CHARACTERIZATIONS OF LATTICE SURFACES

JOHN SMILLIE AND BARAK WEISS

ABSTRACT. We answer a question of Vorobets by showing that
the lattice property for flat surfaces is equivalent to the existence
of a positive lower bound for the areas of affine triangles. We show
that the set of affine equivalence classes of lattice surfaces with a
fixed positive lower bound for the areas of triangles is finite and we
obtain explicit bounds on its cardinality. We deduce several other
characterizations of the lattice property.

1. INTRODUCTION

Our objects of study are translation and half-translation surfaces
and their affine automorphism groups. These structures arise in the
study of rational polygonal billiards. They also arise in Thurston’s
classification of surface diffeomorphisms in connection with measured
foliations. Isomorphic structures arise in complex analysis where they
are called respectively abelian differentials and quadratic differentials.
We will use the term flat surface for both translation and half transla-
tion surfaces when it is not important to distinguish between the two
types. For more details on flat surfaces see [Vo, MaTa, Zo].

Let Aff(M) denote the affine automorphism group of a flat surface
M. For a typical flat surface this group is trivial; however surfaces with
non-trivial automorphism groups are quite interesting. Taking the dif-
ferential of the automorphism yields a homomorphism D : Aff(M) — G
with finite kernel, where G is either SL(2,R) or PSL(2,R) depending
on whether M is a translation or half-translation surface. The image
I'ys of this homomorphism is called the Veech group of M. We say
that M is a lattice surface if T'y; is a lattice, i.e. has finite covolume
in G. In a celebrated paper [Vel], Veech constructed a family of lat-
tice surfaces, and showed that lattice surfaces have striking dynamical
properties, in particular they satisfy the ‘Veech dichotomy’ which will
be discussed below. Other examples have been constructed by several
authors and classifications of lattice surfaces are known in special cases
(see [GuJu, KeSm, Pu, Cal, McM]), but an overall classification does

not yet exist.
1
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Vorobets [Vo] found a connection between the lattice property and
the collection of areas of triangles in the surface. A flat surface is
equipped with a finite set of distinguished points ¥ = ¥; which con-
tains all cone points (those with cone angle not equal to 27) and may
contain other points. We always assume ¥ # &, and that elements of
Aff(M) preserve 3. A triangle in M is the image of an affine map from
a triangle in the plane to M, which takes the vertices of the triangle to
points in X, is injective on the interior of the triangle, and such that in-
terior points do not map to X. In particular the vertices of the triangle
need not be distinct. The collection of areas of triangles will be denoted
by 7 (M). Vorobets proved that M is a lattice surface if and only if
7 (M) is finite. Say that M has no small triangles if inf 7 (M) > 0.
Vorobets also showed that if M has no small triangles then it satisfies
the Veech dichotomy, and raised the question of whether the no small
triangles property is equivalent to the lattice property.

Theorem 1.1. A flat surface has the lattice property if and only if it
has no small triangles.

Let us consider only surfaces M which have total area 1. For o > 0,
let

NST(a) = {M :inf T (M) > a}.

Say that M and M’ are affinely equivalent if there is an affine home-
omorphism between them; note that for surfaces of area 1, 7 (M) de-
pends only on the affine equivalence class of M.

Theorem 1.2. For any o > 0, NST(«) contains a finite number of
affine equivalence classes.

See Proposition 7.2 for an explicit bound on this number, and see
Proposition 7.3 for a bound on the sum, over all M € NST(«), of the
co-areas of I'y,.

Besides Theorem 1.1, our results yield several different characteri-
zations of lattice surfaces, which we collect in Theorem 1.3 below. To
state them we introduce some terminology. A saddle connection on M
is a straight segment on M connecting points of ¥ (which need not be
distinct), with no points of ¥ in its interior. Let £ = L), denote the
set of all saddle connections on M, and let £(0) = L,,(#) denote the
set of saddle connections in direction #. We say that 6 is a periodic
direction if each connected component of M ~\ £(6) is a cylinder with
a waist curve in direction #. Veech [Vel] showed that a lattice surface
satisfies the following dichotomy:

I. If £(0) # @ then 6 is a periodic direction.
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II. If £(#) = @ then Fy is uniquely ergodic.

This dichotomy does not characterize the lattice property (see [SmWel]),
but a modification of property I introduced by Vorobets does. Namely,

say that M is uniformly completely periodic if there is s > 0 such that

each 0 for which £(#) # @ is a periodic direction, and the ratio of
lengths of any two segments in £(#) does not exceed s. We will show

that this property characterizes the lattice property. Moreover, for a

lattice surface in NST(«) we will provide an effective estimate for s in

terms of «, see Proposition 3.2.

A periodic direction 6 is called parabolic if the moduli of all the cylin-
ders are commensurable, and M is called uniformly completely para-
bolic if it is uniformly completely periodic, with all periodic directions
parabolic.

Another characterization involves the set of holonomy vectors of sad-
dle connections. Associated with § € £ is a vector hol(d) in the plane
of the same length and direction as 6. We set

hol(M) = {hol(d) : § € L}.

This is a discrete I'j;-invariant subset of the plane which has attracted
considerable attention. For 3 > 0, we let

NSVT(B) = {M : inf{|vy A ve| : v; € hol(M), vy Avy # 0} > B},

and say that M has no small virtual triangles if it belongs to some
NSVT(5). We will show that having no small virtual triangles is also
equivalent to the lattice property.

Two other characterizations involve the dynamics of the G-action on
the space of flat surfaces. Associated with M is the topological data
consisting of the underlying surface, the number of points in ¥ and the
associated cone angles, and whether or not the corresponding foliations
are orientable. The set of all M sharing this data is a noncompact
orbifold called a stratum. The restriction of the action of G to the

subgroup {g;}, where
et’2 0
gt = 0 €_t/2

is called the geodesic flow.
Theorem 1.3. The following are equivalent for a flat surface M :

(i) M is a lattice surface.
(ii) M is uniformly completely periodic.
(iii) M is uniformly completely parabolic.
(iv) |7 (M)| < oo.
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(v) The set of triangles for M consists of finitely many Aft(M)-
orbits.
(vi) M has no small triangles.
(vii) {u Av:u,v € hol(M)} is a discrete set of numbers.
(viil) For any T > 0, the set

{(€,n) € Ly x L = [hol(§) Ahol(n)| < T}

contains finitely many Aff(M)-orbits.

(ix) M has no small virtual triangles.

(x) The G-orbit of M 1is closed.

(xi) There is a compact subset K of the stratum containing M such
that for any g € G, the geodesic orbit of gM intersects K.

Many of these implications are due to Vorobets [Vo, §6]. The main
new implication is (vi) = (i). Our first proof of this implication is
sketched in [SmWe2].

The proofs of Theorems 1.1 and 1.2 are similar. Vorobets showed
that if M has no small triangles any saddle connection direction is
parabolic, so associated with two non-parallel saddle connections are
a pair of cylinder decompositions of M, each with cylinders of com-
mensurable moduli. Moreover a bound on triangle areas leads to an
upper bound on certain combinatorial data associated with two cylin-
der decompositions. Arguments of Thurston and Veech show that such
combinatorial data determine a flat surface up to affine equivalence.
This immediately yields Theorem 1.2.

To derive Theorem 1.1 we introduce the spine Il of a translation
surface M this is a I'j;-invariant tree in H, whose edges are labeled by
two saddle connections on M, and correspond to the surfaces affinely
equivalent to M for which these saddle connections are simultaneously
shortest. There is a retraction p : H — II taking a surface in which
all shortest saddle connections are parallel, to an affinely equivalent
surface which has shortest saddle connections in two or more directions.
For each edge e of II, p~'(e) is a finite-area domain in H, and e is
associated with a pair of cylinder decompositions. A bound on triangle
areas bounds the combinatorial data and thus bounds the number of
edges in II/T"y;, giving a bound on the area of H/T'y;.

Theorems 1.1 and 1.2 suggest a natural ordering on the set of lattice
surfaces. For a lattice surface M, let a(M) denote the largest « for
which M € NST(a). Then all (affine equivalence classes of) lattice
surfaces may be written as

My, M, ..., with a(M;) > a(My) > --- (1)



CHARACTERIZATIONS OF LATTICE SURFACES 5

and a similar ordering exists with the NSVT condition instead of the
NST condition.

It would be desirable to have an algorithm which, given o > 0, lists
all surfaces in NST(«) or NSVT(«r). Our analysis yields an explicit
finite set of surfaces, presented in terms of Thurston-Veech combinato-
rial data, which contains all the above lattice surfaces, and implicitly,
an algorithm for distinguishing the lattice from the non-lattice surfaces.
This is our motivation for providing effective proofs and explicit esti-
mates for the cardinality of certain finite sets. We suspect our explicit
estimates are far from optimal and believe additional theoretical work
would be required in order to create an algorithm which is practically
feasible.

In the interest of presenting the simplest formulae, our estimates
may be presented in terms of either triangle or virtual triangle areas.
We do not present estimates involving the genus of M or the stratum
containing M, both because these are harder to obtain, and because
the same effective search will produce the lattice surfaces in all genera.

The relation between the no small triangles and no small virtual
triangles properties is described in the following:

Theorem 1.4. NSVT(a/2) C NST(a) C NSVT(2ae~1/(2a9)),

Without conducting computer searches, we are able to determine
My, ..., M;. They are all arithmetic, and comprise NST (%) .

Acknowledgements. We thank Alex Eskin for drawing our at-
tention to [Vo] at an early stage of this work, and we thank Yaroslav
Vorobets for useful discussions. The authors gratefully acknowledge
support from NSF grant DMS-0302357, BSF grant 2004149 and ISF
grant 584/04.

2. BASICS

We review some definitions here. For more details we refer the reader
to [MaTa, Vo, Zo]. Throughout this paper, M denotes a connected
oriented surface with a flat structure. When there is no danger of con-
fusion, we will also denote by M the underlying topological surface.
We denote the genus of M by ¢g. A half-translation structure may be
thought of as an equivalence class of atlases of charts (U, ¢, ) covering
all but a non-empty finite set ¥ = ¥;;, such that the transition func-
tions R? — R? are of the form & +— 4% + ¢ and such that around each
o € X the charts glue together to form a cone point with cone angle
2r(r + 1), where r = r, € {—%,4,1,2,...}. A translation structure
is similarly defined, with the requirement that the transition functions
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are of the form ¥ +— ¥+ ¢. Points in ¥ are called singularities. Several
authors permit singularities ¢ for which r, = 0; such points are called
removable singularities or marked points. Except in §9, we will always
assume that our singularities are not removable.

An orientation-preserving homeomorphism ¢ : M; — My which is
affine in each chart is called an affine isomorphism, or an affine au-
tomorphism if M, = M,. We denote the set of affine automorphisms
of M by Aff(M). An affine isomorphism whose linear part is £Id is
called an translation equivalence. The map D : Aff(M) — G which
assigns to ¢ its linear part has a finite kernel, consisting of translation
equivalences of M. Two atlases are considered equivalent if there is a
translation equivalence betweeen them.

There is a standard orientation double cover construction which as-
sociates to each half-translation surface M a translation surface M’
with a branched degree two translation cover M’ — M; thus many
statements about flat surfaces can be reduced to statements about
translation surfaces.

A standard analogue of the Gauss-Bonnet formula (see [Vo]) says

that
D rg=29-2. (2)

Summing the total angle at all the singularities we obtain the number

T=7(M) =) 27(r, +1) =27 (29— 2+|%]). (3)

Since each triangle in a triangulation of M with vertices in ¥ con-
tributes a total angle of 7, the number of triangles in such a triangu-
lation is exactly 7/7.

A flat surface inherits a Euclidean area form from the plane and we
normalize our surfaces by assuming that each surface has unit area.
An affine automorphism of M is a self-homeomorphism which is affine
in each chart.

For a flat surface M let 7y = (r5),cy,,- The set of all translation
equivalence classes of (half-) translation surfaces of a given combina-~
torial type, namely those for which the data 7, is fixed, is called a
stratum. Each stratum is equipped with a structure of an affine orb-
ifold, which is locally modeled on H'(M,3;R?) (in the case of transla-

tion surfaces), or an appropriate subspace of the H 1(M , f]; R?) (in the

case of half-translation surfaces, where M, Y are the orientation double
cover of M, ).

There is an action of G on H by post-composition on each chart in
an atlas. It follows from the above that I'y; = {g € G : gM = M}. We



CHARACTERIZATIONS OF LATTICE SURFACES 7
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which we view as one-parameter subgroups of G.

By a direction we mean an element of P(R?) (resp. S!) in the case of
half-translation (resp. translation) surfaces. There is a natural action
of G on the set of directions.

A cylinder for M is a topological annulus on the surface which is
isometric to R/¢Z x (0, h), where ¢ is the circumference of the cylinder
and h is its height. We say that the cylinder is horizontal (vertical) if
the angle between the horizontal direction and the direction of the waist
curve is 0 (resp. m/2). Note that if the cylinder is vertical then the
height actually measures its horizontal width. A cylinder is mazimal
if it is not contained in a larger cylinder, and this implies that both
of its boundary components contain singularities. We define £(0) to
be the collection of closed saddle connections in direction #. Recall
that if 0 is a periodic direction then M has a cylinder decomposition
in direction 6 i.e., the complement of £(f) is a union of cylinders.
An automorphism ¢ € Aff(M) is called parabolic if Dy € T'ys is a
parabolic matrix. The inverse modulus of a cylinder as above is u =
w/h. We say that real numbers puq,...,ur € R are commensurable
if p;/p; € Q for all 4,5 € {1,...,k}. If this holds, we denote by
= LCM(uy, ..., ug) the smallest positive number which is an integer
multiple of all the p;, and we call (nq,...,ng), where n; = p/p;, the
Dehn twist vector corresponding to the cylinder decomposition. Note
that by definition ged(ng,...,ng) = 1. This terminology is motivated
by the fact if ¢ € Aff(M) is such that D¢ is parabolic and fixes the
direction 6, then there is a cylinder decomposition in direction € with
the inverse moduli of the cylinders commensurable. Conversely, given a
decomposition of M into cylinders for which the p; are commensurable,
one can construct an associated parabolic affine automorphism. We
say that ¢ is simple if ¢ fixes the saddle connections £(#) pointwise.
This implies that each cylinder is taken to itself and that the map on
each cylinder is topologically a certain number of Dehn twists. Let
ny,...,ng be a collection of natural numbers and let p # 0 satisfy the
equation nju; = p. Then there is a simple parabolic automorphism
¢ with derivative Dy = rgh,r_g which induces n; Dehn twists in the
cylinder Cj.
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3. CYLINDER DECOMPOSITIONS

Vorobets showed that cylinder decompositions arise in connection
with the no small triangles condition:

Proposition 3.1 (Vorobets). If M has no small triangles then any
direction 0 for which L(0) # @ is parabolic.

In addition Vorobets obtained bounds on the ratios of lengths of
saddle connections in £(#) and the Dehn twist numbers n;. We will
review Vorobets’ arguments here and use them to relate the no small
triangles and the no small virtual triangle conditions. Where possible
we will improve the constants that arise.

Proposition 3.2. If M € NST(«) then M is s-uniformly periodic for
s = min {9 (2(r — 1)a)'""}, where r is the mazimal number of
cylinders in a cylinder decomposition on M.

Proof. Suppose 0 is a saddle connection direction for M € NST(«).
We know from Proposition 3.1 that 6 is a periodic direction on M. Let
o,0" € L(0). Suppose first that o, o’ are on the boundary of the same
cylinder C, of area A. Let h be the height of C', and let x, 2’ be the
lengths of o,0’. Then xh < A since the circumference of C' is at least
x, and 2’h > 2« since C contains a triangle of area x’h/2. This implies
that " 4

r

z  z'h = 200 (4)
Now suppose o, ¢’ are not on the boundary of the same cylinder. Since
M is connected, there is a chain of cylinders (', ... C; such that o = o
is on the boundary of Cy and 0’ = 0,44 is on the boundary of Cj, and
C; and C;y; meet along a segment o; of length z; for ¢ = 1,... 7.
Applying (4) j times we have

x T 1A
el | Pl V s Q
Since M has area 1 and the cylinders C; are disjoint,

A< (6)

The maximum of the right hand side of (5) subject to the constraint
(6) occurs when when A; = 1/j, so that

X . =
p < (2ja)™.

The maximum of (2ja) ™/ as a function of j occurs when j = 1/(2ae).
If 1/(2ce) > r — 1 then the maximum value of 2ja™ occurs when
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j =r—1. In this case the maximum value of 2ja™ is (2(r — 1)a)' ™",
If 1/(2ae) < r — 1 then the maximum value of (2ja)™7 occurs when
j =7 — 1. In this case the maximum value of (2ja)77 is e¥/2) O

We deduce the following statement, which implies Theorem 1.4.

Proposition 3.3. If M € NST(«) and the number of cylinders in a
decomposition of M is at most r, then M € NSVT(3) where

3 = 2amax {e_l/(zae), (2(r — 1)0[)T_1} .

Proof. Let M € NST(«). Let £ and 7 be nonparallel saddle connections
on M. By applying an element of G we may assume that ¢ is horizontal
and 7 vertical. Since M € NST(«a) there is a decomposition of M
into horizontal cylinders, so there is a saddle connection £’ parallel to
¢ making an angle of 7/2 with n at one of the endpoints of 1. By
Proposition 3.2 we have 2’ < sz, where x, 2" are the lengths of £, ¢’ and
s = min {9 (2(r — 1)a)'~"}.

Consider the right triangle A in the plane with horizontal and ver-
tical sides the same length as &', n. If there is an isometric copy of A
embedded in M under an affine mapping sending its edges to &', n, we
would have |£' A n|/2 = area A > «. If there is no such isometric copy
of A then M contains an isometric copy of a triangle contained in A,
and again [’ A n| > 2a. Therefore

1 2a
Enn = Zlg Anlz = = 8.

O

Remark 3.4. When applying Propositions 3.2, 3.3 it is useful to have a
bound for the maximal number of cylinders in a cylinder decomposition
on M. A standard bound of 29+ |X|—2 can be found in e.g. [KeMaSm,
proof of Lemma, p. 302]. A better bound is g + i + [%J — 1, where g
is the genus of M, and i (resp. j) is the number of even (resp. odd) -
angled singularities of M. A proof of this bound, due to the first-named
author, is given in [Na] for the case of translation surfaces; the same
proof works for half-translation surfaces.

For the cylinder decompositions that arise via Proposition 3.1, Voro-
bets bounded the number and size of the Dehn twist numbers in terms
of the lower bound for areas of triangles. We give our version here.

Proposition 3.5. The number of Dehn twist vectors for a cylinder
decomposition of a surface in NST(«) into r cylinders is bounded above
by:

(8a)*1="(1 — 21log 8a) .
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Proof. Let M = C7U---UC, be a cylinder decomposition, where the
cylinders have inverse moduli pq,...,u,. We can recover the Dehn
twist vector 77 from the numbers f1;/ ;.

We first recall Vorobets’ argument which gives a restriction on the
ratio of moduli of neighboring cylinders. Say that we have a pair of
cylinders C; and C; with an edge in common. Let h and c be the
height and circumference of a cylinder and let A be its area. As shown
in [Vo, proof of Prop. 6.2, applying the G-action and Dehn twists
in the cylinders one can find a triangle in C; U C; with base h; and

height in wy + Zph; + Zw; = w; (ﬂZ + Z) for some wy. Since for

K
i/ 1 = p/q we have that Z + Hig s 1/2¢-dense in R, we have by our
Hj
hypothesis
< h@Uh
1= "0

If we interchange the roles of the cylinders we get p < hjw;/(4«), and
multiplying the equations gives
}MlUihlej _ jiifij. (7)

1602 1602
The maximum of the right hand side of (7) under the constraint A; +
A; <1is attained when A, = A; = 1/2 so we get

1
642’

To count the possible values we note that the number of pairs of
natural numbers (z,y) that satisfy xy < K is bounded by the area
under the graph of y = min(K,logx) from z = 0 to x = K and this
area is K (1 + log K'). Thus the number of possible ratios of moduli of

pg <

pq <

1 1
. h . 1. . 1 1 .
neighboring cylinders is bounded by 6102 < + log 1oz 4@2)

The connections between cylinders can be recorded in a graph whose
vertices are cylinders and whose edges correspond to cylinders which
share a segment. Since M is connected this graph is connected. In order
to recover 1 it suffices to know the ratios of moduli for a collection of
edges that span a maximal tree in this graph. The number of edges in
a maximal tree is r — 1, and we obtain our bound of

1 1 2(1—r) r—1
Ii[ 2512;5 (ﬁ_—% h)g 64112:> = (8(¥) (1 — 2]£¥§8(¥) .

edges
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We will also need a similar bound in terms of 3, when M € NSVT(j3).
Note that this bound is independent of r.

Proposition 3.6. If M € NSVT(8) and @i = (ny,...,n,.) is a Dehn
twist vector for a parabolic direction on M with a decomposition into r
cylinders, then for any i,j:

pq < G where Z—; = g and ged(p, q) = 1. (8)
Proof. By renumbering assume ¢ = 1, 7 = 2. Let C'}, C5 be the corre-
sponding cylinders and let 41, ds be saddle connections passing across
the cylinders, so that hol(d;) = (z;, h;), where |h;| is the height of C;
and |z;| is no greater than the circumference ¢; of C;. By applying Dehn
twists in C, Cs and the G-action, we find an affinely equivalent surface
for which hol(d;) = (0, hy) and hol(ds) = (z, hy) with |z| < ¢;/2q. This
implies

Cth

< [hol(81) A hol(0)| = o] < 5 2.

Interchanging the roles of C', Cy we obtain g < % so that

A1 Ay
4/62 ) (9)

where A; is the area of C;. The maximum of the right hand side of (9)
subject to the requirement A; + Ay < 1 is obtained when A; = Ay =
1/2, and we obtain (8). O

pq <

4. THE SPINE AND A CRITERION FOR FINITE COVOLUME

Given a flat surface M of area 1 we can consider the collection of
all area 1 surfaces M’ affinely equivalent to M. An affine equivalence
f: M — M' determines an element ¢ = Df € G, whose coset gl'y,
in G/T'5; depends only on M’. This establishes an identification of
G /Ty with its affine equivalence class. The Veech group I' = T'y; is
the isotropy group of M so we can identify this family with G/T". Iden-
tifying two flat surfaces which are isometric, we find that the collection
of isometry classes of surfaces affinely equivalent to M can be identi-
fied with PSO(2,R)\G/I" or H/I" where H is the hyperbolic plane. The
image of this quotient in moduli space is also called the Teichmiiller
disk associated to M.

We define A(M) to be the infimum of lengths of saddle connections
in M. Since the collection of lengths of saddle connections is discrete
this infimum is achieved and is positive. The function A depends only



12 JOHN SMILLIE AND BARAK WEISS

on the isometry class of M so it is well defined on H/T". It is also useful
to view it as a [-invariant function on H.
The function A is bounded above.

Proposition 4.1. If 7 = 7(M) is as in (3) then A\(M) < \/2/7.

Proof. Write A for \(M). Let My C M consist of points p € M for
which the distance from p to a point of ¥ is less than \/2, so that p
is closest to a unique ¢ € ¥. If we fix a ¢ € X then the set of points
in M, closest to ¢ has area c,\*/2 where ¢, is the cone angle at ¢. By
(3), the area of My is 7A?/2. Since the total area of M is 1 we have
A< \/2/T. O

We say a saddle connection o has minimal length if {(c) = A(M).
The number of minimal length saddle connections in M is finite and
is generically one. Let II be the subset of H corresponding to surfaces
affinely isomorphic to M which have at least two non-parallel minimal
length saddle connections. This is a locally finite geodesic subcomplex
of H which we call the spine of M. A related but distinct construction
is the tesselation studied in Veech [Ve3] and Bowman [Bo].

The edges of II correspond to surfaces with minimal length saddle
connections in exactly two directions. These edges are geodesic seg-
ments in H. Indeed, if £ and 7 are minimal length saddle connections
in distinct directions on M then the vectors v = hol(¢) and w = hol(n)
have the same length. We can rotate the translation structure so that
the vector v 4+ w is horizontal and the vector v — w is vertical. In these
coordinates v = (z,y) and w = (x, —y) for some z,y € R. If we apply
the geodesic flow to M the holonomy vectors of these saddle connec-
tions with respect to g,(M) are (e¥/2x, e "?y) and (e¥/2x, —e~*/?y), so
the vectors continue to have the same length. In fact this geodesic in
H is exactly the set of translation structures for which ¢ and n have the
same length. The edge in II that contains M is a segment contained
in this geodesic.

Clearly II is I'p-invariant. The vertices of II correspond to surfaces
with minimal length saddle connections in three or more directions.
We will use II to get a condition for the lattice property.

Proposition 4.2. The area of H/T'y; is bounded above by 2w N where
N is the number of edges in 11/T ;.

Proof. Write I' = I"j;. We define a retraction p : H/T' — II/T". We will
describe p as a I'-invariant map from H to II. Let z € H. It corresponds
to a set of isometric translation surfaces, i.e. to SO(2,R)- M’ for some
M’ in the G-orbit of M. If M’ has minimal length saddle connections
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in two or more non-parallel directions then M’ represents a point in
IT and we define p(z) = z. If all minimal length saddle connections
on M are in the same direction, by rotating the coordinate system on
the surface we can assume that this direction is horizontal. Now apply
the geodesic flow g; to the rotated surface. The length of the shortest
saddle connection ¢ in the surface g,(M’) is e'/? times the original
length of 0. As long as g;(M’) is in the complement of II, o remains
a minimal length segment. Since the length of the shortest curve in
g:+(M") is bounded above, for some t, we have g, (M’) € II, and we
define p(z) to be the isometry class of g, (M").

We now show that the set of all points which retract to a given
point corresponding to the surface M in II is a union of geodesic rays,
one for each direction of a minimal length saddle connection in Mj.
Pick a saddle connection ¢ of minimal length in M,. By rotating the
coordinate system assume that ¢ is horizontal. Consider the collection
of surfaces that we get by flowing by ¢_; for ¢ > 0. The matrix for ¢g_;
contracts the horizontal direction more than any other direction so in
each of these surfaces g_; M, the saddle connection ¢ still has minimal
length and is shorter than all saddle connections in other directions.
It follows that for each of these surfaces the retraction takes g_,Mj to
M.

Pick an edge e of II. There are minimal length saddle connections
in two directions. Pick one direction and let o be a saddle connection
in this direction. The collection of surfaces which retract to e and
correspond to the direction of ¢ in II is a union of geodesic rays all of
which are asymptotic to the same point on the boundary of H (which
corresponds to the direction of o). It follows that the set of points that
retract to e consists of two geodesic triangles each with one vertex at
infinity. Since the area of a geodesic triangle is bounded above by =
the total area of H/T" is bounded above by 27 N. U

Remark 4.3. The existence of the retraction p : H — II implies that
IT is homotopy-equivalent to H, i.e. a tree.

As we explained each edge e in I1 is a geodesic segment corresponding
to the surfaces for which two saddle connections, say £ and n have the
same length. There is a unique point on the geodesic containing e
corresponding to a surface M, where the saddle connections £ and 7
have equal length and are perpendicular. It is conceivable that M, is
not in e, but nevertheless we have:

Lemma 4.4. In the surface My the common length of & and 7 is no
more than \/2/T, where T is as in (3).
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Proof. Let M’ correspond to a point in e. By Proposition 4.1, in this
surface the lengths of £ and n are bounded above by /2/7. Since
the gi-action preserves € A n| = ((£)¢(n)sind, where 6 is the angle
between ¢ and 7, the minimum of ¢(£) is attained when ¢ and 7 are
perpendicular. Thus the lengths at M, are no greater than the lengths
at M’, and we can use Proposition 4.1. O

We say that a translation surface M is in standard form if it has ver-
tical and horizontal saddle connections, and if the shortest horizontal
and vertical saddle connections have the same length and this length

is bounded by +/2/7(M).

Corollary 4.5. The area of H/T'y; is at most 2 E where E is the
number of standard form surfaces affinely equivalent to M.
O

5. THE COMPLEXITY OF PAIRS OF CYLINDER DECOMPOSITIONS

A pair of cylinder decompositions in distinct directions determine
a decomposition of the surface into parallelograms. We measure the
complexity of the pair by counting the number of parallelograms in this
decomposition. We will show that a lower bound on the area of virtual
triangles allows us to find a pair of cylinder decompositions for which
we can bound the complexity.

Proposition 5.1. Suppose M € NSVT(5y) and & and n are saddle
connections on M with |hol(§) Ahol(n)| = B > By. Then the number of
rectangles in the pair of cylinder decompositions determined by & and
n is no more than 3/(3.

Proof. By changing coordinates using an element of G' we may assume
that £ is horizontal and 7 is vertical, and they have the same length.
The product of the lengths is 3 so both lengths are v/[3. Let h be the
height of a horizontal cylinder. There are singularities on the top and
bottom of this cylinder and a saddle connection o between them. The
quantity |hol(c) Ahol(€)] is just hv/B. By assumption |hol(c)Ahol(£)] >
Bo so h > (By/+/B. A similar calculation for the width of the vertical
cylinders gives w > By/+/3. It follows that the area of any rectangle is
at least 32/3. Since the total area of M is 1, the number of cylinders
is at most 5/32. O

Corollary 5.2. A surface in NSVT(3) is affinely equivalent to a stan-
dard form surface with at most 1/3 rectangles.

Proof. This follows from Proposition 5.1 with g = . 0
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Corollary 5.3. A standard form surface in NSVT(3) has a decompo-
sition into at most 2/(13%) rectangles.

Proof. Let £ and n be horizontal and vertical saddle connections of
common length at most \/2/7. Then |hol(§) A hol(n)| < 2/7. By
Proposition 5.1, the number of rectangles in the corresponding pair
of cylinders decomposition is bounded above by 2/(73?). O

6. PAIRS OF CYLINDER DECOMPOSITIONS

In this section we review ideas of Thurston [Th] and Veech [Vel]
that make it possible to bound the number of standard form surfaces
in NSVT(3). To this end assume M is a flat surface for which the
horizontal and vertical directions are periodic. The intersections of
the horizontal and vertical cylinders divide the surface into rectangles.
Let us label the rectangles with numbers 1,... ¢ and call the resulting
surface a labeled surface. Let S, denote the permutation group on ¢
symbols. Assume first that M is a translation surface, so that each
rectangle has a well defined top, bottom, left and right edge. For
ke {1,...,0} let o1(k) = k' if the k'th rectangle is attached to the
right side of the kth rectangle. Let o9(k) = k' if the k'th rectangle
is attached to the top side of the kth rectangle. As in [EsOk] we
observe that connectedness of M is equivalent to the condition that
group generated by o7 and oy acts transitively on {1,...,¢}. The
collection of horizontal cylinders corresponds to the set of cycles of o,
and the collection of vertical cylinders corresponds to the set of cycles
of o3. The orders of the singular points of M is determined by the cycle
structure of the commutator of o; and oy. If M is a half-translation
surface, a gluing pattern can be defined in a similar way. For example
this can be defined using the orientation double cover. We will omit
the details.

We can also reverse this process. Say that o; and oy are elements
of Sy, for which the group generated by oy and oy acts transitively on
{1,...,0}. Let @,a@® be vectors with positive real entries, indexed
by the cycles of o1,05. Then there is a labeled translation surface M
where the heights of the horizontal (vertical) cylinders are recorded in
a® (resp. @?); indeed, let Ry, ..., R, be (labeled) rectangles where, if
k belongs to the ith (resp. jth) cycle of o1 (02) then the height (width)

El) (resp a(?)). We see that this surface is determined uniquely

of R is a i
as a labeled surface.

We say that a labeled surface is normalized if the horizontal and
vertical directions are parabolic, and the shortest saddle connections

in the horizontal and vertical direction have equal length. Associated



16 JOHN SMILLIE AND BARAK WEISS

with such a surface is a pair of Dehn twist vectors corresponding to the
horizontal and vertical cylinder decompositions. We have:

Proposition 6.1 (Veech). The pair of permutations (o1, 04) and the
Dehn twist vectors uniquely determine M as a normalized labeled trans-
lation surface.

Proof. By the preceding discussion it suffices to show that the permu-
tations and Dehn twist vectors uniquely determine the vectors @@, d =
1,2. The Dehn twist vectors prescribe the ratios of inverse moduli of
cylinders in a labeled surface; we will show that determining these
ratios uniquely determines @@ up to two free variables. The assump-
tions that M is normalized and has area 1 will be used to get a unique
solution.

Let B = (b;j) be an integer matrix where ¢ ranges over the cycles of
oy and j over the cycles of 0y, and b;; is the number of elements in the
intersection of the corresponding cycles. Define

&V = Ba® and &% = B'gW.

Note that on a labeled surface, the circumference of the jth horizontal
cylinder is the sum of the widths of the rectangles contained in it.
This is just > b;; ]2 . Thus, if @) contains the heights of horizontal

cylinders on a labeled surface, then &2 contains the circumferences of
vertical cylinders and vice versa.

Now let Ay = diag(7?), i.e. an integer diagonal matrix, indexed by
cycles of o4, containing the Dehn twist data. In order for the surface
determined by @, d@® to be parabolic in the horizontal and vertical
directions with the prescribed Dehn twist vectors, the inverse modulus

1\? of the ith cylinder must satisfy n\?u\? = 4@, Here p and p(®
are variables. The relationship between inverse moduli and Dehn twist
numbers gives:

D@ = 4,6
Putting these matrix equations together gives
M( ),u(2 AlBAQBt_»

so @V is an eigenvector of By = A; BA, B corresponding to the eigen-
value (M. The assumption that (o1, o5) acts transitively on {1,...,¢}
implies that E is an irreducible non-negative matrix. By the unique-
ness of a positive eigenvector for an irreducible non-negative matrix
[Ga], @Y is determined, up to a positive scalar, by the matrix E.
Similarly @® is uniquely determined up to scaling by Es = A, B*A,B.
The shortest horizontal (vertical) saddle connection is a sum of some
of the entries in @® (resp. @). Requiring these sums to be equal
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implies that the scaling of @ determines the scaling of @®. Rescaling
both vectors by the same factor v changes the area of the surface by
72. There is a unique positive value of v which produces a surface of
area 1. U

Corollary 6.2. If M € NSVT(f3) then condition (viii) of Theorem 1.1
holds.

Proof. Consider two saddle connections £ and n on M with |hol(§) A
hol(n)| = By < T. By Propositions 3.1 the directions of £ and 7 are
parabolic directions on M, by Proposition 3.5 the Dehn twist vectors
are bounded, and by Proposition 5.1 the number of rectangles in the
corresponding pair of cylinder decompositions is bounded, hence so are
the possibilities for the corresponding permutations. For any two such
pairs (&, 1;), i = 1,2, there is g € G such that g&; = & and gy = no. If
the corresponding Dehn twist vectors and permutations are the same,
then gM is affinely equivalent to M by Proposition 6.1, i.e. g € I'y,.
Thus the numbers of I'y/-orbits of such pairs (£, ) is finite. O

7. COUNTING CYLINDER INTERSECTION PATTERNS

In this section we will obtain a combinatorial formula which will
bound the number of affine equivalence classes of translation surfaces in
NSVT(3) and the sums of the co-areas of the Veech groups of surfaces in
NSVT(3). The first bound will imply Theorem 1.2 and the second will
imply Theorem 1.1, since the case of half-translation surfaces follows
via the orientation double cover.

Let X, be the set of pairs of permutations (o1, 05) in S, for which
the group (oy,09) acts transitively on the set {1,...,¢}. As we have
seen such a pair together with the Dehn twist vectors determine a
normalized labeled surface decomposed into ¢ rectangles. Since the
horizontal and vertical cylinders of the surface correspond to cycles of
o1 and 09, the Dehn twist vector 77; may be viewed as a function from
the cycles of o; to the natural numbers. Let Y(¢, 5) denote the set of
quadruples (o1, 09,71, 72) where (o1,03) € X, and 7; are Dehn twist
vectors satisfying the bound in (8), in particular, compatible with M
being in NSVT(53).

A permutation A € Sy acts on the set of labels {1, ..., ¢}, and this in-
duces an action on (01, 09, i1, Ti2) by simultaneously conjugating o; and
changing the domains of 77;. If A fixes the quadruple (o4, 02, 711, 712) then
re-arranging the rectangles of the corresponding cylinder decomposi-
tions gives rise to a translation equivalence of M. Moreover the rela-
beling operation gives the entire translation equivalence class, since any
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translation equivalence of a surface preserves the horizontal and ver-
tical directions, thus preserves the cylinder decompositions and takes
rectangles to rectangles.

This gives:

Proposition 7.1. The cardinality of any Se-orbit in Y(¢, 3) is at least
(¢—1)!

Proof. For y = (01, 09,7i1,M2) € Y({,[3), let M be the corresponding
normalized labeled surface as in Proposition 6.1. By the above discus-
sion, the stabilizer in Sy of y is isomorphic to the kernel K,; of the
map D : Aff(M) — G. Since any translation equivalence permutes the
rectangles on M, and any equivalence fixing a rectangle must fix all
rectangles, the order of K, is at most /. O

Proposition 7.2. Let m(ﬁ) be the set of affine equivalence classes
in NSVT(3). Then

Vi) <
<1/

(ﬁ—l)' Z 77(|01|>ﬁ)77(‘0—2|>ﬁ)a

" (01,02)EX,

where
n(r,0) = (8877 (1 — 2log86)"!
and |o| is the number of cycles for o.

Proof. Every class in m(ﬁ) contains a standard form surface M,
with a decomposition into ¢ < 1/ rectangles, by Corollary 5.2. The
corresponding combinatorial data gives rise to a quadruple in Y (¢, 3),

and distinct classes in NSVT(/3) will give rise to quadruples in distinct
Sg-orbits.  According to Proposition 3.5, for each (01,09) € X, the
number of Dehn twist vectors 7i; for which (oy, 09,7, 72) € Y(¢, ) is
at most 7(|o;|, 5). Thus the cardinality of Y(¢, ) is bounded by

o(,8)= Y ullol 8ozl ).

(01,02)€X,

The size of an Sy-orbit in y is at least (¢ — 1)! by Proposition 7.1. So
the number of orbits in Y(¢, 3) is at most ®(¢,3)/(¢ — 1)! The claim
follows by summing over ¢. 0J

This explicit estimate, along with a similar bound for half-translation
surfaces, proves Theorem 1.2. We define areaNSVT(3) to be the sum

over the affine equivalence classes in NSVT() of the areas of the Te-
ichmiiller curves H/I"y;.
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Proposition 7.3. We have
D/
areaNSVT(3) < 27 Z %

<2/

Proof. Every M € NSVT(f3) which is in standard form contains at
most 2/3? rectangles by Corollary 5.3. Thus > o<z ©(4,B)/ (0= 1)!
is an upper bound for the number of standard form surfaces which are
affinely isomorphic to some M € NSVT(3). Now the bound follows
from Corollary 4.5. 0

Since the sum of the areas is finite each individual area is finite and
we get a proof of Theorem 1.1.

Remark 7.4. Our formulae do not distinguish surfaces on different
strata, nor do they distinguish connected surfaces from disconnected
ones.

8. PROOF OF THEOREM 1.3

The following characterization of lattice surfaces is part of Theorem
1.3.

Theorem 8.1. Let 'H be the stratum containing the flat surface M.
Then M is a lattice surface if and only if the G-orbit of M is closed in
H.

Proof. For two proofs of this result, see the sketch in Veech [Ve2] or
the proof in [SmWe2, §5]. !

Proof of Theorem 1.3. Vorobets [Vo] proved the implications (i) <=
(v) = (iv) = (vi) <= (ii) <= (iii). Theorem 1.1 shows that (i) and
(vi) are equivalent, Theorem 1.4 shows that (vi) and (ix) are equivalent,
and Theorem 8.1 gives the equivalence of (i) and (x). Clearly that (viii)
<= (vii) <= (ix), and Corollary 6.2 implies (ix) <= (viii). Putting
all these together one sees that (i)—(x) are equivalent. To conclude the
proof we will prove that (i) = (xi) = (vii).

Assume (i). It is well-known that if I' C G is a lattice then there is
a compact K7 C G/T" such that any geodesic orbit intersects K; that
is, denoting by 7 : G — G/T" the projection map, for every g € G one
has

Ky {ginlg) : t €R} # 55

Now taking I' = Ty, and letting ¢ : G/T — H be the orbit map
o(m(g)) = gM, we see that (xi) holds with K = p(K;).

Now assume (xi). Let 7 > 0 be small enough so that for any M, € K,
the length of any saddle connection for M is at least 1. Let vy, vy €
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hol(M) such that vy A vy # 0, and suppose v; = hol(d;) where §; € L.
For h € G, let [;(h) be the length of §; with respect to the Euclidean
metric on hM.

Let g € G be a linear map such that guv; is horizontal, gvs is vertical
and both have the same length, which we denote by c¢. By assumption,
there is t = t(g) € R with gsgM € K. If t > 0 then

n < ly(gig) = e ?ly(g) = e e,

so ¢ > n. If t < 0 we apply the same argument with [; instead of Iy to
see that ¢ > 7. Since g preserves the two dimensional volume element,

o1 Ava| = [gor A gua| = & >,
which is a positive constant independent of vy, vs. O

Remark 8.2. Let C' be the number of cusps in H/T'ys. Then the ar-
guments of [Vo| show that the number of Aff(M)-orbits of triangles as
in alternative (iv) of Theorem 1.3 is between C' and C(2g + |X| — 2).

9. THE SIMPLEST LATTICE SURFACES

In this section we will list the first few lattice surfaces, ordered as in

(1). We will also list surfaces with removable singularities.
Recall that any triangulation of M has 7(M)/m triangles, implying

s
M) < . 10
a(M) < r (10)
Proposition 9.1. If equality holds in (10) then M is an arithmetic
lattice surface, all triangles on M have the same area, all cylinders in
a cylinder decomposition of M have the same height and all parallel
saddle connections on M have the same length.

Proof. Since a(M) is both a lower bound and the average of the triangle
areas in any triangulation, the area of each triangle for M must be
equal to a(M). We will now show that for any 6, the length |o| of any
o € Ly(0) is the same. By Theorem 1.3, # is a parabolic direction
for M, so o is contained in the boundary of a cylinder C, and there
is a singularity x in the boundary component of C' opposite to o. If
o' € Ly(0) is in the same boundary component of C' as o, consider the
triangles A and A’ with apex z and base o and ¢’ respectively. Since
these triangles have the same height and area we find that |o| = |o’|.
Similarly, if ¢” is a segment on the boundary component of C' opposite
to o then a triangle A” with base ¢” and apex an endpoint of ¢ has
the same area and height as A so we find that |o| = |o”|.

Now consider another cylinder C’ whose boundary contains o. Since
it contains a triangle with base o, its height is the same as that of C,
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and any saddle connection on either of its boundary components has
length |o|. Continuing in this fashion and using the connectedness of
M we find that all segments in £,/(f) have the same length and all
cylinders in the corresponding cylinder decomposition have the same
height.

Now consider C, o as before and let ¢’ be a saddle connection passing
from one boundary component of C' to another. Write v = hol(¢), v’ =
hol(o’), and consider any saddle connection A on M. We can write
hol(A\) = nv 4+ n'v’, where n (respectively n') is the number of times A
passes through a cylinder in the direction of ¢’ (resp. o). In particular
hol(M) C Zwv & Zv'. Tt follows by [GuJu, §5] that M is arithmetic. O

We now list some examples of arithmetic lattice surfaces M and
calculate a(M). Let v = 7/7 denote the number of triangles in a
triangulation of M, so that by (2) we have

7:2<Zr0+\2\>:2(29—2+|E|). (11)

(1) Let M; be the standard flat torus [0,1]* with opposite sides
identified, with one marked point at the origin. By (11) v = 2
so a(M;) < 1/2. On the other hand hol(M;) C Z? so that
|v1 Awg| > 1 for any two linearly independent vy, vy € hol(My).
Since the area of a triangle with sides vy, vy is |v; Ava|/2 we see
that OK(M1> = ]_/2

(2) Let M, be the standard pillowcase with 4 singularities of total
angle m. Then v = 4 so that a(M) < 1/4. On the other hand

2
hol(M;) C (%Z) , so that a(M;) = 1/4.

(3) Let Mjs be the standard torus with one marked point at the

origin and another at (4,0). Then v = 4 so that a(Ms) < 1/4.

On the other hand hol(Ms) C Z [4] ® Z so that a(Ms) = 1/4.
We now show:

Proposition 9.2. NST (i) consists of the affine equivalence classes of
Mla M2a M3'

Proof. The above discussion shows My, My, M3 € NST (i) and it re-
mains to show that if M is a flat surface with a = (M) > 1/4 then
M is affinely equivalent to one of the M;. Let v be as above, so by (10)
we have v € {2,4}. If v = 2 then either g = 1 and |[¥| =1or g =0
and |X| = 3. In the first case, since the moduli space of tori with one
marked point is a single G-orbit, we find that M is affinely equivalent
to M;. The second case does not occur as there is no solution to (2)
with three singularities.
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Now suppose v = 4. The only solutions to (10) are (g =0, |X| = 4)
and (g = 1,|X| = 2). In the first case it follows from (2) that the four
singularities have r, = —1/2 so M is a pillowcase. Since the mod-
uli space of the pillowcase consists of a single G-orbit, we have that
M is affinely equivalent to M. In the second case by (11) the two
singularities oy, 09 satisfy either

(i) oy = —=1/2,75, = 1/2.

(H) Toy =Toy = 0;
In case (i) we obtain a half-translation structure on a torus, but such
a flat surface does not exist (see [MaSm]). In case (ii) M is a torus
with two marked points. Applying an element of G we may identify
M with the unit square, and there is no loss of generality in assuming
that one of the marked points is at the origin. By Proposition 9.1, if o
is the saddle connection connecting the two marked points inside the
unit square, then there is a parallel segment from the second marked
point to a singularity, of the same length. This implies that the second
marked point is at either of the points (%,O) , (O, %,) , (%, %) . All of
these cases are affinely equivalent to Msj. U

If o is not too small one can continue applying such arguments to
identify NST («). For example, in addition to M, My, M3, NST (%)
consists of a torus with two marked point, a torus with three marked
points, a genus 1 half-translation surface made by gluing a torus and a
pillowcase along a slit, and a genus 2 surface (see Figure 1). All these
examples are arithmetic.

cl Td
d
0] 0]
cl ld I f
e
[ ] [ ] [ ] [
b b g g
a ‘ d e

FIGURE 1. Two surfaces in NST (%)
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