) = Q—t’
we have
B={Auy €8 iy, ily) <o < L)}, (116)

and the map (x,y) — Ay, is injective on {(x,y) 1y € (0,1), || < 1}.

Proof. In case d = 1 the choice 19 = 1 satisfies (79), and the group {h,
y € R} coincides with the group H in (85). The orbit HZ? is a periodic
orbit consisting of all lattices that contain es as a primitive vector, and
{hy 1y €[0,1)} is a fundamental domain for the quotient H/H(Z) = HZ?.
Clearly (z,1)" € Ay N Dy when |z| < e, and conversely, for every A € S.
there is x € [—¢,¢] such that (2,1)" € Apyim, and hence u_, € HZ?. This
proves (115).
To see the injectivity, note that

Apy = (1 Zl’y 1“) 72 = {(m(l +ay) + m) Cm,n € Z} . (117

my—+n

Thus, when A, € Sﬁo, the vector (x,1)" is the unique vector in Ay, N Dy.
That is, for A, € Sﬁo, x is uniquely determined, and since u_,A € HZ?, it
follows that y € [0,1) is also uniquely determined. When A, , ¢ Sﬁo there
must be a horizontal vector in A;, of length less than 2, that is, integers
(m,n) in (117) satisfying

my+n=0 and |m(l+ zy)+ nx| < 2.

Plugging the first of these equations into the second implies m € {—1,0,1}.
If y € (0,1) and (m,n) # (0,0), my + n = 0 is now impossible. This
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proves the injectivity. We note in passing that the map we have defined is
essentially the map 1 of (89).

We now determine the set of (z,y) € (—=1,1) x [0,1) for which A, , € B.
Using (117) and the definition of B we see that A,, ¢ B if and only if

Apy ¢ %, or there is (m,n) ¢ {(0,0), (0,1)} such that
my +n € [0,1) (118)

and

Im(1 + zy) + nz| < |z|. (119)
The condition (118) implies that n = —|my]. Suppose first that = € [0,1).
In this case, (119) becomes |x(my + n) + m| < z, and by plugging (118)
into (119) and examining the possibilities for m,n one sees that the only
possibility is m = —1,n = 1. This gives the inequality 1 4+ 2y — x < =z,
which is equivalent to > fa(y). In the second case z € (—1,0] the only
possibilities become m = 1,n = 0, leading to 142y < —zorz < —f1(y). O

z = f1(y) B z = fa(y)

FIGURE 4. The set {(z,y) : y € [0,1), fi(y) <z < fa(y)}
parameterizing B.

Remark 9.14. For d > 1, our description of S, is not as explicit since it
depends on the choice of an explicit fundamental domain for HZ™ in H. It
would be interesting to completely describe the set B, for d = 2 and some
fixed norm on R2.

10. INTERPRETING THE VISITS TO THE CROSS-SECTION

Given 6 € R% let Ag be as in (114). The goal of this section is to
read off Diophantine properties of ¢, from the successive times ¢; for which
at, Ag € STO More precisely, for B S. asin (113), we will relate the successive

visits to B to best approximations, and the successive visits to Sg, to e-
approximations.

10.1. The adelic cross-section as a Cartesian product. Let ¢ : 520 —
&, x By, be as in (89), and S, = 7 1(S%,). We now augment 1 and define
a map

e gﬁo — &n X By x Z" by = o, Pf); (120)
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that is, the first two coordinates of w are given by ¢ o, and the third
coordinate is glven by a map vy : SrO — Z" which we now define.
Given A € STO we may write A= (Goo» 9£)Ta with g € Ky, and then

AY 7(A) = gooZ™. Since A € Sﬁo, the vector v(A) defined in (90) is the
unique primitive vector of the lattice A in D, , and the columns of g, are
a basis of A. Replacing g, by another representative of the coset gooI', we
may assume that the nth column of g, is v(A). Moreover, the uniqueness
of v(A) implies that if v € I satisfies that g7y is another representative of

A having this property, then

goon = V(A) = gooven,
and hence v € H(Z). With these choices we define

2 def
V(M) = gren; (121)
that is, if we write gf = (gp)pep, then wf(JAX) is the element of Z" whose p
coordinate is the n-th column of g,. The above discussion implies that v
is well-defined.

Lemma 10.1. The map LE is Ky-equivariant and continuous.
Proof. The fact that ¢ commutes the K f-actions on 3?0 and on Zgr i follows
directly from the procedure defining 1Z discussed above.

We prove its continuity. We have already seen in Lemma 8.5 that ¢y om
is continuous, and it remains to establish the continuity of ;. Assume

Kk — A in SEO and write Kk = (gélé),g;k)> I'a, A= (9o0», 9f)T'a, where

VY r, < SL,(Q) and where the representatives are chosen so that gy, gffk) €Ky

(k)

and goo€p, goo €y € Dy,. There are ~y, € I'y such that

(gé’é)%g,(c %) = (9o0s 9£):
(k)

and we need to show that gi €en — gren. It follows from our choice of
representatives that
wEeELANKy= SL,(Z).

We claim that e, = ey, for all large enough k; this will imply gj(ck)en =

g}k)'yken — gre, and conclude the proof. To prove the claim, suppose by

contradiction that ye, # ey for infinitely many k, then along a subse-
quence, the lattices Ay = m(Ay) contain the two distinct primitive vectors
v = g(()]é)en, wg = gélé)yken, and the sequence Ay converges in Z,. Note
that by assumption vg, wy € D,,. By passing to a further subsequence we
may assume that the sequences (vy) and (wy) converge to limits in D,.
Since the sequence of lattices (Ay) is bounded in %, and since vy, wy are
distinct, the limits lim vy, limwy, are distinct vectors in D), which belong
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to the limit lattice 7(A) = gooZ". This contradicts the assumption that
Ae ﬂo. O

We now describe the image of the cross-section measure under @Z We first
set up some notation. Denote the natural projections by

P& xRIxZ. 5 &,

prim

Py: &, x R x 21y, — RY 122)
Py: & x REX IR — I

Py : &, x R? x zgrim — &, x RY.

Also let Proj : R? — S9! be the radial projection as in (26). Given an
{a;}-invariant measure p on 22, let p 5. be the cross-section measure, and
70

d ., 7n
define a measure on &, x R* x Zg ;. by

def 7
vE g, - (123)

Let (%), I/(Rd),y(f),y(oo), V(Sd_l),y(&rd) denote the projection of v under
the maps Pp, P, P3, P12, Projo Py, g, 0 Py respectively. Let fl(dl), Mg be the
groups in (98) and §7.4.1 respectively, and note that flg)
on R? and on &, via the embedding AY [

a
We hayve:

and acts linearly

Proposition 10.2. In Case I, with p = Mga, We have

1
V= —— (Mg X Mpd|g. X Mz, ; 124
cy (man < mealp, < mzy ) (124)
in particular, the measures v(én), V(Rd), v (23 gre scalar multiples of the
measures me, de‘Bro’ Mz, , Mg, and the measures v B gnd &
prim

are invariant under any linear transformations of R preserving the norm
- 1-

In Case II, with p = My o, we have v = () x ) and there exist
finitely many subsets O; C 1411 homeomorphic to closed balls, lattices A; €
Azys N é,, and vectors v; € Ay, i = 1,...,k, such that the following hold:

(1) The measure v(én) is the sum of the push-forwards of the restriction
to each O; of a Haar measure on Ay, via the orbit map @ — al;. In
particular, V") is supported on a (d — 1)-dimensional submanifold
of &,.

(2) The measure v is the sum of the pushforwards of the restriction
to each O; of a Haar measure on Ay, via the orbit map a — av;. In
particular, y(®Y) g supported on a (d — 1)-dimensional submanifold

of RY.

(R7)
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(8) The measure v is the unique Mz-invariant probability measure
supported on the orbit Mge, C Zprim-

(4) The measure (%) s the sum of the pushforwards of the restriction
to each O; of a Haar measure on Ay, via the orbit map a — a(A;, v;).
In particular, it is supported on a (d — 1) dimensional submanifold
and is singular with respect to v(én) x v(®Y),

(5) The measure &Y g supported on a proper subset of S*1, and in
particular, is not invariant under the group of orthogonal transfor-
mations of R®.

Proof. We have the following commutative diagram:

XA S8, — 5 & xR D, (125)
lﬂ lplg
2 O Sk, &, x R4

Recall from Lemma 10.1, that QZ is Ky-equivariant. The map v has the

following weak equivariance property: Let Hy def {(g (1)) 1g € SLd(R)} C H.

Note that A; C Hy and that Hy acts diagonally on &), x R IfA € Sﬁo and

h € Hy is such that hA € Sf, and hvy = vpa, then (hA) = hap(A).
Suppose we are in Case I. By Theorem 9.11, the measure pg is Kjy-
T0

invariant. By the K y-equivariance of 1;, v is Ky-invariant as well. Since K

acts transitively on Zprim and m, is the unique K s-invariant probability

prim
measure there, we see that v must be the product of v(>) and my

prim
Also, by Proposition 8.7 and the commutativity of the diagram, (Pj2).v =

ﬁ (mgn X Mg Bro)’ and (124) follows. The fact that v(#4) is proportional

to mg;, is immediate from (14). Finally, the additional assertion about the

invariance properties of V&) and v follows from the fact that a linear
transformation preserving || - || also preserves Sy, (which can be readily seen
from (80) and (81)), Theorem 4.4(vii), and the weak equivariance property
of v discussed above.

Now suppose we are in Case II. By Theorem 4.4(vii) the group Mg pre-
serves fig . It also preserves the fibers of Pjo and using Proposition 7.7

and the fact that g’m is Mg-invariant we conclude that it acts transitively

on the intersection of each fiber with supp g . Therefore, v = (%) x p(f),
70

Assertion (3) now follows from equations (121) and (74). Assertion (4), and

consequently (1) and (2), follows from Proposition 8.13 and the weak equiv-
ariance property of 1 discussed above. Assertion (5) follows from Propo-

sition 7.4; indeed, if supp v contained an eigendirection for the group
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A then some A € AAy would contain a vector whose horizontal component
was in the direction of one of the axes. O

10.2. Hitting the subsets B and S§..

Definition 10.3. We say that two infinite sequences (ay)?2, (bx)5e, are
prefiz-equivalent if there exist ko, o such that ap,4; = bg,+; for all i > 0.
By convention, any two finite sequences are prefix-equivalent, and a finite
sequence is not prefix-equivalent to an infinite sequence.

For 6 € RY, let
Y def : § def . i
0 L >0 aMp €S} and VY {teyg.atAgeSm}.
Ifte ), \yg then Ay contains two vectors with the same vertical component
e!, and with horizontal components differing by a vector of size O (e_t/ d).
Thus, by discreteness of Ag, Vo yg is finite, and thus )y and yg are prefix-
equivalent. Observe that in the notation of (90), for each t € yg, there is a
unique primitive vector v(a;Ag) € (atAg)prim N Dr,. In particular,

u(@)a_w(atNg) € Z7

prim*
The next proposition is key to our analysis:
Proposition 10.4. Let || - || be a norm on R, € > 0, and § € R?.
(1) Let {t;.} be the ordering of {t € yg taglg € B} as an increasing se-

n
prim

quence. Then the sequence vy, = (Pk, qx) def uw(@)a_,v(aihg) € Z
1s prefiz-equivalent to the sequence of best-approximations of 6.

(2) Let {ty} be the ordering of {t € yg tarhg € SE} as an increasing

sequence. Then the sequence wi = (Pk, k) o u(f)a—r, v(ag) €
orim 05 Prefiz-equivalent to the sequence of e-approzimations of 0.
(8) Fort € yg, if we let u = u(f)a—w(ahg) € Zpyy,, then (with the
notation (17), (2)),

b (@hs) = (ps, (), disp(6, u), ). (126)

Proof. Since Yy yg is finite, we can restrict attention to t € yg. We first
treat e-approximations. Note that for u= (§) € 2",

u is an e-approximation of § <= ql/de —qf||<e andue€Z’

prim*
This in turn implies that for ¢t = élog q, the lattice a;Ag satisfies
(o) g (4. u(-0) ()
(127)

_ <q1/d(p1_ q9)> _ <disp(1(9,u)> cD..
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Reversing this computation shows that if ¢ > 0 is such that a;Ay € S;, i.e.
(atAg)prim N De is not empty, then there exist ¢ € N and p € Z% such that
u=(p,q)* €2y, and for t = Llog q we have aju(—0) (§) € D.. In other
words, u is an e-approximation of 6.

The bijection between visits of a;Ag to B and best approximations de-
scribed in the statement follow the same computation coupled with the
following observation: a primitive vector (§) € Z%. with ¢ € N is a best

prim
approximation of 0 if and only if

Clip—qo/|(@) N Ag = {0’ Fu(=0) <I;>}

where
X n
Clip—qo)(2) = {<y> ER™:[|x][ < |lp—dgd||; y| < q}-

Acting with a; on Ag = u(—6)Z" with ¢ = 4 log ¢ to bring u(—6) (§) to Dy,
we see that u is a best approximation for 6 if and only if a;Ag € B with ¢ as
above and v(a;Ag) = ayu(—0)u.

The third assertion is a straightforward computation combining (127)
with (2), (17), (89) and (120). O

Using Proposition 10.4, we now show that for ¢ > ¢y which appears in (7)
the condition appearing in Proposition 9.12 is satisfied.

Lemma 10.5. Let & be as in Case II and let p = my . (see Proposition 7.7
for notation). Let ey be as in (7). Then, for any ¢ > €9 we have that

ILLSVTQ (Sg) > 0.

Proof. Let € > ¢’ > gp. By definition of &y and by Proposition 10.4, there
exists a sequence ¢ — oo such that a;, Ay € S./. Since the orbit {atA&} .
>

is bounded in ,%”HA and since ggx is closed, we may assume without loss of
generality that atkK& converges to some point x. By Proposition 9.12 we
deduce that = € 5’5/ M supp 1S, - Furthermore, since = is an accumulation
point of a bounded forward orbit of a;, it follows that the two-sided orbit

of x is bounded. Therefore z € SA?O (since if 7(z) contains two vectors with
the same vertical coordinate, the orbit a;x diverges in negative time). By

Lemma 8.1, Z,(D2) N Sﬁo is open in S,,, and hence its preimage in 2" is
open in S,,. By choice of & we have S.r C 2,,(D?), therefore

zen N(2u(D)NSE) C 8.,

and we deduce that 50y (S.) > 0. O
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11. PROPERTIES OF THE CROSS-SECTION MEASURES

In this section we will describe some properties of measures on the product
space &, x R% x Z". The measures we will consider arise as follows: in Case
Ilet 4 = mgya, and in Case Il let p = mj . be as in §7.4.1. Let pug be

n aJda 7"0

the cross-section measure, let ¢, B and S, be as in (120) and (113), and let

1; (,u~ |~) (e-approximations)
AN S (128)
Uy (,ug | g) (best approximations).
70

Note that although our notation does not reflect this, both measures depend
on the norm, and in the case of e-approximations, A depends on e. For
such a measure A\, let )\(g"),)\(Rd),)\(f),)\(oo) denote the image of A under
the projections Py, Py, Ps, Pio as in (122), and let \(Z4), AE™) denote the
image under the maps m4;, o P; and Projo P> (see (13), (26)). We will go
through the different cases and give some properties of these measures.

The case of e-approximations is much simpler. The following two propo-
sitions are immediate from (87) and Proposition 10.2.

Proposition 11.1 (Case I, e-approximations). Let ¢ € (0,rg), where o is
large enough to satisfy (79). Let p = myn, and let X be as in (128) (e-

approzimations). Let B. denote the ball of radius € around the origin in R?
and let Vg = mpa(B1). Then

) 8dVd d 1
J d
o _Va (2a) _ €Va
M= ) e Cn) ™

The measures )\(Rd), MG gre preserved by any linear transformations of
RY preserving the norm || - ||.

Proposition 11.2 (Case II, e-approximations). Let d > 2 and let ¢ €
(0,70), where ¢ is large enough to satisfy (79). Let pu = my . be as in
§7.4.1 and let X be as in (128). Then X is proportional to A x X(F) | \(>0)
is not proportional to \én) x )\(Rd), and the projections \(én), AR satisfy
statements (1), (2), (3) of Proposition 10.2. The measures )\(Rd), AETY are
not invariant under the group of orthogonal transformations.

We now turn to best approximations. Let

BY y(B) c & xR,

so that
(A,v) e B <= ¢(A,v) € B, (129)

and denote the indicator function of B by 1z.
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Proposition 11.3. Let A be the measure as in (128) (best approrimations).
Then A = A x \) where in Case I, \) is a multiple of Mz, , and in
prim

Case 11, using the notation of §7.4.1, M) s a multiple of the Mg-invariant
measure on an Mg-orbit on Z3;,,. The measure M) s absolutely contin-
wous with respect to the measure v(°) as in (123), and the Radon-Nikodym
derivative is given by
d\(%°)

Proof. The proof that A can be written as a product A(®) x \() and that
M) is either the unique (up to scaling) K s-invariant measure, or an Mg-
invariant measure on an Mg-orbit, is identical to the one used for v, in
the proof of Proposition 10.2. Formula (130) is clear from (113), (125) and
(128). O

Formula (130) is an explicit formula for A(*®). We will now use it to de-
scribe A(én) \(Za) /\(Rd), A in more detail. For this we need to consider
Case I and Case II separately. We begin with the simpler Case II.

Proposition 11.4. Let d > 2, and suppose the norm on R? is either Ag-
analytic (see Definition 9.4), or is the sup-norm. Let u = mj . be as
in Proposition 7.7, let X\ be given by (128) (best approximations), and let
A(g”),A(Rd), MO NG N2 pe qs above.

We have

(1) The measures A(én) )\(Rd), M) gre singular with respect to the mea-
sures me, , Mgd, Mg, -

(2) The measure AE™) s not globally supported. In particular AR g
not invariant under all orthogonal transformations.

(3) The measure A is not a scalar multiple of A& x A®Y)

Proof. Assertions (1) and (2) follow from Propositions 10.2 and 11.3. Fur-
thermore, suppose that (A, v) € supp A(>). In particular A; def w(A,v) € B.
Since B is open in S, (see Lemma 9.1) and v is a continuous inverse of ¢
on B, there is a neighborhood U of the identity in flg), and a neighborhood
V of (A,v) € &, x R?, such that

supp A NV = {y(ar,) : a € U}.

Restricting the measures A\(°) \(én)| AED t6 the image of U under each of
the maps

a— (ahy), a—ad, a— av,
we see that in these open sets, each of these measures is supported on a d—1
dimensional manifold, and this implies (3). O
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11.1. Further properties of the measures for best approximations,
Case 1.

Proposition 11.5. In Case I, for best approzimations, the measures

AGR) A(Za) \R®D AETH

are absolutely continuous with respect to me,, mg,, Mpda, Mga—1, and we
have the following formulae for the Radon-Nikodym derivatives:

(A) = /Bm 15(A, v) dmga(v) (131)
A 1

e <v>=<( ) / S(A, ) dmes, (A) (132)

d)\(«%) A
: T [ s e, v () dmga() - (133)
m%d By Ty
where Tps is as in (23) and A(-) is as in (24), and, for some ¢ > 0,
dXE o1
= t (A, tw) d A)dt. 134
@ = [ [ 150 dm, (4 (130

Proof. Equations (131), (132) both follow immediately from (124) and (130).
For (133), we give an expression for my; in terms of mg,. Let H be the
group as in (12), let Gy and W denote respectively the subgroup of H
obtained by setting x = 0 and A = 0 in (12). Thus G = SLy(R), W = R?,
and H = Gg x W. By Lemma 8.15, the Haar measure on H can be written
as dmp(Ax) = dmg,(A)dmw (x). The discussion in the last paragraph of
§2 shows that the matrix A gives the projected lattice A’ = AZ?, and the
vector x gives the lift functional f € T,,. Therefore, for fixed A’ € 2y,

dm.y, () = /T dme, (A, £, en)) dmy , (f).

and using this, in combination with (131) and the uniqueness of disinte-
gration of measures, we obtain (133). By polar coordinates, there is some
¢ > 0 such that dmpa(tw) = ct?tdmga—1(w), and thus (134) follows from
(132). O

Proposition 11.6. In Case I, for best approrimations, the measures

)\(cfn)’ )\(Rd), )\(:%)’ AGH

satisfy:

(a) X is not a scalar multiple of X(én) x AR

(b) The measures Aén)  \(Za), A have full support, and the support of
AR contains a neighborhood of the origin.
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(¢c) For d > 1, there is ¢ > 0 such that for any A € &, and any ' € 23,

(éan) (<%<d)
AN 0) < e sys(maa(A) and (fl)\mﬁ[(A/)Sc-sys(A/)d, (135)
d

dme,

where sys(A') is the length of the shortest nonzero vector of N' € Zy. In
particular Xén) and \%4) are not scalar multiples of mg, and my,.

(d) For any A € &, with no nonzero horizontal vectors, and any w € S,
the set

{teR: p(A,tw) € B} (136)

is an interval containing 0. In particular, for any w € S, the function
dARY)

t— t 137

() (137)

s monotone non-increasing, is not a.e. an indicator function, and supp AED

1s star-shaped around the origin.

(e) The measures )\(Rd), AN are invariant under any linear transforma-
tion of R? preserving the norm || - ||. In particular, for the Euclidean
norm, A& and X&) are SO4(R)-invariant.

Proof. Assume first that d = 1. In this case, the assertions all follow easily
from Proposition 9.13. Indeed, in this case there is only one norm on R? =R,
the bundle &, is isomorphic to R/Z via the map y hyZ2, and the measures
A(én) AR are simply the pushforwards to the x and y axes, of the set in
(116).

We now assume that d > 1, and note that for any A € &, there is
e = &(A) > 0 such that for all v € R? with ||v|| < €, we have ¢(A,v) € B.
Indeed, this follows from the discreteness of A and the fact that the cylinders
C, get smaller and smaller as r — 0. This implies that the integrands in
(131), (132), (133), (134) are positive on sets of positive measure, and (b)
follows.

For (¢), let A € &,, let A’ = mpa(A) € 2y, and let X' € A’ with ||x/|| =
sys(A’). Then A contains a vector x € ﬂ'ﬂgdl (x) whose horizontal component

is x’ and whose vertical component is in [—%, %] Let v € R? with ||v|| >

2sys(A’) and let u(v) be as in (15). By the triangle inequality,

Imga(u()x)|| < [IX[| + 757 <ol = lImga(u(v)en)]],
and hence u(v)A ¢ B. Using (131) we obtain

d(én) 1
—— () < re(B(0,2sys(A))),
m ™
and the first inequality in (135) follows. For the second inequality, repeat
this argument for every A of the form A = A(A', f,e,) as in (24), and use

(133).

dme,



72 URI SHAPIRA AND BARAK WEISS

For assertion (a), note from Proposition 10.2 that (*) is a scalar multiple
of mg, X mpal|p, . By (130) and the fact that A@) and AR are of full

support, if A(®) were a scalar multiple of A(én) x AE) then its Radon-
Nikodym derivative would be constant on &, x B,,. This contradicts the
first inequality in (135).

For (d), let A € &, have no horizontal vectors and let w € RY, |w| = 1.
Then ¢(A,v) € B if and only if for every nonzero x € A with vertical

component z,, € (—1,1), we have |[v|| < [|x'+2z,v||, where x’ def Tra(Xx) # 0.
In other words, the set in (136), which we denote by I(A,w), can be written
as

M I(xw), where I(x,w) € {t € R: |tw] < ||x' + zntwl|} .

xeAN{0}
n€(—1,1)

In order to show that supp )\<Rd) is star-shaped, it suffices to show that
I(A,w) is an interval containing 0 for each A, and for this it is enough to
show that I(x,w) is an interval containing 0 for every x. Clearly I(x,w)
is bounded and contains 0, and if it were not an interval, there would be

0 < t1 < tg such that ||tw|| = ||x" + z,t;w]| for ¢ = 1,2. This implies
ty — t1 = [[taw|| — [[taw]] = X' + zntow| — [Ix" + zpt1w]]
= ||x" + zptow]|| — ||X' + xptow + 2p(t1 — t2)w| < ||zn(ts — t2)w]| < t2 — t1,

a contradiction. The assertion about monotonicity in (d) now follows using
(132). If the function in (137) were an indicator function for some w, by
(132), the interval I(A, w) would actually be the same for almost all A. To see
that this cannot be the case, let A be some lattice, and let x € A~ {0} so that
sup I(x,w) = sup I (A, w). For almost every A, x is unique with this property.
Now for almost all nearby lattices A’ € &, containing a small perturbation
x' of x, we will have sup I(A’,w) = sup I (x,w) # sup I(x,w) = sup I (A, w).

Assertion (e) follows immediately from Proposition 10.2 and the fact that
B is invariant under any linear transformation of the horizontal plane pre-
serving the norm. ([l

11.2. Cut-and-project structure of approximations to algebraic vec-
tors. This section is not needed for the proof of our main results. Its pur-
pose is to highlight a certain structure that the set of approximations to
algebraic vectors posses.

A cut-and-project set is a subset Xg C R” for which there are s € N, a
lattice A C R"™*, and W C R? for which

Xo = {x € R": 3y € W such that (x,y)" € A}.

Here (x,y)" denotes the vector whose first r entries are those of x and whose
last s entries are those of y. In some cases the vector spaces R", R*, R"T* ap-
pearing in the above definition are taken to be more general locally compact
abelian groups. We will refer to the more general case of cut-and-project
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sets arising in this way as generalized cut-and-project sets. Cut-and-project
sets are widely studied in the field of mathematical quasicrystals, see | ]
for a comprehensive introduction.

For discrete sets X' € X C R, we say that X’ has full density in X if
#(X'0[0,T1)
#(XN[0,77)
if there are subsets X', Y’ of full density and a bijection 7 : X’ — Y” such
that

—T—0 1, and say that discrete X, Y C R are strongly asymptotic

/

|2" — 7(2))] — 220 0 (2 € X).

Let K be a compact abelian group, let G = K xR, let g : G — R
be the projection, and let dg be a translation invariant metric on G. For

X CGand T € R we set X2 {(k,x) € G : x > T}, and say that
X,Y C G are strongly asymptotic if there are subsets X', Y’ of X and Y,
such that mr(X"), 7r(Y’) are of full density in mr(X) and 7r(Y"), and there
is a bijection 7 : X’ — Y such that dg(x,7(z)) — 0 as mr(x) — oo.

Our analysis yields the following:

Proposition 11.7. Let a be as in Case II, let || - | be some norm on
Re, let € > 0, and let v, = (P, qr) € Z" be either the sequence of best
approrimation of d, or its sequence of e-approximations. Then the se-
quence (log(qx))yeny C R is strongly asymptotic to a one-dimensional cut-

and-project set, and the sequence (py,log(qr)) C 7n x R, is strongly asymp-
totic to a generalized cut-and-project set.

Sketch of proof. We will not be using this statement in the sequel, and we
only sketch the proof. Let T = R?/A be a torus, where A is a lattice in R?,
let 77 : R — T be the projection, let z € R? \ {0}, and let ay ~ T be the
corresponding straightline flow defined by aymr(x) = mp(x+1tz). A cut-and-
project set in R can also be described as the set of visit times as in (30), to
a section § which is a bounded linear section; i.e., the image under 7 of a
bounded subset of an affine subspace of dimension d — 1; see | , Prop.
2.3] for a proof.

Let Az, ys be as in (72), let A, be the stabilizer group as in (73), let a =
R? be the Lie algebra of Ag, let exp : @ — Ay be the exponential map and
denote its inverse by log. Then the map exp induces an isomorphism between

the compact orbit Azys and the torus T def a/log(A,,), and this map
conjugates the a;-action on Azyz to a straightline flow on T. Moreover, as in
Proposition 8.13, this isomorphism maps the cross-section S, to a bounded
linear section. Therefore, for &’ = Bor &' = 8., {t € R: a4yz € S’} is a cut-
and-project set. Recall from Proposition 10.4 that the set of denominators
qx of convergents to @, and the set of visit times {t > 0 : ;Ag € S,,} are
related by tp = élog(qk), and from Proposition 7.5 that y;z = qAs for some
q € H~, the contracting horospherical subgroup of {a;}. Using this, and
the fact that S’ is ps,,~JM, one can prove that for any ¢ > 0, for all large
enough t, there is a bijection between the visit times of the two trajectories
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{aya}, {atAgz} to points which are of distance at least ¢ from the boundary

of §&’; and from this, one can deduce that these sets are strongly asymptotic.

For the second assertion, we use the notation of §7.4.1. We let A def

Stab; (9a). In the cut-and-project construction, we now replace R" with
{a;} x Mg, and R® with /_1(071), and use Proposition 10.4 and a generalization

of | , Prop. 2.3]. O

12. INVARIANCE UNDER THE WEAK STABLE FOLIATION

The goal of this section is to explain how our results translate to state-
ments about Lebesgue almost every 6 € R? as they appear in the introduc-
tion. For 6 € R?, let Ag be as in (114). Let Z» and p = m g s be as in §7.4,
let gro be as in (113), and let u 3, be the cross-section measure.

It follows easily from the ergodicity of the a;-action with respect to u that
for Lebesgue almost any 6, Ag is (at, p)-generic. It does not follow that such
points are also (a, ugm)—generic. In this section we address this issue and

prove the following;:

Proposition 12.1. For Lebesque a.e. 0 € RY, Ay is (at, pg )-generic.
70
M ) s |z)- ' 1 s |s)- '
oreover, it is (at"U’STO’B) generic as well as (at,,usro|36) generic for any
e € (0,7p).
Recalling the distinction in Definition 5.1, we define

0 & {K e ZA: Ais (ay, u)—generic}

and

09 def {K € %nA LA is (at, g )—generic} :
70

Remark 12.2. Recall from Proposition 5.9 that if & were tempered and
reasonable, or if we were interested in pg|g for some tempered subset, then
we would have 1 = {29, and the arguments of this section could be avoided.

Let G = SL,(A) and let H~ and H® be the groups defined in (57) and

(58), and let H= 17— HO be the group as in Proposition 7.2. We refer to
H= as the weak stable subgroup corresponding to {a;}. Also write

g+ def {9€ G :aga_y =i Id} = {u(v) NS Rd} ,

where u(v) is as in (15). Note that H+ = R? is unimodular. We denote
its Haar measure by mg+. This is simply the image of Lebesgue measure
under the map v — u(v).

We will derive Proposition 12.1 from the following three statements.

Proposition 12.3. For any open subgroup W C H<, any W -invariant sub-
set Q C A of full u-measure, and any A € 22, the set {h €HT:hA € Q}

s of full my+-measure.
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Proposition 12.4. The set Q; is H=-invariant and of full u-measure.

Proposition 12.5. There is an open subgroup W C HS and a W -invariant
set Q3 C 22 such that the set Agﬁ defined via (40) and (34) is contained
70

in Q3, and p(Q3) = 0.

Proof of Proposition 12.1 assuming Propositions 12.3, 12.4, 12.5. Let W and
Q23 be as in Proposition 12.5. By Theorem 5.11(i),

QI\Q?,CQl\A% C Q.
o

By Proposition 12.4, €1 \ Q3 is a W-invariant set of full measure, and thus
by Proposition 12.3, {# € R? : Ay € Q5 ~ Q3} is a set of full measure,
proving the first assertion. Moreover, applying Theorem 5.11 and taking

into account the fact that Q3 contains Ag , we see that any 6 in this set is
70
also (a¢, 50y | 5)-generic as well as (at, p 5 |5 )-generic. O

Proof of Proposition 12.3. Let Gy = SLy,(Af), Go = SLy(R) be as in §7.4,
and let

HE ¥ H<NG.. (138)
The groups HT and HS are complementary, in the following sense:

HSNH" ={e}, HS=Hs x Gy, dimHZ +dim " = dim Gw.

It follow that there are neighborhoods U;,Us of the identity in H< and H
respectively, such that the map

Uy xU — G, (K=, h") = h=ht

is a homeomorphism onto its image in G. For any any Ae A, using the
fact that W is open in HS and the stabilizer of Ain G is discrete, we can
replace Uy, Uz with smaller open sets around the identity, to obtain that
Uy C W and the map

Uy x Uy — 22, (w,ht) = whtA

is a homeomorphism onto its image, which is a neighborhood of A in %HA.
Furthermore, by Lemma 8.15, in this neighborhood of K, the measure p can
be written as du(whtA) = dmlst(w)dmp (k). Since Q is W-invariant,
this implies that my+-a.e. h™ € H' satisfies htA € Q. O

Proof of Proposition 12.4. By Lemma 7.6, the flow {a;} ~ 22 is ergodic
and hence € is of full g-measure. To see that Q is H=-invariant, use
Proposition 7.2 and the fact that u is H -invariant. O

For the proof of Proposition 12.5 we will need the following Lemma. We
recall from (81) that 8% is the subset of the cross-section consisting of lattices
whose intersection with the disk D, contains exactly one primitive point.
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Lemma 12.6. Let A be a lattice and let Ya(S;) o {t>0: A €S,}. Then

{t € VYA(Sr) tatA ¢ Sﬁ} is finite.

Proof. For each t € Y5(S,) such that a;A ¢ SF, we have two distinct vectors
in the intersection of a; A with the disc D,.. This means that A contains two
distinct vectors in a_;D, whose diameter is e~!r, and so A contains their
difference, which is a non-zero vector of length at most e~!r. By discreteness
of A we obtain an upper bound on ¢, and since Y, (S,) intersects any interval
in a finite set, the lemma is proved. ([

Proof of Proposition 12.5. Take a sequence r; /* oo and define S, by (81).
Using the projection 7 : 24 — 2., let

_ def
S = 1S, &:%.

The sets S; are reasonable cross-sections by Theorem 8.6 and Proposition
6.3, and the sets A; satisfy u(A;) =0 by Lemma 5.8.
Let

m¥©m
=1

It is clear that u(Q23) = 0. Let W def Hy x Ky where Hy is the connected

component of the identity in HS. We claim that Qg3 is W-invariant. The
invariance under Ky is automatic since each A; is a preimage under 7. The
invariance under a; is clear from the definition of each A;. As any element
of Hy can be written in the form h = (E (1]) a¢, we will be done by proving
the following:

Claim 12.7. For any r > 0, h = (E (1]) € Hy, and A € A%T there exists
' > 1 such that hA € A% .

Let Ya(Sy) = {t1 <tz <...}. The assumption that A € A is equivalent
(see (40)) to saying that there exist 6 > 0 such that for any ¢ > 0 there exists
a subsequence ¢, for which

0< [ty 11—ty <c and limsup-=- > 6. (139)
j—00 kj

We will establish a similar statement for Y/ (S,), where A’ CfpA and + > 7
is large enough.
Let v, € A be a sequence of vectors satisfying that a; v € D,. We may

write
_ [ Y
Vg = edtk .
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Since ay, vi € Dy, we have that ||v;|| < e~**r. Denoting by (-, -) the standard
inner product on R?, we then have

. B, ’

If we let

1
Tk def 7 log(1 + (x, e‘dtk@k»,

then we see that
etk Tk By,
aty 4, VR = 1 .

We claim that s, def tk + T € Ya(Sy) for any 7’ large enough. Indeed,
because B, x are fixed and by the bound ||t || < e 7, we have that || < ¢
for some ¢ > 0. Hence r’ could be taken to be e°||B]|r.

If for some k we have that that sy = sgy1, then this means that the
lattice a¢, 47, A" = ag,, 47, A contains the two distinct vectors as, 4r, vk
and ay, 4, Vp+1 which are in the disc D, and so this is a visit time to
KA Sf,. From Lemma 12.6 we know that this can only happen for finitely
many values of k.

Let d,e,{k;} be as in (139). Since 73 is bounded (and in fact converges
to 0), we deduce that along the same subsequence k;, excluding potentially
finitely many values of j,

0 < [sk; 41 — sk,;| <& and limsupi = limsup EAE)
i Sk itk
This shows that A’ € A% .. This establishes Claim 12.7, concluding the
proof of the Proposition. O

13. CONCLUDING THE PROOFS

As discussed in §2, Theorems 1.1, 1.2 and 1.5 all follow from Theorem
2.1.

Proof of Theorem 2.1. In all cases, the measure A in (128) is finite (see
Propositions 8.7, 8.13, 6.3) but need not be a probability measure. We
fix a norm on R? and & > 0, and define the following probability measures:
u(e") is the normalization of A in Case I, best approximations
,u(e"’&) is the normalization of X in Case II, best approximations
v(®n) is the normalization of A in Case I, e-approximations
v(®% ig the normalization of A in Case II, e-approximations,

where in Case II we require that d > 2 and in Case II for best approximations
we also require that the norm is either the sup-norm, or is Az-analytic.
In Case I, let 1 = mgs. Then for Lebesgue a.e. 6, by Proposition

12.1, Ag is <at,u§T0|B~)—generic and <at,ugro|§e)—generic. The map 1:/; is



78 URI SHAPIRA AND BARAK WEISS

continuous but is only defined on SA?O. Since S’?O is open (by Lemma 8.1)
and of full measure (by Lemma 8.4), ¢ coincides with a map on S,, whose

set of discontinuities has zero measure with respect to pg . Using Lemma
70

4.9, we obtain that J maps an equidistributed sequence in SN?,O (with respect
to either ——pz |z or —L—puz |s) to an equidistributed sequence
/J“gro (B) MSTO |B Mgro (85) MSTO ‘SE) q q

in &, x R? x Zgrim (with respect to the pushed-forward measure). Using
Proposition 10.4, we find that the sequences (18), (19) are equidistributed
with respect to ,u(e") and v(®n) respectively. Proposition 11.6 shows that
the projected measures in the statement of the theorem have the stated
properties.

In Case I, let u = mj . . By Lemma 10.5 any € > ¢ satisfies g (:S‘VE) >
70

aYa

0. By Proposition 9.12, the lattice 7\& is both (at,,ug ]g)-generic and
o

(at, ,u§TO| gg)—generic. Using Proposition 10.4, we find that the sequences

(18), (19) are equidistributed with respect to the pushforwards p(®»% and
v(en9) regpectively. The desired properties of these measures are given in
Propositions 11.4 and 11.2. U

Remark 13.1. It is interesting to find other measures on R¢ which give
full measure to the set of # which satisfy the conclusions of Theorems 1.1
and 1.2. In this regard, we note the following. An examination of the
proof of Theorem 2.1 shows that its conclusion holds for every 6 for which

Ay is (at, ugr())—generic. Since B is tempered, by Proposition 5.9, for best

approximations it suffices to show that Ag is (at, p)-generic for p = mya.

It is thus an interesting question to provide examples of measures on R¢
satisfying that Ay is (at, p)-generic for u = my-s for a.e. §. Note that this
reduction is not valid in the case of e-approximations.

Additionally one might want to find measures for which for typical 6,
the first two sequences in (3) are equidistributed with respect to p(°). In
this regard, we can work with the real space 2, instead of 2% and with
i = mg;, . Using the same strategy, we are led to the question of finding a
measure p satisfying that Ay is (at, Sry )—generic for a.e. 8. Examples of such
measures can be found in | |; they include natural measures on some
self-similar fractals, like the middle-thirds Cantor set, Sierpinski triangle or
Koch snowflake.

Proof of Corollary 3.1. In light of Theorem 2.1, it suffices to compute the
measures A\(%2) in Case I, for both e-approximations and best approxima-
tions. For e-approximations we find from Proposition 11.1 that A(%2) is a
scalar multiple of m,, which is just Lebesgue measure on [—%, %] = T;.
For best approximations we use Propositions 9.13 and (131) to compute the
density F'. We leave the details to the reader. O
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Proof of Corollary 3.4. Let p =my,, let Sz, B be as in (81) and (109), and
let

7.8 Ry and 7PV B SR,

denote respectively the functions giving the first return time of the {a;}-

flow to S: and B, as in (32). Let )ngL) and )\g:sf)

normalized pushforward of s, |s. and us, [ under 7() and 7P In both
cases, the map 7 is Riemann integrable, in the sense that its discontinuity set
is a nullset with respect to ps, . This can be proved using arguments similar

denote respectively the

to those used in §8.3, and we omit the proof. Thus (see | , Thm. 2.7])
the sequences (29) equidistribute with respect to )\gKL) and )\l(fsf), showing

the first assertion.
The finiteness of the expectation of both )\gKL), /\](f;sf) follows from the

Kac formula given in Theorem 4.4(vi) and equals the reciprocal of the total
mass of the cross-section measure of S; and B respectively. In the case of
S:, we have the following explicit formula:

; Prog.&? C(?’L) _ C(?’L)
15, (Se) ma, (Zn) mpa(Be) Vet

14. CONCLUSIONS REGARDING EQUIDISTRIBUTED COMPACT TORUS
ORBITS

Until now we have dealt with two types of a;-invariant and ergodic mea-
sures: (1 =mys (Case I) and B e (Case II). We proved results regarding
the best approximations and e-approximations of Lebesgue almost any 6
(Case I) and the algebraic vector @ (Case II). The two discussions regarding
Case I and Case II were carried out simultaneously but were completely in-
dependent to one another. We now wish to establish a connection between
the two cases which occurs when one varies the algebraic vector @ under
some assumptions. First we need the following.

Lemma 14.1. We have that
{u € P(%RA) D18 ap-tnvartant and T = mgn} = {m%f}}.

As a consequence, if u, € P(Z2) is a sequence of aj-invariant probability
measures such that m.p, — my;, , then p, — Mga.

Proof. The proof relies on two facts about entropy. The probability measures
mg, and m g7h are the unique aj-invariant measures of maximal entropy

for the dynamical systems (%, a1), (2%, a1), and in fact they have equal
entropies:

h(a1, Mz, Zn) = h(a1, Mgk, ‘%'nA) =n.
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For the space £, this follows from [ , Corollary 7.10]. For the space %nA
this follows from | , Theorem 7.9] together with the unique ergodicity
of the SL,(R) action on Z;*.

Assume that p € P(Z;}) satisfies 7, = my;,. Then, since 7 is a factor
map,

h(ay, u, ) > hiay, p, ) = n.

From the uniqueness of measure of maximal entropy we deduce that p =
mg-s as desired.

Now let ux € P(Z*) be a sequence of aj-invariant probability measures
satisfying that m.pur — my;, . It follows that any weak® accumulation point
of pux must be an aj-invariant probability measure that projects under 7 to
mg;,. By the first part of lemma, pj has only one accumulation point -
mg-». We conclude that p, — mg-s as desired. (]

Theorem 14.2. Assume d > 2 and that the norm || - || on RY we use to
define the notion of best approximations is either the Euclidean norm or the
sup norm. Let dy = (o1, . .. ,akd)t € R? be a sequence of vectors such that
for each k, {1, a1, ..., arq} span a totally real number field of degree n over
Q. Let Bak be as in (66) and xg, € Z, be as in (63). If the sequence
of periodic probability measures supported on the periodic orbits ngAxak
converge weak™ to my;,, then

plendn) Ly en) (140)

where plemk) plen) ¢ P(&, x R4 x i”) are the probability measure cor-
responding to best approximations of dy (resp. Lebesgque almost any 6) by
Theorem 2.1.

Proof. To reduce notational clutter we let def Tg, and i, def ﬁ&k. We

assume that the sequence of homogeneous measures of the periodic orbits
hi Ay converge weak™ to mg;, . By applying the involution z — x* of Z,,
we deduce that the same holds for the sequence of periodic orbits hi Az}, =
Ag, Ya,, where Az, and yg, are as defined in (72). That is

MAs s, — mgy,,. (141)

Consider the periodic orbits ~&kgj&k in %HA appearing in Proposition 7.7.
Let us denote

def def
1 Emy e S M (142)

By Proposition 7.7, meu® = m . Thus, (141) says that m,u®*) — m- .

D‘kyak
Furthermore, ;%) is a-invariant and so by Lemma 14.1 we deduce that

p® —s (143)

Let Mif) , b5 be the corresponding cross-section measures. We apply
0 T0

Proposition 5.12, where for the tempered subset we take BC §r0~ Regard-
ing the applicability of Proposition 5.12, we note that if v denotes any of
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the measures in (142), then the v-reasonability of S,,, the v-Jordan mea-
surability of B and its temperedness follow from Theorem 9.11 (note that
this is the point where we use the fact that the norm on R? is either the
Euclidean norm or the sup norm).

The conclusion of Proposition 5.12 is that uf; where the

) = | =
. B o B’
convergence is tight convergence. In particular, the convergence holds after
renormalizing the restricted measures to be probability measures:

S u(~k)|~—>71 ps g
u®B) S0 g, (B) 0

70

_> Mgr

Let ¢ be as in (120). By definition (see the proof of Theorem 2.1 in §13),

~ 1 e i 1 (k) (e - )
W — ks |1§ ::“( n); Vo | —m——=1= ‘E = plen),
:U'§T0 (B) " M(f) (B) Srg
70
By continuity of {E* at pg (see Lemma 4.9) we obtain (140). 0]
o

Remark 14.3. At the moment we do not have a version of Theorem 14.2 for
e-approximations. The reason is that Proposition 5.12 requires tempered-
ness and we only know temperedness for B and not for S..
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