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Abstract. We introduce a ‘tremor’ deformation on strata of trans-
lation surfaces. Using it, we give new examples of behaviors of
horocycle flow orbits Uq in strata of translation surfaces. In the
genus 2 stratum Hp1, 1q we find orbits Uq which are generic for a
measure whose support is strictly contained in Uq and find orbits
which are not generic for any measure. We also describe a horocy-
cle orbit-closure whose Hausdorff dimension is not an integer.

1. Introduction

A surprisingly fruitful technique for studying certain mathematical
objects is to study dynamics on their moduli spaces. Examples of this
phenomenon occur in the study of integral values of indefinite quadratic
forms (motivating the study of dynamics of Lie group actions on ho-
mogeneous spaces) and billiard flows on polygonal tables (motivating
the study of the SL2pRq-action on the moduli space of translation sur-
faces). In both cases, far-reaching results regarding the actions on the
moduli spaces have been used to shed light on a wide range of problems
in number theory, geometry, and ergodic theory. See [Zo, Wr2, KSS]
for surveys of these developments.

Let B Ă SL2pRq be the subgroup of upper triangular matrices, and
let

U
def
“ tus : s P Ru, where us

def
“

ˆ

1 s
0 1

˙

. (1.1)

The U -action is an example of a unipotent flow and, in the case of
strata of translation surfaces, is also known as the horocycle flow. The
actions of these groups on moduli spaces are fundamental in both dy-
namical settings. For homogeneous spaces of Lie groups, actions of
subgroups such as SL2pRq, B and U are strongly constrained and much
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is known about invariant measures and orbit-closures. For the action
on a stratum H of translation surfaces, fundamental papers of Mc-
Mullen, Eskin, Mirzakhani and Mohammadi [McM1, EM, EMM] have
shown that the invariant measures and orbit closures for the SL2pRq-
action and B-action on H are severely restricted and have remarkable
geometric features; in particular an orbit-closure is the image of a man-
ifold under an immersion. This behavior is very much like the behavior
observed in the homogeneous setting.

In this paper we examine the degree to which such regular behavior
might hold for the U -action or horocycle flow on strata. We give ex-
amples showing that, with respect to orbit-closures and the asymptotic
behavior of individual orbits, the U -action on H has features which are
absent in homogeneous dynamics.

In order to set the stage for this comparison we first recall some
results about the dynamics of unipotent flows on homogeneous spaces.
Special cases of these were proved by several authors and the results
were proved in complete generality in celebrated work of Ratner (see
[M] for a survey, and for the definitions used in the statement below).

Theorem 1.1 (Ratner). Let G be a connected Lie group, Γ a lattice
in G, X “ G{Γ, and U “ tus : s P Ru a one-parameter Ad-unipotent
subgroup of G.

(1) For any x P X, Ux “ Hx is the orbit of a group H satisfy-
ing U Ă H Ă G, and Hx is the support of an H-invariant
probability measure µx.

(2) Any x P X is generic for µx, i.e.

@f P CcpXq, lim
TÑ8

1

T

ż T

0

fpusxqds “

ż

X

fdµx.

Statement (1) is known as the orbit-closure theorem, and statement
(2) is known as the genericity theorem.

1.1. Main results. We will introduce a method for constructing U -
orbits with unexpected properties, and apply it in the genus two stra-
tum Hp1, 1q.

In the homogeneous setting, orbit-closures of unipotent flows are
manifolds. It was known (see [SW2]) that horocycle orbit-closures
could be manifolds with boundary in the setting of translation sur-
faces. We show here that they can be considerably wilder.

Theorem 1.2. There is q P Hp1, 1q for which the orbit-closure Uq has
non-integer Hausdorff dimension. In fact, by appropriately varying the
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initial point, q, we can construct an uncountable nested chain of distinct
horocycle orbit-closures of fractional Hausdorff dimension.

We will give additional information about these orbit-closures in
Theorems 1.8 and 1.9 below.

Let E4 Ă H1p1, 1q denote the set of unit-area surfaces which can be
presented as two identical tori glued along a slit (in the notation and
terminology of McMullen [McM1], E4 is the subset of area-one surfaces
in the eigenform locus of discriminant D “ 4).

From now on we write G
def
“ SL2pRq and E def

“ E4. The locus E is 5-
dimensional, is G-invariant, and is the support of a G-invariant ergodic
probability measure µE .

Theorem 1.3. There is q P Hp1, 1q which is not contained in E but
which is generic for the measure µE supported on E.

Since E “ suppµE is strictly contained in Uq, this orbit does not
satisfy the analogue of Theorem 1.1(2). The next result shows that the
analogue of Ratner’s genericity theorem fails dramatically in Hp1, 1q:

Theorem 1.4. There is a dense Gδ subset of q P Hp1, 1q and f P

CcpHp1, 1qq so that

lim inf
TÑ8

1

T

ż T

0

fpusqqds ă lim sup
TÑ8

1

T

ż T

0

fpusqqds. (1.2)

In particular such points are not generic for any measure on Hp1, 1q,
and there are such points whose forward and backward geodesic trajecto-
ries (i.e., in the notation (2.4), the sets tgtq : t ą 0u and tgtq : t ă 0u)
are both dense.

One property of unipotent flows on homogeneous spaces which played
a crucial role in Ratner’s work is ‘controlled divergence of nearby tra-
jectories’. The proof of Theorem 1.3 shows that in strata, divergence
of nearby trajectories can be erratic. We make this precise in §8.3, see
Theorem 8.6.

The proofs of Theorems 1.2, 1.3, and 1.4 rely on the tremor paths
which we now introduce (the geological nomenclature is inspired by
Thurston’s earthquake paths, see [T2]).

1.2. Tremors. We can describe the action of the horocycle flow on a
translation surface geometrically as giving us a family of surfaces ob-
tained by changing the flat structure on the original surface by shearing
it horizontally. An interesting modification of this procedure was stud-
ied by Alex Wright [Wr1]. Let q P H, let Mq be the corresponding
surface, and suppose Mq contains a horizontal cylinder C. Then one
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can deform Mq by horizontally shearing the flat structure on C and
leaving Mq ∖ C unchanged. This cylinder shear operation defines a
flow on the subset of the stratum corresponding to surfaces containing
a horizontal cylinder. This subset of H is invariant under the horocycle
flow and on it, the flow defined by the cylinder shear commutes with
the horocycle flow. The tremors we study in this paper are partially
defined flows, defined on the set of surfaces whose horizontal foliation
is not uniquely ergodic. Tremors commute with the horocycle flow on
their domains of definition and are a common generalization of both
cylinder shears and the horocycle flow. Wright’s analysis of cylinder
shears focused on shears that keep points inside a G-invariant locus.
On the other hand, we will study tremors that move points in a G-
invariant locus away from that locus and we will use these tremors to
exhibit new behaviors of the horocycle flow.

We can think of both the cylinder shear and the horocycle flow as
arising from transverse invariant measures to the horizontal foliation
Fq on the surface Mq, where the amount and location of shearing is
determined by the transverse measure. If the cylinder shear flow takes
q to q1 then the relationship between their period coordinates (see §2.1
and §2.2, where we will explain the notation and make our discussion
more precise) is given by

hol
pxq

q1 pγq “ holpxq
q pγq ` t ¨ τpγq, hol

pyq

q1 pγq “ holpyq
q pγq. (1.3)

Here holpxq
q and holpyq

q denote the cohomology classes corresponding to
the transverse measures dx and dy on Mq respectively, γ is an oriented
closed curve or path joining singularities on Mq, t is the parameter for
the cylinder shear flow, and τ is the cohomology class corresponding
to the transverse measure which is the restriction of dy to the cylinder.
The horocycle flow is given in period coordinates as

holpxq
usqpγq “ holpxq

q pγq ` s ¨ holpyq
q pγq, holpyq

usqpγq “ holpyq
q pγq. (1.4)

See Figure 1 for an illustration of the geometric meaning of this change
in period coordinates.

Recalling that some surfaces may have additional transverse mea-
sures to the horizontal foliation Fq, we will define a surface q1 via the
formula

hol
pxq

q1 pγq “ holpxq
q pγq ` t ¨ βpγq, hol

pyq

q1 pγq “ holpyq
q pγq, (1.5)

where β is the cohomology class associated with a transverse measure
on F q. In a sense that we will make precise in §5, this means that Mq

is deformed by shearing nearby horizontal lines relative to each other,
where the amount of shearing is specified by β and t (see Figure 2 ).
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Figure 1. The left hand side shows two triangles inMq.
The right hand side shows the corresponding triangles in
Mq1 where q1 “ u1pqq.

Figure 2. The right hand side shows how the two tri-
angles change with respect to a tremor flow. The periods
of the edges change via equation (1.5).

We write tremt,βpqq for q1 and tremβpqq for trem1,βpqq. We refer to a
surface of the form tremt,βpqq as a tremor of q. As we will show in
§4.1.4 and §4.3, q1 is uniquely determined by q, t and β.
We now give some additional definitions needed for stating our re-

sults. If the transverse measure corresponding to β is absolutely con-
tinuous with respect to dy (see §4.1.3) we will say that both β and the
tremor tremβpqq are absolutely continuous. If q has no horizontal saddle
connections and the transverse measure is not a scalar multiple of dy,
we will say β and tremβpqq are essential . We will denote the subspace
of cohomology corresponding to signed transverse measures on Fq by
Tq. This can be related to the tangent space to the stratum, see §2.3
and §4.1.1. If the transverse measure is non-atomic, i.e. assigns zero
measure to all horizontal saddle connections or closed leaves, then the
tremor path can be continued for all time, see Proposition 4.13. The
case of atomic transverse measures presents some technical difficulties
which will be discussed in §13.
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1.3. More detailed results. The importance of tremor maps for the
study of the horocycle flow is that, where they are defined, they com-
mute with the horocycle flow, i.e., ustremβpqq “ tremβpusqq. In partic-
ular we will see that for many tremors, the surfaces usq and ustremβpqq
stay close to each other, and this leads to the following:

Theorem 1.5. Let H be any stratum, let H1 be its subset of area-
one surfaces, and let L Ă H1 be a closed U-invariant set which is the
support of a U-invariant ergodic measure µ. Let q P L, β P Tq and
q1 “ tremβpqq. Then:

(i) If β is absolutely continuous then for the sup-norm distance dist
on H (see §2.6), we have

sup
sPR

distpusq, usq1q ă 8. (1.6)

(ii) If β is absolutely continuous then for any q1 in Uq1 ∖ L, the
surface Mq1 has a non-uniquely ergodic horizontal foliation. In
particular, if L ‰ H1 then Uq1 is not dense in H1.

(iii) If µ-a.e. surface in L has no horizontal saddle connection and
if q is generic for µ, then q1 is also generic for µ.

We will give examples of loci L and points q for which the hypotheses
of Theorem 1.5 are satisfied, namely we will find L and q for which:

(I) The locus L is G-invariant and is the support of a G-invariant
ergodic measure µ and the orbit Uq is generic for µ.

(II) The surface Mq has no horizontal saddle connections and the
transverse measure corresponding to dy on Mq is not ergodic
(and hence q admits essential absolutely continuous tremors).

(III) There is an essential absolutely continuous tremor q1 of q which
is not in L.

There are many examples of strata H and loci L for which these prop-
erties hold. One particular example which we will study in detail is
L “ E Ł H1p1, 1q (see §3.1 for more information on E). Namely we
will prove the following result which, in conjunction with Theorem 1.5,
immediately implies Theorem 1.3.

Theorem 1.6. There are points q P E satisfying (I), (II) and (III)
above. Moreover, for any q P E which admits an essential tremor β P

Tq, the points

qr
def
“ tremr,βpqq P Hp1, 1q pwhere r ą 0q

satisfy

0 ă r1 ă r2 ùñ Uqr1 ‰ Uqr2 . (1.7)
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Remark 1.7. Theorem 1.6 is also true if E is replaced with any of the
other eigenform loci ED Ă Hp1, 1q. See §8.2 for more details.

For certain q P E and β P Tq, we can give a complete description of
the closure of Uq1 where q1 “ tremβpqq. To state this result we will
need a measurement of the size of a tremor and to do this we introduce
the total variation |L|qpβq of β P Tq, see §4.1.2 for the definition. Also
we say that q P E is aperiodic if the horizontal foliation of Mq is not
periodic, i.e. it is either minimal or contains a horizontal slit separating
the surface into two tori so that the restriction of the horizontal foliation
to each torus is minimal.

Theorem 1.8. For any a ą 0 there is q0 P E and an essential tremor
q1 “ tremβ0pq0q P Hp1, 1q of q0 such that

Uq1 “ ttremβpqq : q P E is aperiodic, β P Tq, |L|qpβq ď au

Ă ttremβpqq : q P E , β P Tq, |L|qpβq ď au.
(1.8)

Moreover, setting qr
def
“ tremr,β0pq0q, we have that the orbit-closure Uqr

admits the description in (1.8) with the constant a replaced by ra, and
the points qr satisfy the following strengthening of (1.7):

0 ă r1 ă r2 ùñ Uqr1 Ł Uqr2 . (1.9)

The following more explicit result implies Theorem 1.2. Its proof
relies on [CHM].

Theorem 1.9. Let q1 P Hp1, 1q be the point described in Theorem
1.8. Then the Hausdorf dimension of the horocycle orbit closure of q1
satisfies

5.5 ď dimUq1 ă 6.

1.4. Acknowledgements. The authors gratefully acknowledge the sup-
port of BSF grant 2016256, ISF grant 2095/15, Wolfson Research
Merit Award, NSF grants DMS-135500, DMS-452762, DMS-1440140
a Warnock chair, and Poincaré chair. The authors thank BIRS-CMO,
CIRM, Fields Institute, IHP and MSRI for their hospitality. The au-
thors are grateful to Matt Bainbridge and Yair Minsky for helpful dis-
cussions. The authors thank the anonymous referees for their careful
reading and excellent comments that greatly improved the accuracy
and readability of the paper.

2. Basics

In this section we review basic concepts and set up notation. Some
readers will find it useful to skip this section on a first reading, and
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refer back to it as needed. The main differences between our treatment
and other treatments are the attention paid to orbifold loci and the
terminology introduced in §2.5.

2.1. Strata and period coordinates. There are several possible ap-
proaches for defining the topology and geometric structure on strata,
see [FM, MaTa, Wr2, Y, Zo]. For the most part we follow the approach
of [BSW], where the reader can find additional details.

Let M be a compact oriented surface of genus g and let Σ Ă M be a
non-empty finite set with k elements. We make the convention that the
points of Σ are labeled as p1, . . . , pk. Let r be a list of k non-negative in-
tegers satisfying

ř

rj “ 2g ´ 2. A translation surface of type r is given
by an atlas on M of orientation preserving charts A “ pψα, UαqαPA,
where the Uα Ă M ∖Σ are open and cover M ∖Σ, the transition maps
ψα ˝ ψ´1

β are restrictions of translations to the appropriate domains,
and such that the planar structure in a neighborhood of each pj P Σ
completes to a cone angle singularity of total cone angle 2πprj ` 1q.
A translation equivalence between translation surfaces is a homeomor-
phism h which preserves the labels and the translation structure.

These charts determine a metric on M and a measure which we de-
note by Leb. These charts also allow us to define natural ‘coordinate’
vector fields Bx and By and 1-forms dx and dy on M . The (partially
defined) flow corresponding to Bx will be called the horizontal straight-
line flow, and we will denote the trajectory parallel to Bx starting at
p P Mq by t ÞÑ Υppqptq. The corresponding foliation of M ∖ Σ, which
we denote by F , will be called the horizontal foliation. If we remove
from M the horizontal trajectories that hit singular points, then the
straightline flow becomes an actual flow defined on a dense Gδ subset
of full Lebesgue measure. If this flow is minimal, i.e. all infinite hor-
izontal straightline flow trajectories are dense, we will say that F is
minimal or that M is horizontally minimal.

Fix r of length k, and g satisfying the relation
ř

rj “ 2g´2. Choose
a surface S of genus g and a set Σ Ă S of cardinality k, whose elements
are labelled by 1, . . . , k (note that we use the same symbol Σ to denote
finite subsets of S and of M , this should cause no confusion). We
refer to pS,Σq as the model surface. A marking map of a translation
surface M is a homeomorphism φ : pS,Σq Ñ pM,Σq which preserves
labels on Σ. We say that two markings maps φ : pS,Σq Ñ pM,Σq and
φ1 : pS,Σq Ñ pM 1,Σq are equivalent if there is a translation equivalence
h : M Ñ M 1 so that h ˝ φ is isotopic to φ1 via an isotopy which fixes
Σ. An equivalence class of translation surfaces with marking maps is
a marked translation surface. There is a forgetful map which takes a
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marked translation surface, which is the equivalence class of φ : S Ñ

M , to the translation equivalence class of M . We will denote this
map by π and usually denote an element of π´1pqq by rq. The set of
translation self-equivalences of M is a finite group which we denote by
ΓM . In particular we get a left action, by postcomposition, of ΓM on
the set of marking maps of M .

As we have seen a flat surface structure onM determines two natural
1-forms dx and dy and these 1-forms determine cohomology classes in
H1pM,Σ;Rq which we denote by holpxq and holpyq. Specifically for an

oriented curve γ we have holpxq
pγq “

ş

γ
dx and holpyq

pγq “
ş

γ
dy. We

can combine these classes to obtain an R2-valued cohomology class
holM “ pholpxq, holpyq

q in H1pM,Σ;R2q. Conversely, any R2-valued
cohomology class gives rise to two R-valued cohomology classes via the
identification R2 “ R ‘ R. We denote the corresponding direct sum
decomposition by

H1
pM,Σ;R2

q “ H1
pM,Σ;Rxq ‘ H1

pM,Σ;Ryq. (2.1)

Now consider a marked translation surface rq with choice of mark-
ing map φ : pS,Σq Ñ pM,Σq, where M “ M

rq is the underlying
translation surface. In this situation we have a distinguished element
hol

rq “ φ˚pholMq P H1pS,Σ;R2q given by using the map φ to pull back
the cohomology class holM from H1pM,Σ;R2q to H1pS,Σ;R2q. More
concretely if γ is an oriented curve in S with endpoints in Σ then
hol

rqpγq “ holMpφpγqq. The cohomology class hol
rq is independent of

the choice of the particular representative in the equivalence class rq.
We write devprqq for the cohomology class hol

rq P H1pS,Σ;R2q.

2.2. An atlas of charts on Hm. Let Hm “ Hmprq denote the col-
lection of equivalence classes of marked translation surfaces of a fixed
type r. Let H “ Hprq denote the collection of translation equivalence
classes of translation surfaces. We will use the developing map defined
above to equip these sets with a topology, via a local coordinate system
which is referred to as period coordinates.

We caution the reader that different variants of these definitions
can be found in the literature, and they might not be equivalent to
our definitions, specifically as regards the question of whether or not
points of Σ are labelled. Our terminology and notation follows [BSW],
but we introduce some additional notation related to comparison maps,
which will be useful in §4.2 and §5. Readers who are familiar with these
notions may choose to skip this subsection.
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A geodesic triangulation of a translation surface is a decomposition
of the surface into triangles whose sides are saddle connections, and
whose vertices are singular points, which need not be distinct. The ex-
istence of a geodesic triangulation of any translation surface is proved
in [MS, §4]. Let φ : pS,Σq Ñ pM,Σq be a marking map, let rq be the
corresponding marked translation surface, and let τ denote the pull-
back of a geodesic triangulation with vertices in Σ, from pM,Σq to
pS,Σq. The cohomology class hol

rq assigns coordinates in R2 to edges
of the triangulation and thus can be thought of as giving a map from
the triangles of τ to triangles in R2 (well-defined up to translation), and
so each triangle in τ has a Euclidean structure coming from M . Let
Uτ be the collection of all cohomology classes which map each trian-
gle of τ into a positively oriented non-degenerate triangle in R2. Each
β P Uτ gives a translation surface Mτ,β built by gluing together the
corresponding triangles in R2 along parallel edges, as well as a distin-
guished marking map, which we denote by φτ,β : pS,Σq Ñ pMτ,β,Σq,
which is the unique map taking each triangle of the triangulation τ of S
to the corresponding triangle of the triangulation of Mτ,β and which is
affine on each triangle (with respect to the Euclidean structure coming
fromM). Let rqτ,β denote the marked translation surface corresponding
to the marking map φτ,β. Let

Vτ
def
“ trqτ,β : β P Uτu and Ψτ : Uτ Ñ Vτ , Ψτ pβq “ rqτ,β.

By construction, β agrees with devprqτ,βq on edges of τ , and these edges
generate H1pS,Σq. Thus the map

Φτ : Vτ Ñ Uτ , Φτ prqq “ devprqq

is an inverse to Ψτ (and in particular Ψτ is injective). The collection of
maps tΦτu gives an atlas of charts for Hm and the collection of maps
tΨτu gives an inverse atlas for Hm. These charts give Hm a manifold
structure for which the map dev is a local diffeomorphism. In fact this
atlas determines an affine structure on Hm so that dev is an affine map.

We denote the tangent space of Hm at rq P Hm by T
rqpHmq and by

T pHmq the tangent bundle of Hm. Using the fact that the developing
map is a local diffeomorphism we can identify the tangent space at each
point of Hm with H1pS,Σ;R2q so T pHmq “ Hm ˆ H1pS,Σ;R2q. We
say that two tangent vectors vi P T

rqipHmq pi “ 1, 2q, or two subspaces
Vi Ă T

rqipHmq are parallel if they map to the same element or subspace
of H1pS,Σ;R2q. We say that a sub-bundle of T pHmq is flat if the fibers
over different points are parallel, and that a sub-bundle of T pHq is flat
if each of the connected components of its pullback to T pHmq is flat.
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Figure 3. The left hand side shows two triangles in
Mτ,β. The right hand side shows their images under the
comparison map. In this case the two surfaces are in the
same horospherical leaf.

Let

H1
pS,Σ;R2

q “ H1
pS,Σ;Rxq ‘ H1

pS,Σ;Ryq (2.2)

be the analogue of (2.1) for the model surface S. This decomposition
determines a foliation of H1pS,Σ;R2q, whose leaves are pre-images of
points under the projection H1pS,Σ;R2q Ñ H1pS,Σ;Ryq. The pull-
back of this foliation to Hm is the horospherical foliation (or ‘strong
unstable foliation’, see [MW2, SSWY] for more information). We de-
note the horospherical leaf of a point rq P Hm by W uuprqq.

Using the explicit marking maps φτ,β : pS,Σq Ñ pMτ,β,Σq, we get
explicit comparison maps between surfacesMτ,β andMτ,β1 P V τ , taking
triangles affinely to triangles, and having the form

φτ,β,β1
def
“ φτ,β ˝ φ´1

τ,β1 :Mτ,β1 Ñ Mτ,β.

The maps φτ,β,β1 are continuous and piecewise affine but are not in
general affine mappings since they may have different derivatives on
different triangles. If, in addition, Mτ,β and Mτ,β1 are in the same
horospherical leaf, then the comparison map φτ,β,β1 sends horizontal
straightline leaves on Mτ,β1 to horizontal straightline leaves on Mτ,β,
preserving the vertical distance between plaques (but the length mea-
sure on the leaves may be distorted). See Figure 3.

Let ModpS,Σq be the group of isotopy classes of homeomorphisms of
S which fix Σ pointwise. This is the pure mapping class group. It acts
on the right on marking maps by pre-composition, and this induces
a well-defined action on Hm (note that ΓM acts on the left). It also
acts on T pHmq “ Hm ˆ H1pS,Σ;R2q by γ : pφ, βq ÞÑ pφ ˝ γ, γ˚pβqq.
The developing map is ModpS,Σq-equivariant with respect to these two
right actions and thus the action of an element of ModpS,Σq on Hm,
when expressed in charts, is linear. This implies that the ModpS,Σq-
action preserves the affine structure on Hm. This action is properly
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discontinuous, but not free. Elements with nontrivial stabilizer groups
correspond to surfaces with nontrivial translation equivalences.

The group ModpS,Σq acts transitively on isotopy classes of marking
maps hence each fiber of the forgetful map π : Hm Ñ H is a ModpS,Σq-
orbit. We can thus view H as the quotient Hm{ModpS,Σq, and equip
it with the quotient topology. The horospherical foliation on Hm de-
scends to a well-defined equivalence relation on H, and we denote the
equivalence class of q P H by W uupqq. Loosely speaking, W uupqq is the
set of translation surfaces whose horizontal measured foliation is the
same as that of Mq.

Viewed as a map between topological spaces the forgetful map is
typically not a covering map due to to the presence of translation sur-
faces in H with non-trivial translation equivalences. To make this map
behave more like a covering map we work in the category of orbifolds.

2.3. The affine orbifold structure of a stratum. An orbifold struc-
ture on a space X is given by an atlas of inverse charts. This consists
of a collection of open sets Wj that cover X, a collection of maps
ϕj : Uj Ñ Wj where Uj are open sets in a vector space V , and a collec-
tion of finite groups Gj acting linearly on the sets Uj so that each ϕj
induces a homeomorphism from Uj{Gj to Wj. Furthermore we require
that the transition maps on overlaps respect the group actions. The
local groups Gj give rise to a local group Gx, depending only on x P X,
and well-defined up to a conjugation. More information is contained
in [AK, Definitions 2.1 & 2.2]. If we require that the overlap functions
and finite group actions respect the affine structure then we get an
affine orbifold.
The singular set of an orbifold is the set of points where the local

group is not the identity. The singular set has a stratification into sub-
manifolds which we will call orbifold substrata, defined as the connected
components of the subsets of the stratum on which the local group is
constant. We will denote the orbifold substratum corresponding to Gq
by Oq.

We now modify our construction of the atlas for Hm to give an affine
orbifold atlas for H. Let q P H, let M “ Mq be the underlying transla-
tion surface, and let Γq “ ΓM be the group of translation equivalences
of Mq. In order to construct an inverse chart in a neighborhood of q
we choose a marking map φ : pS,Σq Ñ pM,Σq. By pulling back a
triangulation from the quotient of M by Γq, we can find a geodesic
triangulation τ 1 of M which is ΓM -invariant, and we let τ “ φ´1pτ 1q be
the pullback of this triangulation to S. As before, let Uτ be the set of
cohomology classes compatible with τ . Let Gq be the (conjugacy class
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of the) subgroup of ModpS,Σq corresponding to the isotopy classes of
the elements tφ´1 ˝ h ˝ φ : h P Γqu. Since τ

1 is Γq-invariant, the group
Gq acts on Uτ , and the maps π ˝Ψτ : Uτ Ñ H induce maps from Uτ{Gq
to H. By possibly replacing Uτ by a smaller neighborhood U 1

q Ă Uτ
on which this induced map is injective, we get a collection of inverse
charts for an orbifold atlas for H.

The tangent bundle of an orbifold is defined in [AK, Prop. 4.1]. It is
itself an orbifold, and is equipped with a projection map T pXq Ñ X,
such that the fiber over x can be identified with the quotient of a vector
space by a linear action of Gx. The projection map T pXq Ñ X is a
bundle map in the category of orbifolds. Note that its fibers can vary
from point to point.

We denote the orbifold tangent space of H at q by TqpHq, and the
tangent bundle of H by T pHq. We can identify T pHq with the quotient
of the tangent bundle of Hm under the action of the pure mapping class
group. The bundle T pHq has a canonical ModpS,Σq-invariant splitting
coming from the decomposition (2.2) and we refer to the summands as
the horizontal and vertical sub-bundles. Thus the horizontal sub-bundle
is given by the tangent spaces to horospherical leaves in Hm.
Since H is the quotient of an affine manifold Hm by a group acting

affinely and properly discontinuously it inherits the structure of an
affine orbifold. A map between affine orbifolds is affine if it can be
expressed by affine maps in local charts.

With the above description of the orbifold tangent bundle of H, we
obtain a description of the sub-bundle corresponding to the orbifold
substrata.

Proposition 2.1. Let q P H be a surface with a nontrivial local group
Gq and let Oq be the corresponding orbifold substratum. A choice of rq P

π´1pqq gives a component rOq of π
´1pOqq and a subgroup G Ă ModpS,Σq

in the conjugacy class Gq, such that rOq is an affine submanifold of Hm,

and its tangent space T
rqp rOqq at rq is identified via the developing map

with the set of vectors in H1pS,Σ;R2q fixed by G.

The proof is left to the reader.
We will need explicit formulas for the projections onto the tangent

space to an orbifold substratum, and onto a normal sub-bundle. Let
Mq be a surface with a non-trivial group of translation equivalences,
and choose a chart as above about Mq. Choose a marking map of Mq

and let Gq be the corresponding local group acting on this chart. Define
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P` : H1pS,Σ;R2q Ñ H1pS,Σ;R2q by

P`
pβq

def
“

1

|Gq|
ÿ

γPGq

γ˚
pβq. (2.3)

By Proposition 2.1, P` is a projection of H1pS,Σ;R2q onto the tan-
gent space to the substratum. The kernel of P`, which we denote by
N pOqq, is a natural choice for a normal bundle to Oq. We denote

by P´ def
“ Id ´ P` the projection onto the normal space to the orbifold

substratum. Note that P˘ depend on the orbifold substratum Oq (via
Gq) but this will be suppressed in the notation. It will also be useful
to further decompose the normal bundle into its intersections with the
horizontal and vertical sub-bundles, and we denote these sub-bundles
by NxpOqq and NypOqq.

Proposition 2.2. Given an orbifold sub-locus O, the bundles T pOq,
N pOq, NxpOq and NypOq are flat, and each has a volume form which
is well-defined (independent of a marking).

Proof. To see that the bundles in the statement are flat, note that
ModpS,Σq acts on H1pS,Σ;Rq and H1pS,Σ;R2q by linear transforma-
tions, and thus the set of vectors fixed by a subgroup G is a linear
subspace. Now flatness follows using Proposition 2.1.

The map P` respects the splitting of cohomology into horizontal and
vertical factors, i.e., it commutes with the two projections onto the sum-
mands in (2.2). Moreover, since the ModpS,Σq-action on H1pS,Σ;R2q

preserves H1pS,Σ;Z2q, it takes integral classes to rational classes, i.e.,
is defined over Q. It thus induces a map

H1
pS,Σ;Rxq Ą H1

pS,Σ;Zxq
P`

ÝÑ H1
pS,Σ;Qxq Ă H1

pS,Σ;Rxq

(with the obvious notations Zx,Qx for the corresponding summands),
and a corresponding map for the second summand Zy,Qy,Ry. The ker-
nels of these maps are lattices in NxpOq and NypOq which are parallel.
This means that the Lebesgue measure on NxpOq, coming from the
affine structure of Proposition 2.1, has a natural normalization which

does not depend on the choice of a particular lift rO Ñ O. □

Affine structures do not give a metric geometry but some familiar
notions from the theory of Riemannian manifolds have analogues for
affine manifolds. Thus an affine geodesic is a path in an affine manifold
N parametrized by an open interval in the real line which has the
property that in any affine chart the parametrization is linear. We
can also describe affine geodesics by saying that the tangent vector to
the curve is invariant under parallel translation. Affine geodesics are
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projections of orbits of a partially defined flow on the tangent bundle
which we call the affine geodesic flow. An affine geodesic has a maximal
domain of definition which is a connected open subset of R, which may
or may not coincide with R. We denote by Domprq, vq Ă R the maximal
domain of definition of the affine geodesic which is tangent at time t “ 0
to v P T

rqpHmq.
The space of marked translation surfaces with area one is a subman-

ifold Hm,1 of Hm, which is invariant under ModpS,Σq. We refer to the
quotient orbifold as the normalized stratum and denote it by H1. The
normalized stratum is a codimension one sub-orbifold of H but it is
not an affine sub-orbifold. The developing map dev maps Hm,1 into
a quadric in H1pS,Σ;R2q, and the tangent space T

rqpHm,1q is a linear
subspace of H1pS,Σ;R2q on which area is constant to first order. This
subspace varies with rq. Nevertheless it is often quite useful to use the
ambient affine coordinates to discuss it.

The intersection of horospherical leaves in Hm with Hm,1 give the
horospherial foliation of Hm,1. Its leaves are of codimension one in the
horospherical leaves of Hm. In general if we consider a vector tangent
to H1 then the affine geodesic determined by this vector need not lie
in H1 but in the particular case of vectors tangent to the horospherical
foliation (e.g., horocycles and tremors) it will be the case that these
paths lie in H1.

2.4. The action of G “ SL2pRq on strata. We now check that the
linear action of G induces an affine action on charts. There is a natural
left action of G on H1pS,Σ;R2q which is given by the action of G on
the coefficient system, i.e. by postcomposition of R2 valued 1-cochains.
Let τ be a triangulation of S, and let Uτ Ă H1pS,Σ;R2q be defined as

in §2.2. For β P Uτ and g P G, we see that gβ
def
“ g ˝β P Uτ . Let φτ,β,gβ :

Mβ Ñ Mgβ be the comparison map. Notice that it has the same
derivative on each triangle, namely its derivative is everywhere equal
to the linear map g. In particular, the comparison map φτ,β,gβ does not
depend on τ . We will call it the affine comparison map corresponding to
g and denote it by ψg. The action of g on Hm can now be expressed as
replacing a marking map φ : S Ñ M by ψg ˝φ : S Ñ gM . Other affine
maps Mq Ñ Mgq with derivative g can be obtained by composing ψg
with translation equivalences. Since the G-action commutes with the
ModpS,Σq-action, G acts on H and preserves its orbifold stratification.
Additionally, the normal and tangent bundles of Propositions 2.1 and
2.2 are G-equivariant.

We introduce some notation for subgroups of G. Recall the group
U “ tus : s P Ru introduced in (1.1). We will also use the following
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notation for other subgroups:

gt “

ˆ

et 0
0 e´t

˙

, rθ “

ˆ

cos θ ´ sin θ
sin θ cos θ

˙

(2.4)

and

B “

"ˆ

a b
0 a´1

˙

: a ą 0, b P R
*

. (2.5)

With this notation we note that the U -action is given in period coor-
dinate charts by

hol
pxq

usrq
pγq “ hol

pxq

rq pγq ` s ¨ hol
pyq

rq pγq, hol
pyq

usrq
pγq “ hol

pyq

rq pγq;

this now gives a precise meaning to equation (1.4). We see in particular
that horocycle orbits are linearly parametrized affine geodesics.

Our next goal is to give a precise meaning to equation (1.5), by
defining transverse measures and their associated cohomology class.

2.5. Transverse (signed) measures and foliation cocycles. In
this section we define transverse measures and cocycles and cohomol-
ogy classes associated with a non-atomic transverse measure. It will be
useful to include signed transverse measures. In some settings it is use-
ful to pass to limits of non-atomic transverse measures, and these limits
may be certain atomic transverse measures. In §13 we will discuss the
case of these atomic transverse measures.

Let M be a translation surface, let θ P S1 be a direction (i.e., a unit
vector pcos θ, sin θq P R2), and let Fθ denote the foliation ofM obtained
by pulling back the foliation of R2 by lines parallel to θ. A transverse
arc to Fθ is a piecewise smooth curve γ : pa, bq Ñ M∖Σ of finite length
which is everywhere transverse to leaves of Fθ. A transverse measure
on Fθ is a family tνγu where γ ranges over the transverse arcs, the νγ
are finite regular Borel measures defined on γ which are invariant under
isotopy along leaves and so that if γ1 Ă γ then νγ1 is the restriction of
νγ to γ1 (in §13 these two requirements will be referred to respectively
as invariance and restriction). Since transverse measures are defined
via measures, the usual notions of measure theory (absolute continuity,
Radon-Nikodym theorem, etc.) make sense for transverse measures (or
a pair of transverse measures). In particular it makes sense to speak of
atoms of a transverse measure, and we will say that ν is non-atomic if
none of the νγ have atoms. In this paper, if transverse measures have
atoms we require that the atoms be supported on closed loops, each of
which is a closed leaf, or a union of saddle connections that meet at
angles ˘π (see §13 for the complete definition). These are the atomic
transverse measures that can arise as limits of non-atomic transverse
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measures. We remark that in the literature, there are several different
conventions regarding atomic transverse measures.

A (finite) signed measure on X is a map from Borel subsets of X to
R satisfying all the properties satisfied by a measure. Recall that every
signed measure has a canonical Hahn decomposition, i.e. a unique rep-
resentation ν “ ν` ´ν´ as a difference of mutually singular finite mea-
sures. A signed transverse measure is a system tνγu of signed measures,
satisfying the same hypotheses as a signed measure; or equivalently, the
difference of two transverse measures tν`

γ u, tν´
γ u. In what follows, the

words ‘measure’ and ‘transverse measure’ always refer to non-negative
measures (i.e. measures for which ν´ “ 0). When we want to allow
general signed measures we will include the word ‘signed’. We say that
ν is non-atomic if ν˘ are both non-atomic. The sum ν`pXq ` ν´pXq

is called the total variation of ν.
If M is a translation surface, Fθ is a directional foliation on M , and

ν is a non-atomic signed transverse measure on Fθ, we have a map
βν from transverse line segments to real numbers, defined as follows.
If γ is a transverse oriented line segment and the (counterclockwise)
angle between the direction θ and the direction of γ is in p0, πq, set
βνpγq “ νpγq. If the angle is in p´π, 0q set βνpγq “ ´νpγq. We extend
this to all straight line segments by stipulating that βνpγq “ 0 for any
line segment γ that is contained in a leaf of the foliation. By linearity
we extend βν to finite concatenations of oriented straight line segments.
Similarly we can define βνpγq for an oriented piecewise smooth curve
γ, where the sign of an intersection is measured using the derivative of
γ.

By a polygon decomposition of a translation surface M , we mean a
decomposition into simply connected polygons for which all the vertices
are singular points. As we saw everyM admits a geodesic triangulation
which is a special case of a polygon decomposition. Let βν be as in the
preceding paragraph. Any element α P H1pM,Σq has a representative
rα that is a concatenation of edges of a polygon decomposition. The in-
variance property of a transverse measure ensures that the value βνprαq

depends only on α and not on the representative rα; in particular it does
not depend on the cell decomposition used, and βν is a cochain and
defines a cohomology class in H1pM,Σ;Rq. We have defined a mapping
ν ÞÑ βν from non-atomic signed transverse measures to H1pM,Σ;R2q,
and in §13 we will explain how to extend this map to atomic transverse
measures. We will be primarily interested in transverse measures to
the horizontal foliation. An element of cohomology which corresponds
to a transverse measure (resp., a signed transverse measure) to the hor-
izontal foliation will be called a foliation cocycle (respectively, signed
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foliation cocycle), and βν will be called the (signed) foliation cocycle
corresponding to ν.

Identifying R with Rx and H1pM,Σ;Rq with the first summand in
(2.1), we identify the collection of all signed foliation cocycles with a
subspace Tq Ă H1pM,Σ;Rxq, and the collection of all foliation cocycles
with a cone C`

q Ă Tq. We refer to these respectively as the space
of signed foliation cocycles and the cone of foliation cocycles. The
Hahn decomposition of transverse measures implies that every β P Tq
can be written uniquely as β “ β` ´ β´ for β˘ P C`

q . For every q,
the 1-form dy gives rise to a canonical transverse measure and to the
corresponding cohomology class holpyq

q . When we want to think of this
class as a foliation cocycle, we will denote it by dy or pdyqq, and refer
to it as the canonical foliation cocycle.
As discussed above for the horizontal direction, we can define a (par-

tially defined) straightline flow in direction θ by lifting the vector field
on R2 in direction θ and following lines parallel to θ. We write Fθ for
the foliation by lines in direction θ and write F for F0. We say that
a finite Borel measure µ on M is Fθ-invariant if it is invariant under
the straightline flow in direction θ. We have the following well-known
relationship between transverse measures and invariant measures.

Proposition 2.3. For each non-atomic transverse measure ν on Fθ

there exists an Fθ-invariant measure µν with

µνpAq “ νpvq ¨ ℓphq (2.6)

for every isometrically embedded rectangle A with one side h parallel
to θ, and another side v orthogonal to θ, where ℓ is the Euclidean
length. The map ν ÞÑ µν is a bijection between non-atomic transverse
measures and Fθ-invariant measures that assign zero measure to leaves.
It extends to a bijection between non-atomic signed transverse measures
and Fθ-invariant signed measures assigning zero measure to leaves.

It is clear from (2.6) that two different transverse measures give
different measures to some rectangle, and so the assignment is injective.
To see that each Fθ-invariant measure arises from a transverse measure,
partitionM into rectangles and use disintegration of measures to define
a transverse measure on each rectangle. This transverse measure will
be non-atomic if the invariant measure gives zero measure to every
horizontal leaf.
The map ν ÞÑ βν is almost injective. More precisely, we have:

Proposition 2.4 (Katok). If Mq has no horizontal cylinders and ν1 ‰

ν2 are distinct non-atomic signed transverse measures to the horizontal
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foliation, then βν1 ‰ βν2, and moreover the restrictions of βνi to the
absolute period space H1pSq are different.

For a proof see [K]. Katok considered measures rather than signed
measures, but the passage to signed measures follows from the unique-
ness of the Hahn decomposition. It is easy to see that the injectivity
of the assignment ν ÞÑ βν fails if the requirement that Mq has no
horizontal saddle connections is omitted. For more on this, see §13.

2.6. The Sup-norm Finsler metric. We now recall the sup-norm
Finsler metric on Hm studied by Avila, Gouëzel and Yoccoz in [AGY].
Let } ¨ } denote the Euclidean norm on R2. For a translation surface
q, denote by Λq the collection of saddle connections on Mq and let
ℓqpσq “ }holqpσq} be the length of σ P Λq. For β P H1pMq,Σq;R2q we
set

}β}q
def
“ sup

σPΛq

}βpσq}

ℓqpσq
. (2.7)

We now define a Finsler metric for Hm. Let φ : pS,Σq Ñ pMq,Σq

be a marking map, which represents rq P Hm. Recall that we can
identify T

rqpHmq with H1pS,Σ;R2q. Then }φ˚β}
rq “ }β}q is a norm on

H1pS,Σ;R2q, or equivalently:

}β}
rq
def
“ sup

τPΛ
rq

}βpφpτqq}

ℓqpφpτqq
. (2.8)

Note that Λ
rq varies as rq changes, and that }θ}

rq is well-defined (i.e.
depends on rq and not on the actual marking map φ). Recall that
using period coordinates, the tangent bundle T pHmq is a product Hmˆ

H1pS,Σ;R2q. As shown in [AGY, Prop. 2.11], the map

T pHmq Ñ R, prq, βq ÞÑ }β}
rq (2.9)

is continuous.
The Finsler metric defines a distance function on Hm which we call

the sup-norm distance and define as follows

distprq0, rq1q
def
“ inf

γ

ż 1

0

}γ1
pτq}γpτqdτ. (2.10)

Here γ ranges over smooth paths γ : r0, 1s Ñ H with γp0q “ rq0 and
γp1q “ rq1. This distance is symmetric since }β}

rq “ } ´ β}
rq.

The following was shown in [AGY, §2.2.2]:

Proposition 2.5. The metric dist is proper, complete, and induces the
topology on Hm given by period coordinates. It is invariant under the
action of the pure mapping class group.
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By Proposition 2.5, in order to compute the length of a path ρ, one
can lift the path to Hm and measure its length there. Note that dist
need not be invariant under parallel translation.

Proof. The fact that the sup-norm distance is a Finsler metric giv-
ing the topology on period coordinates is [AGY, proof of Proposition
2.11]. The fact that the metric is proper is [AGY, Lemma 2.12]. Com-
pleteness is [AGY, Corollary 2.13]. The metric is invariant under the
action of the mapping class group because its definition depends only
on the collection of saddle connections in Mq which is independent of
the marking. □

We will now compute the deviation of nearby G-orbits with respect
to the sup-norm distance. Let }g}op, g

t and trpgq denote respectively
the operator norm, transpose, and trace of g P G. The operator norm
can be calculated in terms of the singular values of g. Specifically the
operator norm is the square root of the the largest eigenvalue of gtg.
For a 2 by 2 matrix this eigenvalue can be expressed in terms of the
trace and determinant of gtg:

}g}op “

d

trpgtgq `
a

tr2pgtgq ´ 4

2
(2.11)

Recall the affine comparison map ψg : Mq Ñ Mgq with derivative
g, from §2.4. For this map we have holpψpσqq “ gpholpσqq and hence
}σ}gq “ }gpholpσqq}q. From this it is not hard to deduce that

}gβ}grq ď }g}op ¨ }g´1
}op ¨ }β}

rq.

Corollary 2.6 (See [AGY], equation (2.13)). For any s, t P R and any
β P H1pS,Σ;R2q, we have

}uspβq}usrq ď

ˆ

1 `
s2 ` |s|

?
s2 ` 4

2

˙

}β}
rq

and

}gtpβq}gtrq ď e2|t|
}β}

rq.

Integrating these pointwise bounds and using the definition of the
sup-norm distance, we find that nearby horocycle trajectories diverge
from each other at most quadratically and nearby geodesic orbits di-
verge at most exponentially. Namely:

Corollary 2.7. For rq0 and rq1 P Hm and any s, t P R,
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ˆ

1 `
s2 ` |s|

?
s2 ` 4

2

˙´1

distprq0, rq1q ď distpusrq0, usrq1q

ď

ˆ

1 `
s2 ` |s|

?
s2 ` 4

2

˙

distprq0, rq1q

and

e´2|t|distprq0, rq1q ď distpgtrq0, gtrqq ď e2|t|distprq0, rq1q. (2.12)

In the case of unipotent flows in homogeneous dynamics nearby or-
bits diverge at most polynomially with respect to an appropriate met-
ric. Corollary 2.7 shows that on strata, nearby horocycles orbits diverge
from each other at most quadratically. In §8.3 we will discuss the more
delicate question of lower bounds for the rate of divergence of horocy-
cles, and show that erratic divergence is possible.

3. The space of pairs of tori glued along slits

In this section we collect some information we will need regarding
the structure of E and the dynamics of the straightline flow on surfaces
in E . We also prove Proposition 3.5, which plays an important role in
§10. It shows that for surfaces in E , the ergodic measures in directions
which are not uniquely ergodic have good approximations by splittings
of the surface into two tori. This may be considered as a converse to a
construction of Masur and Smillie [MaTa, §3.1].

3.1. The locus E. McMullen studied the eigenform loci ED, which are
affine G-invariant suborbifolds of Hp1, 1q (see [McM1] and references
therein). The description of E “ E4 which will be convenient for us
is the following. Recalling that Hp0, 0q is the stratum of tori with
two marked points, we have that E is the collection of q P Hp1, 1q for
which there is a branched 2 to 1 translation cover from Mq onto a
torus in Hp0, 0q. To avoid confusion with different conventions used in
the literature, we remind the reader that we take the marked points
in Hp0, 0q and Hp1, 1q to be labelled. See [BSW, §7] for additional
information.

Given a torus T P Hp0, 0q and a saddle connection δ joining the two
marked points we can build a surface M P Hp1, 1q by cutting T along
δ, viewing the resulting surface as a surface with boundary. We define
M to be the result of taking two copies of the surface with bound-
ary and gluing along the boundaries. The surface M has a branched
covering map to T and a deck transformation which is an involution
interchanging the two copies of T . A slit on a translation surface is a
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union of homologous saddle connections which disconnect the surface.
Thus in this example, the preimage σ of δ under the map M Ñ T is
a slit. We say that M is built from the slit construction applied to σ.
Clearly surfaces built from the slit construction belong to E .
The following proposition shows that, with respect to the terminol-

ogy of §2.3, E consists of points in Hp1, 1q where the local orbifold
group is non-trivial; namely, it is the group of order two generated by
an involution in ModpS,Σq.

Proposition 3.1 ([EMS]). The locus E is connected. It admits a four
to one covering map P : E Ñ Hp0, 0q which is characterized by the
following property: for every q P E there is an order 2 translation
equivalence ι “ ιq :Mq Ñ Mq, such that the quotient surface Mq{xιy is
a translation surface which is translation equivalent to the torus TP pqq.

Proof. Connectedness of E is proved in [EMS, Theorem 4.4]. It remains
to show that P is four to one. By definition, if q P E then Mq has a
translation automorphism ι such that Mq{xιy is a torus in Hp0, 0q.

We begin by determining the fixed points of ι. If a translation au-
tomorphism fixes a nonsingular point it fixes a neighborhood of that
point. Thus the set of nonsingular fixed points is open and closed.
We conclude that the only possible fixed points are singularities and
singularities are indeed fixed since they are labelled. We conclude that
ι induces a branched covering map which has non-trivial branching at
the two singular points.

Let T be a torus with Σ “ tp1, p2u corresponding to a point in
Hp0, 0q. Any q P E for which P pqq “ T gives an unbranched cover
Mq ∖ P´1pΣq Ñ T ∖ Σ. Conversely any unbranched cover of T ∖ Σ
can be completed to a branched cover of T . This cover is ramified at
pj P Σ precisely when a small loop ℓj around pj in T does not lift as
a closed loop in Mq. So the cardinality of P´1pT q is the number of
topologically distinct degree 2 covers of T ∖ Σ for which the loops ℓj
do not lift as closed loops. Equivalently, it is the number of conjugacy
classes of homomorphisms π1pT ∖ Σq Ñ Z{2Z for which the image of
the class of each ℓj is nontrivial. Since Z{2Z is abelian, the covering
spaces are determined uniquely by elements θ P H1pT∖Σ;Z{2Zq which
has dimension 3 and we are counting those θ for which both θpℓjq ‰ 0.
Since the loops ℓ1 and ℓ2 are homologous, this condition gives a single
inhomogeneous linear equation on a Z{2Z vector space of dimension 3,
so we have four solutions. □
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As we saw surfaces built from the slit construction belong to E . The
following is a strong converse to this statement (a similar result holds
for all eigenform loci, see [McM1, §7]).

Proposition 3.2. Two saddle connections δ1 and δ2 on the same torus
in Hp0, 0q, connecting the singularities, give rise to the same surface
in E if and only if the corresponding homology classes rδ1s and rδ2s are
equal as elements of H1pT,Σ;Z{2Zq. In particular every surface in E
can be built from the slit construction in infinitely many ways (that is,
using infinitely many different δ).

Proof. As in the proof of Proposition 3.1, a surface in E corresponds to
a class θ P H1pT∖Σ;Z{2Zq for which the θpℓjq are nonzero, for j “ 1, 2.
If δ is any path from p1 to p2, it defines a class rδs P H1pT,Σ;Z{2Zq,
and we will say θ is represented by δ if θ is the class in H1pT ∖Σ;Z{2Zq

which is Poincaré dual to rδs. Clearly, if θ is represented by some δ
then θ satisfies the requirement θpℓjq ‰ 0, and by a dimension count,
any such θ is represented by some path δ. It remains to show that each
θ is represented by infinitely many saddle connections δ from p1 to p2.

To see this, let δ0 be some path representing θ, let v0
def
“ holT pδ0q, let

Λ
def
“ holT pH1pT ;Zqq, and let Λ1 def“ ΛYpv0 ` Λq . Since R2 is the universal

cover of T , Λ is a lattice in R2, v0 R Λ, and the required paths δ are
those for which holT pδq P v0 ` 2 ¨ Λ and for which the straight segment
in R2 from the origin to holT pδq does not intersect Λ1 in its interior. It
follows from this description that the set of such δ is infinite. □

For use in the sequel, we record the conclusion of Proposition 2.2 in
the special case of the orbifold substratum E :

Corollary 3.3. We can identify the tangent space T pEq with the `1
eigenspace of the action of ι on H1pS,Σ;R2q and the normal bundle
N pEq with the ´1 eigenspace. The bundle N pEq has a splitting into
flat sub-bundles

N pEq “ NxpEq ‘ NypEq,

and each of these sub-bundles has a flat monodromy-invariant volume
form.

3.2. Dynamics on E. Here we state some important features of the
straightline flow on surfaces in E .

Proposition 3.4. Let q P E, let M “ Mq be the underlying surface, let
ι : M Ñ M be the involution as described in Proposition 3.1, let F be
the horizontal foliation on M , and let pdyqq be the canonical transverse
measure. Suppose that the foliation F is not periodic. Then for any
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transverse measure ν to F , ι˚ν is also a transverse measure and there
is c ą 0 such that ν ` ι˚ν “ c pdyqq. Moreover, if F is not uniquely
ergodic, then (up to multiplication by constants) it supports exactly two
ergodic transverse measures which are images of each other under ι˚,
and Leb is not ergodic for the horizontal straightline flow.

This follows from the facts that ι commutes with the flow and that,
under our aperiodicity assumption, the projection of F to the torus is
uniquely ergodic. We leave the details to the reader.

The following proposition is the main result of this section. Recall
that Fθ denotes the foliation in direction θ, where θ “ 0 corresponds
to the horizontal direction.

Proposition 3.5. Suppose q P E has the property that the horizontal
foliation on Mq is minimal but not ergodic and let µ be an invariant
ergodic probability measure on Mq for the horizontal straightline flow.
Then there are directions θj, such that the foliations Fj in direction θj
contain saddle connections δj satisfying the following:

(i) The union σj “ δj Y ιpδjq is a slit in Fj separating Mq into two
isometric tori.

(ii) The holonomy holqpδjq “ pxj, yjq satisfies

|xj| Ñ 8, 0 ‰ yj Ñ 0 as j Ñ 8.

In particular the direction θj is not horizontal but tends to hor-
izontal, and the length of δj tends to 8. Moreover there are
no saddle connections δ on Mq with holonomy vector satisfying
ˇ

ˇ

ˇ
holpxq

q pδq
ˇ

ˇ

ˇ
ă |xj| and

ˇ

ˇ

ˇ
holpyq

q pδq
ˇ

ˇ

ˇ
ă |yj|.

(iii) For each j we can choose one of the tori Aj inMq∖σj, such that
the normalized restriction µj of Leb to Aj converges to µ as j Ñ

8, w.r.t. the weak-˚ topology on probability measures on Mq.
Thus, letting ν and νj be the transverse measures corresponding
to µ and µj (via Proposition 2.3), and letting βν and βj “ βνj be
the corresponding foliation cocycles in H1pMq,Σq;Rq, we have
βj Ñ βν.

We divide the argument below into steps.

Proof. Step 1. Finding slits satisfying (i) and (ii): divergence
in E versus convergence in Hp0q.
We consider the projection map π̄ : E Ñ Hp0q given by the com-

position of the map P : E Ñ Hp0, 0q from Proposition 3.1 with the
forgetful map forgetting the second marked point. In other words,
π̄ :Mq ÞÑ Mq{xιy. Since Mq has a minimal horizontal foliation, so does
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Mπ̄pqq. We normalize the area of Mq to be 2, so that π̄pqq has unit
area, and thus belongs to the normalized stratum H1p0q, which can be
identified with the space of unimodular lattices SL2pRq{ SL2pZq. The
horizontal foliation is minimal if and only if the corresponding lattice
does not contain a nonzero horizontal vector, and this implies that
there is a compact set K Ă Hp0q for which

there is tj Ñ 8 such that g´tj π̄pqq P K. (3.1)

Denote by Mg the moduli space of Riemann surfaces of genus g
and let Mg be its Deligne-Mumford compactification (see [B, §5] for
a concise introduction). Passing to a further subsequence (which we
will continue to denote by tj to simplify notation) we have that g´tjq

converges to a stable curve in M2. This curve projects to some torus
in M1 (and not in its boundary M1∖M1) because the projection of K
to M1 is compact. So the limiting stable curve has area 2. By [McM2,
Theorem 1.4], the limit of g´tjq is not connected and so, considering
the projection to M1 again, it is built from two tori connected at a
node. Thus for all large j, the surfaces

M pjq def
“ Mg´tj

q (3.2)

are built from two copies of a torus Tj P K glued along slits whose
lengths go to zero. These slits must be the union of two saddle con-
nections that connect the two different singularities of M pjq. Indeed,
the slit cannot project to a short curve on Tj and it must be trivial
in homology. Write M p0q “ Mq, let ϕj : M p0q Ñ M pjq be the affine
comparison map corresponding to g´tj , and let δj Ă M p0q denote the
pullback under ϕj of one of the saddle connections that make up this
slit, so that the other is ιpδjq. Letting θj be the direction of δj, we
obtain (i).

Because the horizontal flow on M p0q is minimal, the δj are not hor-
izontal. For any fixed non-horizontal segment δ on M p0q, the length
of ϕjpδq on M pjq goes to infinity as j Ñ 8. Therefore we may assume
that the δj are all different. By the discreteness of holonomies of sad-
dle connections (see [MaTa]), this implies that }pxj, yjq} Ñ 8, where
pxj, yjq “ holMp0qpδjq. Since

}holMpjqpϕjpδjqq} “ }pe´tjxj, e
tjyjq} Ñ 0,

we have that yj Ñ 0 and so xj Ñ 8. Because the torus Tj is in the
compact set K, the only short saddle connections of M pjq are δj and
ιpδjq which implies the second assertion in (ii). This establishes (ii).
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Step 2. Sets of uniform convergence for the straightline flow
on one side of the slit.

For the proof of (iii), recall that Υppqptq denote the horizontal straight-
line flow (starting at p, with time parameter t). By the Birkhoff ergodic
theorem, there is an increasing sequence Sk Ñ 8 and an increasing se-
quence of subsets Ek Ă M p0q such that limkÑ8 µpM p0q ∖ Ekq “ 0,
Υppqptq is defined for all t P R and all p P Ek, and for any choice of
pk P Ek, and an interval Ik Ă R around 0 of length |Ik| ě Sk, the
empirical measures ηk on M p0q defined by

ż

fdηk “
1

|Ik|

ż

Ik

f
`

Υppkq
ptq

˘

dt pf P CcpMqqq

satisfy

ηk ÑkÑ8 µ, with respect to the weak-˚ topology. (3.3)

Step 3. Notation for Υptq-orbit segments on one side of the
slit.

ℓ

Figure 4. The picture explains the notation from Step
3. The parallelograms represent tori. The surface is
M pjq “ Mg´tj

q is obtained by gluing the two tori along

the slit. The vertical line on the left connected compo-
nent ofM pjq∖ϕjpσjq is denoted by ℓ. The horizontal line
segment is Hx for some point x P ℓ. Because Hx does not
intersect ϕjpσjq, we have that x is in Dj, and Hx is in Bj

and in B̄j.

Let σj be the slit on M p0q as before, and Aj, A
1
j be the two tori

comprising M p0q ∖σj as in (i). We will define certain segments in M pjq

and use (3.1) in order to obtain bounds on their length.
Denote by ι the involution of Proposition 3.1, on both M p0q and

M pjq, so that ϕj commutes with ι. Then ϕjpσjq is a slit on M pjq and
as we saw, its length |ϕjpσjq| satisfies |ϕjpσjq| Ñ 0. Since, by (3.1),
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π̄
`

M pjq
˘

P K for all j, the diameter of M pjq is bounded above inde-
pendently of j. Since ϕjpAjq is one of the connected components of
M pjq ∖ ϕjpσjq, ϕjpAjq contains a vertical segment whose length is a
fixed number independent of j. We denote this segment by ℓ, and let

ℓ1 def“ ιpℓq (the segments ℓ and ℓ1 depend on j but we omit this from the
notation). For each x P ℓ Y ℓ1 let Ipxq be the interval starting at 0,

such that Hx
def
“

␣

Υpxqptq : t P Ipxq
(

is the horizontal segment on M pjq

starting at x and ending at the first return to ℓY ℓ1. Then, by consid-
ering the projection to K, we see that the length of Ipxq is bounded
above and below by positive constants independent of j and x, and by
adjusting ℓ there is a constant C such that

@j, @x P ℓ Y ℓ1, we have 1 ď |Ipxq| ď C.

Let

Dj
def
“ tx P ℓ Y ℓ1 : ϕjpσjq X Hx “ ∅u

and

Bj
def
“

ď

xPDj

Hx and B̄j
def
“

ď

xPDjXℓ

Hx.

Thus Bj is the union of trajectories in M pjq starting and ending in
ℓ Y ℓ1 that do not pass through the slit ϕjpσjq, and B̄j is the set of
such trajectories that stay in ϕjpAjq. Then clearly ιpBjq “ Bj and
moreover, since |ϕjpσjq| Ñ 0, LebpBjq Ñ LebpM pjqq “ 2. Similarly we
have LebpB̄jq Ñ 1.

Let kj be the largest k for which etj ě Sk. Then kj Ñ 8. By
Proposition 3.4 we have Leb “ µ ` ι˚µ, and so for large enough j,
ϕjpEkj YιpEkjqqXBj ‰ ∅. Since ιpBjq “ Bj this implies ϕjpEkjqXBj ‰

∅. Since the two tori Aj, A
1
j cover M p0q, by replacing Aj with A1

j if
necessary, we may assume that for all large enough j,

ϕjpAj X Ekjq X Bj ‰ ∅.

Step 4: Comparing Υptq-orbit segments on one side of the
slit, and Lebesgue measure restricted to that component.

Let µj be the restriction of Leb to Aj, so that µj is a probability
measure. Our goal is to show that for all ε ą 0 and f P Cc

`

M p0q
˘

, for
all j large enough we have

ˇ

ˇ

ˇ

ˇ

ż

Mp0q

fd µj ´

ż

Mp0q

fdµ

ˇ

ˇ

ˇ

ˇ

ă ε. (3.4)

We will do this by showing that orbit segments of points in Ek, which
are almost generic for µ, track orbit segments of other points, which
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approximate Leb ((3.6) below). We assume with no loss of generality
that }f}8 “ 1.

Fix x1 P ϕjpAj XEkjq XBj and let y1
def
“ ϕ´1

j px1q. There is x P ℓXDj

such that x1 P Hx, and we let y
def
“ ϕ´1

j pxq. Recall that ϕ´1
j maps hor-

izontal and vertical straightline segments on M pjq to horizontal and
vertical straightline segments on M p0q, multiplying their lengths re-

spectively by e˘tj . In particular Jpyq
def
“ ϕ´1

j pHxq is a horizontal line

segment on M p0q of length at least etj and containing y1, and since
y1 P Ekj , this implies via (3.3) that for j sufficiently large,

ˇ

ˇ

ˇ

ˇ

ˇ

1

etj |Jpyq|

ż etj |Jpyq|

0

f
`

Υpyq
ptq

˘

dt ´

ż

Mp0q

fdµ

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
. (3.5)

We now make the previously mentioned orbit tracking argument:
Let x1 P Dj X ℓ. So there is a vertical subsegment of ℓ, with length
at most C, connecting x and x1. Since ℓ Ă ϕjpAjq, this segment lies
completely inside ϕjpAjq. Arcs starting in ϕjpAjq can only leave ϕjpAjq
by passing through the slit ϕjpσjq. Thus, if Υpxqptq is in ϕjpAjq and
the vertical straightline segment of length C starting at Υpxqptq misses
ϕjpσjq, there is also a vertical segment from Υpxqptq to Υpx1qptq of length
at most C, which lies completely inside ϕjpAjq.

For any x1 P Dj X ℓ, we set y1 def“ ϕ´1
j px1q. Since |ϕjpσjq| Ñ 0, the

discussion in the preceding paragraph implies that there is a finite union
of subintervals J1 “ J1py

1q in J “ Jpy1q, such that |J1| “ Op|ϕjpσjq|q Ñ

0 and such that for all t P J∖J1 there is a vertical line segment of length
at most C from Υpxqptq to Υpx1qptq, and this segment stays completely
in ϕjpAjq.

Thus, for all large enough j we have

1

etj |Jpy1q|

ż etj |Jpy1q|

0

ˇ

ˇ

ˇ
f
´

Υpy1q
ptq

¯

´ f
`

Υpyq
ptq

˘

ˇ

ˇ

ˇ
dt ă

ε

3
. (3.6)

Let µ̄j be the restriction of Leb to ϕ´1
j pB̄jq. Then using Fubini’s theo-

rem to express µ̄j as an integral of integrals along the lines ϕ´1
j pHx1q,

for x1 P Dj X ℓ, we find from (3.5) and (3.6) that
ˇ

ˇ

ˇ

ˇ

ż

Mp0q

fdµ̄j ´

ż

Mp0q

fdµ

ˇ

ˇ

ˇ

ˇ

ă
2ε

3
. (3.7)

Since B̄j Ă ϕjpAjq and ϕ´1
j preserves Lebesgue measure, we have

ϕ´1
j pB̄jq Ă Aj, Lebpϕ´1

j pB̄jqq Ñ 1 “ LebpAjq
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and hence for all large j,
ˇ

ˇ

ˇ

ˇ

ż

Mp0q

f dµ̄j ´

ż

Mp0q

f dµj

ˇ

ˇ

ˇ

ˇ

ă
ε

3
.

Combining this with (3.7) gives (3.4). □

Similar ideas can be used to prove the following statement.

Theorem 3.6. Suppose q P E, and the horizontal measured foliation
of the underlying surface Mq is minimal but not ergodic. Then there is
a sequence of decompositions of Mq into pairs of tori Aj and A

1
j glued

along slits, and such that the set

A8 “
ď

i

č

jěi

Aj

is invariant under the horizontal flow, and has Lebesgue measure 1{2.

The statement will not be used in this paper and its proof is left to
the reader.

4. Tremors

In this section we give a more detailed treatment of tremors and
their properties.

4.1. Definitions and basic properties.

4.1.1. Semi-continuity of foliation cocycles. Let q P H represent a sur-
face Mq with horizontal foliation Fq. Recall from §2.5 that the trans-
verse measures (respectively, signed transverse measures) define a cone
C`
q of foliation cocycles (resp., a space Tq of signed foliation cocycles)

and these are subsets ofH1pMq,Σ;Rxq. For a marking map φ : S Ñ Mq

representing a marked translation surface rq P π´1pqq, the pullbacks
φ˚pC`

q q and φ˚pTqq are subsets of H1pS,Σ;Rxq and will be denoted by

C`
rq and T

rq. Note that these notions are well-defined even at orbifold

points (i.e. do not depend on the choice of the marking map) because
translation equivalences map transverse measures to transverse mea-
sures. Recall that β P C`

q is called non-atomic if β “ βν for a non-
atomic transverse measure ν. We will mostly work with non-atomic
transverse measures as described in §2.5, and for completeness explain
the atomic case in §13.

Recall from §2.2 that for any q, the tangent space TqpHq at q is
identified with H1pMq,Σq;R2q (or with H1pMq,Σq;R2q{Γq if q is an
orbifold point), and that a marking map identifies the tangent space
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T
rq1pHmq , for rq1 close to rq, with H1pS,Σ;R2q. The following propo-

sition expresses an important semi-continuity property for the cone of
foliation cocycles.

Proposition 4.1. The set

C`
H

def
“

!

prq, βq P Hm ˆ H1
pS,Σ;Rxq : β P C`

rq

)

is closed. That is, suppose rqn Ñ rq is a convergent sequence in Hm,
and let C`

rqn
, C`

rq Ă H1pS,Σ;Rxq be the corresponding cones. Suppose

that βn P H1pS,Σ;Rxq is a convergent sequence such that βn P C`
rqn

for

every n. Then limnÑ8 βn P C`
rq .

Proposition 4.1 will be proved in §4.2 under an additional assumption
and in §13 in general. Note that care is required in formulating an
analogous property for Tq because dim Tq can decrease when taking
limits. See Corollary 4.4. Also note the requirement rq P Hm; our
definitions of transverse measures are not well-suited to degenerations
involving limiting to rq in a boundary stratum.

4.1.2. Signed mass, total variation, and balanced tremors. We now de-
fine the signed mass and total variation of a signed foliation cocycle.
Recall from §2 that dx “ pdxqq denotes the canonical transverse mea-

sure for the vertical foliation on a translation surface q and holpxq
q de-

notes the corresponding element of H1pMq,Σq;Rq. Given q P H and
β P H1pMq,Σq;Rq, denote by Lqpβq the evaluation of the cup product

holpxq
q Y β on the fundamental class of Mq. In particular, if β “ βν for

a non-atomic signed transverse measure ν then

Lqpβq “

ż

Mq

dx ^ ν; (4.1)

or equivalently, if µ “ µν is the horizontally invariant signed measure
associated to ν by Proposition 2.3, then Lqpβq “ µpMqq. We will refer
to Lqpβq as the signed mass of β. Our sign conventions imply that
Lqpβq ą 0 for any nonzero β P C`

q .
Note that if h : Mq Ñ Mq is a translation equivalence then Lqpβq “

Lqph
˚pβqq. Thus, if rq P π´1pqq is a marked translation surface repre-

sented by a marking map φ, and β1 P H1pS,Σ;Rq satisfies β “ φ˚β
1,

then we can define L
rqpβ

1q
def
“ Lqpβq, and this definition does not depend

on the choice of the marking map φ representing rq. In particular the
mapping pq, βq ÞÑ Lqpβq defines a map on T pHq, even if q lies in an
orbifold substratum.

Recall that every signed measure and every signed transverse mea-
sure has a canonical Hahn decomposition ν “ ν` ´ ν´ as a difference
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of measures. Thus any β P Tq can be written as β “ β` ´ β´ where
β˘ P C`

q . In analogy with the total variation of a measure we now
define

|L|qpβq “ Lqpβ
`

q ` Lqpβ
´

q, (4.2)

and call this the total variation of β. Note that the signed mass is de-
fined for every β P H1pMq,Σ;Rq but the total variation is only defined
for β P Tq. The linearity of the cup product implies that the maps

T pHq Ñ R, pq, βq ÞÑ Lqpβq and T pHmq Ñ R, prq, βq ÞÑ L
rqpβq

are both continuous. In combination with Proposition 4.1, this implies:

Corollary 4.2. The sets

C`
Hm,1

def
“ tprq, βq : β P C`

rq , Lrqpβq “ 1u

and
C`

H,1
def
“ tpq, βq : β P C`

q , Lqpβq “ 1u

are closed, and thus define closed subsets of T pHmq and T pHq.

The following special case will be important in the proofs of Theorem
1.3 and Theorem 1.4.

Corollary 4.3. Let q P H, and denote its canonical foliation cocycle by
holpyq

q . Suppose the underlying translation surface Mq has area one and
is horizontally uniquely ergodic. Then for any sequence qn P H such
that qn Ñ q, and any βn P C`

qn with Lqnpβnq “ 1, we have βn Ñ holpyq
q .

The total variation of a foliation cocycle also has a semicontinuity
property:

Corollary 4.4. Suppose rqn Ñ rq in Hm and βn P T
rqn Ă H1pS,Σ;Rq is

a sequence of non-atomic signed foliation cocycles for which the limit
β “ limnÑ8 βn exists and supn |L|

rqnpβnq ă 8. Then β P T
rq and

|L|
rqpβqď lim inf

nÑ8
|L|

rqnpβnq. (4.3)

Corollary 4.4 will also be proved in §4.2 under an additional assump-
tion, and the proof in the general case will be given in §13.

We say that β P Tq is balanced if Lpβq “ 0, and we let T p0q
q denote

the set of balanced signed foliation cocycles. Combining Corollary 3.3
and Proposition 3.4, for surfaces in E we see that balanced foliation
cocycles are those that are ‘normal’ to E :

Corollary 4.5. Let O be an orbifold substratum of H and q P O. Then

Tq X NxpOq Ă T p0q
q , with equality in the case O “ E; namely, if q P E

is aperiodic then T p0q
q “ NxpEq.
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Proof. Let q P O, let Γq be the group of translation equivalences ofMq,

let G def
“ Gq be the local group as in §2.3 and let γ P G. Recall that Γq

and G are isomorphic and by fixing a marking map, we can think of
γ simultaneously as acting on Mq by translation automorphisms, and
on H1pS,Σ;R2q by the natural map induced by a homeomorphism.
Since translation automorphisms of Mq preserve the canonical trans-

verse measure pdxqq, we have γ˚holpxq
q “ holpxq

q , and thus for any β,

Lqpγ
˚βq “pholpxq

q Y γ˚βqpMqq “ pholpxq
q Y βqpγpMqqq

“pholpxq
q Y βqpMqq “ Lqpβq.

Hence, if β P Tq X NxpOq then P`pβq “ 0, where P` is the projection
onto the tangent space of O given in (2.3), and we have

Lqpβq “
1

|G|

ÿ

γPG
Lqpγ

˚
pβqq “ Lq

˜

1

|G|

ÿ

γPG
γ˚

pβq

¸

“ LqpP
`

pβqq “ 0.

Therefore β P T p0q
q .

Now if q P E is aperiodic and β P T p0q
q , then we can write β “ βν for a

signed transverse measure ν, and let µ “ µν be the associated horizon-

tally invariant signed measure (see Proposition 2.3). Since β P T p0q
q we

have µpMqq “ 0. Recall from Proposition 3.4 that aperiodic surfaces in
E are either uniquely ergodic, or have two ergodic measures which are
exchanged by the involution ι “ ιq. By ergodic decomposition (applied
to each summand in µ “ µ` ´ µ´) we can write µ as a linear combi-
nation of ergodic measures (where the coefficients may be negative). If
Mq is uniquely ergodic then this gives µ “ c ¨Leb and since µpMqq “ 0
we have µ “ 0. If Mq has two ergodic probability measures µ1 and
µ2 “ ι˚µ1 then µ “ c1µ1 ` c2ι˚µ1 and

0 “ µpMqq “ c1µ1pMqq ` c2µ1pιpMqqq “ c1 ` c2,

so c1 “ ´c2. In both cases we obtain ι˚µ “ ´µ, which implies ι˚β “

´β. Thus, using Corollary 3.3, we see that β P NxpEq. □

4.1.3. Absolutely continuous foliation cocycles. Let ν1 and ν2 be two
signed transverse measures for Fq. We say that ν1 is absolutely con-
tinuous with respect to ν2 if the corresponding signed measures µν1 , µν2
given by Proposition 2.3 satisfy µν1 ! µν2 . We say that ν is absolutely
continuous if it is absolutely continuous with respect to the canonical
transverse measure pdyqq. Since pdyqq is non-atomic, so is any abso-
lutely continuous signed transverse measure. For c ą 0, we say ν is
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c-absolutely continuous if

for any transverse arc γ on Mq,

ˇ

ˇ

ˇ

ˇ

ż

γ

dν

ˇ

ˇ

ˇ

ˇ

ď c

ˇ

ˇ

ˇ

ˇ

ż

γ

dy

ˇ

ˇ

ˇ

ˇ

. (4.4)

We call a signed foliation cocycle β “ βν absolutely continuous (respec-
tively, c-absolutely continuous) if it corresponds to a signed transverse
measure ν which is absolutely continuous (resp., c-absolutely contin-
uous). Let }ν}RN denote the minimal c such that the above equation
holds for all transverse arcs γ (our notation stems from the fact that
}ν}RN is the L8-norm of the Radon-Nikodym derivative dµν

dLeb
, although

we will not be using this in the sequel). Given q P H and c ą 0, denote
by C`,RN

q pcq (respectively, by T RN
q pcq) the set of absolutely continuous

(signed) foliation cocycles βν with }ν}RN ď c.

Remark 4.6. As the reader will note, we will use both |L|qpβq and
}ν}RN to measure the ‘size’ of a foliation cocycle β “ βν . For most
purposes in this paper, |L|q is easier to work with. Additionally, it is
more broadly defined, making sense when the tremor corresponds to
a singular measure. However, } ¨ }RN is more suitable for estimates
involving the distance function dist (see Proposition 6.7) and plays an
essential role in the proof of Proposition 7.1.

It is easy to see that

C`,RN
q pcq Ă tβ P C`

q : Lqpβq ď cu (4.5)

and

T RN
q pcq Ă tβ P Tq : |L|qpβq ď cu. (4.6)

As we will see in Lemma 8.3, for some surfaces we will also have a
reverse inclusion.

We now observe that for aperiodic surfaces, the assumption of abso-
lute continuity implies a uniform bound on the Radon-Nikodym deriv-
ative:

Lemma 4.7. Suppose Mq is a horizontally aperiodic surface, ν is an
absolutely continuous transverse measure, and µ “ µν is the corre-
sponding measure on Mq, so that µ ! Leb. Then there is c ą 0 such
that }ν}RN ď c. Moreover the constant c depends only on the coeffi-
cients appearing in the ergodic decompositions of µ and Leb, and if µ
is a probability measure and Leb “

ř

aiνi, where tνiu are the horizon-
tally invariant ergodic probability measures and each ai is positive, then
}ν}RN ď maxi

1
ai
. The same conclusions hold if instead of assuming Mq

is aperiodic, we assume the measure ν is aperiodic, that is µ assigns
zero measure to any horizontal cylinder on Mq.
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Proof. Let tµ1, . . . , µdu be the invariant ergodic probability measures
for the horizontal straightline flow on Mq. Since Mq is horizontally
aperiodic, this is a finite collection, see e.g. [K]. Thus there only
finitely many ergodic measures which are absolutely continuous with
respect to µ, and we denote them by tµ1, . . . , µku. The measures µi
are mutually singular. Write Leb “

ř

i aiµi and µ “
ř

i biµi, where all
ai, bj are non-negative and not all are zero. Since µ ! Leb, we have

bi ą 0 ùñ ai ą 0.

Set

c
def
“ max

"

bi
ai

: bi ‰ 0

*

. (4.7)

For any Borel set A Ă Mq we have

µpAq “
ÿ

i

biµipAq ď c
ÿ

i

aiµipAq “ cLebpAq.

This implies that the Radon Nikodym derivative satisfies dµ
dLeb

ď c a.e.
The horizontal invariance of µ and Leb shows that the Radon-Nikodym
derivative dµ

dLeb
is defined on almost every point of every transverse

arc γ, and the relation (2.6) shows that it coincides with the Radon-
Nikodym derivative dν

pdyqq
. Thus we get (4.4).

The second assertion follows from (4.7), and the last assertion follows
by letting µi denote the horizontally invariant measures on the com-
plement of the union of the horizontal cylinders in Mq, and repeating
the argument given above. □

4.1.4. Tremors as affine geodesics, and their domain of definition. Re-
call from §2.2 that we identify T pHmq with Hm ˆ H1pS,Σ,R2q. Our
particular interest is in affine geodesics tangent to signed foliation co-
cycles. That is, we take

β P T
rq Ă H1

pS,Σ;Rxq

(where the last inclusion uses a marking map φ : S Ñ Mq representing
rq). We write v “ pβ, 0q P H1pS,Σ;R2q and consider the parameterized
line θptq “ θ

rq,vptq in Hm satisfying

θp0q “ rq and
d

dt
θptq “ v (4.8)

(where we have again used the marking to identify the tangent space
TθptqpHmq with H1pS,Σ;R2q). By the uniqueness of solutions of dif-
ferential equations, these equations uniquely define the affine geodesic
θptq for t in the maximal domain of definition Domprq, vq. As in the
introduction we now have tremt,βprqq “ θptq and tremβprqq “ θp1q when
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1 P Domprq, βq. Equation (4.8) and uniqueness of solutions imply that
for c ą 0 we have θ

rq,cvptq “ θ
rq,vpctq and Domprq, vq “ cDomprq, cvq. In

particular tremt,cβprqq “ tremct,βprqq and thus tremt,βprqq “ tremtβprqq.
Since the developing map is affine, we find

hol
pxq

tremβprqq
pγq “ hol

pxq

rq pγq ` βpγq, hol
pyq

tremβprqq
pγq “ hol

pyq

rq pγq. (4.9)

Comparing equations (4.9) and (1.5), we see that we have given a formal
definition of the tremors introduced in §1.2.

The pure mapping class group ModpS,Σq acts on each coordinate of
T pHmq “ Hm ˆ H1pS,Σ,R2q, and by equivariance we find that

tremβpqq “ πptremβprqqq and Dompq, βq
def
“ Domprq, βq

are well-defined and independent of the choice of rq P π´1pqq.
Basic properties of ordinary differential equations now give us:

Proposition 4.8. The set

D “ tprq, v, sq P T pHmq ˆ R : s P Domprq, vqu

is open in T pHmq ˆ R, and the map

D Q prq, v, sq ÞÑ θ
rq,vpsq

is continuous. In particular the tremor map

tprq, βq P THm : β P Tqu Ñ Hm, prq, βq ÞÑ trem
rq,β

is continuous where defined.

Comparing equation (4.9) to the definition of the horocycle flow in
period coordinates, we immediately see that for the canonical foliation

cocycle dy “ hol
pyq

rq , we have

tremsdyprqq “ usrq. (4.10)

4.2. Tremors and polygonal presentations of surfaces. In this
section we prove Proposition 4.1, under an additional hypothesis. This
special case is easier to prove and suffices for proving our main results.
We will prove the general case of Proposition 4.1 in §13. At the end of
this section we deduce Corollary 4.4 from Proposition 4.1.

Proposition 4.9. Let rqn Ñ rq in Hm, βn Ñ β in H1pS,Σ;Rxq be as
in the statement of Proposition 4.1. Write qn “ πprqnq, q “ πprqq and
suppose also that

there is a c ą 0 such that for all n, βn P C`,RN
qn pcq. (4.11)

Then β P C`,RN
q pcq.
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Clearly Proposition 4.9 implies Proposition 4.1 in the case that (4.11)
holds.

Recall that any translation surface has a polygon decomposition, and
that fixing a polygon decomposition on a marked surface makes it pos-
sible to consider the same polygon decomposition on nearby marked
surfaces. For the proof of Proposition 4.9, we introduce polygon de-
compositions which are useful for understanding transverse measures
to the horizontal foliation.

In a general polygon decomposition of a surface, some edges might be
horizontal, and corresponding edges on nearby surfaces may intersect
the horizontal foliation with different orientations. This will cause com-
plications and in order to avoid them, we introduce an adapted polygon
decomposition (APD) of a surface. An APD is a polygon decomposi-
tion in which all polygons are either triangles with no horizontal edges,
or quadrilaterals with one horizontal diagonal. Any surface has an
APD, as can be seen by taking a triangle decomposition and merging
adjacent triangles sharing a horizontal edge into quadrilaterals. We fix
an APD of Mq, with a finite collection of edges tJiu, all of which are
transverse to the horizontal foliation on Mq. Since we are considering
marked surfaces, we can use a marking map representing rq P π´1pqq
and the comparison maps of §2.2 and think of the arcs Ji as arcs on
S, as well as on Mq1 for any marked translation surface rq1 sufficiently
close to rq. Moreover, the edges tJiu are also a subset of the edges of
an APD on Mq1 and they are also transverse to the horizontal foliation
on Mq1 . Note that on Mq1 the APD may contain additional edges that
are not edges on Mq, namely some of the horizontal diagonals on Mq

might not be horizontal on Mq1 and in this case we add them to the
tJiu to obtain an APD on Mq1 .
Since the polygons of a polygon decomposition are simply connected,

a 1-cochain representing an element of H1pS,Σ;Rq is determined by its
values on the edges of the polygons. For each i, each polygon P of the
APD with J “ Ji Ă BP , and each x P J , there is a horizontal segment
in P with endpoints in BP one of which is x. The other endpoint of
this segment is called the opposite point (in P ) to x and is denoted by
oppP pxq. The image of J under oppP is a union of one or two sub-arcs
contained in the other boundary edges of P .
A transverse measure ν for the horizontal foliation on Mq assigns a

measure to each J . We will denote this either by ν, or by ν|J when
confusion may arise. By the invariance property of a transverse mea-
sure,

poppP q
˚
ν|J “ ν|oppP pJq, (4.12)
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σ

Figure 5. Two APD’s on nearby surfaces in Hp2q. The
dotted horizontal line represents a diagonal of a quadri-
lateral on the first surface and is an edge of a triangle on
the second surface since it is no longer horizontal.

y2y1
xP1

P2

Figure 6. The opposite point map, with y1 “ oppP1
pxq

and y2 “ oppP2
pxq.

and this holds for any P and J . We call (4.12) the invariance property.
Note that in this section, all measures under consideration are non-
atomic, and we will not have to worry about whether intervals are
open or closed (but in §13 this will be a concern).
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Proposition 4.10. Given an APD for a translation surface Mq, and
a collection of finite non-atomic measures νJ on the edges J as above,
satisfying the invariance property, there is a transverse measure ν on
Mq for which ν|J “ νJ .

Proof. We can reconstruct ν from the νJ , by homotoping any transverse
arc to subintervals of edges of the APD along horizontal leaves (this is
well-defined in view of the invariance property). □

Proposition 4.10 makes it possible to reduce questions about trans-
verse measures on surfaces, to finitely many measures on some arcs.
We use this idea in the following:

Proof of Proposition 4.9. We will write βn “ βνn for a sequence of c-
absolutely continuous transverse measures νn onMqn (in particular the
νn are non-atomic). Our goal is to prove that there is a transverse
measure ν on Mq such that β “ βν . The main idea of the proof is
to use APD’s to reduce the discussion to measures on finitely many
transverse arcs. It suffices to consider the restriction of the transverse
measure to a particular finite collection of transverse arcs, which we
now describe.

Let τ be the triangulation of Mq obtained by adding the horizontal
diagonals to quadrilaterals in an APD. As discussed in §2.2, using τ and
marking maps, we obtain maps φn : S Ñ Mqn , φ : S Ñ Mq, such that
for each n, the comparison map φn˝φ´1 :Mq Ñ Mqn is piecewise affine,
with derivative (in planar charts) tending to the identity map as n Ñ

8. Let P be one of the polygons of the APD and K Ă BP a subinterval
of the form J or oppP pJq as above. For all large enough n, none of
the sides φn ˝ φ´1pKq are horizontal and all have the same orientation

as on Mq. Let ν
pnq

K be the measure on φn ˝ φ´1pKq corresponding to

νn. Using the marking φ´1
n we will also think of ν

pnq

K as a measure on
rK “ φ´1pKq.
Passing to subsequences and using the compactness of the space of

measures of bounded mass on a bounded interval, we can assume that

for each K, the sequence
´

ν
pnq

K

¯

n
converges to a measure νK on rK.

It follows from (4.11) that νK is non-atomic, indeed it is c-absolutely

continuous since all the ν
pnq

K are. Each of the measures ν
pnq

K satisfies the
invariance property for the horizontal foliation on Mqn , and we claim:

Claim 4.11. The measures νK satisfy the invariance property for the
horizontal foliation on Mq.
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To see this, suppose K “ J in the above notation, the case K “

oppP pJq being similar. For each n let opp
pnq

P be the map corresponding
to the horizontal foliation on Mqn ; it maps J to a subset of an edge or
two edges of the APD. Let I be a compact interval contained in the

interior of J . Then for all sufficiently large n, opp
pnq

P pIq Ă oppP pJq,

and the maps opp
pnq

P |I converge uniformly to oppP |I . By our assump-
tion that the measure is non-atomic, the endpoints of I have zero νJ -

measure. Therefore, since ν
pnq

J Ñ νJ , by the Portmanteau theorem we
have νJpIq “ νoppP pJqpoppP pIqq. Such intervals I generate the Borel σ-
algebra on J , and so we have established the invariance property. This
proves Claim 4.11. △

By Proposition 4.10, the νK define a transverse measure ν, and we let
β1 “ βν . Recall that we have assumed βn Ñ β as cohomology classes
in H1pS,Σ;Rq. For each edge J of the APD,

βpJq Ð βnpJq “ m
pnq

J Ñ mJ “ β1
pJq, (4.13)

and so β1 “ β. □

We now deduce Corollary 4.4. As in the proof of Proposition 4.1, we
will use assumption (4.11). The general case will be established in §13.

Proof of Corollary 4.4 under assumption (4.11). We first give a formula
for Lqpβνq, where ν is a transverse measure on the surface Mq. Fixing
an APD on Mq, we can write

Lqpβνq “
ÿ

P

ÿ

JPLpP q

ż

J

DpxqdνJpxq, (4.14)

where P ranges over the edges of the APD, LpP q is the set of edges on
the left-handside of P , and for x P J,Dpxq denotes the length of the
horizontal segment from x to oppP pxq. Indeed, this formula is just a
more detailed version of (4.1).

Now, for each n write βn “ βνn where νn is a transverse measure on
Mqn , and let νn “ ν`

n ´ν´
n be the Hahn decomposition. By assumption,

µ˘
n pMqnq “L

rqnpβ˘
n q ď |L|

rqnpβnq

is a bounded sequence. Using the comparison maps φ´1 ˝ φn : Mqn Ñ

Mq used in the preceding proof, we can think of the pν˘
n q|J as measures

on J with a uniform bound on their total mass, and we can pass to a
subsequence to obtain pν˘

nj
q|J Ñ pν˘

8q|J , thus defining (via Proposition

4.10 as in the proof of Proposition 4.1) tranverse measures ν˘
8 on Mq.
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Let ν
def
“ ν`

8 ´ ν´
8 and let β1 def“ βν . Recall that a cohomology class

is determined by its values on the edges of a triangulation, and non-
atomic transverse measures evaluate to zero on horizontal saddle con-
nections. Thus we obtain from (4.13) that βnj

Ñ β1. But since we
have assumed β “ limn βn, we have β “ β1 P Tq. The Hahn decompo-
sition µ “ µ` ´µ´ of a finite measure is characterized by the following
minimizing property: for any pair of measures σ˘ with µ “ σ` ´ σ´,
and any non-negative integrable function f, we have

ş

fdµ` `
ş

fdµ´ ď
ş

fdσ` `
ş

fdσ´. Thus, even though ν|J “ pν`
8q|J ´ pν´

8q|J might not
be the Hahn decomposition of νJ , we have from (4.14) that

|L|qpβνq ď Lqpβν`q ` Lqpβν´q

“ lim
jÑ8

´

Lqpβν`
nj

q ` Lqpβν´
nj

q

¯

“ lim
jÑ8

|L|
rqnj

pβnj
q.

(4.15)

Since this holds for any choice of the subsequence, we obtain (4.3). □

4.3. The domain of definition of a tremor, and foliation cocy-
cles in a fixed horospherical leaf. In this subsection we will set up
a canonical identification of Tq and Tq1 , when q and q1 belong to the
same horospherical leaf. For this, the notation of an APD, introduced
in the §4.2, will turn out to be useful. As a consequence, and using re-
sults of [MW2], we will show that for a non-atomic tremor, the domain
of definition Dompq, βq is the entire real line, and we will obtain useful
‘group action’ properties of tremors on a fixed horospherical leaf.

Recall from §2.2 that via the identification of T pHmq with the prod-
uct Hm ˆ H1pS,Σ;R2q, for any rq1, rq2 P Hm, every v1 P T

rq1pHmq has a
unique parallel vector v2 P T

rq2pHmq. We say that v2 is obtained from
v1 by parallel transport.

Proposition 4.12. (cf. [MW2, Theorem 1.2]). If rq1 and rq2 are ele-
ments of Hm belonging to the same horospherical leaf W uu then parallel
transport takes T

rq1 to T
rq2. It takes C`

q1
to C`

q2
and takes non-atomic

tremors to non-atomic tremors. It takes pdyqq1 P T
rq1 to pdyqq2 P T

rq2.

Proof. Since rq1, rq2 are both in W uu, there is a path ρ : ra, bs Ñ W uu

such that ρpaq “ rq1, ρpbq “ rq2. For each t0 P ra, bs, fix an APD on
ρpt0q, and let τ “ τpt0q be the triangulation obtained from this APD
by adding diagonals to quadrilaterals, as in the proof of Proposition 4.9.
Let Vτ be the open subset ofHm associated with τ as in §2.2. We obtain
a covering of ra, bs by

␣

ρ´1
`

Vτpt0q

˘

: t0 P ra, bs
(

, and by compactness we
can pass to a finite covering. Thus in proving the Proposition we may
assume that the image of ρ is contained in one Vτ , where τ “ τpaq is
the triangulation obtained from an APD on Mq1 .
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Let ϕ : Mq1 Ñ Mq2 be the comparison map which is affine on trian-
gles of τ , as defined in §2.2. Since rq1, rq2 belong to the same horospheri-
cal leaf, a segment is horizontal on Mq1 if and only if its image under ϕ
is horizontal on Mq2 . In particular the APD on Mq1 is sent to an APD
on Mq2 , and the restriction of ϕ to edges of the APD commutes with
the opposite point maps (this situation is illustrated in Figure 3). This
implies via Proposition 4.10 that ϕ induces a bijection between signed
transverse measures on Mq1 and Mq2 , and this bijection maps positive
(respectively, atomic) transverse atomic transverse measures to positive
(resp. atomic) transverse measures. Also, again using that rq1, rq2 are in
the same horospherical leaf, the map ϕ sends pdyqq1 to pdyqq2 . Thus the
map ϕ˚ : H1pMq2 ,Σq1 ;R2q Ñ H1pMq2 ,Σq2 ;R2q induced by ϕ sends Tq2
to Tq1 and sends pdyqq2 to pdyqq1 . Finally, since rq2 is obtained from rq1
by pre-composing charts by ϕ, the definition of parallel vectors given
in §2.2 shows that the map induced by ϕ˚ is parallel transport. □

Proposition 4.13. If β P Tq is non-atomic then Dompq, βq “ R.

The assumption that β is non-atomic is important here, see §13.

Proof. Let rq P π´1pqq, let β P H1pS,Σ;Rxq, let v “ pβ, 0q, let θptq
be the parameterized line (4.8), and let Dompq, βq denote its domain

of definition. Let γs “ holpxq
prqq ` sβ be the corresponding line in

H1pS,Σ;Rxq. We can define γs for all s P R, and for s P Dompq, βq we
have γs “ devpθpsqq. Thus γ is a line in H1pS,Σ;Rxq, θ is its lift via
dev, and our goal is to show that this lift is well-defined for all s P R.

We denote by F the foliation on S ∖Σ obtained by pulling the hor-
izontal foliation on Mq by φ. By Proposition 4.12, For all the surfaces
rq1 in any lift of γ, F is also the pullback of the horizontal foliation on
Mq1 . Let BpFq denote the set of cohomology classes γ1 P H1pS,Σ;Rq

satisfying the following conditions:

(i) For any oriented saddle connection δ on Mq with holpxq
pδq ą 0,

we have φ˚γ1pδq ą 0.
(ii) For any non-atomic transverse measure ν to F , γ1 has a positive

cup product with τ
def
“ βν .

By [MW2, Thm. 1.1, see also Thm. 11.2] (but swapping the roles
of horizontal and vertical foliations), in order to show that the path
γ lifts, it suffices to show that γs P BpFq for all s. Since β is non-
atomic, it vanishes on horizontal saddle connections, and this implies
that for any horizontal saddle connection δ, the function s ÞÑ γspδq is

constant. Therefore γspδq “ γ0pδq “ holpxq
pδq ą 0, and this implies (i).

In order to check (ii), let τ be the cohomology class corresponding to
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a non-atomic transverse measure. Then
ż

γs ^ τ “

ż

ppdxq
rq ` sβq ^ τ “

ż

pdxq
rq ^ τ ` sβ ^ τ “

ż

pdxq
rq ^ τ ą 0.

We have used here the fact that two cohomology classes arising from
non-atomic measures transverse to the same foliation have cup product
zero (see [K, Prop. 4]). □

It follows from Proposition 4.12 that for any horospherical leaf W uu

in Hm, there is a fixed subspace T pnaq

Wuu Ă H1pS,Σ;Rxq, so that for
each rq P W uu, the collection of non-atomic foliation cocycles in T

rq is

canonically identified with T pnaq

Wuu . Note that if rq has no horizontal saddle
connections, then the same is true for the same is true for any surface
in the horospherical leaf of rq; in this case rq admits no atomic foliation

cocycles and T
rq “ T pnaq

Wuu . We define a map

T pnaq

Wuu ˆ W uu
Ñ W uu, pβ, rqq ÞÑ tremβprqq. (4.16)

This map is well-defined in light of Proposition 4.13.

Proposition 4.14. The map in (4.16) satisfies the ‘group-action’ law

tremβ1`β2prqq “ tremβ1ptremβ2prqqq

for all rq P W uu and β1, β2 P T pnaq

Wuu .

Proof. For any s1, s2 P R, the path

γs1,s2 : R Ñ H1
pS,Σ;Rxq, γs1,s2ptq

def
“ hol

rq ` tps1β1 ` s2β2q

can be lifted to a path θs1,s2 by Proposition 4.13. This implies that
trems1β1`s2β2pqq is well-defined. Since dev is a local homeomorphism,
it has a unique lifting property. That is, for any path γ : r0, 1s Ñ

H1pS,Σ;Rxq and any rq0 with γp0q “ devpq0q, there is at most one path
θ : r0, 1s Ñ Hm with θp0q “ rq0 and γ “ dev ˝ θ. The two paths

s ÞÑ tremβ1ptremsβ2prqqq, s ÞÑ tremβ1`sβ2prqq

are continuous by Proposition 4.8, and commutativity of addition in
H1pS,Σ;Rxq shows that they are lifts of the same path in H1pS,Σ;Rxq.
Thus they are the same, and setting s “ 1 we get the required result.

See [BSW, Prop. 4.5] for a similar argument. □

Corollary 4.15. For any u P U and β P Tq, we have

u tremβpqq “ tremβpuqq, Dompuq, βq “ Dompq, βq. (4.17)
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Proof. If β is non-atomic, this is immediate from (4.10) and Proposition
4.14. The proof when β is atomic is similar to the proof of Proposition
4.14. In this paper, we will not be using (4.17) when β is atomic, and
we leave the details to the reader. □

5. The tremor comparison homeomorphism

Recall from §4.3 that two points rq0 and rq1 in the same horospher-
ical leaf share the same space of foliation cocycles. This was proved
in Proposition 4.12 by analyzing the effect of a composition of finitely
many comparison maps φ :Mq0 Ñ Mq1 , each of which is affine on each
triangle of a triangulation. The map φ respects horizontal foliations,
that is maps the leaves of the horizontal foliation F onMq0 to horizon-
tal leaves on Mq1 , and preserves the canonical transverse measure dy
measuring the ‘height displacement’ between leaves. In this section we
will show that if rq1 is obtained from rq0 by a non-atomic tremor, then
there is a comparison map Mq0 Ñ Mq1 that shears along horizontal
leaves; that is, respects the horizontal foliations F on Mq0 and Mq1 ,
preserves the transverse measure dy, and in addition, preserves the
length parameter along horizontal leaves. In the language of flows, the
comparison map from §4.3 commutes with the horizontal straightline
flow up to a time change, and in this section we will produce a map
commuting with straightline with no time change. This map need not
be affine on triangles. The difference between these maps is illustrated
in Figures 2 and 3. We note that for the horocycle flow, the affine
comparison maps defined in §2.4 are both affine on triangles, and act
by shearing horizontal leaves with respect to each other (see Figure 1).

As we will see in Proposition 5.9, the existence of a comparison
homeomorphism that shears along horizontal leaves characterizes the
property of lying on the same tremor path.

Proposition 5.1. Let q0 P H and let M0 “ Mq0 be the corresponding
surface. Let φ0 : S Ñ M0 be a marking map and let rq0 P π´1pq0q be
the corresponding marked translation surface. Let ν be a non-atomic
signed transverse measure on the horizontal foliation of M0 and let
β “ βν. Let qt “ tremtβpq0q and rqt “ tremtβprq0q, let Mt “ Mqt

be the underlying surface, and let φt : S Ñ Mt be a marking map

representing rqt. Denote hol
rqt “

´

hol
pxq

t , hol
pyq

t

¯

. Then there is a unique

homeomorphism ψt :M0 Ñ Mt which is isotopic to φt ˝ φ´1
0 , preserves

horizontal foliations and satisfies

hol
pxq

t pψtpγqq “ hol
pxq

0 pγq ` t

ż

γ

ν and hol
pyq

t pψtpγqq “ hol
pyq

0 pγq (5.1)
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for any piecewise smooth path γ in M0 between any two points.

Definition 5.2. We call ψt : M0 Ñ Mt the tremor comparison home-
omorphism (TCH).

The uniqueness of a tremor comparison homeomorphism implies the
following important naturality property:

Corollary 5.3. With the notation of Proposition 5.1, suppose φ0 and
φ1
0 are two different marking maps S Ñ M0 representing rq0, so that

φ1
0 ˝ φ´1

0 is isotopic to a translation equivalence h of M0. Then the
TCH’s ψt and ψ

1
t satisfy ψt “ ψ1

t ˝ h.

In order to construct ψt, we start with a comparison map φ which is
only assumed to satisfy (5.1) in case γ is a saddle connection. We then
modify φ by means of an isotopy which moves points along leaves of
the horizontal foliation of the target surface Mt. The signed distance
along horizontal leaves will be chosen so that (5.1) holds for all piece-
wise smooth curves γ connecting any two points. Since the horizontal
straightline flow may not be defined for all times, one of the complica-
tions we will address is to ensure that we can move points horizontally
by the required amount.

Proof of Proposition 5.1. We begin by proving the existence of ψt. Let
τ be a triangulation of S obtained as the pullback via φ0 of a geodesic
triangulation on M0. Since we will be using the opposite point map
defined in §4.2, we will take τ to be given by adding horizontal diagonals
to the polygons of an APD, as in the proof of Proposition 4.12. Let
Uτ and Vτ be the open sets in H1pS,Σ;R2q and Hm, as in §2.2. For a
sufficiently small ε ą 0, in the interval I “ r0, εs we have

ttremtβpqq : t P Iu Ă Vτ , (5.2)

and we will first prove the existence of ψt for t P I where I satisfies
(5.2). The existence for all t then follows by composing maps defined
on small intervals, as in the first paragraph of the proof of Proposition
4.12. With this in mind we can re-parameterize I, and replace β by its
multiple by a positive constant, to assume that t “ 1, I “ r0, 1s and
rq0, rq1 P Vτ .
Let τ0, τ1 denote respectively the pushforward of the triangulation

τ to M0,M1, and let φ : M0 Ñ M1 be the comparison map which
is affine and orientation-preserving on triangles of τ as in §2.2. Thus
φ sends τ0 to τ1. The definition of tremors gives us (5.1) with φ in
place of ψt, and for any path γ on M0 with endpoints in Σ. Recall
from Proposition 4.12 that φ takes the horizontal foliation of M to the
horizontal foliation of M 1 and takes pdyq

rq0 to pdyq
rq1 . Also φ preserves
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the rightward orientation on horizontal lines. We will construct the
homeomorphism ψ by composing φ with a map which moves a point in
M1 along its horizontal leaf. Recall that Υpxqpsq denotes the image of
x P M1 under horizontal straightline flow, to (signed) distance s. With
this notation, for a continuous function s̄ :M0 Ñ R, we write

ψppq
def
“ Υpφppqq

ps̄ppqq. (5.3)

As mentioned above, the straightline flow map t ÞÑ Υpφppqqptq might
not be defined to time t “ s̄ppq; we will show in Lemma 5.6 that it
actually is. Thus, for p P M0, ψppq is obtained by motion along the
horizontal leaf of φppq in M1, by the signed distance s̄ppq; see Figure 2.
Clearly such a map will satisfy the second equation in (5.1), and s̄ppq

will be chosen so that the first equation in (5.1) holds as well. The
construction of s̄ppq and proof that it has the desired properties will be
broken up into several lemmas.

We begin by specifying the values of the function s̄, on each of the
edges of the triangulation τ0 of M0. On the horizontal edges of the
triangulation, we set s̄ equal to zero. Let σ : r0, 1s Ñ M0 denote an
affine parameterization of a non-horizontal edge of τ0. We define

s̄pσptqq “

ż σptq

σp0q

dν ´ t

ż σp1q

σp0q

dν, (5.4)

where the integrals are taken along the path σ between the indicated
limits.

Lemma 5.4. The following hold for each edge σ:

(a) The definition (5.4) does not depend on the choice of orientation
for σ; that is, defines the same function on the edge, if one uses
σ̄p1 ´ tq instead of σptq.

(b) The map t ÞÑ s̄pσptqq is continuous.
(c) s̄pσp0qq “ s̄pσp1qq “ 0.

Proof. Assertion (a) follows from a computation using (5.1) for the
curve σ; we leave this to the reader. Assertion (b) follows from the fact
that ν is non-atomic. Assertion (c) follows from (5.4). △

We now check that when using (5.4), a map defined via (5.3) has
the required property of preserving distances along horizontal lines, for
two points on opposite sides of a polygon P of the APD. To this end,
let oppP be the opposite point map as in §4.2, and let σ, σ1 denote two
affine parameterizations of sides of P , so that

x “ σptq P BP, y “ oppP pxq “ σ1
pt1q
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for appropriate t, t1 P r0, 1s. Let d0, d1 denote respectively the horizontal
signed distance between x, y and φpxq, φpyq in M0,M1; that is,

y “ Υpxq
pd0q, φpyq “ Υpφpxqq

pd1q.

Here we swap if necessary the roles of x and y to assume that d0 ą 0,
for the definition of di we refer to straightline flow on Mi, and in case
the horizontal trajectory of x is periodic we use the parameterization
of paths through the interior of P and φpP q. Note that the straightline
flow from x to y is well-defined by definition of oppP , and straightline
flow from φpxq to φpyq is well-defined since φ maps horizontal segments
to horizontal segments and preserves their orientation.

Lemma 5.5. We have d0 “ d1 ´ s̄pxq ` s̄pyq.

Note that Lemma 5.5 does not assume that ψ as in (5.3) is well-
defined; but if one assumes that ψ is well-defined, one concludes from
Lemma 5.5 that d0, the signed horizontal distance between x and y, is
the same as d1 ´ s̄pxq ` s̄pyq, the signed horizontal distance between
ψpxq and ψpyq.
Proof. By decomposing P into triangles, we can assume with no loss of
generality that P is a triangle. We can further assume, using Lemma
5.4(a), that P has one vertex at ξ, where σ and σ1 are affine pa-
rameterizations of opposite edges of P with σp0q “ σ1p0q “ ξ and

holpyq
pσq ă holpyq

pσ1q, as shown in Figure 7. Let α denote a path from
x to y along the horizontal segment through P . Then α is homotopic
to the path from x to y along the edges of P , and hence

d0 “ hol0pαq “ t1 hol
pxq

0 pσ1
q ´ t hol

pxq

0 pσq. (5.5)

Similarly

d1 “ hol1pφpαqq “ t1 hol
pxq

1 pφpσ1
qq ´ t hol

pxq

1 pφpσqq. (5.6)

ξ

σ
σ1

x y

φpξq

φpσq
φpσ1q

φpxq φpyq

Figure 7. Paths used in the proof of Lemma 5.5.
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Applying the opposite point invariance property (4.12), we obtain
ż σptq

σp0q

ν “

ż σ1pt1q

σ1p0q

ν. (5.7)

By (5.1) (which holds for the saddle connections σ and σ1), along with
(5.5) and (5.6), we get

d1 ´ d0 “t1
´

hol
pxq

1 pφpσ1
qq ´ hol

pxq

0 pσ1
q

¯

´ t
´

hol
pxq

1 pφpσqq ´ hol
pxq

0 pσq

¯

“t1
ż σ1p1q

σ1p0q

ν ´ t

ż σp1q

σp0q

ν,

and by (5.4) and (5.7) we also get

s̄pxq ´ s̄pyq “ s̄pσptqq ´ s̄pσ1
pt1qq “ t1

ż σ1p1q

σ1p0q

ν ´ t

ż σp1q

σp0q

ν.

This gives the required identity. △

We now extend s̄ by affine interpolation to the interiors of triangles.
For any point p P M0, let x, y denote the two intersections of the
horizontal leaf of p with BP , so that y “ oppP pxq, and let d0 be as
above. Then there is t P p0, 1q so that p “ Υpxqptd0q “ Υpyqppt ´ 1qd0q.
We define

s̄ppq
def
“ p1 ´ tqs̄pxq ` ts̄pyq. (5.8)

Since φ and (5.8) are both affine and orientation-preserving, the con-
clusion of Lemma 5.5 continues to hold; namely, for any two points x1

and y1 which are on a horizontal segment passing from side to side of
a polygon of the APD, we have

d0 “ d1 ´ s̄px1
q ` s̄py1

q, (5.9)

where d0, d1 denote signed distances defined using x1, y1. In other words,
where defined, ψ maps horizontal segments to horizontal segments iso-
metrically.
With this extended definition we claim:

Lemma 5.6. For any p P M0, the horizontal straightline flow from
φppq to signed distance s̄ppq on M1 is defined, and thus the map ψ
defined via (5.3) is well-defined.

Proof. Suppose by way of contradiction that for some p P M0, the
straightline flow trajectory from φppq to signed distance s̄ppq is not
defined. We know from Lemma 5.4(c) that p is not a singular point.
Assume with no loss of generality that s̄ppq ą 0; our assumption means
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that for some 0 ă tcrit ď s̄ppq we have tΥpφppqqptq : 0 ď t ă tcritu is well-
defined but the one-sided limit

ξ
def
“ lim

tÑt´crit

Υpφppqq
ptq

is a singular point on M1. Let k be the number of times the trajectory
␣

Υpφppqqptq : 0 ă t ă tcrit
(

crosses edges of the APD. We can choose p
with the above properties so that k is minimal. We will reach a con-
tradiction in both cases k “ 0 and k ą 0.
If k “ 0 then there is a polygon ∆ of the APD on M0 such that

ξ “ φpξq is a vertex of φp∆q and p P ∆. Let x be the point on B∆
which is opposite to ξ, so that p is on the segment from x to ξ. We
define d0, d1 as above, with p and ξ playing respectively the roles of x
and y. Since tcrit ą 0 we must have that φppq is to the left of ξ in the
polygon φp∆q, and hence d1 ą 0. Since φ preserves the orientation of
horizontal lines we must have d0 ą 0. By our contradiction assumption,
tcrit ě d1. Finally s̄pξq “ 0 by Lemma 5.4(c). Putting these together
and using equation (5.9) we get the contradiction

s̄ppq ě tcrit ě d1 “ d0 ` s̄ppq ´ s̄pξq ą s̄ppq.

Now suppose k ą 0. Let ∆ be a polygon of the APD containing p
and let y1 be the endpoint of the rightward oriented segment from p to
B∆. Let d0, d1 be defined as above, using the points p and y1 instead of
x and y. We compute the numbers t1crit, k

1 corresponding to y1 instead
of p. We have t1crit “ tcrit ´ d1 and k1 “ k ´ 1. Using Lemma 5.5 we
have

s̄py1
q “ d0 ´ d1 ` s̄ppq ě d0 ´ d1 ` tcrit “ d0 ` t1crit ě t1crit.

This implies that y1 also satisfies that the straightline flow from φpyq

to distance s̄pyq is not defined, and contradicts the minimality in the
choice of p. △

Lemma 5.7. The map ψ is a homeomorphism which is isotopic rel Σ
to φ and satisfies

Υpψppqq
ptq “ ψpΥppq

ptqq (5.10)

for any p P M0 and any t P R for which one (hence both) of these terms
is defined.

Proof. The function x ÞÑ s̄pxq is continuous by Lemma 5.4 and (5.8).
This implies that ψ is continuous. Since M0 is compact, in order to
show that ψ is a homeomorphism, it is enough to show that it is bijec-
tive. To this end, we first note that (5.10) holds. Indeed by equation
(5.9), (5.10) holds for any interval I for which the path tΥppqptq : t P Iu
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is contained in a polygon of the APD, and thus, by induction on the
number of times a horizontal straightline segment from p to Υppqptq
crosses edges of the APD, it holds for all t.

It follows from Lemma 5.4(c) that ψ|Σ “ φ|Σ and hence that ψ is a
label-preserving bijection on Σ. It follows from (5.10) that the restric-
tion of ψ to a horizontal straightline flow trajectory is an isometry (with
respect to the metric induced by the 1-form dx). Since the restriction
of ψ to a horizontal trajectory is an isometry mapping singular points
to singular points, the restriction of ψ to any horizontal trajectory is
a bijection. Moreover, by (5.3), the image of a horizontal trajectory
under ψ is the same as its image under φ, and since φ is a bijection,
we obtain that ψ is also a bijection.

Consider the one-parameter family of maps

gprq
pxq

def
“ Υpφpxqq

prs̄pxqq pr P r0, 1sq.

Clearly, this family gives a homotopy between φ and ψ fixing Σ point-
wise. To see that each gprq is a homeomorphism, arguing as before
we see that it suffices to show that it is bijective on each horizontal
straightline flow trajectory. For such a trajectory, it is indeed bijective
as it is a linear homotopy between order-preserving homeomorphisms.
This shows that φ and ψ are isotopic rel Σ. △

Lemma 5.8. The map ψ satisfies formula (5.1).

Proof. We first claim that it is enough to prove the claim for paths γ
whose image is contained in edges of the APD. Indeed, if (5.1) holds
for two paths it holds for their concatenation. Thus, in order to prove
the result for an arbitrary path, it suffices to prove the result for a path
γ contained in one polygon ∆ of the APD. Suppose γ1 is obtained by
sliding every point in γ to an edge σ of ∆; that is, γ1ptq “ Υpγptqqpρptqq,
where ρptq is the horizontal signed distance from γptq to σ. Using
formula (5.10), we see that ψpγ1q is obtained from ψpγq by sliding
horizontally by the same amount ρptq. From this one easily sees that
if (5.1) holds for γ1, it also holds for γ.

It remains to check that (5.1) holds for paths whose image is con-
tained in an edge σ Ă B∆. This follows easily from the definition (5.4)
of s̄ along edges of ∆; we leave the verification to the reader. △

We now complete the proof of Proposition 5.1. Lemmas 5.7 – 5.8
establish the existence of ψ with the required properties. We complete
the proof by proving uniqueness. Let ψ and ψ1 be isotopic maps from
M0 to M1 satisfying (5.1) for arbitrary paths. This equation implies
that ψ´1 ˝ψ1 preserves the holonomy of paths and is thus a translation
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equivalence. Since the maps ψ and ψ1 are isotopic the map ψ´1 ˝ ψ1

is isotopic to the identity. The identity map is the unique translation
equivalence of M0 isotopic to the identity so we have ψ´1 ˝ ψ1 “ I and
ψ “ ψ1. □

Proposition 5.9. Suppose that for i “ 0, 1, rqi are marked translation
surfaces represented by the marking maps φi : S Ñ Mi. Suppose rq0, rq1
belong to the same horospherical leaf, and there is a homeomorphism
ψ : M0 Ñ M1 isotopic to φ1 ˝ φ´1

0 for which the conclusion of Lemma
5.7 holds. Then rq1 “ tremβprq0q for some non-atomic foliation cocycle
β P Tq0 .

Since we will not be using this result in this paper, we only outline
the argument.

Sketch of proof. Since rq0, rq1 belong to the same horospherical leaf and

ψ is isotopic to φ1 ˝ φ´1
0 , hol

pyq

M0
“ hol

pyq

M1
pψpγqq for any path γ joining

singular points. We will define a non-atomic signed transverse measure
ν satisfying

hol
pxq

M1
pψpγqq “ hol

pxq

M0
pγq `

ż

γ

ν. (5.11)

This will show that (5.1) holds (with t “ 1, ψ “ ψ1), for any path
joining singular points, thus showing that rq1 “ tremβν prq0q.

Let ε ą 0 be such that horizontal straightline flow is defined on
all points of both γ and ψpγq, to time s, for all |s| ă ε. We define
the horizontal diameter of a topological disc in a translation surface
to be the supremum of horizontal holonomies of any curve contained
in U . We can cover the image of γ by topological discs U such that
the horizontal diameter of both U and ψ pUq is smaller than ε. The
subarcs γ1 of γ contained in such a topological disc U generate the
Borel σ-algebra on γ. For each such γ1 we define

ż

γ1

ν “ hol
pxq

M1
pψpγ1

qq ´ hol
pxq

M0
pγ1

q.

Using the Carathéodory extension theorem, one can show that this
defines ν as a signed measure on γ. By linearity, ν satisfies (5.11),
and one can check using (5.10) that ν defined in this way is invariant
under holonomy along horizontal lines, and thus defines a transverse
measure. □

Remark 5.10. It is instructive to compare our discussion of tremors,
using Proposition 5.1, with the discussion of the Rel deformations in
[BSW, §6]. Namely in [BSW, Pf. of Thm. 6.1], a map f̄t : M0 Ñ

ReltpM0q is constructed but the definition of this map involves some
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arbitrary choices. In particular it is not unique and is not naturally
contained in a continuous one-parameter family of maps.

6. Properties of tremors

In this section we will derive further properties of tremors.

6.1. Composing tremors and other maps. Recall from Proposi-
tion 4.14 that we have

tremβ1`β2pqq “ tremβ2ptremβ1pqqq. (6.1)

Here, and in the rest of this section, we have in mind the identification
of T

rq1 with T
rq2 , for all rq1, rq2 in the same horospherical leaf; in particular,

on the left-hand side of (6.1), β2 belongs to Tq, and on the right-
hand side, to Tq1 for q1 “ tremβ1pqq, and these spaces are identified by
choosing appropriate lifts rq, rq1. With this convention recall also from
(4.17) that tremβpuqq “ u tremβpqq, for any u P U.

Note that the identification of T
rq1 with T

rq2 in Proposition 4.12 need
not send balanced tremors to balanced tremors. However, the horocycle
flow commutes with horizontal straightline flows, and therefore for u P

U and β P Tq – Tuq, we have Lqpβq “ Luqpβq. From (6.1) and (4.17)
we deduce:

Corollary 6.1. Let β P Tq and s
def
“ Lqpβq. Then

‚ β ´ spdyqq P Tusq is balanced.
‚ If β is balanced in Tq then β is balanced in Tuq, for any u P U .

Recall that B Ă G denotes the upper triangular group. We now
discuss the interaction between the B-action and tremors. Note that
while an element b P B maps horospherical leaves to horospherical
leaves, it does not necessarily preserve individual horospherical leaves,
so we cannot use Proposition 4.12 to identify Tq with Tbrq. Instead, we
use the derivative of the affine comparison map ψb defined in §2.4 to
identify T

rq with Tbq. Note that the subgroup of B preserving horo-
spherical leaves is U , and for u P U the map ψu acts on H1pS,Σ;Rxq

trivially, and thus this identification coincides with the identification
via parallel transport that is used in Proposition 4.12.

The interaction of tremors with the B-action is as follows.

Proposition 6.2. Let q P H and let

b “

ˆ

a z
0 a´1

˙

P B, with a “ apbq ą 0. (6.2)
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Let Mq and Mbq be the underlying surfaces, and let rq P π´1pqq. The
above identification T

rq Ñ Tbrq multiplies the canonical transverse mea-
sure dy by a´1 (where a “ apbq is as in (6.2)), preserves the subsets
of atomic and balanced foliation cocycles, and maps c-absolutely con-
tinuous foliation cocycles to ac-absolutely continuous foliation cocycles.
Furthermore,

b tremβpqq “ trema¨βpbqq, Dompbq, βq “ a´1
¨ Dompq, βq. (6.3)

Proof. Let q1 “ bq, denote the underlying surfaces by M “ Mq, M1 “

Mq1 and write ψ “ ψb : M Ñ M1 for the affine comparison map.
Since the linear action of b on R2 preserves horizontal lines, ψ sends
the horizontal foliation on M to the horizontal foliation on M1. As in
Proposition 4.12, ψ sends transverse measures to transverse measures,
non-atomic transverse measures to non-atomic transverse measures,
and the induced map ψ˚ on cohomology sends Tq to Tq1 and C`

q to C`
q1
.

Since ψ is an affine map with derivative b, the canonical transverse
measure pdyqq on Mq is sent to its scalar multiple apbq´1 ¨ pdyqq1 on
Mq1 . Hence c-absolutely continuous foliation cocycles are mapped to
ac-absolutely continuous foliation cocycles. To prove equation (6.3),
let t ÞÑ rqt be the affine geodesic in Hm with rq0 “ rq and d

dt
|t“0rqt “ β,

so that rq1 “ tremβprqq. The new path t ÞÑ q̂t “ brqt is also an affine
geodesic and satisfies q̂0 “ brq. Now (6.3) follows from the fact that
d
dt

|t“0q̂t “ apbq ¨β, since Tq is embedded in the real space H1pS,Σ;Rxq.

We now show that our affine comparison map sends T p0q
q to T p0q

q1 , that
is, preserves balanced foliation cocycles. Since the horizontal direction
is fixed by b and scaled by a factor of a “ apbq, pdxqq1 is obtained

from pdxqq by multiplication by a. Now suppose β P T p0q
q so that

holpxq
q Y β “ 0. By naturality of the cup product we get

0 “ a´1holpxq
q Y β “

`

ψ´1
˘˚

´

holpxq
q1

Y ψ˚β
¯

“ holpxq
q1

Y ψ˚β.

□

6.2. Relations between tremors and other maps. We will now
prove commutation and normalization relations between tremors and
other maps, which extend those in Proposition 6.2. These results will
not be used in the sequel, but we hope they will be useful in the future.
We will simultaneously discuss the interaction of tremors with the ac-
tion of B, all possible tremors for a fixed surface, real-Rel deformations,
and the R˚-action on the space of tremors.

We will use the notation and results of [BSW] in order to discuss real-
Rel deformations. Let Z be the subspace ofH1pS,Σ;Rxq of cohomology
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classes which evaluate to zero on closed loops. Thus Z represents the
subspace of real rel deformations of surfaces in H (see [BSW, §3] for
more information).

Let q P H, Mq the underlying surface, φ : S Ñ Mq a marking map
and rq P Hm the corresponding element in π´1pqq. We define semi-direct
products

S
pφq

1
def
“ B ˙ T

rq, S
pφq

2
def
“ B ˙ pT

rq ‘ Zq,

where the group structure on S
pφq

2 is defined by

pb1, v1, z1q.pb2, v2, z2q “
`

b1b2, a
´2

pb2qv1 ` v2, a
´1

pb2qz1 ` z2
˘

,

where
bi P B, vi P T

rq, zi P Z,

apbq is defined in (6.2). Also define the group structure on S
pφq

1 by

thinking of it as a subgroup of S
pφq

2 . Define the quotient semidirect
products

S̄
pφq

1
def
“ S

pφq

1 { „, S̄
pφq

2
def
“ S

pφq

2 { „,

where „ denotes the equivalence relation B Q us „ s ¨ hol
pyq

rq P T
rq.

With this notation we have the following:

Proposition 6.3. Let q, Mq, φ and rq be as above, and suppose Mq

has no horizontal saddle connections (so that tremors and real-Rel de-
formations have the maximal domain of definition). Define

Θ
pφq

1 : S
pφq

1 Ñ Hm, pb, βq ÞÑ b tremβprqq

and
Θ

pφq

2 : S
pφq

2 Ñ Hm, pb, β, zq ÞÑ bRelz tremβprqq.

Then the maps Θ
pφq

i obey a ‘group action’ law

Θ
pψg2˝φq
i pg1q “ Θ

pφq

i pg1g2q pi “ 1, 2q. (6.4)

Moreover these maps are continuous, and descend to well-defined im-

mersions Θ̄
pφq

i : S̄
pφq

i Ñ Hm.

We will only prove the statement corresponding to i “ 1. The case
i “ 2 will not be needed in the sequel and we will leave it to the reader.
Specifically, in case i “ 2, the comparison map ψg2 appearing in (6.4)
is defined up to isotopy in [BSW], see the map f̄t in Remark 5.10.

Proof. The fact that the map Θ
pφq

1 satisfies the group action law (6.4)

with respect to the group structure on S
pφq

1 is immediate from Propo-

sitions 4.14 and 6.2. The fact that Θ̄
pφq

1 is well-defined on S̄
pφq

1 follows

from (4.10) and (4.17). The maps Θ
pφq

1 , Θ̄
pφq

1 are continuous because



TREMORS AND HOROCYCLES 55

they are given as affine geodesics, and because of general facts on or-

dinary differential equations. The fact that Θ̄
pφq

1 is an immersion can

be proved by showing that when g1, g2 are two elements of S
pφq

1 that

project to distinct elements of S̄
pφq

1 , then dev
´

Θ̄
pφq

1 pqiq
¯

are distinct,

i.e. the operations have a different effect in period coordinates. □

There is also a natural action of the multiplicative group R˚ “ R∖t0u

on T
rq given by pρ, βq ÞÑ ρβ, where ρ P R˚ and β P T

rq. This action

preserves the set of balanced tremors T p0q

rq . By Proposition 4.12 and

Proposition 6.2, T p0q

rq is a normal subgroup of T
rq and S

pφq

1 . It is not

hard to show using Corollary 6.1 that B˙T p0q

rq is a normal subgroup of

S
pφq

1 isomorphic to the group S̄
pφq

1 .We define a third semidirect product

S
pφq

3
def
“ pR˚ ˆBq ˙ T p0q

rq , where R˚ acts on T p0q

rq by scalar multiplication

and B acts on T p0q

rq as above. Arguing as in the proof of Proposition
6.3 we obtain:

Proposition 6.4. Let q, Mq, φ, rq be as in Proposition 6.3. Then the
map

S
pφq

3 Ñ Hm, pρ, b, βq ÞÑ b tremρβprqq,

obeys the group action law and is a continuous immersion.

Remark 6.5. Note that (as reflected by the notation) the objects S
pφq

i

and Θ
pφq

i discussed above depend on the choice of a marking map. This
is needed because the marking map was used to identify Tq for different
surfaces q. On the other hand (4.17) makes sense irrespective of a
choice of a marking map.

Remark 6.6. In addition to the deformations listed above there is an-
other deformation that could be considered. In the spirit of [Ve2, §1]
(see also [CMW, §2.1]), for each horizontally invariant fully supported
probability measure ν on Mq, there is a topological conjugacy sending
ν to Lebesgue measure (on a different surface Mq1). This topological
conjugacy also induces a comparison map Mq Ñ Mq1 and correspond-
ing maps on foliation cocycles and on the resulting tremors, and it is
possible to write down the resulting group-action law which the map
obeys when combined with those of Propositions 6.3 and 6.4. This will
not play a role in this paper and is left to the assiduous reader.

6.3. Tremors and sup-norm distance. Let dist denote the sup-
norm distance as in §2.6.
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Proposition 6.7. If q P H, ν is a non-atomic absolutely continuous
signed transverse measure on the horizontal foliation ofMq, and β “ βν
then

distpq, tremβpqqq ď }ν}RN . (6.5)

Proof. Let q1 “ tremβpqq and let dy be the canonical transverse mea-
sure on q. Let

tγptq : t P r0, 1su, where γt
def
“ tremtβpqq,

be the affine geodesic from q to q1. The tangent vector of γ is repre-
sented by the class β, and by specifying a marking map φ0 : S Ñ Mq

we can lift the path to Hm, and find rq, rq1 and rγptq, t P r0, 1s so that

πprq1q “ q1, πprγptqq “ γptq with rγp0q “ rq, rγp1q “ rq1,

and rγptq satisfies

devprγptqq “ devprqq ` tβ̄, where β̄ “
`

φ´1
0

˘˚
β P H1

pS,Σ;Rq.

We will use this path in (2.10) to give an upper bound on the dis-
tance from q and q1. For each t P r0, 1s, write qt “ γptq and denote
the underlying surface by Mt. Recall that we denote the collection of
saddle connections on a surface q by Λq. We let Λ1

q denote the saddle
connections in Λq which are not horizontal onMq; for horizontal saddle
connections σ we have β̄pσq “ 0. For any σ P Λq, we have (with the
notation of §2.1)

ℓqtpσq “ }holqtpσq} ě |holpyq
qt pσq|. (6.6)

By Proposition 4.12, we obtain transverse measures νt and pdyqt on
each qt. Using this, for all t P r0, 1s we have

}γ1
ptq}γptq “}β̄}

rqt “ sup
σPΛ

rqt

}β̄pσq}

ℓ
rqtpσq

“ sup
σPΛ1

rqt

}β̄pσq}

ℓ
rqtpσq

(6.6)

ď sup
σPΛ

rqt

}β̄pσq}
ˇ

ˇ

ˇ
hol

pyq

rqt
pσq

ˇ

ˇ

ˇ

“ sup
σPΛ

rqt

|
ş

σ
dνt|

|
ş

σ
pdyqt|

(4.4)

ď }ν}RN .

Integrating w.r.t. t P r0, 1s in (2.10) we obtain the bound (6.5). □

By moving along a horocycle orbit, small absolutely continuous tremors
can be realized by small balanced tremors. Namely:

Corollary 6.8. With the notations and assumptions of Proposition

6.7, there is q1 P Uq and β1 P T p0q

q1 with |L|q1pβ1q ď 2}ν}RN and

tremβpqq “ tremβ1pq1
q. (6.7)
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Proof. This follows from Corollary 6.1, (6.5), and the triangle inequal-
ity. □

7. Proof of Theorem 1.5

We will now deduce the three assertions of Theorem 1.5 from the
results of the preceding sections. Throughout this section we write q1
for tremβpqq where β P T pqq. The first assertion of the Theorem is
that, for β absolutely continuous, the distance between usq and usq1
remains bounded.

Proof of Theorem 1.5(i). Let β “ βν be the signed foliation cocycle
corresponding to a signed transverse measure ν. We first claim that
there is no loss of generality in assuming that ν is c-absolutely con-
tinuous for some c ą 0. To see this, write ν “ ν1 ` ν2 where ν1 is
aperiodic and ν2 is supported on horizontal cylinders. By Lemma 4.7,
βν1 is c1-absolutely continuous for some c1. Now modify ν2 so that for
any horizontal cylinder C on Mq, the restriction of ν2 to C is equal
to aC dy|C for some positive constant aC . Such a modification has no
effect on βν2 , and will thus have no effect on β “ βν1 ` βν2 . Thus, if
c2 “ maxC aC , then (after the modification), }ν}RN ď c1 ` c2. Now
using (4.17) and Proposition 6.7, we see that the left-hand side of (1.6)
is bounded by c1 ` c2. □

The second assertion of the Theorem is that if β is absolutely con-
tinuous and essential then the horizontal foliation of a surface in the
closure of the orbit Uq1 is not uniquely ergodic. For this we will need
the following statement, which will also be useful in §10.

Proposition 7.1. Let F Ă H be a closed set, and fix c ą 0. Then the
sets

F 1 def
“

ď

qPF

ď

βPC`,RN
q pcq

tremβpqq (7.1)

and
F 2 def

“
ď

qPF

ď

βPT RN
q pcq

tremβpqq (7.2)

are also closed.

Recall from §4.1.3 that C`,RN
q pcq (respectively, T RN

q pcq) denotes the
set of absolutely continuous (signed) foliation cocycles βν P Tq with
}ν}RN ď c.

Proof. We first prove that F 1 is closed. Let q1
n P F 1 be a conver-

gent sequence with q1 “ limn q
1
n. We need to show that q1 P F 1. Let

qn P F and βn P C`,RN
qn pcq such that q1

n “ tremβnpqnq. We will show
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that q1 “ tremβpqq where q and β are accumulation points of the se-
quences pqnq and pβnq. According to Proposition 6.7, the sequence
pqnq is bounded with respect to the metric dist. Also, a computa-
tion similar to the one appearing in the proof of Proposition 6.7, gives
}βn}qn ď c, where } ¨ }qn is the norm given by the Finsler structure
defined in (2.7). By Proposition 2.5 the sup-norm distance is proper,
and hence the sequence pqnq has a convergent subsequence. Thus pass-
ing to a subsequence and using the fact that F is closed, we can as-
sume qn Ñ q P F . Let Mn be the underlying surfaces of qn. Choose
marking maps φn : S Ñ Mqn and φ : S Ñ Mq so that the corre-
sponding points rqn P Hm satisfy rqn Ñ rq. Using these marking maps,
identify βn with elements of H1pS,Σ;R2q. By the continuity property
of the norms } ¨ }qn (see §2.6), this sequence of cohomology classes is
bounded, and so we can pass to a further subsequence to assume that
βn converges to β P H1pS,Σ;R2q. Applying Proposition 4.9 we get
that β “ limnÑ8 βn P C`

rq pcq and using Proposition 4.8 we see that

q1 “ tremβpqq P F 1. The proof that F 2 is closed is similar. □

Proof of Theorem 1.5(ii). Let q1 “ tremβpqq where β “ βν and ν is
absolutely continuous. As in the proof of part (i) of the theorem, we can
assume that ν is c-absolutely continuous for some c, i.e. β P C`,RN

q pcq,

and set F “ Uq. By commutation of tremors and horocycles (see
(4.17)), for any s P R, we have usq1 “ tremβpusqq. By Proposition
4.12, β P C`

usqpcq for all s, and so usq1 P F 1, where F 1 is defined via

(7.1). By Proposition 7.1 we have that any q2 P Uq1 ∖ L also belongs
to F 1, so is a tremor of a surface in L.

So we write q2 “ tremβ1pq3q for q3 P L and β1 P Tq3 , and writeM2,M3

for the underlying surfaces. Our goal is to show that the horizontal
foliation on M2 is not uniquely ergodic. Since L is U -invariant and
q2 R L, β1 is not a multiple of the canonical foliation cocycle holpyq

q3
, i.e.

the horizontal foliation on M3 is not uniquely ergodic. By Proposition
4.12, neither is the horizontal foliation on M2. □

The third assertion is that when q is generic for some U -invariant
ergodic measure µ, assigning zero measure to surfaces with horizontal
saddle connections, then q1 is also generic for µ (but note that q1 need
not belong to suppµ). A heuristic explanation of this phenomenon
is that for most values of s, the surface usq is close to surfaces with a
uniquely ergodic horizontal foliation, which means that C`

usq is a narrow
cone centered around the canonical transverse measure tangent to the
horocycle flow. By continuity of tremors, in this case usq1 is very close
to us`s0q for some s0.
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Proof of Theorem 1.5(iii). We first employ an argument of [LM], to
prove the following:

Claim 1: For µ-a.e. surface q, the horizontal foliation on the un-
derlying surface Mq is uniquely ergodic.

Indeed, from [MW1] we find that there is a compact subset K Ă H
such that any surface q with no horizontal saddle connections satisfies

lim inf
TÑ8

1

T
|ts P r0, T s : usq P Ku| ą

1

2

(where |A| denotes the Lebesgue measure of A Ă R. Then by the
Birkhoff ergodic theorem, any U -invariant ergodic measure ν on H,
which gives zero measure to surfaces with horizontal saddle connec-
tions, satisfies νpKq ą 1{2. If the claim is false, then by ergodicity
µ-a.e. surface has a minimal but non-uniquely ergodic horizontal foli-
ation. Applying Masur’s criterion (see e.g. [MaTa]) to the horizontal
foliation, we find that for µ-a.e. q, the ray tgtq : t ă 0u is divergent.
Thus for µ-a.e. q there is t0 “ t0pqq such that for all t ě t0, g´tq R K.
Moreover, we can take t1 large enough so that µptq : t0pqq ă t1uq ą 1{2
and hence ν “ pg´t1q˚µ satisfies νpKq ă 1{2. Since ν is also U -ergodic,
and also gives zero measure to surfaces with horizontal saddle connec-
tions, this gives a contradiction. The claim is proved. △

Let µ be the measure on L, let q P L be generic for µ, and let
q1 “ tremβpqq for some β. We need to show that q1 is generic. Let f
be a compactly supported continuous test function and let ε ą 0. Let
s0 “ Lqpβq and let q2 “ us0q. Since q2 and q are in the same U -orbit,
q2 is also generic. For this pair q1, q2, we now claim:

Claim 2: For every ε ą 0, every δ ą 0 and for all large enough T
there is a subset A Ă r0, T s with |A| ě p1 ´ εqT so that for all s P A,
distpusq1, usq2q ă δ.

We first use Claim 2 to conclude the proof of the Theorem.
By the uniform continuity of f , there is δ so that whenever distpx, yq ă

δ we have |fpxq ´ fpyq| ă ε
4
. Apply Claim 2 with ε

8}f}8
in place of ε.

Since q2 is generic, for all large enough T we have

ˇ

ˇ

ˇ

ˇ

1

T

ż T

0

fpusq2q ds ´

ż

fdµ

ˇ

ˇ

ˇ

ˇ

ă
ε

2
.
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Using the triangle inequality, we see that for all large enough T :
ˇ

ˇ

ˇ

ˇ

1

T

ż T

0

fpusq1q ds ´

ż

fdµ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

1

T

ż T

0

fpusq1q ds ´
1

T

ż T

0

fpusq2q ds

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

1

T

ż T

0

fpusq2q ds ´

ż

fdµ

ˇ

ˇ

ˇ

ˇ

ď
1

T

ż

A

|fpusq1q ´ fpusq2q| ds `
1

T

ż

r0,T s∖A
2}f}8 ds `

ε

2

ď
ε

4
`
ε

4
`
ε

2
“ ε.

This shows that q1 is generic.

It remains to prove Claim 2. For this we use [MW1] again. Let
Q Ă H be a compact set such that for all large enough T ,

|A1|

T
ě 1 ´

ε

2
, where A1 “ ts P r0, T s : usq P Qu .

Let rQ Ă Hm be compact such that πp rQq “ Q. Fix some norm on

H1pS,Σ;Rq. Since rQ is compact, and by the continuity in Proposition

4.8, there is δ1 such that for any rq1 P rQ, and β1, β2 P C`
rq1 for which

L
rq1pβ1q “ L

rq1pβ2q “ s0, we have

}β1 ´ β2} ă δ1
ùñ dist ptremβ1prq1

q, tremβ2prq1
qq ă δ. (7.3)

Let L1 denote the collection of surfaces in L with no horizontal saddle
connections and for which the horizontal foliation is uniquely ergodic.
By Claim 1, µpL1q “ µpLq “ 1, and by Corollary 4.3 there is a neigh-
borhood U of π´1pL1q such that

rq1
P U , β P C`

rq1 , L
rq1pβq “ s0 ùñ }β ´ s0 pdyq

rq1} ă δ1. (7.4)

Clearly πpUq is an open set of full µ-measure. Since q is generic, for all
sufficiently large T there is a subset A2 Ă r0, T s with

|A2|

T
ą 1 ´

ε

2
and s P A2 ùñ usq P πpUq.

Now set A “ A1 X A2, so that |A| ą p1 ´ εqT . Suppose s P A. Then

there is rq1 P U X rQ with πprq1q “ usq. We can view β as an element
of C`

usq and with respect to the marked surface rq1 this corresponds to

β1 P C`
rq1 , and we have

usq1 “ tremβpusqq “ πptremβ1prq1
qq and usq2 “ us0q

1
“ πptrems0dyprq

1
qq.

By (7.3) and (7.4), we find distpusq1, usq2q ă δ, and the claim is proved.
□
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8. Points outside a locus L which are generic for µL

In this section, after some preparations, we prove Theorem 1.6. At
the end of the section we also discuss how tremored surfaces behave
with respect to the divergence of nearby trajectories under the horocy-
cle flow.

8.1. Tremors and rank-one loci. We now recall the notions of Rel
deformations and of a rank-one locus. Define W Ă H1pS,Σ;R2q to
be the kernel of the restriction map Res : H1pS,Σq Ñ H1pSq which
takes a cochain to its restriction to absolute periods. For any q P H,
and any lift rq P π´1pqq, as in §2.2 we have an identification T

rqpHmq –

H1pS,Σ;R2q, and the subspace of TqpHq corresponding to W is called
the Rel subspace and is independent of the marking (see [BSW, §3]
for more details). Let g “ gq denote the tangent space to the G-orbit
of q (we consider this as a subspace of TqpHq for any q). A G-orbit-
closure L is said to be a rank-one locus if there is a subspace V Ă W
such that for any q P L, the tangent space TqpLq is everywhere equal
to gq ‘ V . Rank-one loci were introduced and analyzed by Wright in
[Wr1], and the eigenform loci ED in Hp1, 1q are examples of rank-one
loci. The following result, which can be seen as a strengthening of an
infinitesimal statement given in Corollary 4.5, is valid for all rank-one
loci.

Proposition 8.1. Suppose L is a rank-one locus. Then for any com-
pact set K Ă L there is an ε ą 0 such that if q P K is horizontally
aperiodic, and β P Tq is an essential tremor satisfying |L|qpβq ă ε,
then tremβpqq R L. If q is horizontally minimal and Uq “ L, then no
essential tremor of q belongs to L.

Proof. We leave it as an exercise to the reader to show that in rank-
one loci, by Proposition 2.4 and (4.9), a small essential tremor of an
aperiodic surface q cannot have the same absolute periods as a surface
obtained by applying a small element of G to q. This establishes the
first claim. For the first assertion, since L is closed and K is compact,
it suffices to show that for any aperiodic surface q in L, any foliation
cycle tangent to g ‘ W Ą TqpLq must be a multiple of the canonical
foliation cycle pdyqq. To this end, let

β “ x ` w P pg ‘ W q X Tq, where x P g and w P W.

We want to show that β is a multiple of pdyqq, and can assume that
w and x are sufficiently small so that q1 “ tremβpqq “ gRelwq, where
g “ exppxq P G and Relwq is the Rel deformation tangent to w (see
[BSW]). Let rq, rq1 be marked surfaces with rq1 “ gRelwrq, let φ : S Ñ Mq
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be a marking map representing rq, let γ̄ be a closed loop on S, and let
γ “ φpγ̄q. Since Rel deformations do not change absolute periods,

devprq1qpγq “ g devprqqpγq. Write g “

ˆ

a b
c d

˙

. By (4.9),

c hol
pxq

rq pγq ` d hol
pyq

rq pγq “ hol
pyq

rq1
pγq “ hol

pyq

trem
rq,β

pγq “ hol
pyq

rq pγq,

and since this holds for every closed loop γ, we must have c “ 0 and
d “ 1, i.e. g P U . Then by (4.10), x “ spdyqq for some s P R. Since
w “ β ´ x is now a tremor on a surface with an aperiodic horizontal
foliation, which evaluates to zero when applied to any element of ab-
solute homology, by Proposition 2.4 we have w “ 0, and β “ spdyqq.

For the second assertion, suppose by contradiction that tremβpqq P L
for some q P L with L “ Uq and β P Tq an essential tremor. Let K be
a bounded open subset of L and let ε ą 0 be as in the first assertion.
The translated set gtUq is also dense in L, and gtu tremβpqq P L for any
u P U . By Proposition 6.2, g´tu tremβpqq “ treme´tβpg´tuqq. Taking t
large enough so that |L|qpe

´tβq ă ε, and choosing u so that g´tuq P K,
we get a contradiction to the choice of ε. □

Corollary 8.2. Suppose L is a rank-one locus, q1, q2 P L are hori-
zontally minimal and have dense U-orbits, and for i “ 1, 2 there are
βi P Tqi such that tremβ1pq1q “ tremβ2pq2q. Then there is u P U such
that uq1 “ q2. Furthermore, if β1 and β2 are balanced then q1 “ q2 and
β1 is obtained from β2 by applying a translation equivalence.

Proof. Let q3 “ tremβipqiq, let M3 be the underlying surface, and let
φ : S Ñ M3 be a marking map representing rq3 P π´1pq3q. For i “ 1, 2,
let

rβi “ φ˚
i pβiq P H1

pS,Σ;Rxq

be the cohomology classes for which

trem
rβi

prqiq “ rq3 and rqi P π´1
pqiq.

By Proposition 4.14 we have trem
rβ1´rβ2

prq1q “ rq2. It follows from Propo-

sition 8.1 that rβ1 ´ rβ2 “ s0pdyqq1 for some s0 P R, i.e. trem
rβ1´rβ2

prq1q “

us0rq1 and us0q1 “ q2. If β1, β2 are balanced then

s0 “

ż

Mq1

dx ^ s0 dy “

ż

Mq1

dx ^ pβ1 ´ β2q “ Lq1pβ1q ´ Lq1pβ2q “ 0,

and this implies that q1 “ q2. Now considering the expression (4.9)
giving devptremβprqqq, we see that the only possible ambiguity in the

choice of rβi for which trem
rβ1

prqq “ trem
rβ2

prqq is if rβ1, rβ2 P H1pS,Σ;Rxq
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are exchanged by the action of φ´1 ˝ h ˝ φ, where h is a translation
equivalence of the underlying surface Mq. This gives the last assertion.

□

We can use Proposition 8.1 to construct examples fulfilling prop-
erty (III) in the discussion preceding the formulation of Theorem 1.6;
namely we will show there is q P L “ E and q1 R L, where q1 is an
essential tremor of q. We remark that in the introduction we explicitly
required that q admit a tremor which is both essential and absolutely
continuous. In fact this assumption is redundant, that is for surfaces
in E , foliation cocycles are absolutely continuous. More precisely we
have:

Lemma 8.3. For each aperiodic q P E, and any β P Tq,
|L|qpβq ď 1 ùñ β is 2-absolutely continuous. (8.1)

Recall that (4.6) gives that if β P T RN
q p2q then |L|qpβq ď 2.

Proof. First suppose β “ βν P C`
q with Lqpβq “ 1. By Proposition 3.4

there is c1 such that ν ` ι˚ν “ c1pdyqq. Since
ż

Mq

dx ^ dy “ 1 “ Lqpβq “

ż

Mq

dx ^ ν “

ż

Mq

dx ^ dι˚ν,

we must have c1 “ 2, i.e.

pdyqq “
1

2
dν `

1

2
dι˚ν.

This implies that β P C`,RN
q pcq for c “ 2. For a general β P Tq,

with |L|qpβq ď 1, write β “ βν` ´ βν´ , with βν˘ P C`
q and repeat

the argument. For any transverse positive arc γ we have
ş

γ
dν˘ P

”

0, 2
ş

γ
dy
ı

, which implies (4.4) with c “ 2.

□

8.2. Nested orbit closures. Theorems 1.6 and 1.8 both exhibit one-
parameter families of distinct orbit-closures for the U -action (see (1.7)
and (1.9)). This property is proved using the following general state-
ment.

Proposition 8.4. Let F “ E, let c ą 0, and let F 2 be the set defined
by (7.2). Let q0 be a surface in E whose U-orbit is dense in E, and
let F1 be a subset of F 2 containing an essential tremor of q0. For each
ρ ą 0 define

Fρ
def
“

␣

tremρβpqq : q P E , β P T p0q
q , tremβpqq P F1

(

. (8.2)

Then for 0 ă ρ1 ă ρ2 we have Fρ1 ‰ Fρ2 .
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Proof. By Corollary 6.1, replacing q0 with an element in its U -orbit,
there is no loss of generality in assuming that F1 contains an essential
balanced tremor of q0. Thus if we define

T p0q
q0

pρq
def
“

␣

β P T p0q
q0

: tremβpq0q P Fρ
(

,

then T p0q
q0 p1q contains a nonzero vector. Clearly for all ρ ą 0 we have

T p0q
q0 pρq “ ρT p0q

q0 p1q, so each of the sets T p0q
q0 pρq contain nonzero vectors

as well. By (7.2) and Corollary 8.2, the sets T p0q
q0 pρq are bounded for

each ρ. Now suppose by contradiction that for ρ1 ă ρ2 we have Fρ1 “

Fρ2 . Then

T p0q
q0

pρ1q “ T p0q
q0

pρ2q “
ρ2
ρ1

T p0q
q0

pρ1q.

But ρ2
ρ1

ą 1 and a bounded subset of T p0q
q0 cannot be invariant under a

nontrivial dilation if it contains nonzero points. This is a contradiction.
□

Proof of Theorem 1.6. We will find a surface satisfying conditions (I),
(II) and (III) of the theorem. It was shown by Katok and Stepin
[KS] that there is a surface q P E with a horizontal foliation which is
not uniquely ergodic and has no horizontal saddle connection (Veech
[Ve1] proved an equivalent result on Z2-skew products of rotations, see
[MaTa]). Thus the underlying surfaceMq satisfies condition (II). To see
that q satisfies condition (III) we apply Proposition 8.1 to the rank-one
locus E .

To see that q satisfies condition (I), we use [BSW, Thm. 10.1], which
states that the U -orbit of every point in E is generic for some measure;
furthermore, the result identifies the measure. In the terminology of
[BSW], the G-invariant ‘flat’ measure on E is the measure of type 7.
The last bullet point of the theorem states that a surface is equidis-
tributed with respect to flat measure if it has no horizontal saddle
connection and is not the result of applying a real-Rel flow to a lattice
surface. However lattice surfaces without horizontal saddle connections
have a uniquely ergodic horizontal foliation ([Ve4]) and the horizontal
foliation is preserved under real-Rel deformations. This implies that q
cannot be a real-Rel deformation of a lattice surface.

For the proof of the second assertion, equation (1.7), we combine
Propositions 6.4 and 8.4. Namely, we let qr “ tremr,βpqq be as in the
statement of the Theorem and define

F̂ρ
def
“ Uqρ and Fρ

def
“

!

tremρβpqq : q P E , β P T p0q
q , tremβpqq P F̂1

)

.
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Recall the R˚-action multiplying elements of Tq by positive scalars (see
§6.2). Since qr is obtained from q1 using the R˚-action with parameter
r, by naturality of the R˚-action (see Proposition 6.4) we obtain that

F̂ρ “ Fρ. So F̂r1 Ł F̂r2 for r1 ă r2, and (1.7) follows by Proposition
6.4. □

Remark 8.5. As we remarked in the introduction (see Remark 1.7),
Theorem 1.6 remains valid for other eigenform loci ED in place of
E “ E4. Indeed, the results of [BSW] used above are valid for all eigen-
form loci, and to prove the existence of surfaces in ED whose horizontal
foliations are minimal but not ergodic, one can use [CM] in place of
[KS]. Thus the proof given above goes through with obvious modifica-
tions. Finally we note that Lemma 8.3 is also true for other eigenform
loci, provided the constant 2 on the right hand side of (8.1) is replaced
with an appropriate constant depending on the discriminant D. We
leave the details to the reader.

8.3. Erratic divergence of nearby horocycle orbits. A crucial
ingredient in Ratner’s measure classification theorem is the polynomial
divergence of nearby trajectories for unipotent flows. As we have seen in
Corollary 2.7 there is a quadratic upper bound on the distance between
two nearby horocycle trajectories in a stratum H, with respect to the
sup-norm distance. Such upper bounds can also be obtained in the
homogeneous space setting, but in that setting they are accompanied
by complementary lower bounds. Namely, Ratner used the fact that if
tusu is a unipotent flow on a homogeneous space X, for some metric d
on X we have (see e.g. [M, Cor. 1.5.18]):

p˚q for any ε ą 0 and every K Ă X compact, there is δ ą 0 such
that if x1, x2 P X and for some T ą 0 we have

|ts P r0, T s : dpusx1, usx2q ă δ, usx1 P Ku| ě
T

2
,

then for all s P r0, T s for which usx1 P K we have dpusx1, usx2q ă ε.

Our proof of Theorem 1.6 shows that p˚q fails for strata and in fact
we have:

Theorem 8.6. There is a stratum H, a compact set K Ă H, ε ą 0,
and q1, q2 P H, so that for any δ ą 0,

lim inf
TÑ8

1

T
|ts P r0, T s : distpusq1, usq2q ă δ, usq1 P Ku| ą

1

2
, (8.3)

but the set

ts ě 0 : usq1 P K and distpusq1, usq2q ě εu (8.4)
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is nonempty.

Proof. Take q1 P L for some L as in the proof of Theorem 1.6, where q1
admits an essential tremor, and is generic for the G-invariant measure
on L, and let q2 be a balanced essential tremor of q1. Let 0 ă ε ă

distpq1, q2q, so that (8.4) holds. Claim 2 in the proof of Theorem 1.5(iii)
implies (8.3). □

Remark 8.7. The construction in §10 exhibits a stronger contrast to
assertion p˚q: it gives examples in which equation (8.3) holds while the
set in equation (8.4) is unbounded.

9. Existence of non-generic surfaces

In this section we will prove Theorem 1.4. Let B be the upper-
triangular group. We will need the following useful consequence of the
interaction of tremors with the B-action.

Theorem 9.1. Let H be a stratum of translation surfaces and let L Ł

H be a G-invariant locus such that there is q P L with Gq “ L and such
that q admits an essential absolutely continuous tremor which does not
belong to L. Then the closure of the set
ď

q1PBq

ttremβpq1
q : β P C`

q1 is an essential absolutely continuous tremoru

(9.1)
is G-invariant and contains a G-invariant locus L1 with dimL1 ą

dimL.
In particular, if L “ E Ă Hp1, 1q, then the set in (9.1) is dense in

Hp1, 1q.

Proof. Let Ω be the set in equation (9.1), and let F be the closure
of Ω. By assumption there is q P L and an absolutely continuous
β P C`

q ∖ TqpLq, and hence for ε ą 0 sufficiently small, the curve

t ÞÑ qptq
def
“ tremtβpqq, t P p´ε, εq

satisfies qptq P Ω ∖ L for t ‰ 0 and q “ limtÑ0 qptq; i.e., q P Ω∖ L.
By Proposition 6.2, Ω is B-invariant, and hence so is F . According to
[EMM, Thm. 2.1], any B-invariant closed set is G-invariant, and is a
finite disjoint union of G-invariant loci. This implies that L “ Bq Ă F ,
and also that we can write F “ F1 \ ¨ ¨ ¨ \Fk where each Fi is a closed
G-invariant locus supporting an ergodic G-invariant measure, and for
i ‰ j we have Fi Ć Fj. There is an i so that L Ă Fi, and we claim
L Ł Fi. Suppose L “ Fi and let qptq as above. Then for sufficiently
small t ą 0 we have qptq R Fi. So there is some j such that Fj contains
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a sequence qptnq with tn ą 0 and tn Ñ 0. Since Fj is closed we find
that q P Fj. But since Fi “ Gq and Fj is G-invariant and closed, we
obtain that Fi Ă Fj, a contradiction proving the claim.

Thus if we set L1 def“ Fi we have L Ł L1, and since both L and L1

are manifolds and each is the support of a smooth ergodic measure, we
must have dimL ă dimL1, as claimed. To prove the second assertion,
that L1 “ Hp1, 1q we note that by McMullen’s classification [McM1],
there are no G-invariant loci L1 satisfying E Ł L1 Ł Hp1, 1q. □

Proof of Theorem 1.4. First we claim that a dense set of surfaces in
Hp1, 1q are generic for µ1 “ µE , the natural measure on E . By The-
orem 1.5(iii) it suffices to show that tremors of surfaces in E with no
horizontal saddle connections are dense in Hp1, 1q. By Theorem 9.1
it suffices to show that there exists a surface in E with no horizon-
tal saddle connections that admits an essential tremor. Theorem 1.6
establishes this, and the claim is proved.

We now use a Baire category argument. Let µ2 be the natural flat
measure on the entire stratumHp1, 1q. Let f be a compactly supported
continuous function with

ş

fdµ1 ‰
ş

fdµ2, and let ε ą 0 be small
enough so that

2ε ă

ˇ

ˇ

ˇ

ˇ

ż

fdµ1 ´

ż

fdµ2

ˇ

ˇ

ˇ

ˇ

.

For j “ 1, 2 and T ą 0 let

Cj,T
def
“

"

q P Hp1, 1q :

ˇ

ˇ

ˇ

ˇ

1

T

ż T

0

fpusqqds ´

ż

fdµj

ˇ

ˇ

ˇ

ˇ

ă ε

*

(which is an open subset of Hp1, 1q), and let

Cj
def
“

č

nPN

ď

Těn

Cj,T .

If q is generic for µj then q P Cj,T for all T sufficiently large. Since
generic surfaces for µj are dense in Hp1, 1q, each Cj is a dense Gδ-subset
ofHp1, 1q. By definition, for q P Cj we have a subsequence Tn Ñ 8 such

that 1
Tn

şTn
0
fpusqqds converges to a number L with |L´

ş

fdµj| ď ε. In

particular, any q P C1 X C2 satisfies (1.2). For the last assertion, note
that the set of surfaces with a dense orbit under the diagonal group
tgtu, in either forward or backward time, is also a dense Gδ subset, and
so intersects C1 X C2 nontrivially. □

10. A new horocycle orbit closure

In this section we will prove Theorem 1.8. We first show the inclusion
between the two subsets of Hp1, 1q described in equation (1.8), namely
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we show that

ttremβpqq : q P E is aperiodic, β P Tq, |L|qpβq ď au

Ăttremβpqq : q P E , β P Tq, |L|qpβq ď au.
(10.1)

To see this note that Proposition 7.1 and Lemma 8.3 imply that the
first set is contained in the closed set

␣

tremβpqq : q P E , β P T RN
p2aq

(

.

Corollary 4.4 implies that any limit point must satisfy |L|qpβq ď a.
For the last assertion of the Theorem, note that the inclusion in

equation (1.9) is obvious from the first line of equation (1.8), and the
naturality of the R˚-action (Proposition 6.4). The inclusion is proper
by Theorem 1.6.

It remains to show the existence of a surface q1 for which we have
equality in equation (1.8), namely for which

Uq1 “ ttremβpqq : q P E is aperiodic, β P Tq, |L|qpβq ď au. (10.2)

Before doing this, we set up some notation to be used throughout this
section and describe our strategy. We partition E into the following
subsets:

E pperq
“ tq P E :Mq is horizontally periodicu,

E ptorq
“ tq P E :Mq is two tori glued along a horizontal slitu ∖ E pperq,

E pminq
“ E ∖

`

E pperq
Y E ptorq

˘

“ tq P E : all infinite horizontal trajectories are denseu.

Note that the set of aperiodic surfaces in E is precisely E ptorq YE pminq.
It is easy to check that the sets E pperq and E pminq are both dense in E ;
this follows easily from [MaTa, Thms 4.1 & 1.8]. The set E ptorq is also
dense — this can be derived from [EMM], or in a more elementary
fashion from Proposition 3.5(2), see the proof of Proposition 10.2. We
further partition E ptorq according to the length of the slit:

E ptor,Hq
“

"

q P E ptorq :
Mq is made of two tori glued along a

horizontal slit of length exactly H

*

.

Although the individual sets E ptor,Hq are not dense in E , for each H0 ą 0
the union

Ť

HąH0
E ptor,Hq is dense in E .
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Now for positive parameters a and H we define subsets of Hp1, 1q:

SF pminq

pďaq
“
␣

tremβpqq : q P E pminq, β P Tq, |L|qpβq ď a
(

SF ptorq
pďaq

“
␣

tremβpqq : q P E ptorq, β P Tq, |L|qpβq ď a
(

SF pďaq “ SF pminq

pďaq
Y SF ptorq

pďaq

SF ptor,Hq

pďaq
“

!

tremβpqq P SF ptorq
pďaq

: q P E ptor,Hq
)

.

To lighten the notation, in the remainder of this section we will denote
the closure SF pďaq by SF . The letters SF stand for ‘spiky fish’, and

one can think of SF ∖ E as the spikes of the spiky fish. For q P

E ptorq YE pminq, denote by C`,erg
q the extreme rays in the cone of foliation

cocycles. If the horizontal direction is not uniquely ergodic onMq then
Proposition 3.4 shows that C`,erg

q consists of two rays interchanged by
the involution ι. Further denote

SF pminq

p“aq
“
␣

tremβpqq : q P E pminq, β P C`,erg
q , Lqpβq “ a

(

SF ptorq
p“aq

“
␣

tremβpqq : q P E ptorq, β P C`,erg
q , Lqpβq “ a

(

SF p“aq “ SF pminq

p“aq
Y SF ptorq

p“aq

SF ptor,Hq

p“aq
“
␣

tremβpqq : q P E ptor,Hq, β P C`,erg
q , Lqpβq “ a

(

.

Note that for β P C`,erg
q , Lqpβq “ |L|qpβq.

With this terminology it is clear that equation (10.2) (and hence
Theorem 1.8) follows from:

Theorem 10.1. For any a ą 0 there is q1 P SF pminq

p“aq
, such that Uq1 “

SF “ SF ptorq
pďaq

.

The proof of Theorem 10.1 will make use of the following interme-
diate statements. Throughout this section, dist refers to the sup-norm
distance discussed in §2.6. We will restrict dist to SF , in particular
the balls which will appear in the proof are subsets of SF .

Proposition 10.2. For any q P SF pminq

pďaq
and any ε ą 0 there is q1 P

SF ptorq
pďaq

such that distpq, q1q ă ε.

Proposition 10.3. For any a ą 0, any q P SF ptorq
pďaq

and any ε ą 0

there is an H0 such that for each H ą H0 there is a q1 P SF ptor,Hq

p“aq
such

that distpq, q1q ă ε.

Note that the approximation described in Proposition 10.3 needs to
accomplish two goals: approximate a tremor with total mass at most
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a by tremors of total mass exactly a; and do so with a prescribed slit
length H.

Proposition 10.4. For positive constants a and H and any q P SF ptor,Hq

p“aq

the set Uq contains all of SF ptor,Hq

p“aq
.

Proof of Theorem 10.1 assuming Propositions 10.2, 10.3 and 10.4. The

equality SF “ SF ptorq

pďaq is clear from Proposition 10.2. We will prove:

(i) There is q1 P SF for which the orbit Uq1 is dense in SF .
(ii) Any q1 as in (i) satisfies q1 “ tremβpqq for some q P E pminq and

β P C`,erg
q with Lqpβq “ a.

To prove (i), we will use the Baire category theorem. In this
argument we will consider SF as a metric space in its own right, with
respect to the restriction of the metric dist. Since SF is closed and
U -invariant, this is a complete metric space on which the U -action is
continuous. Given ε ą 0 and a compact set K Ă SF , let VK,ε denote
the set of points in SF whose U -orbit is ε-dense in K. By continuity of
the horocycle flow and compactness ofK, one sees that VK,ε is relatively
open. We will show that VK,ε is not empty. To see this, note that by
Proposition 10.2, given a compact K Ă SF and ε ą 0 there is a finite

set F Ă SF ptorq
pďaq

which is ε{2-dense in K. For p P F , let H0 “ H0ppq be

the constant given in Proposition 10.3, where we substitute p for q and
replace ε with ε{2. Let H ą maxpPF H0ppq. Then for each p there is

q1
p P SF ptor,Hq

p“aq
such that distpp, q1

pq ă ε{2. Finally by Proposition 10.4,

for any q P SF ptor,Hq

p“aq
, the closure of Uq contains all of the q1

p. Thus the

orbit Uq comes within distance ε{2 of each p P F and in particular is
ε-dense in K. We have now shown that for any ε ą 0 and K Ă SF ,
VK,ε ‰ H.

We additionally claim that VK,ε is dense for allK compact and ε ą 0.
To see this, first observe that

K Ă K 1 and 0 ă ε1
ă ε ùñ VK,ε Ą VK1,ε1 .

Given x P SF and ε1 ą 0, assume with no loss of generality that ε1 ă ϵ

and apply the preceding statement, to ε1 instead of ε and K 1 def“ KYtxu

instead of K. The U -orbit of any point in VK1,ε1 intersects Bpx, ε1q, and
since VK1,ε1 is contained in VK,ε and is U -invariant, we have found that
VK,ε intersects Bpx, ε1q. Since ε1 was arbitrary, this shows that VK,ε is
dense.

Now let K1 Ă K2 Ă ¨ ¨ ¨ be an exhaustion of SF by compact sets
and ε1 ą ε2 ą ... ą 0 with lim εj “ 0. By the Baire category theorem,
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and since all sets of the form VK,ε are open and dense in SF ,
8
č

n“1

VKn,εn ‰ H.

Clearly, any point in this intersection has a U -orbit which is dense in
SF . We have proved (i).

To prove assertion (ii), recall from (10.1) that SF pďaq is contained
in the set

Spďaq
def
“ ttremβpqq : q P E , β P Tq, |L|qpβq ď au.

Thus q1 is of the form tremβpqq for some q P E and β P Tq with
|L|qpβq ď a. We cannot have q P E ptorq Y E pperq since in both of these
cases Mq would have a horizontal saddle connection of some length H,
hence so would q1, and hence any surface in Uq1 would have a horizontal
saddle connection of length at most H. This would contradict the fact
that Uq1 is dense in SF pďaq. So we must have q P E pminq, and moreover
q has no horizontal saddle connection. Similarly, β is not a multiple
of the canonical foliation cocycle pdyqq, because this would imply via
(4.10) that Uq1 Ă E . In particular Mq is not horizontally uniquely
ergodic.

Let ν1 and ν2 “ ι˚ν1 be the ergodic transverse measures for the
horizontal straightline flow onMq, normalized so that Lqpβiq “ 1, where

βi
def
“ βνi for i “ 1, 2 and write β “ a1β1 ` a2β2 where |a1| ` |a2| ď a.

We can assume with no loss of generality that a2 ě a1. Since β is not
a multiple of pdyqq “ 1

2
ν1 ` 1

2
ν2, we have a2 ą a1. Defining s “ 2a1 and

using (4.17) we get

tremβpqq “ trema1β1`a2β2pqq

“ trem
a1p2hol

pyq
q ´β2q`a2β2

pqq

“ trempa2´a1qβ2pusqq

(10.3)

and this shows that we may replace q with usq and β with pa2 ´ a1qβ2,
which is an element of C`,erg

usq . So we assume that β P C`,erg
q and Lqpβq ď

a. Suppose Lqpβq “ a1 ă a, then writing ρ “ a
a1 ą 1 and letting

q1 “ tremβpqq and q2 “ tremρβpqq P SF pďaq “ Uq1,

Proposition 6.4 implies that

SF pďρaq “ Uq2 Ă Uq1 “ SF pďaq Ă SF pďρaq,

and thus SF pďρaq “ SF pďaq. This contradicts Proposition 8.4, and

hence Lqpβq “ a. We have shown that there is q1 P SF with Uq1 “ SF ,

and moreover q1 must be in SF pminq

p“aq
, proving the theorem. □
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We proceed with the proofs of Propositions 10.2, 10.4 and 10.3. As
we will see now, the main ingredient for proving Proposition 10.2 is
Proposition 3.5.

Proof of Proposition 10.2. By Proposition 4.8, it is enough to show
that for any q in E pminq, any β P Tq, and any ε1 ą 0, there is q1 P E ptorq

and β1 P C`
q1
, such that distpq, q1q ă ε1 and }β ´ β1} ă ε1. Here } ¨ }

is some norm on H1pS,Σ;Rxq, and we identify the cones C`
q and C`

q1
with subsets of this vector space by choosing a marking and using pe-
riod coordinates. We would like to use Proposition 3.5 (iii) and take
q1 “ r´θjq, where r´θj is the rotation of Mq which makes the slit σj
horizontal, and for β1 take the cohomology class corresponding to re-
striction of Lebesgue measure to a torus on Mq1 which is a connected
component of the complement of the horizontal slit; i.e. the rotation of
Aj. It is clear that for large j this choice would fulfill all our require-
ments, except perhaps the requirement that q1 P E ptorq. Namely it could
be the case that the two translation equivalent slit tori which appear
in Proposition 3.5 are periodic in direction θj. If this were to happen,
we recall thatMq1 is presented as two tori glued along a horizontal slit,
but the tori are horizontally periodic, so a small perturbation of these
tori (in the space of tori Hp0q) will make them horizontally aperiodic.
Pulling back to E , i.e. regluing the aperiodic tori along the same slit,
we get a new surface q1

1 which is not horizontally periodic and can be
made arbitrarily close to q1. The cohomology class β1

1 corresponding
to the restriction of Lebesgue measure to one of the two aperiodic tori
can be made arbitrarily close to β1, completing the proof. □

Proposition 10.4 follows from a classical result of Hedlund [H] assert-
ing that any horizontally aperiodic surface has a dense U -orbit in the
space of tori Hp0q – SL2pRq{ SL2pZq.

Proof of Proposition 10.4. Note that each surface q in E ptor,Hq has a
splitting into two translation equivalent tori A1 and A2 glued along a
horizontal slit of length H, and interchanged by the map ι of Propo-
sition 3.1. The two rays in C`,erg

q correspond, up to multiplication by
scalars, to the restriction of the transverse measure pdyqq to each of the

two tori. Thus if we set s “ 2a, then each q1 P SF ptor,Hq

p“aq
is obtained

by a ‘subsurface shear’ of a surface in E ptor,Hq, namely by applying us
to one of the tori Ai and not changing the other torus — see Figures
8 and 9. The reason for taking s “ 2a is that the area of each of the

Ai is exactly 1/2. This description implies in particular that SF ptor,Hq

p“aq

is the image of E ptor,Hq under a continuous map commuting with the
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Figure 8. A surface Mq P E obtained by gluing two
identical horizontally aperiodic tori along a horizontal
slit (in blue).

Figure 9. Applying a tremor in C`,erg
q to Mq amounts

to applying a horocycle shear to one of the two tori. The
resulting surface is not in E . Note that the length of the
slit is unchanged.

U -action. So it suffices to show that the U -orbit of any q P E ptor,Hq is
dense in E ptor,Hq.
We do this by defining a U -equivariant inclusion of Hp0qptorq, the

set of tori that are horizontally aperiodic, into E ptor,Hq, and using the
previously mentioned theorem of Hedlund. Note that any surface in
E ptor,Hq is obtained from a surface Mq1 for q1 P Hp0qptorq by forming two
copies of Mq1 and gluing them along a slit of length H starting at the
marked point (the fact that the surface is aperiodic ensures that the slit
exists). This defines a U -equivariant map Hp0qptorq Ñ E ptor,Hq, which is
continuous when Hp0qptorq is equipped with its topology as a subset of
Hp0q. Thus to complete the proof it suffices to show that any surface
in Hp0qptorq has a U -orbit which is dense in Hp0q — which is Hedlund’s
theorem. □
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10.1. Controlling tremors using checkerboards. In order to prove
Proposition 10.3 we will (among other things) have to deal with the
following situation. Given q P E and β P C`,erg

q , with Lqpβq ă a, we

would like to find a surface Mq1 and β1 P C`,erg
q1 , such that Lq1pβ1q “ a

and tremβpqq is close to tremβ1pq1q. We find q1 close to the horocycle
orbit of q. More specifically, we will choose s so that q0 “ u´sq and
β0 “ β ` s holpyq

q satisfy tremβpqq “ tremβ0pq0q and Lq0pβ0q “ a, and

take q1 close to q0. This transforms our problem into finding β1 P C`,erg
q1

which closely approximates β0 P C`
q0
, where β0 is not ergodic but rather

is a nontrivial convex combination of holpyq
q0

and an ergodic foliation
cocycle.

Controlling such convex combinations is achieved using what we will
refer to informally as a ‘checkerboard pattern’. A checkerboard on a
torus T is a pair of non-parallel line segments σ1 and σ2 on T which
form the boundary of a finite collection of polygons, which can be
colored in two colors so that no two adjacent polygons have the same
color (see Figures 10 and 11). If we equip two identical tori T1, T2
with checkerboard patterns defined by the same lines σ1, σ2, and in
which the colors in the coloring are swapped, we can form a surface
M in E by gluing T1 to T2 in two different ways, namely along each
of the σi. Both of these gluings give the same surface M , but it is
decomposed as a union of two tori glued along a slit in two different
ways (see Proposition 3.2). One decomposition is into the original tori
T1 and T2, and the other is into the unions T 1

1, T
1
2 of parallelograms

of a fixed color. Our interest will be in the ‘area imbalance’ of the
checkerboard, which is the difference between the areas of T1 X T 1

1 and
T2 X T 1

1. Informally, the area imbalance tells us how close these two
decompositions are to each other.

In our application the lines σ1 and σ2 will both be nearly horizon-
tal. Taking the normalized restriction Leb|T 1

1
to one of the tori in the

decomposition M “ T 1
1 Y T 1

2 gives an ergodic foliation cocycle for the
flow in the direction of σ2, and the checkerboard picture shows that
it closely approximates a nontrivial convex combination of the two er-
godic components of the other foliation cocycle, in the direction of σ1,
namely the one coming from the normalized restrictions Leb|T1 ,Leb|T2 .
Controlling the coefficients in this convex combination amounts to con-
trolling the area imbalance parameter, and this will be achieved below
in Lemma 10.6, item (IV).
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Figure 10. A checkerboard: when the σi (drawn in
black) are long and orthogonal, the torus will be par-
titioned into small rectangles of alternating colors. The
difference between the areas occupied by the colors is the
area imbalance.

Checkerboards were originally introduced by Masur and Smillie in or-
der to provide a geometric way to understand Veech’s examples of sur-
faces with a minimal and non-ergodic horizontal foliation, see [MaTa,
p. 1039 & Fig. 7]. We now proceed to a more precise discussion.

Let p P Hp0, 0q be a torus with two marked points ξ1 and ξ2. Let
T “ Tp be the underlying surface. Let σ1, σ2 be two non-parallel saddle
connections on p from ξ1 to ξ2. Let σ̄2 be the segment obtained by
reversing the orientation on σ2, and let σ be the concatenation of σ1
and σ̄2 so that σ is a closed loop on T . We have:

Lemma 10.5. The following are equivalent:

(i) The loop σ is homologous to zero in H1pT ;Z{2Zq.
(ii) It is possible to color the connected components of T∖σ with two

colors so that components which are adjacent along a segment
forming part of σ have different colors.

(iii) For i “ 1, 2 letMi be the surface obtained from the slit construc-
tion applied to σi (as in §3.1). Then M1 and M2 are translation
equivalent.
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Figure 11. A key feature of this checkerboard is that
the non-horizontal black segment crosses the horizontal
segment immediately adjacent to its previous crossing,
leading to strips of equal width and length.

Proof. The equivalence of (i) and (iii) follows from Proposition 3.2. We
now show that (ii) is equivalent to the triviality of the class represented
by σ. Consider the Z{2Z valued 1-cochain Poincaré dual to σ. This
cochain represents a trivial cocycle if and only if it is the coboundary
of a Z{2Z-valued function. Associating colors to the values of such a
function as in Figure 10 we have the checkerboard picture. Specifically
being a coboundary with Z{2Z coefficients means that two regions have
the same color iff a generic path crosses σ an even number of times to
get from one to the other. □

Assume that σ1 and σ2 cross each other an odd number of times
and satisfy the conditions of Lemma 10.5, let A be the area of T and
let A1, A2 be the areas of the regions colored by the two colors in the
coloring in (ii) above, so that A1`A2 “ A. We will refer to the quantity
|A1´A2|

A
as the area imbalance of the subdivision given by σ1, σ2 (note

that when Tp has area one this is the same as |A1 ´ A2|).
We will need the following two lemmas on tori.

Lemma 10.6. Suppose T is a torus for which the horizontal direction
is aperiodic. Given c P r0, 1q, a horizontal segment σ1 on T , and η ą 0,
there is H0 such that for any H ą H0, there is a second segment σ2 on
T joining the two endpoints of σ1 for which the following hold:
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(I) The segments σ1, σ2 on T intersect an odd number of times and
satisfy the conditions of Lemma 10.5;

(II) Let θ P p´π, πq be the direction of σ2. Then |θ| ă η and the
flow in direction θ is aperiodic on T ;

(III) the length of σ2 is in the interval pH, p1 ` ηqHq;
(IV) the area imbalance of σ1, σ2 is in the interval pc ´ η, c ` ηq .

Lemma 10.7. Let T be a horizontally minimal torus, and let σ1 be a

horizontal segment on T . Let σ
pkq

2 be a sequence of straight segments
in T in direction θk ‰ 0, connecting the endpoints of σ1, so that the
loop σ above satisfies the conditions in Lemma 10.5, and satisfying
limkÑ8 θk “ 0. Let T pkq be any one of the two monochromatic regions,
in the checkerboard coloring described in Lemma 10.5(ii). Then for
any piecewise smooth bounded curve γ Ă T , which is transverse to the
horizontal foliation, we have

lim
kÑ8

1

LebpT pkqq

ż

γ

dy|T pkq “
1

LebpT q

ż

γ

dy. (10.4)

We will give the proof of Lemmas 10.6 and 10.7 at the end of this
section. First we conclude the proof of Proposition 10.3 assuming their
validity.

Proof of Proposition 10.3. Let q be as in the statement of Proposition
10.3, that is q is obtained from p P Hp0q with minimal horizontal
foliation, and from parameters H1 ą 0 and s1, s2 P R satisfying

|s1| ` |s2| ď 2a, (10.5)

as follows. First put a horizontal segment σ1 of length H1 on the
underlying torus T “ Tp giving rise to a surface in Hp0, 0q. Then
apply the slit construction described in §3.1 to obtain a surfaceMq0 for
q0 P E ptorq which is a union of two tori T1 and T2 with minimal horizontal
foliations, glued along a horizontal slit of length H1. Rescale so that
this surface has area one, i.e. each Ti has area 1{2. Then for i “ 1, 2,
apply the horocycle shear map usi to Ti, and glue the resulting aperiodic
tori to each other to obtain Mq. In light of the factor 2 appearing in

(10.5), q “ tremβpq0q for β P Tq0 satisfying |L|q0pβq ď a, so q P SF ptorq
pďaq

,

and all surfaces in SF ptorq
pďaq

can be described in this way.

By swapping the roles of T1 and T2, replacing p with u´sp, where
s “ 2a´ ps1 ` s2q, and replacing si with si ` s for some s P R, we can
assume that

0 ď s1 ď s2 and s1 ` s2 “ 2a. (10.6)
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Let

c
def
“
s2 ´ s1
2a

. (10.7)

LetMq0 P E ptorq be the surface constructed as in the above discussion
(starting with T and σ1 as in the paragraph above equation (10.6)).
This means that q “ trems1β1`s2β2pq0q, where βi “ βνi is the coho-
mology class corresponding to the transverse measure νi obtained by
restricting the canonical transverse measure pdyqq0 to the torus Ti, and
the tori are glued along a horizontal slit of length H1. Let U denote
the (dist) ε-ball around q. Our goal is to show that U contains some q1

which is also a tremor of a surface q1
0 P E ptorq, but for which the param-

eters s1 and s2 and the slit length H are prescribed. More precisely
Mq1

0
is built from two minimal tori T 1 and T 2 glued along a horizontal

slit of length H, Mq1 is obtained by applying the horocycle flow u2a to
T 1 and leaving T 2 fixed (since T 1 has area 1

2
this will give a tremor of

total variation exactly a), and we need to carry the construction out
for all H ą H0 where H0 is allowed to depend on U .

We obtain q1
0 as follows. Using Lemma 10.6, we find σ2 satisfying

conditions (I–IV), for η sufficiently small (to be determined below).

Define q1
0
def
“ gq0 where g P SL2pRq is the (unique) composition of a

small rotation and small diagonal matrix, satisfying

g holT pσ2q “ pH, 0q.

By swapping T 1 and T 2 if needed, we will assume

A2 “ Lebpψg´1pT 1
q X T2q ě A1 “ Lebpψg´1pT 1

q X T1q, (10.8)

where ψg´1 : Mq1
0

Ñ Mq0 is the comparison map. Note that in light of
(II) and (III), g is close to the identity in the sense that we can bound
the norm }g ´ Id} with a bound which goes to zero as η Ñ 0, so that
by choosing η small we can make distpq0, q

1
0q as small as we wish.

Recall q is obtained from q0 by shearing the two tori Ti (for i “ 1, 2)
by usi . Define q1 to be the surface obtained from q1

0 by shearing the
torus T 1 by u2a. We now show using (II) and (IV) that by making η
small and H large we can ensure that q1 P U . To see this, we will work
in period coordinates, which by Proposition 2.5 gives the same topology
as dist. We will choose a marking map φ : S Ñ Mq0 and use it to define
an explicit basis for H1pS,Σq, by pulling back a basis of H1pMq0 ,Σq0q.
Then we will show that for all η small enough andH large enough, when
evaluating holq and holq1 on the elements α of this basis, the differences
}holqpαq ´ holq1pαq} can be made as small as we wish. The basis is

described as follows. For i “ 1, 2, let α
piq
1 , α

piq
2 be straight segments in
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Ti generating the homology, so that
!

α
piq
j : i, j “ 1, 2

)

Y tσ̄1u form a

basis for H1pMq0 ,Σq0 ;Zq. We now compute the holonomy vectors of
these elements, corresponding to q and q1.

By the description of q from the preceding paragraph, and since

α
piq
j Ă Ti, we have

holq

´

α
piq
j

¯

“ usiholq0

´

α
piq
j

¯

“ holq0

´

α
piq
j

¯

` si

˜

holpyq
q0

´

α
piq
j

¯

0

¸

(10.9)
and

holq pσ̄1q “ holq0 pσ̄1q . (10.10)

Now let ν 1 be the transverse measure given by restricting the canonical
transverse measure pdyqq1

0
to T 1. Then by the description of q1 from the

preceding paragraph we also have that

holq1

´

α
piq
j

¯

“ holq1
0

´

α
piq
j

¯

` 2a

˜

ν 1

´

α
piq
j

¯

0

¸

(10.11)

and

holq1 pσ̄1q “ holq1
0

pσ̄1q ` 2a

ˆ

ν 1 pσ̄1q
0

˙

. (10.12)

We want to show that by making η small, we can make the difference
between (10.9) and (10.11), as well as the difference between (10.10)
and (10.12), as small as we like.

Let µ1 be the restriction of Lebesgue measure to T 1 so that, in the
notation of Proposition 2.3, we have µ1 “ µν1 , a (positive) measure with
total variation 1

2
. Using the definition of the area imbalance and (10.8),

we see that the area imbalance is 4A2 ´ 1 “ 1 ´ 4A1. This implies

µ1
pTiq “ Ai “

1

4

`

1 ` p´1q
i

¨ area imbalance
˘

pi “ 1, 2q.

Therefore, using equation (10.6), the choice of c in (10.7), along with
(IV), we have

4aµ1
pTiq — a

`

1 ` p´1q
ic
˘

“ a
´s1 ` s2

2a
` p´1q

i s2 ´ s1
2a

¯

“ si,

where by A — B we mean that A can be made arbitrarily close to B by
choosing η small enough. By (II), choosing η small forces θ to be close
to 0, which is a uniquely ergodic direction on Ti. We apply Lemma

10.7, with T “ Ti, γ “ α
piq
j , and with T pkq any sequence of T 1 as above

corresponding to η Ñ 0. We obtain that the second summands on the
right hand sides of equations (10.9) and (10.11) can be made arbitrarily
close to each other by taking η sufficiently small.
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Furthermore, since distpq0, q
1
0q — 0, we have

›

›

›
holq1

0

´

α
piq
j

¯

´ holq0

´

α
piq
j

¯
›

›

›
—
›

›holq1
0

pσ̄1q ´ holq0 pσ̄1q
›

› .

Thus for η small enough we can make the difference between the quan-
tities (10.9) and (10.11) as small as we like. We also have

ν 1
pσ̄1q ď

ż

σ̄1

pdyqq1
0

“ | sinpθq|ℓpσ̄1q,

where ℓpσ̄1q denotes the length of σ̄1. Thus by (II) and (10.12),

}holq1
0
pσ̄1q ´ holq1pσ̄1q} — 0.

Putting these estimates together we see that the difference between
(10.10) and (10.12) can also be made as small as we like. □

Proof of Lemma 10.6. Let T0 be the standard torus R2{Z2, and let

ψ : T Ñ T0

be an affine homeomorphism. Since the horizontal direction is aperiodic

on T , ψ maps σ1 to a segment on σ̂1
def
“ ψpσq on T0 with holonomy

px, αxq for some α R Q and x ą 0. Let ξ1, ξ2 be the endpoints of σ̂1
in T0. We will choose k an even positive integer, and a simple closed
curve ℓ from ξ1 to ξ1, and let σ̂2 be the shortest curve homotopic to
the concatenation of k copies of ℓ, followed by one copy of σ̂1. Also
we will denote σ2 “ ψ´1pσ̂2q. Since k is even, the curve σ of Lemma
10.5 is homologous to an even multiple of ψ´1pℓq and thus (I) holds.
The choice of the curve ℓ corresponds to the choice of pm,nq P Z2 with
gcdpm,nq “ 1. Since α is irrational, the linear form pm,nq ÞÑ mα ´ n
assumes a dense set of values on pairs pm,nq P Z2 with gcdpm,nq “ 1
(see [CE] for a stronger statement). We choose m,n so that

|xpmα ´ nq ´ p1 ´ cq| ă η. (10.13)

We can make this choice withm,n large enough, so that the direction of
ℓ approaches the direction of slope α. Note that for all k, the direction
of σ̂2 is closer to the direction of σ̂1 than the direction of ℓ, and this
means that the direction θ of σ2 is nearly horizontal. Hence for such
pm,nq and all large k, |θ| is small. Because α R Q the slope of σ2 is
irrational and so we have (II). As we incrementally increase k P 2N,
the length of σ̂2 increases by approximately twice the length of ℓ. So
for all large enough H, we can find k so that (III) holds.
We now verify (IV), which requires describing the region and color-

ing given by σ1 and σ2 as in Lemma 10.5. (It may be helpful to consult
Figure 11, which has 15 intersections between the curves, counting the
intial and terminal points, 7 red strips and 6 white strips.) We will
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work in T0 instead of T . The holonomy of σ̂2 is kpm,nq ` px, xαq. The
curves σ̂1 and σ̂2 intersect in k ` 1 points (including ξ1, ξ2) and these
intersection points divide each σ̂i into k equal length pieces. Consec-
utive pieces of the division of σ̂2 bound strips of the coloring given
by Lemma 10.5. So we obtain a region R composed of k ´ 1 strips
of alternating color where each strip is a flat parallelogram with sides
1
k
pkpm,nq ` px, xαqq and 1

k
px, xαq. As k´ 1 is odd, the areas of all but

one of these strips cancel out. This gives that the contribution of R to
the area imbalance of R is equal to the area A of one strip. We have

A “

ˇ

ˇ

ˇ

ˇ

det

ˆ

m ` x
k

x
k

n ` xα
k

xα
k

˙
ˇ

ˇ

ˇ

ˇ

“
|mα ´ n|

k
.

The complement of R has one color and area 1´pk´1qA. This implies
that the total area imbalance is

1 ´ pk ´ 1qA ´ A “ 1 ´ kA “ 1 ´ x|mα ´ n|.

So (IV) follows from (10.13), and the proof is complete. □

Proof of Lemma 10.7. Let µ0 “ 1
LebpT q

Leb be normalized Lebesgue mea-

sure on T . Since we have assumed that T is horizontally minimal, and
minimal straightline flows on tori are uniquely ergodic, µ0 is the unique
Borel probability measure on T invariant under horizontal straightline
flow.

For each k define a measure µk “ 1
LebpT pkqq

(the normalized restriction

of Lebesgue measure to T pkq). We claim that µk converges weak-* to

µ0, as k Ñ 8. Indeed, let Υ
pxq

k ptq denote the image of x P T under
straightline flow in direction θk to time t. We can write µk as a convex
combination of normalized length measures along segments

!

Υ
pxq

k ptq : t P r0, Ss

)

,

for x P σ1 and with S the first return time of x to σ1 along its orbit
in direction θk (that is, segments passing parallel to the long sides in
the parallelograms of the checkerboard pattern). The length of these
segments goes to infinity and their direction becomes more and more
horizontal as k Ñ 8. By unique ergodicity, for any continuous test
function f on T , any ε ą 0, and any sufficiently large S (independent
of x),

ˇ

ˇ

ˇ

ˇ

1

S

ż S

0

f
´

Υ
pxq

0 ptq
¯

dt ´

ż

fdµ0

ˇ

ˇ

ˇ

ˇ

ă
ε

2
,
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and by uniform continuity of f , for any fixed S and all large enough k,
ˇ

ˇ

ˇ

ˇ

1

S

ż S

0

f
´

Υ
pxq

0 ptq
¯

dt ´
1

S

ż S

0

f
´

Υ
pxq

k ptq
¯

dt

ˇ

ˇ

ˇ

ˇ

ă
ε

2
.

Putting these together we get µk Ñ µ0.
We can now recover the integrals appearing in equation (10.4) from

µ0 and µk, as follows. Let γ̄ Ă T denote the image of γ, and let r ą 0
be small enough so that for all large enough k, the maps

γ̄ ˆ r0, rs Ñ T, px, tq ÞÑ Υ
pxq

k ptq

are injective, and their image does not intersect σ1. For k ě 0, let

Ak
def
“

ď

xPγ̄

!

Υ
pxq

k ptq : t P r0, rs
)

.

Then by Fubini’s formula for Lebesgue measure, we have

1

LebpT q

ż

γ

dy “
1

r
µ0pA0q and

1

LebpT pkqq

ż

γ

dy|T pkq “
1

r
µkpAkq.

(10.14)
The Lebesgue measure of BA0 is zero, and hence by weak-˚ convergence,

lim
kÑ8

µkpA0q “ µ0pA0q.

Also, the symmetric difference A0△Ak satisfies µkpA0△Akq ÑkÑ8 0,
as can be shown by an elementary argument which we leave to the
reader. This shows that

lim
kÑ8

µkpAkq “ µ0pA0q.

Together with equation (10.14), this implies equation (10.4). □

11. Non-integer Hausdorff dimension

The purpose of this section and the following one is to prove Theorem
1.9. Throughout this section we use the notation of §10. We briefly
explain the basic idea of the proof. We can think of a neighborhood
of E as being modelled on a neighborhood of the zero section in the
total space of the normal bundle N pEq (see Corollary 3.3). Thus we
can think of SF pďaq as a subset of the total space of N pEq. For all
q P E , the intersection of pN pEqqq with SF pďaq is either a point or

a line segment, contained in the two-dimensional space pNxpEqqq. By

[CHM] the set of q P E , for which this set is not a point has Hausdorff
dimension 4.5.
Obtaining the lower bound is easier, and we use Proposition 11.1

to say that the Hausdorff dimension is at least 4.5 +1. Obtaining the
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upper bound is more involved, occupying §11.2 and §12. We denote
the Hausdorff dimension of a subset A of a metric space X by dimA.
We will use the following well-known facts about Hausdorff dimension
(see e.g. [Fa, Mat]):

Proposition 11.1. Let X and X 1 be metric spaces.

(1) If f : X Ñ X 1 is a Lipschitz map then dimX ě dim fpXq. In
particular, Hausdorff dimension is invariant under bi-Lipschitz
homeomorphisms.

(2) For a countable collection X1, X2, . . . of subsets of X we have
dim

Ť

Xi “ supi dimXi.
(3) Let A and B be subsets of Euclidean space and let X Ă A ˆ B

be such that for all a P A, dimtb P B : pa, bq P Xu ě d. Then

dimX ě dimA ` d. (11.1)

In particular dimpA ˆ Bq ě dimA ` dimB.

Note that when stating Theorem 1.9 we did not specify a metric on
Hp1, 1q. For concreteness one can take the metric to be the metric dist
defined in §2.6, but note that in view of items (1) and (2) of Proposition
11.1, the Hausdorff dimension of a set with respect to two different
metrics on Hp1, 1q is equal, as long as they are mutually bi-Lipschitz
on compact sets. We will use this fact repeatedly.
The next definition fixes an identification of an open set in the stra-

tum with cohomology via period coordinates. This is helpful for work-
ing with the metric dist. Formally, let U Ă H be an open set and
π : Hm Ñ H be the forgetful map of §2.1. In this section, we say that
U is an adapted neighborhood if it is precompact, and there is a trian-
gulation of S such that a connected component of π´1pUq is contained
in Vτ , where Vτ is described in §2.2. Additionally we will say that a
relatively open U Ă E is an adapted neighborhood (in E) if it is the
intersection of an adapted neighborhood in Hp1, 1q, with the locus E .

11.1. Proof of lower bound. We use the notation introduced in §10,
and begin with the proof of the easier half of the theorem.

Proof of lower bound in Theorem 1.9. For each δ ą 0, we will define
a subset X0 Ă SF pďaq, subsets X1 Ă E , X2 Ă R, and a surjective
Lipschitz map f : X0 Ñ X1ˆX2, where dimX1 ě 4.5´δ and dimX2 “

1. The statement will then follow via Proposition 11.1.
Let U Ă Hp1, 1q be an adapted neighborhood, so that we can identify

U with an open subset of H1pS,Σ;R2q. Fix a norm } ¨ } on H1pS,Σ;Rxq

which is invariant under translation equivalence arising from the orb-
ifold group of E , as in Proposition 2.1. According to Corollaries 6.1
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and 8.2, for any q1 P SF pminq

pďaq
there is a unique q “ qpq1q P E pminq and

a unique β “ βpq1q P T p0q
q (up to translation equivalence) such that

q1 “ tremq,β. Define

f̄ : SF pminq

pďaq
Ñ E pminq

ˆ Rě0 by f̄pq1
q
def
“
`

qpq1
q, }βpq1

q}
˘

. (11.2)

Note that because translation equivalences preserve } ¨ } this is well-
defined. By Corollaries 4.5 and 3.3 we have that βpq1q P NxpEq for all
q1, where NxpEq is a flat subbundle.

We claim that by making U small enough, f̄ restricted to U is a
Lipschitz map (where we use the metric arising from dist on the domain
and first summand of the range of f̄). Indeed, by the continuity of the
map in (2.9), and the fact that U is precompact, the metric dist is

bi-Lipschitz to the metric dist1
pq1, q2q

def
“ }holprq1q´holprq2q} arising from

period coordinates and the chosen norm } ¨ } (when rqi P π´1pqiq belong
to some fixed connected lift of U). Furthermore, if U is small enough,
then for the projections introduced in §2.3, we have from Corollary 3.3
that

holpqpq1
qq “ P`

pholpq1
qq and holpβpq1

qq “ P´
pholpq1

qq;

that is, in period coordinates on U , f̄ is obtained by writing a vector in
H1pS,Σ;R2q in terms of its coordinates with respect to the two factors
in a direct sum decomposition, composed with taking the norm on the
second coordinate. This is clearly a Lipschitz map with respect to dist1.

Fix η ą 0 and set

X
pηq

1
def
“

␣

q P E pminq : there is β P T p0q
q with |L|qpβq ď a and }β} “ η

(

,

X0
def
“

!

q1
P SF pminq

pďaq
: qpq1

q P X
pηq

1 , }βpq1
q} ď η

)

,

X2
def
“ r0, ηs,

and define

f : X0 Ñ X
pηq

1 ˆ X2, f
def
“ f̄ |X0 .

Then f is Lipschitz on the intersection of X0 with any compact set,
and the definitions ensure that f is surjective. So it remains to show
that for η ą 0 small enough we have

dimX
pηq

1 ě 4.5 ´ δ. (11.3)

Let

X1 “
␣

q P E pminq : horizontal flow on Mq is not uniquely ergodic
(

.
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Since X1 “
Ť

ηą0X
pηq

1 , by Proposition 11.1 (2) it suffices to show that
dimX1 ě 4.5. This is deduced from work of Cheung, Hubert and Ma-
sur as follows. By the general theory of local cross-sections (see e.g.
[MSY]), the action of the group trθ : θ P S1u on E admits a cross-
section, that is, we can parameterize a small neighborhood in E by
pq, θq ÞÑ rθq, where q ranges over a 4-dimensional smooth manifold V ,
θ ranges over an open set in S1, and the parameterizing map is Bi-
Lipschitz. Thus these coordinates identify a neighborhood in E with a
Cartesian product V ˆ I where I is an interval in S1. It is shown in
[CHM] that V contains a Borel subset A of full measure, such that for
each q P A there is a subset Θq Ă S1 so that for q P A, θ P Θq we have
rθq P X1, and dimΘq “ 0.5. Proposition 11.1, item (1) and formula
(11.1) now imply (11.3). □

Remark 11.2. We remark without proof that the map f̄ introduced in
(11.2) would not be Lipschitz if we defined the second coordinate to be
|L|qpβq. Indeed, if we were to define f̄ in this way and extend it to

tremors of surfaces in SF ptorq
pďaq

, then Proposition 10.3 would show that

f̄ is not even continuous. Also, it is likely that f̄ is not bi-Lipschitz,
and this is part of the challenge in proving the upper bound.

11.2. Proof of upper bound. We now begin the proof of the upper
bound, starting with a brief guide to its proof. In order to cover SF pďaq

efficiently, we will view a subset of this set as lying in a product space,
namely a local trivialization of the bundle N pEq as in the proof of the
lower bound. To efficiently cover SF pďaq in this product space we find
convex sets Ji Ă E so that the fixed-size tremors of points in Ji vary in
a controlled way.

Proposition 11.3 gives an upper bound for the Hausdorff dimension
that fits this strategy. The remainder of this section is devoted to prov-
ing the upper bound assuming this result. We prove the Proposition
in §12.

11.2.1. Preparations for the upper bound: general result for efficient
covers. We begin with our general result for exploiting efficient covers
of convex sets. Let Y Ă Rd and let |Y | denote the Lebesgue measure
of Y . Let N pεqpY q denote the ε-neighborhood of Y , that is N pεqpY q “
Ť

yPY Bpy, εq. The inradius of Y Ă Rd is defined to be the supremum
of r ě 0 such that Y contains a ball of radius r.

Proposition 11.3. Let P1 Ă Rd, P2 Ă R2 be balls. Let Z Ă P1 ˆ P2,
and tZptq : t P Nu be a collection of subsets of P1 ˆ P2, such that for
any T ą 0, Z Ă

Ť8

t“T Zptq. Assume furthermore that there are positive
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constants c1, c2, and δ ă 1 and that for each t P N, Zptq is a finite
disjoint union of sets Xiptq ˆ Yiptq, with Xiptq Ă P1, Yiptq Ă P2, for
which the following hold:

(i) Each Xiptq is contained in a convex set Jiptq such that the Jiptq
are pairwise disjoint, and each has inradius at least c1e

´2t.
(ii) Each Yiptq is a rectangle whose shorter side has length at most

c2e
´2t.

(iii)
ˇ

ˇ

ˇ

Ť

iN pe´2tqpXiptqq

ˇ

ˇ

ˇ
ď c2e

´δt.

Then

dimZ ď d ` 1 ´
δ

5
. (11.4)

To obtain an upper bound on the Hausdorff dimension of SF pďaq,
we will verify the assumptions of Proposition 11.3, with d “ 5. In our
setup, a small adapted neighborhood U Ă E will play the role of a
neighborhood in R5, and the 2-dimensional subspace NxpEq will play
the role of R2.

11.2.2. Preparations for upper bound: transverse systems. In order to
verify hypotheses (i) and (ii) of Proposition 11.3 we need to choose
convex sets in E so that the NxpEq fibers intersected with SF pďaq vary
in a controlled way. To do this, we now get good approximations for
the cone of foliation cocycles which will be constant on our convex
subsets of E . Our strategy will be to define convex regions, on which
the horizontal flow is combinatorially similar up to some fixed time.
Arguments like this are standard when using Rauzy-Veech induction.
In our setup it will be more convenient to use transverse systems, which
we now introduce. The advantage of transverse systems is that they
have a more transparent interaction with the geodesic flow tgtu. See
[MW2, §2] for a related construction.

Let rq P Hm and let Mq be the underlying translation surface. A
transverse system on Mq is a finite collection of disjoint arcs of finite
length which are transverse to the horizontal foliation on Mq, do not
contain points of Σ, and intersect every horizontal leaf (see [MW2,
Fig. 2.1]). The arcs may contain points of Σ in their closure. For
example, if the horizontal foliation on Mq is minimal then σ could be
any short vertical arc not passing through singularities, and if Mq is
aperiodic and ε is an arbitrary positive number, σ could be the union of
vertical arcs of length ε intersecting the horizontal saddle connections,
along with downward pointing vertical prongs of length ε starting at
all singular points (and where the singular points at their extremities
are not considered a part of the prong).
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We now define some structures associated with a transverse system.
We mark one point on each connected component of σ. A σ-almost
horizontal segment is a continuous oriented path ℓ from σ to σ, which
starts and ends at marked points, is a concatenation of an edge along
σ, a piece of a horizontal leaf in Mq ∖ Σq which does not intersect
σ in its interior, and another edge along σ. The orientation of a σ-
almost horizontal segment is the one given by rightward motion along
horizontal leaves. Two σ-almost horizontal segments are said to be iso-
topy equivalent if they are homotopic with fixed endpoints, and where
the homotopy is through σ-almost horizontal segments. Up to isotopy
equivalence there are only finitely many σ-almost horizontal segments.
A σ-almost horizontal loop is a continuous oriented loop which is a
concatenation of σ-almost horizontal segments, where the orientation
of the loop is consistent with the orientation of each of the segments.
We say that a σ-almost horizontal loop is reduced if it intersects each
connected component of σ at most once. With each σ-almost hori-
zontal loop γ we associate a cohomology class βγ P H1pMq,Σq;Rq via
Poincaré duality.

We will need the following:

Lemma 11.4. Let Mq be a surface with no horizontal saddle con-
nections. Then for any transverse system σ, the cohomology classes
corresponding to all σ-almost horizontal loops generate H1pMq,Σ;Zq.

Proof. The union of σ-almost horizontal segments in one isotopy equiv-
alence class is the union of sub-arcs of σ and a topological disc foli-
ated by parallel horizontal segments. The union of these topological
discs gives a presentation of Mq ∖ Σ as a cell complex. We call it the
cell complex associated with σ (see [MW2, §2.4]). This generalizes the
well-known Veech zippered rectangles construction [Ve3]; namely the
zippered rectangle construction arises when σ has one connected com-
ponent which intersects all the horizontal saddle connections of Mq,
and the two endpoints of σ are mapped by the horizontal straightline
flow to singular points in forward time. In the zippered rectangle case,
a proof of the Lemma is given in [Y, §4.5].
Since we have assumed that Mq is horizontally minimal, any open

subinterval σ1 Ă σ can serve as a transverse system. We choose σ1 Ă σ
so that it satisfies the conditions mentioned above, namely, the cell
complex associated with σ1 is a zippered rectangle construction. Since
the σ1-almost horizontal loops are a subset of the σ-almost horizontal
loops, the statement for σ follows from the statement for σ1. □



88 JON CHAIKA, JOHN SMILLIE, AND BARAK WEISS

Given a marking map S Ñ Mq we can think of each βγ as an element
of H1pS,Σ;Rq. We denote by C`

q pσq the convex cone over all of the
βγ, that is

C`
q pσq “ conv pttβγ : γ is a σ-almost horizontal loop on Mq and t ą 0uq .

Note that C`
q pσq is a finitely generated cone. Indeed, if we let L “

Lq,σ denote the reduced σ-almost horizontal loops, then C`
q pσq is the

convex cone generated by βγ, γ P L . Since βγ only depends on the
homotopy class of γ, and there are only finitely many isotopy classes
of σ-almost horizontal segments, this shows the finite generation of
C`
q pσq.
Let C`

q be the cone of foliation cocycles as in §2.5. Clearly, if σ Ă σ1

are transverse systems then C`
q pσq Ă C`

q pσ1q. We have the following
standard fact.

Proposition 11.5. Suppose Mq has no horizontal saddle connections
and let σ1 Ą σ2 Ą ¨ ¨ ¨ be a nested sequence of transverse systems for
the horizontal foliation on Mq, with total length going to zero. Then

C`
q Ă

8
č

n“1

C`
q pσnq. (11.5)

Remark 11.6. In fact we have equality in (11.5). In this paper we only
need the inclusion stated above. The reverse inclusion can be proved
along the lines of [MW2, Proof of Thm. 1.1]; for similar results in the
context of interval exchange transformations and measured foliations
see [Ve2, Lemma 1.5] and [Mos, Theorem 5.1.1] respectively.

Proof of Proposition 11.5. We need to show that C`
q Ă C`

q pσnq for ev-
ery n. We use the Birkhoff ergodic theorem. Take an ergodic invariant
probability measure µ for the straightline flow on Mq, let ν be a trans-
verse measure corresponding to µ as in Proposition 2.3, and let βν be
the corresponding foliation cocycle. Since Mq has no horizontal saddle
connections, ν is non-atomic, the horizontal straighline flow on Mq is
minimal, and C`

q is the convex cone generated by the foliation cocycles
βν arising in this way. Take a horizontal leaf ℓ which lies on a generic
horizontal straightline trajectory for µ. This implies that ℓ intersects
any transverse system infinitely many times. Genericity means that
for a transverse arc γ, νpγq “ limSÑ8

1
S
#pγ X ℓSq, where ℓS is a piece

of the leaf starting at some fixed point on ℓ and of length S (and the
limit exists). Let σ1

n be a connected component of σn which intersects ℓ
infinitely many times. Then we can find a sequence of intersections of
ℓ and σ1

n such that the horizontal lengths of subsegments of ℓ between
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consecutive intersections grow longer and longer. Closing up these seg-
ments along σ1

n gives longer and longer σn-almost horizontal loops, and
taking the Poincaré dual of a renormalized sum of a large number of
them gives a sequence approaching ν (as can be seen by evaluating
these sums on closed loops γ). This implies βν P C`

q pσnq. □

11.2.3. Transverse systems in E and Hp1, 1q. We now specialize to
Hp1, 1q and specify the collection of transverse systems tσnu explicitly.
Recall our convention that singularities for a surface in Hp1, 1q are la-
beled. Each q P Hp1, 1q has two vertical prongs issuing from the first
singular point in a downward direction, and we denote by σ̄t the union
of the corresponding vertical segments of length e´t. On any compact
subset of Hp1, 1q there is a lower bound on the length of a shortest
saddle connection, and so for t large enough the vertical prongs do
not hit singular points and so σ̄t is well-defined. If Mq is horizontally
minimal then each horizontal leaf intersects σ̄t and in particular each
horizontal separatrix starting at a singularity has a first intersection
(as seen along the separatrix) with σ̄t. Denote by ε “ εpq, tq the maxi-
mal length, along σ̄t, of a segment starting at a singularity and ending
at the first intersection of some horizontal separatrix ξ with σ̄t. Let
σ̂t Ă σ̄t be the union of the two vertical prongs taken of length ε. Note
that σ̂t is a transverse system on Mq if Mq is horizontally minimal, but
some non-minimal surfaces have horizontal leaves that miss σ̂t.
Fix an adapted neighborhood U , and recall that by choosing a con-

nected component of π´1pUq, we can equip all q P U with a marking
map (up to equivalence), and this identifies each C`

q with a cone in

H1pS,Σ;Rxq. For those q P U for which Mq has no horizontal saddle
connections, the marking map also determines the cone C`

q pσ̂tq as a

cone in H1pS,Σ;Rxq. We denote it by rC`
q ptq in order to lighten the

notation. Since σ̂t is invariant under the map ι, this identification does
not depend on the choice of the marking map (within its equivalence
class). As in Corollary 3.3 let H1pS,Σ;R2q “ T pEq ‘ N pEq be the
decomposition into ι invariant and anti-invariant classes. By Corollary
4.5, a balanced signed foliation cocycle belongs to NxpEq. As in the
proof of Proposition 3.5, let π̄ : E Ñ Hp0q be the projection which maps
a surface q P E to the torus Mq{xιy, and forgets the marked point (one
of the two endpoints of the slit) corresponding to the second singular
point of Mq.

The area-one condition in the definition of E means that E is not a
linear space. For our proof we will need to cover E by convex subsets,
and in order to make the notion of convexity meaningful we work lo-
cally, as follows. Recall that U Ă E is an adapted neighborhood (in
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E) if it is the intersection of E with an adapted neighborhood in the
stratum. In this case there is a triangulation τ of S such that any
connected component of π´1pUq is contained in the intersection of the
set Vτ (as in §2.2) with the fixed point set of the involution described
in Proposition 3.1, and with the locus of area-one surfaces. Let q P U
and fix a marking map of φ : S Ñ q representing a surface rq P Vτ .
Let Φ “ Φq be the map which sends x P TqpEq to the surface q1 sat-
isfying holprq1q “ cpholprqq ` xq, where rq1 is given by the marking map
determined by φ and τ (see §2.2) and the rescaling factor c is chosen
so that the surface q1 has area one. A convex adapted neighborhood of
q is ΦpWq where W is an open convex subset of TqpEq so that Φ|W
is a homeomorphism onto its image, which is contained in U . When
discussing diameters, convex sets, etc., we will do this with respect to
the linear structure on W . We say that a collection J of convex sub-
sets of a convex adapted neighborhood is a weak convex partition if the
interiors tJ˝ : J P J u are disjoint, and the union of closures

Ť

JPJ J̄
covers all horizontally minimal surfaces in U .

It is clear from definitions that for t P R,
rC`
g´tq

p0q “ g´t

´

rC`
q ptq

¯

. (11.6)

Let rEm “ π´1pEq, and let rEm,t denote the surfaces in rEm which have
no vertical saddle connections of length at most e´t, and for which every
horizontal straightline leaf intersects σ̂t. Note that for these surfaces,

the cone rC`
q ptq is well-defined, that the set of horizontally minimal

marked surfaces in rEm is contained in
Ť

tą0
rEm,t, and that a collection

of horizontally minimal marked surfaces belonging to a compact subset

of rEm is contained in rEm,t for all t small enough. For each t we define

a partition Jt of rEm,t into t-equivalence classes, with the property that
t-equivalent surfaces rq1, rq2 have σ̂t-almost horizontal segments which
are homotopic and have the same intersection pattern with σ̂t.

Let ξ1pqq, . . . , ξkpqq be the paths made by concatenating a horizontal
and vertical segment on Mq as follows. The ξipqq begin from Σ and
move along horizontal separatrices until the first intersection with σ̂t,
and are continued vertically along σ̂t so that they end at points of Σ. In
the situation at hand, of surfaces in Hp1, 1q, we have k “ 8 since there
are four horizontal prongs issuing from each of the two singularities.
By choice of the orientations, we have

holpyq
q pξjpqqq ą 0 for each j. (11.7)

Since σ̂t and the collection of ξjprqq is invariant under the involution
ι, there are two indices j realizing the maximum in the definition of
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εpq, tq, and we permute indices so that ξ2 “ ιpξ1q and

holpyq
q pξ1pqqq “ holpyq

q pξ2pqqq “ max
j

holpyq
q pξjpqqq ď e´t. (11.8)

We add two more segments ξ9, ξ10 which are horizontal continuations
of ξ1, ξ2, starting from the endpoints of ξ1, ξ2 on σ̂t and end at the next
intersection point with σ̂t, and we switch the orientation of ξ9, ξ10 so
that (11.7) continues to hold.

We choose an equivalence class of marking maps rq P π´1pqq. By ι-
invariance we can think of the ξjprqq as representing paths on the topo-
logical marking surface pS,Σq. We say that rq1 and rq2 are t-equivalent
if, possibly after permuting the indices j, for i “ 1, 2 the paths ξjprqiq
represent the same homotopy classes when pulled back to S, (11.7) and
(11.8) continue to hold, and the order of intersections of the ξj with
each connected component of σ̂t is the same.

Recall the cell complex associated with σ̂t, discussed in the proof of
Lemma 11.4. This complex gives a polygon decomposition of Mq into
rectangles, with vertical and horizontal sides being subsegments of σ̂t
and concatenations of some of the ξj. From this it is easy to see that any
σ̂t-almost horizontal segment onMq is homotopic to a concatenation of
some of the ξj. This implies that if rq1, rq2 are t-equivalent then there is a
bijection between the homotopy classes represented by their σ̂t-almost
horizontal segments, which preserves the order in which they intersect
the transverse system.

Note that the definition of t-equivalence only involved the intersec-
tion pattern of certain horizontal and vertical lines on the surface. From
this, and the rescaling properties of the geodesic flow, we obtain the
equivariance property

rq P J P Jt ðñ g´trq P g´tpJq P J0. (11.9)

Lemma 11.7. Let U Ă E be a convex adapted neighborhood, and let
V Ă Em be a connected component of π´1pUq. Then for all large enough
t, the partition

␣

π
`

V X J̄
˘

: J P Jt
(

(11.10)

is a weak convex partition of U . For J P Jt, surfaces in the boundary
J̄∖pJ̄q˝ have horizontal saddle connections, and are either horizontally
non-minimal, or horizontally uniquely ergodic.

Lemma 11.7 gives some geometrical control over the elements of the
partition Jt; and in light of Proposition 11.5, the same partition can
also be used in order to control the direction of foliation cocycles.

Proof. Since U is precompact, there is a lower bound on the length of
a vertical saddle connection of surfaces in U , so for all large enough
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t, U X πprEm,tq contains the set of horizontally minimal surfaces in U .
Since the sets J P Jt give a partition of Em,t, in order to show that
the sets in (11.10) form a weak convex partition of U , we only need to
show that each of the sets in (11.10) is convex, and that the interiors
of these sets are disjoint.

By construction of V and U , the map π|V : V Ñ U is injective,
modulo the local group, and for each q P U we denote by rq its pre-
image in V . Then rq1 belongs to the t-equivalence class J of rq if the
following hold:

‚ all horizontal leaves on the underlying surface Mq1 intersect the
transverse system σ̂t;

‚ formulas (11.7), (11.8) hold for q1 (possibly up to permutation);
‚ for all i, j,

hol
pyq

rq pξiq ą hol
pyq

rq pξjq ðñ hol
pyq

rq1 pξiq ą hol
pyq

rq1 pξjq. (11.11)

The first of these conditions holds if the horizontal foliation on Mq1 is
minimal, which holds for a dense set of surfaces. Conditions (11.7) and
(11.11) involve inequalities between holonomies and thus give convex
conditions in period coordinates. Therefore the set pJ̄q˝ is precisely the
set of surfaces satisfying the inequalities in (11.7) and (11.11). This
implies that the sets tJ̄ : J P Jtu are convex, and their interiors tpJ̄q˝ :
J P Jtu are disjoint.
For the last assertion, let q P J̄ ∖ pJ̄q˝. Then on Mq there are

two ξi, ξj with the same vertical holonomy; their concatenation gives a
horizontal saddle connection. Applying the translation automorphism
ι we get at least two horizontal saddle connections on Mq, and now
results about surfaces in eigenform loci, summarized in [BSW, Thm.
7.13], show that there are three possibilities for the horizontal foliation:
Mq could have a horizontal cylinder decomposition, could be made of
two horizontally minimal tori glued along a slit, or could be horizontally
uniquely ergodic. □

We note that the first assertion in Lemma 11.7 remains true, with
a very similar proof, if E is replaced by any G-invariant locus, and
σ̂t is replaced with any transverse system satisfying the equivariance
property (11.9). We now use the additional structure of E in order
to state and prove bounds on the objects associated with a transverse
system.

Lemma 11.8. Let U Ă E be a convex adapted neighborhood, let Jt
be the partitions as in Lemma 11.7, let K1 Ă Hp0q be compact, and
let a ą 0. If q P U X E pminq is horizontally minimal then there are
positive constants c1 and c2 (depending on q) such that if t ą 0 satisfies
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g´tπ̄pqq P K1 (where π̄ : E Ñ Hp0q is the projection defined at the
beginning of §11.2.3), then the following hold:

(a) The length of each σ̂t-almost horizontal loop is at least c1e
t, and

the inradius of J is at least c1e
´2t, where J P Jt is the partition

element containing q.

Suppose furthermore that q is not horizontally uniquely ergodic, let
P´ be the projection onto the orthocomplement of involution invari-

ant classes as in §2.3, and let rC`
q ptq “ C`

q pσ̂tq as above. Then

(b)

P´
´!

β P rC`
q ptq : Lqpβq ď a

)¯

(11.12)

is contained in a rectangle with diameter in the interval rc1, c2s.
(c) The rectangle in (b) can be chosen so that one of its sides has

length bounded above by c2e
´2t.

Proof. In order to obtain the bounds in (a), note that the existence of a
short σ-almost horizontal segment implies the existence of a short sad-
dle connection. Note also that the transverse system σ̂t is the preimage
under π̄ of a transverse system σ0 on the torus π̄pMqq. Using the affine
comparison map ψg´t corresponding to g´t as in §2.4, we can consider
the image of this transverse system on g´tπ̄pqq. If g´tπ̄pqq P K1 there
exists c1

1 depending only on K1 so that any almost-horizontal loop,
with respect to a transverse system of bounded length, has length at
least c1

1. Considering the effect of the map ψ´1
g´t

, we obtain the required
lower bound on the length of a σ̂t-almost horizontal segment on Mq.
Now take some lower bound c2

1 for the inradius of an element J in the
partition J0, satisfying π̄ ˝ πpJq X K1 ‰ ∅. Such a lower bound exists
because K1 is compact and the collection J0 is locally finite. By (11.9),
we can pull back to Jt using gt and use (2.12) to obtain the lower bound
of c2

1e
´2t on the inradius of elements of Jt. Taking c1 “ minpc1

1, c
2
1q we

obtain (a).
We now prove assertion (b). Note that here c1, c2 are allowed to

depend on q. The continuity of Lq, the fact that rC`
q ptq is a finitely

generated convex cone, and the fact that Lqpβq ą 0 when β is a σ-

almost horizontal loop, imply that the set
!

β P rC`
q ptq : Lqpβq ď a

)

is

compact. Hence so is the set appearing in (11.12). Boundedness follows
from the properness of the metric dist. Since q admits an essential

tremor, there is β0 P rC`
q for which P´pβ0q ‰ 0 and this implies the

lower bound in (b).
The proof of (c) combines the upper bound in (b), the effect of renor-

malization by the flow gt, and the fact that the action of gt preserves



94 JON CHAIKA, JOHN SMILLIE, AND BARAK WEISS

the Lebesgue measure on NxpEq, the real part of the normal bundle.
In the proof of (c) we will write A ! B if A and B are two quantities
depending on several parameters and A ď CB for some constant C
(the implicit constant) independent of these parameters. In this proof
the implicit constant is allowed to depend on q but not on t.

It follows from Proposition 2.2 and Corollaries 3.3 and 4.5, that
the projection P´ is defined over Q. This implies that P 1 maps the

lattice of Z-points H1pS;Zxq to a sublattice Λ in NxpE ,Zq
def
“ NxpEq X

H1pS,Σ;Zq.
LetMt be the underlying surface of g´tq and denote by ψt :Mq Ñ Mt

the affine comparison map defined in §2.4. Let L pqq and L pg´tqq
denote respectively the set of reduced σ̂t- (resp., ψtpσ̂tq-) almost hor-
izontal loops on q (resp., on g´tq). By Lemma 11.4, for L equal to
either of L pqq and L pg´tqq, we have that tβγ : γ P L u contains a
basis of H1pS;Zq, and hence the projection P´ ptβγ : γ P L uq gener-
ates Λ. Let Ψt be the map q ÞÑ g´tq. By choosing a marking map
φ : S Ñ Mq and using ψt ˝ φ as a marking map for Mt, this induces a
map Ψ̄t : H

1pS,Σ;R2q Ñ H1pS,Σ;R2q. Since the map ι of Proposition
3.1 commutes with the map ψt, the map P´ commutes with Ψt, and
hence we have the following diagram:

H1pS,Σ;Rxq – TqU H1pS,Σ;Rxq – Tg´tqH

NxpEq NxpEq

Ψ̄t

P´ P´

Ψ̄t|NxpEq

The preceding discussion shows that Ψ̄tpΛq “ Λ, and therefore
ˇ

ˇdet
`

Ψ̄t|NxpEq

˘
ˇ

ˇ “ 1. (11.13)

Similarly to (11.6), we have an equivariance relation

L pqq “ Ψ̄´1
t pL pg´tqqq.

Also, as in Proposition 6.2, we have that for β P Tq, if we set β1 def“ Ψ̄tpβq

then Lg´tqpβ
1q “ e´tLqpβq. This gives

P´
´!

β P rC`
q ptq : Lqpβq ď a

)¯

“Ψ̄´1
t ˝ P´

˝ Ψ̄t

´!

β P rC`
q ptq : Lqpβq ď a

)¯

“Ψ̄´1
t ˝ P´

´!

β1
P rC`

g´tq
p0q : Lg´tqpβ

1
q ď e´ta

)¯

ĂΨ̄´1
t

`␣

β2
P NxpEq : }β2

} ! e´ta
(˘

,
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where the bound in the last inclusion follows from Proposition 6.7 and
Lemma 8.3, and the fact that π̄pg´tqq P K1 and on compact sets, the
metric dist is bi-Lipschitz to any norm in period coordinates. Thus,
using (11.13), the set in the left hand side of (11.12) is a convex subset
of NxpEq of area ! e´2t. On the other hand, by (b), it contains a vector
of length " 1. This means that it is contained in a rectangle whose
small sidelength is ! e´2t, as claimed. □

11.2.4. Preparations for proving the upper bound: Nondivergence esti-
mates. Masur’s criterion states that if the vertical foliation on a surface
Mq is not uniquely ergodic then gtq Ñ 8 as t Ñ 8. In this paper we
are dealing with horizontal foliations so we have that if the horizontal
foliation on Mq is not uniquely ergodic then g´tq Ñ 8 as t Ñ 8; i.e.,
the backward trajectory eventually leaves every compact set. The fol-
lowing result gives (for a fixed surface) an upper bound for the measure
of directions in which the orbit has escaped a large compact set by a
fixed time.

Proposition 11.9 (Athreya). For any stratum H there is δ ą 0, and
a compact subset K Ă H such that for any compact set Q Ă H and
any T0 ą 0 there is C ą 0 so that for all q P Q and all T ą 0, we have

ˇ

ˇ

␣

θ P S1 : @t P rT0, T0 ` T s, g´trθq R K
(
ˇ

ˇ ď Ce´δT .

The formulation given above is stronger than the statement of [At,
Thm. 2.2]. Namely, in [At], the constant C is allowed to depend on q,
while we claim that C can be chosen uniformly over the compact set Q.
One can check that the stronger Proposition 11.9 follows from the proof
given in [At]. Alternatively, one can derive it from [AAEKMU, Prop.

3.7]. Indeed, in the notation of [AAEKMU], set δ “ 2
3
, a ă 2´ 5

2 C
´ 3

2
1

and C “ a´2T0Cpxq, and note that Cpxq is uniform when x ranges over
a compact set, and for N ą 2T0

t
we have

Z

ˆ

XďM , N, 1,
2

3

˙

Ą tq : αpgtqq ď M for all T0 ď t ď Nu.

Remark 11.10. Proposition 11.9 is convenient for our covering argu-
ments because if we take a compact set K 1 whose interior contains K,
and slightly larger, and if g´tq R K 1 for all t P rT0, T ` T0s ,then for q1

in a small neighborhood of q we have g´tq
1 R K for all t P rT0, T ` T0s.

Applying Proposition 11.9 to K 1 we have exponential decay (in T ) of
the measure of a neighborhood of the set we are covering.

11.2.5. Proof of upper bound. We now prove the upper bound, assum-
ing Proposition 11.3, which will be proved in the next section.
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Proof of the upper bound in Theorem 1.9. We divide the argument into
steps.

Step 1: Reduction to SF pminq

pďaq
X NUE.

For each H0 ą 0, the set
Ť

HďH0
E ptor,Hq is a proper submanifold of

E with boundary (in the closure we pick up surfaces made of identi-
cal periodic tori glued along an embedded slit). On

Ť

HďH0
E ptor,Hq, if

β P T p0q
q satisfies |L|qpβq “ s, the map pq, sq ÞÑ tremβpqq performs sym-

metric horocycle shears in opposite directions corresponding to us and
u´s on the two tori which are connected components of the comple-
ment of the slit. Therefore this map is locally Lipschitz for the metric
coming from any norm in period coordinates, and as in the proof of
the lower bound (see the discussion of the map f̄), this means it is
locally Lipschitz for dist. Thus by Proposition 11.1, taking the union
over all H0 P N, the subset of SF pďaq consisting of tremors of surfaces

in E ptorq Y E pperq has Hausdorff dimension at most 5. So we need only
bound the Hausdorff dimension of the set of surfaces tremβpqq where
q is horizontally minimal and non-uniquely ergodic, i.e., bound the di-
mension of the essential tremors in SF pďaq. Note that by Lemma 11.7,
the collections of such surfaces is covered by the sets tpJ̄q˝ : J P Jtu
for all sufficiently large t.
Step 2: A countable cover. In light of Proposition 11.1(2), it is

enough to cover SF pďaq by countably many subsets, and give a uni-
form upper bound on the Hausdorff dimension of each. The count-
able collection we will use, which is denoted below by Z, exhausts the

set of essential tremors SF pminq

pďaq
X NUE, and depends on several pa-

rameters: the adapted subset in E containing the surface q for which

tremβpqq P SF
pminq

pďaq
, the return time under g´t to a certain compact set

K 1, and constants coming from Lemma 11.8.
To make this precise, define

E 1 def
“ tq P E :Mq admits an essential tremoru,

and write H for Hp1, 1q. Let δ ą 0 and K Ă H be a compact set as
in Proposition 11.9. We assume with no loss of generality that δ ă 1.
Let dist be the metric of §2.6 and let

K 1 def
“ tq P Hp1, 1q : distpq,Kq ď 1u.

By Proposition 2.5, K 1 is compact.
We can cover E 1 with countably many convex adapted neighbor-

hoods with compact closures. Given such a convex adapted neigh-
borhood U Ă E , and given a parameter T0 ą 0, let C “ CpU , T0q
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be as in Proposition 11.9 with Q
def
“ U . If q P U X E 1 and β P T p0q

q ,
there are c1 “ c1pqq, c2 “ c2pqq so the conclusions of Lemma 11.8 are
satisfied. Masur’s criterion [MaTa] applied to the horizontal foliation
of Mq implies that the trajectory tg´tq : t ą 0u is divergent, and in
particular, there is T1pqq such that for all t ě T1pqq, g´tq R K 1. For
each U in the above countable collection, each T0 P N, and each c P N
with c ě CpU , T0q eδT0 , let Z “ ZpU , T0, cq denote the set of tremors

tremβpqq where q P U X E 1 and β P T p0q
q satisfy the bounds

|L|qpβq ď a, T1pqq ď T0, c2pqq ď c, c1pqq ě
1

c
.

Then in light of Proposition 11.1(2) it suffices to show that

dimZ ď 6 ´
δ

5
. (11.14)

Step 3: Applying Proposition 11.3.
Let K1 Ă Hp0q be a compact set so that for each q P Hp0q for which

the horizontal foliation is aperiodic, the set of return times tt P N :
g´tq P K1u is unbounded. The choice of K1 ensures that for any T ą 0,

Z Ă
ď

tPN, těT0

Zptq,

where

Zptq
def
“

␣

tremq,β P Z : q P U X E 1, β P T p0q
q , g´tπ̄pqq P K1

(

and π̄ : E Ñ Hp0q is as in §3.2. Let

Xptq
def
“ tq P Z X E 1 : g´tπ̄pqq P K1u.

We now check that all the conditions of Proposition 11.3 are satisfied.
We first check (iii). By (2.12) and the definition of K 1 we see that for

any q0 P N pe´2tqpqq and t ě T1pq0q we must have g´tq0 R K. Thus if µE
denotes the flat measure on E , Proposition 11.9 and a Fubini argument
show that for each t P N,

µE

´

N pe´2tq
ptq P U X E 1 : T1pqq ď T0uq

¯

ď CeδT0 e´δt, (11.15)

where C “ CpU , T0q.
We now check conditions (i) and (ii). Using Lemmas 11.7 and 11.8,

for each t define finitely many convex sets Jiptq of inradius at least

c1e
´2t which cover Xptq and for which the map q ÞÑ rC`

q ptq is constant
on Jiptq, and set

Xiptq
def
“ Xptq X Jiptq
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and

Yiptq
def
“

ď

qPXiptq

P´
´!

β P rC`
q ptq : Lqpβq ď a

)¯

.

With these definitions, it follows from Lemma 11.8 (with c2 “ c “

1{c1) that all conditions of Proposition 11.3 are satisfied and the result
follows. □

12. Effective covers of convex sets

In this section we prove Proposition 11.3. First, we briefly outline
the idea of the proof. The main difficulty is to find efficient covers of
Ť

iXiptq by small balls of a fixed radius. If the intersection of a ball
with one of the sets Jiptq appearing in (i) has significant measure, it will
contribute significantly to our cover, and it follows from (iii) that the
number of such balls is not too large (see (12.7)). The subset of

Ť

iXiptq
not covered by such balls requires more work, and in particular, the
key technical result Corollary 12.3.

In this section the notation |A| may mean one of several different
things: if A Ă Rd then |A| denotes the Lebesgue measure of A. Let Sd´1

denote the d´ 1 dimensional unit sphere in Rd, then for A Ă Sd´1, |A|

denotes the measure of A with respect to the unique rotation invariant
probability measure on Sd´1. If A Ă Rd ˆ Sd´1, then |A| denotes the
measure of A with respect to the product of these measures.
The next Proposition contains the main geometric idea, and implies

Corollary 12.3 via standard covering arguments for Euclidean spaces.
The Proposition provides power law savings for the measure of the
subset of a convex set K for which the ball centered at such a point
intersects K in small measure.

Proposition 12.1. For any d ě 2 there are positive constants c, C,
depending only on d, such that for any compact convex set K Ă Rd

with inradius R ą 0, and any ε P p0, 1q, the set

Kpεq def
“

␣

x P K : |Bpx, εRq X K| ď cpεRq
d
(

satisfies
ˇ

ˇKpεq
ˇ

ˇ ď Cε2|K|.

We briefly discuss the proposition and its proof. Observe that the
condition of being inKpεq is more restrictive than being near the bound-
ary of K. For example, if K is a line segment then Kpεq is empty for
small enough ε. It turns out to be useful to think of convex sets in two
dimensions, and the main idea of the proof is to reduce the problem to a
two-dimensional statement via polar coordinates. The two-dimensional
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case is proved by comparing the measure of a ‘bulk’ (which is denoted
by K 1 in the proof) to a quantity that bounds Kpεq.

Since the statement of Proposition 12.1 is invariant under homoth-
eties, we can and will assume that R “ 1. For ψ P Sd´1, and x P Rd,

let τψpxq
def
“ tx ` sψ : s P Ru be the line through x in direction ψ, and

let
Kpεq

pψq
def
“

␣

x P Kpεq : |τψpxq X K| ă ε
(

.

Lemma 12.2. For any d ě 2 there is a positive constant c so that for
any ε P p0, 1q, there is ψ P Sd´1 such that

ˇ

ˇKpεq
pψq

ˇ

ˇ ě

ˇ

ˇKpεq
ˇ

ˇ

2
. (12.1)

Proof. Let c “ 1
2d`2d

, and suppose x P Kpεq, so that |Bpx, εq X K| ď cεd.

For each θ P Sd´1, we write

Tθpxq “ |τθpxq X K| and ρpθq “ supts ą 0 : x ` sθ P Ku.

Then maxpρpθq, ρp´θqq ě
Tθpxq

2
. Computing the volume of Bpx, εq XK

in polar coordinates, we have

cεd ě |Bpx, εq X K| “

ż

Sd´1

ż ρpθq

0

rd´1dr dθ

ě
1

2

ż

Sd´1

ż

Tθpxq

2

0

rd´1drdθ ě
1

2d`1d

ż

Sd´1

Tθpxq
ddθ.

So by Markov’s inequality and the choice of c,

|tθ P Sd´1 : Tθpxq ă εu| ě
1

2
. (12.2)

Now consider the set

A
def
“

␣

px, θq P Kpεq
ˆ Sd´1 : Tθpxq ă ε

(

.

From (12.2) and Fubini we have
ˇ

ˇKpεq
ˇ

ˇ

2
ď |A| “

ż

Sd´1

ˇ

ˇKpεq
pθq

ˇ

ˇ dθ.

Thus for some ψ P Sd´1 we have (12.1). □

Proof of Proposition 12.1. Let e1, . . . , ed denote the standard basis of
Rd and let p0 be a point for which Bpp0, 1q Ă K. Applying a rotation
and a translation, we may assume that p0 “ 0 and ψ “ ed, where ψ is as
in Lemma 12.2. We will make computations in cylindrical coordinates,
i.e. we will consider the sphere Sd´2 as embedded in span pe1, . . . , ed´1q

and write vectors in Rd as rθ`zed. In these coordinates, d-dimensional
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Lebesgue measure is given by αrd´2 dr dθ dz, where dθ is the rotation
invariant probability measure on Sd´2 and α “ αd´1 is a constant. For
each θ P Sd´2, define

ρθ “ suptr P R : rθ P Ku and fθprq “ |τedprθq X K| ,

i.e., fθprq is the length of the intersection with K of the vertical line
through rθ. Let

K 1
“ K X

"

rθ ` zed : r P

„

ρθ
3
,
2ρθ
3

ȷ*

.

Since K is convex, the function fθ is concave, and since Bp0, 1q Ă K,
fθp0q ě 1. This implies that whenever rθ`zed P Kpεqpedq, r ě p1´εqρθ.
Furthermore, whenever rθ ` zed P K 1 we have fθprq ě 1

3
. Clearly

fθprq ď ε whenever there is z for which rθ ` z P Kpεq, and hence

ˇ

ˇKpεq
pedq

ˇ

ˇ ď α

ż

Sd´2

ż ρθ

p1´εqρθ

εrd´2dr dθ

ďαε

ż

Sd´2

ż ρθ

p1´εqρθ

ρd´2
θ dr dθ “ C 1αε2

ż

Sd´2

ż

2ρθ
3

ρθ
3

rd´2dr dθ

ďC 1αε23

ż

Sd´2

ż

2ρθ
3

ρθ
3

fθprqr
d´2dr dθ “ 3C 1ε2|K 1

|,

where

C 1
“

3d´1pd ´ 1q

2d´1 ´ 1
.

Since K 1 Ă K, we have shown
ˇ

ˇKpεq
pedq

ˇ

ˇ ď 3C 1ε2|K|. (12.3)

Now taking C “ 6C 1, recalling that ψ “ ed, and combining Lemma
12.2 with (12.3) we obtain the desired result. □

Let NpA,Rq denote the minimal number of balls of radius R needed
to cover A Ă Rd.

Corollary 12.3. For any d ě 2 there exist positive constants c̄, C̄ so
that if K Ă Rd is a convex set with inradius R then the set

Kpε,c̄q def
“ tx P K : |Bpx, εRq X K| ă c̄ |Bpx, εRq|u (12.4)

satisfies

N
`

Kpε,c̄q, εR
˘

ď C̄ |K| ε2´dR´d.
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Proof. LetKpεq, c, C be as in Proposition 12.1, and let c̄ be small enough
so that

c̄ |Bpx, εRq| ă c
´ε

2
R
¯d

.

This choice ensures that if x P Kpε,c̄q and y P B
`

x, ε
2
R
˘

then y P Kpε{2q;

i.e., B
`

x, ε
2
R
˘

Ă Kpε{2q. Let B1, . . . , BN be a minimal collection of balls

of radius εR which cover Kpε,c̄q and have centers x1, . . . , xN in Kpε,c̄q.
Then for each i,

ˇ

ˇBi X Kpε{2q
ˇ

ˇ ě
ˇ

ˇB
`

xi,
ε
2
R
˘ˇ

ˇ “ κεdRd for a constant κ
depending on d. By the Besicovitch covering theorem (see e.g. [Mat,
Chap. 2]), each point in Kpε,c̄q is covered at most Nd times, where Nd

is a number depending only on d. Therefore,

NκεdRd
“

N
ÿ

i“1

ˇ

ˇ

ˇ
B
´

xi,
ε

2
R
¯ˇ

ˇ

ˇ
ď

N
ÿ

i“1

ˇ

ˇBi X Kpε{2q
ˇ

ˇ

ďNd

ˇ

ˇKpε{2q
ˇ

ˇ ď NdC
ε2

4
|K|,

where we used Proposition 12.1 for the last inequality. Setting C̄ “
NdC
4κ

we obtain the required estimate. □

We are now ready for the

Proof of Proposition 11.3. For each t P N we will find an efficient cover

of Zptq by balls of radius e´p2` δ
2qt, from which we will derive the Haus-

dorff dimension bound. We will lighten the notation by writing N̂pP, tq

for N
´

P, e´p2` δ
2qt

¯

.We will continue with the notation A ! B used in

the proof of Lemma 11.8, and write A — B if A ! B and B ! A. In this
proof the implicit constant is allowed to depend on d, c1, c2, δ, P1, P2.
We claim that

N̂pZptq, tq ! epp2` δ
2qpd`1q´ δ

2qt. (12.5)

To prove (12.5), we will find an efficient cover for each setXiptq and each

Yiptq, and combine them. By assumption (ii), N̂pYiptq, tq ! ep2` δ
2qt e

δ
2
t “

ep2`δqt for each i. Indeed, the first term in this product comes from cov-
ering the long side, of length ! 1, and the second term is needed for
covering the short side of length ! e´2t. So it suffices to show

ÿ

i

N̂pXiptq, tq ! epp2` δ
2qd´δqt. (12.6)

With the notation of (12.4) define

J 1
iptq

def
“ J

ˆ

e´ δ
2 t,c̄

˙

i .
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We will consider the sets X̄iptq “ Xiptq ∖ J 1
iptq and Xiptq X J 1

iptq sepa-
rately, finding efficient covers for each. If x P X̄iptq then

ˇ

ˇ

ˇ
B
´

x, e´p2` δ
2qt

¯

X Jiptq X N pe´2tqpXiptqq

ˇ

ˇ

ˇ

—

ˇ

ˇ

ˇ
B
´

x, e´p2` δ
2qt

¯ˇ

ˇ

ˇ
— e´dp2` δ

2qt.
(12.7)

Let
!

B
piq
j

)

j
be a minimal collection of balls of radius e´p2` δ

2qt centered

at points in X̄iptq needed to cover X̄iptq. By the Besicovitch covering

theorem, the collection
!

B
piq
j

)

has bounded multiplicity, i.e. for each

x and i, #
!

j : x P B
piq
j

)

! 1. Since the Jiptq are disjoint, the collec-

tion Bt “

!

B
piq
j X Jiptq

)

i,j
is also of bounded multiplicity. Taking into

account (12.7), we have

ÿ

i

N̂
`

X̄iptq, t
˘

! #Bt ! edp2` δ
2qt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

i

N pe´2tq
pXiptqq

ˇ

ˇ

ˇ

ˇ

ˇ

piiiq
! epdp2` δ

2q´δqt.

(12.8)

We also have from Corollary 12.3 (with R “ e´2t and ε “ e´ δ
2
t) that

ÿ

i

N̂ pJ 1
iptq, tq !

ÿ

i

e
δ
2

pd´2qt e2dt|Jiptq|

!epp2` δ
2qd´δqt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

i

Jiptq

ˇ

ˇ

ˇ

ˇ

ˇ

! epp2` δ
2qd´δqt.

(12.9)

Combining the estimates (12.8) and (12.9), we obtain (12.6), and thus
(12.5).

We now prove (11.4). Let

s ą d ` 1 ´
δ

5

and set

s1 def
“
δ

2
´

ˆ

2 `
δ

2

˙

¨
δ

5
ą 0 (12.10)

(where we have used δ ă 1). We need to show that for any η ą 0,
we can cover Z by a collection of balls B of radius at most η, so that
ř

BPB diampBqs ! 1. To this end, choose T so that e´p2` δ
2qT ă η. For

each t ě T let Bt be a collection of N̂pZptq, tq balls of radius e´p2` δ
2qt
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covering Zptq and let B “
Ť

t Bt. Then by (12.5) we have
ÿ

BPB
diampBq

s
!

ÿ

těT

N̂pZptq, tqe´p2` δ
2qst

!
ÿ

těT

epp2` δ
2qpd`1q´ δ

2
´p2` δ

2qpd`1´ δ
5qqt “

ÿ

těT

e´s1t
ÑTÑ8 0.

So for large enough T we have our required cover. □

13. Atomic transverse measures

In this section we complete the proofs of Proposition 4.1 and Corol-
lary 4.4. We recall that in §4.2, these results were already proved in
a special case (namely assuming (4.11), that the transverse measure is
absolutely continuous), and that this special case is sufficient for the
proofs of Theorems 1.5, 1.8 and 1.9. In this section we give a more
robust treatment that does not assume absolute continuity.

We note that in the literature there are several different conventions
regarding atomic transverse measures. Recall from the second para-
graph of §2.5 that in this paper, atomic transverse measures can only
be supported on loops of a certain kind. As we will now see, these loops
arise on boundaries of cylinders, but also arise as ‘ghosts of departed
cylinders’, that is loops comprised of finitely many horizontal saddle
connections, which are not boundaries of cylinders, but might represent
core curves of cylinders on nearby surfaces. We first define these loops
precisely, and then give our definition of atomic transverse measures,
and the associated cohomology classes. For defining the latter, we will
need to introduce ‘decorations’ of atomic transverse measures. It will
become evident in the course of the proof of Proposition 4.1 that our
definition is a useful and natural one.

We say that a finite, cyclically ordered collection of horizontal saddle
connections δ1, . . . , δt forms a loop if the right endpoint of δi is the left
endpoint of δi`1 (addition mod t). Any singular point ξ P Σ of degree
a, is contained in a neighborhood Uξ naturally parameterized by polar
coordinates pr cos θ, r sin θq, for 0 ď r ă r0 and θ P R{p2πpa ` 1qZq,
where r “ 0 corresponds to ξ (see [BSW, §2.5]). If ξ P Σ is a right
endpoint of δi and a left endpoint of δi`1, we can parameterize the
intersections of δi, δi`1 with Uξ using polar coordinates, and the i-th
turning angle is the difference in angle between δi and δi`1. The turning
angle is well-defined modulo 2πpa ` 1qZ and is an odd multiple of π.
We say that the loop is continuously extendable if for each i the i-
th turning angle is ˘π, and we say a continuously extendable loop is
primitive if whenever we have a repetition δi “ δj, i ‰ j, we must have
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that the turning angle at both of the endpoints of δi differs in sign from
that of δj. Thus on each surface there are only finitely many primitive
continuously extendable loops. One source of continuously extendable
loops, are cylinders on nearby surfaces; see Figures 12 and 13.

Figure 12. In the 3-cylinder surface on the left, the
dotted line represents a thin cylinder. Collapsing it gives
rise to a continuously extendable loop. The presentation
of the same surface on the right helps show how the con-
tinuously extendable loop arises as a limit.

Figure 13. This is the surface obtained by collapsing
the middle cylinder in Figure 12. The union of all hor-
izontal saddle connections on the resulting surface is a
continuously extendable loop. The half-circles extending
this curve to the punctured surface are shown. This ex-
tended curve is the ‘ghost of the departed cylinder’ from
Figure 12.

Recall from §2.5 that a non-atomic transverse measure is a collection
of non-atomic finite measures tνγu indexed by finite-length transverse
arcs γ Ă M ∖ Σ, satisfying the invariance and restriction condition.

By a closed horizontal leaf on M we mean a loop contained in one
leaf of the horizontal foliation on M ∖ Σ. Given a closed horizontal
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leaf λ, and a finite length transverse arc γ, the number of intersection

points #pλ X γq is finite, and we define measures θ
pλq
γ by

θpλq
γ pAq

def
“ #pλ X Aq.

It is clear that the collection of measures
!

θ
pλq
γ

)

satisfies the invari-

ance and restriction conditions. Now given a primitive continuously
extendable loop ℓ, obtained as a concatenation of horizontal saddle
connections δ1, . . . , δt (possibly with repetition), and a finite length
transverse arc γ, the number of intersection points #pδi X γq is again

finite for each i, and we define a collection of measures
!

θ
pℓq
γ

)

by

θpℓq
γ pAq “

t
ÿ

i“1

#pδi X Aq. (13.1)

For each γ let ν
patq
γ denote the restriction of νγ to its atoms, and let

νpatq def
“

␣

νpatq
γ

(

, νpnaq
γ

def
“ νγ ´ νpatq

γ and νpnaq def
“

␣

νpnaq
γ

(

.

Here is the definition of transverse measures which we will use in this
paper.

Definition 13.1. A transverse measure (to the horizontal foliation on
M) is a family of measures tνγu, indexed by finite length transverse
arcs in M ∖ Σ, such that

‚ The non-atomic part νpnaq satisfies the invariance and restric-
tion conditions given in §2.5;

‚ there are at most finitely many primitive continuously extend-
able loops ℓr, at most finitely many closed horizontal leaves λs,
and positive weights ar, bs such that the atomic part νpatq satis-
fies that for each transverse arc γ,

νpatq
γ “

ÿ

r

arθ
pℓrq
γ `

ÿ

s

bsθ
pλsq
γ . (13.2)

Our next goal is to define the cohomology class βν P H1pMq,Σq;Rq

associated with a transverse measure ν, extending the assignment given
in Proposition 2.3 to atomic transverse measures with atoms. To this
end, given a continuously extendable loop ℓ “ pδ1, . . . , δtq, a continuous
extension ℓ̌ of ℓ is a continuous closed curve homotopic to ℓ with all its
points in S∖

Ť

ξPΣ Uξ, which is the same as ℓ outside the neighborhoods
Uξ, and such that for each i, the intersection of δi, δi`1 with Uξ is
replaced with a curve on BUξ corresponding to r “ r0 and θ in an
interval of length π. See Figure 13. If λ is a closed horizontal leaf on
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Mq, we let λ̌ denote the corresponding curve oriented from left to right

in the direction of increasing x coordinate. Both ℓ̌ and λ̌ are closed
oriented loops avoiding Σq, and thus represent elements of H1pM ∖
Σq. By Poincaré-Lefschetz duality, these loops represent elements of
H1pM,Σ;Rq, which we will denote by

“

ℓ̌
‰

,
“

λ̌
‰

.
We would like to use these cohomology classes in order to define

the cohomology class associated with an atomic transverse measure. A
complication is that the objects defined above are not uniquely deter-
mined by the measure.

Example 13.2. We list some examples which are related to lack of
uniqueness in our discussion above.

(1) If ξ P Σ is a removable singularity (singularity of order 0) and
δi, δi`1 are horizontal saddle connections which meet at ξ and
are consecutive along an extendable loop ℓ, there are two pos-
sibilities for a continuous extension ℓ̌, corresponding to taking
angles `π or ´π for the i-th turning angle.

(2) If Mq has a horizontal cylinder C, λ1 and λ2 are two parallel

closed horizontal leaves in the interior of C, we have
“

λ̌1
‰

“
“

λ̌2
‰

(as elements of H1pMq ∖ Σqq). Moreover, if h ą 0 is
the height of C and νC is the restriction of Lebesgue measure
to C and βC is the cohomology class corresponding to νC as in
Proposition 2.3, then rλis “ 1

h
βC . Finally, the class rλis can also

be obtained from the two continuously extendable loops forming
the top and bottom boundary of C.

(3) Two different surfacesMq1 ,Mq2, each with a horizontal cylinder
C1 Ă Mq1 , C2 Ă Mq2, can be deformed into a surface Mq on
which the height of the cylinders Ci has been taken to zero.
This results in the same continuously extendable loop ℓ on Mq,
for which the Ci on Mqi correspond to two different continuous

extensions ℓ̌1, ℓ̌2. Such examples can be found using imaginary
Rel deformations of horizontally periodic surfaces, see [McM3].
In Figure 14 we show an example giving the same ℓ as in Figure
13, via a different cut and paste operation involving cylinders.

In order to deal with the lack of uniqueness exhibited in these exam-
ples, we will make the following definition.

Definition 13.3. Let ν “ νpnaq ` νpatq be a transverse measure, let
pℓrq, pλsq, parq, pbsq be as in (13.2), and for each ℓr, let ℓ̌r be a continuous
extension of ℓr. We refer to the quintuple

“

ν, pℓ̌rq, pλsq, parq, pbsq
‰

as a

decorated transverse measure. The quadruple
“

pℓ̌rq, pλsq, parq, pbsq
‰

will
be referred to as a decoration of ν.
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Figure 14. The figure on the left is another 3-cylinder
surface obtained by deforming the surface in Figure 13.
This deformation creates another cylinder. The solid line
in the figure on the right represents the corresponding
continuously extendable loop.

We now define the cohomology class βν̄ P H1pMq,Σq;Rq associated

with a decorated transverse measure ν̄ “
“

ν, pℓ̌rq, pλsq, parq, pbsq
‰

. The

reader should note that whereas the definition of νpnaq involves con-
structing an explicit cochain, we will only give βν̄patq as a cohomology
class.

Let ν “ νpnaq ` νpatq be the decomposition of ν into its non-atomic
and atomic parts. As explained in §2.5, νpnaq determines a 1-cochain
βνpnaq P H1pMq,Σqq. We define

βν̄patq

def
“

ÿ

ar
“

ℓ̌r
‰

`
ÿ

bs
“

λ̌s
‰

and βν̄
def
“ βνpnaq ` βν̄patq .

As reflected by the notation, the reader will notice that this depends
not only on ν but also on the choice of its decoration ν̄. Nevertheless
we will sometimes abuse notation by writing βν instead of βν̄ . Clearly
we have equality when ν is non-atomic or when the atomic part νpatq

is supported only on closed horizontal leaves, and not on continuously
extendable loops.

Recalling from §4.1.2 that Lqpβνq is our notation for the evaluation

of the cup product holpxq
q Y βν̄ on the fundamental class of Mq, the

reader can check that

Lqpβν̄patqq “
ÿ

r

ar|ℓr| `
ÿ

s

bs|λs|, (13.3)

where |ℓr|, |λs| denote respectively the horizontal length of ℓr and λs.
In particular, this number does not depend on the decoration ν̄ of ν.
In addition, the positivity property Lqpβνq ą 0 (see the first paragraph
of §4.1.2) extends to foliation cocycles arising from atomic transverse
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measures, and we have a continuity property

νn
weak´˚
ÝÑ ν8 ùñ Lqpβνnq

nÑ8
ÝÑ Lqpβν8

q, (13.4)

where by weak-˚ convergence we mean weak-˚ convergence of the cor-
responding measures on each closed transverse finite length arc.

Let α ÞÑ βνpαq be the evaluation map. It is clear from the definition
in §2.5, that if ν is non-atomic and α is represented by a concatenation
of horizontal saddle connections, then βνpαq “ 0. With our definition
of βν , we also have βνpαq “ 0 if ν is atomic and α is a cycle represented
by a closed horizontal leaf, because the leaf may be homotoped away
from horizontal saddle connections. However it is possible to have
continuously extendable loops α and ℓ such that for the decorated
atomic foliation cocycle βν associated with ℓ̌ we have βνpαq ‰ 0.

In case α is represented by an oriented horizontal saddle connection
onMq, ℓ̌ is the continuous extension of a continuously extendable loop ℓ
onMq which has a nontrivial intersection with α, and ν̄ is the decorated

transverse measure corresponding to ℓ̌, then the tremor qs
def
“ tremsβν̄ pqq

will not be defined for all s. Indeed, using (4.9), for s0 “ ´ L

rℓ̌spαq
, where

L is the (oriented) length of α, we would have holqs0 pαq “ p0, 0q, which
is impossible. For instance, in Figure 13, this situation will arise if
α is the class represented by the horizontal saddle connections in the
middle of the diagram. This shows why the requirement in Proposition
4.13 that the tremor is non-atomic, is essential.

Remark 13.4. We do not define a version of a TCH for atomic trans-
verse measures (note the assumption of non-atomicity in Proposition
5.1). There is a natural surgery, associated with a decorated atomic
transverse measure, in which the surface is cut along a continuously ex-
tendable loop ℓ and reglued after a twist. One can show that for limits
as in Figures 13 and 14 this discontinuous map is the pointwise limit of
cylinder twists, which are the corresponding TCH’s on nearby surfaces.
Furthermore, in some cases, including those shown in the figures, for
small enough values of the twist parameter, this map coincides with a
real Rel deformation.

13.1. Refining an APD. Our discussion of atomic transverse mea-
sures will rely on the construction in §4.2. Recall from §4.2 that an
APD for q is a polygon decomposition of the underlying surface Mq,
into triangles and quadrilaterals, without horizontal edges, and such
that the quadrilaterals contain a horizontal diagonal. We consider all
edges of an APD as open, i.e., they do not contain their endpoints. In
order to pay attention to atomic measures, we further subdivide each
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edge of an APD into finitely many subintervals by removing the points
that lie on horizontal saddle connections. We will denote by Ji these
open intervals lying on edges of an APD. We will refer to an APD
whose edges have been additionally subdivided as above, as a refined
APD. For each i, each polygon P with Ji Ă BP , and each x P Ji, we
define the opposite point oppP pxq as in §4.2.

Let J “ Ji0 for some i0, J Ă BP , and let J 1 “ oppP pJq. Then J 1 is
a union of either one or two of the intervals Ji, for i ‰ i0, depending
on whether a point of J has an opposite point in Σ. In the former
case we set J0 “ J and in the latter case we set J0 to be one of the
two components of J ∖ opp´1

P pΣq and we replace J 1 with oppP pJ0q.
With these definitions oppP |J0 : J0 Ñ J 1 is a bijection. Note that each
endpoint of J lies on a horizontal saddle connection or in Σ, and each
endpoint of J0 is either an endpoint of some Ji or lies on an infinite
critical leaf.

We say that a transverse measure ν onMq does not charge extendable
loops if all of the atoms of ν lie on closed horizontal leaves. That is, in
(13.2), the collection pℓsq is empty. We now extend Proposition 4.10 to
such measures:

Proposition 13.5. Let Mq be a translation surface equipped with a
refined APD. The map which sends a transverse measure on Mq to
its restriction to the edges of the refined APD, is a bijection between a
system of finite measures νJ on the edges of the refined APD, satisfying
the invariance property (4.12), and transverse measures which do not
charge extendable loops.

Proof. If ν is a transverse measure which does not charge extendable
loops, then it assigns a measure to each of the intervals J, J 1, J0, and
by our condition that any atoms lie on closed horizontal leaves, the
restriction to J has the same mass as the restriction to J0. The mea-
sures will be denoted by νJ , νJ 1 , νJ0 . Their non-atomic part satisfies the
invariance property (4.12) by Proposition 4.10, and their atomic part

is a finite combination of measures θ
pλq
γ , and these measures are easily

seen to also satisfy (4.12).
Conversely, suppose we are given a collection of finite measures νJ

on the edges J as above, satisfying the invariance property. Since an
infinite leaf has an accumulation point in one of the J , by the invariance
property, any atoms of the measures νJ lie on closed horizontal leaves.
The points of Mq lying on horizontal saddle connections are not in
any of the J ’s, and thus we can reconstruct from the νJ a transverse
measure which does not charge extendable loops. □
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13.2. Beginning the proof of Proposition 4.1. We will use the
same proof strategy as in §4.2. Namely, we will use refined APD’s to
describe transverse measures as measures on the edges of the APD, and
discuss what happens to measures when taking limits. In this section,
we will have to be more careful in treating limits of atomic measures.
We will give the proof in three stages, each dealing with a more general
case.

Proof of Proposition 4.1 under two simplifying assumptions. We will prove
the Proposition under two extra hypotheses, given below as equations
(13.5) and (13.8). Let rqn Ñ rq and βn Ñ β be as in the statement of
the Proposition, let qn “ πprqnq, q “ πpqq be the projections to H, and
letMqn ,Mq be the underlying surfaces. As in §4.2, we can assume that
rqn and rq are represented by marking maps φn Ñ Mqn , φ : S Ñ Mq

such that φn ˝ φ´1 is piecewise affine with derivative tending to Id as
n Ñ 8. Choose a refined APD for q, and let K Ă Mq denote any one
of the intervals J, J 1, J0. We will sometimes use the same notation K
to refer to the corresponding arc on Mqn given by φn ˝φ´1pKq. By our
choice of marking maps, K is a straight segment which is a subset of
an edge of the same triangulation φnpτq, on each of the surfaces Mqn ;
thus this inaccuracy should cause no confusion. Clearly we can pass to
convergent subsequences in the course of the proof, and we will do so
several times below.

Our first simplifying assumption is

each βn is equal to βνn for some transverse measure νn

which does not charge extendable loops.
(13.5)

Let ν
pnq

K denote the measure on K given by the pushforward of νn|K
under φ ˝ φ´1

n , more precisely it should be pφ ˝ φ´1
n q˚pνφn˝φ´1pKqq but

I thought this was overkill. and denote the total variation of ν
pnq

K by

m
pnq

K . This number can be expressed as the evaluation of βn on a path
σ “ σK from singular points to singular points that is a concatenation
of K with segments contained in horizontal leaves. Since βn Ñ β, we

have m
pnq

K ÑnÑ8 mK “ βpσq. Let rK “ φ´1pKq Ă S. Since K is open

and not horizontal, rK has a natural compactification K̄ in which we

add bottom and top endpoints xbK , x
t
K to rK. Note that we consider K̄

abstractly, and not as a subset of S. Because the ν
pnq

K do not charge

extendable loops, each measure ν
pnq

K can be viewed as a measure on
the compact interval K̄, assigning mass zero to endpoints. Passing to

further subsequences, we can assume each sequence
´

ν
pnq

K

¯

n
converges
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to a measure νK̄ on K̄ such that νK “ νK̄ |K . We have

mK “ νK̄pK̄q “ νKp rKq ` ebK ` etK , (13.6)

where we call the numbers

ebK
def
“ νK̄ptxbKuq, etK

def
“ νK̄ptxtKuq

the escape of mass parameters to endpoints. We can concretely express
the eb,tK by subdividing K into two half-intervals Kb, Kt whose common
endpoint is an interior point of K which has zero measure under νK .
In these terms

ebK “ lim
nÑ8

ν
pnq

K pKb
q ´ νKpKb

q (13.7)

(and this limit does not depend on the decomposition K “ Kb YKt).
Since the collection of measures tνKu satisfies the invariance prop-

erty, where all atoms that appear lie on closed horizontal leaves, it
defines a transverse measure which does not charge extendable loops,
and we let β1 be the corresponding cohomology class.

Our second simplifying assumption is that there is no escape of mass,
i.e.

all the numbers eb,tK are equal to 0. (13.8)

Using the fact that βn does not charge extendable loops, for each
edge E of the APD we have:

βpEq Ð βnpEq “
ÿ

K

m
pnq

K Ñ
ÿ

K

mK “
ÿ

K

νKp rKq “ β1
pEq,

where the sum ranges over open intervals K Ă E covering all but
finitely many points of E, and the first equality follows from formulas
(13.6) and (13.8). In this case we have shown that β “ β1 corresponds
to a transverse measure, and we are done. This establishes the state-
ment under our simplifying assumptions (13.5) and (13.8). □

13.3. Using boundary-marked surfaces. We continue under as-
sumption (13.5) but without assuming (13.8). That is, the measures

νn do not charge extendable loops, but some of the eb,tK are positive,
and the limit measures have atoms on the horizontal saddle connec-
tions at the endpoints of K. In order to treat this case, we will need to
record additional information about the invariance property satisfied
by the measures νK̄ . Informally, if we have escape of mass to a point ξ
which is either a singularity, or the intersection of a horizontal saddle
connection with an edge of the refined APD, we will want to record
the angular sector of length π at ξ, bounded by horizontal sides, to
which the mass escaped. Recording this additional information will
give rise to continuous extensions of extendable loops. More precisely,
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after passing to subsequences, the information encoded in the numbers
eb,tK will yield a limiting transverse measure as in Definition 13.1 and a
decoration as in Definition 13.3.

In order to formalize this, it will be useful to use boundary-marked
surfaces (see [BSW, §2.5]). Let Š Ñ q̌ be a blown-up marked version
of the marked surface S Ñ q. Let ξ P Σ and recall that q̌ replaces
ξ with a circle parameterized by an angular variable θ taking values
in R{p2pa ` 1qπZq, where a is the order of ξ. Each θ will be called
a prong at ξ which can be thought of as the tangent direction of an
infinitesimal line segment of angle θ mod 2πZ ending at ξ. The in-
finitesimal line is horizontal if and only if θ P πZ. In a similar way
we can blow up nonsingular points of S, replacing them with a circle
parameterized by R{2πZ, and thus talk about the prongs at a regu-
lar point (this corresponds to a singularity of order a “ 0). For each
k P Z{p2pa ` 1qπZq, and each ξ, two prongs at ξ are called bottom-
adjacent (resp. top-adjacent) if their angular parameter belongs to the
same interval rkπ, pk ` 1qπs with k even (resp. odd), and adjacent if
they are either bottom- or top-adjacent. For example, two horizontal
prongs corresponding to two saddle connections meeting at a singular
point ξ on a bottom component of the boundary of a horizontal cylin-
der are bottom-adjacent to each other, and are also bottom-adjacent
to any prong moving upward from ξ into the interior of the cylinder.

By definition of an APD, at each ξ and each k, there is at least one
edge E with an endpoint in pkπ, pk ` 1qπq. We have compactified the
line segments K corresponding to J, J0, J

1 as above by abstract points
xbK , x

t
K , and these points map to points in Š by continuously extending

the embedding rK Ñ Š. We will denote these points in Š by their
angular parameters θb,tK and call them prongs of the APD. Any point
which is a regular point on the surface rq, and which is on the interior
of an edge J (in the above notation, points of J ∖ J0), will only be the
endpoint of one top prong and one bottom prong, and the adjacency
classes of these prongs will be singletons. In order to keep the notation
consistent we will still refer to these endpoints as prongs, although we
do not need to mark these points or blow up rq at these points.

Since the APD contains no horizontal segments, θb,tK R πZ. Note that
for k even (resp. odd), all prongs of the APD with angular parameter
in pkπ, pk`1qπq are of form θbK (resp. θtK). In the preceding discussion
(see formula (13.7)), we have associated to each of these prongs an

‘escape of mass’ quantity eb,tK .

Claim 13.6. (1) The weights of prongs of the APD only depend on
their adjacency class. More precisely, if K,K 1 are edges of the
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APD with bottom- (resp. top-) adjacent prongs θbK , θ
b
K1 (resp.

θtK , θ
t
K1) then ebK “ ebK1 (resp. etK “ etK1).

(2) For any horizontal saddle connection σ, let ξ1, ξ2 in S be con-
secutive points of σ lying on edges of the APD (the ξi could
either be singular points or interior points of edges of the APD

which are endpoints of subintervals K). For i “ 1, 2, let θ
pσq

i

represent the two prongs of σ at ξi, and let Ki (resp. Li) be
intervals with prongs at ξi which are part of the APD, such that

θKi
(resp. θLi

) is bottom- (resp. top-) adjacent to θ
pσq

i . See
Figure 15. Then

ebK1
` etL1

“ ebK2
` etL2

. (13.9)

(3) If a horizontal prong adjacent to θb,tK is on an infinite critical

leaf then eb,tK “ 0.

K1

K2

L1

L2

σξ1 ξ2

Figure 15. If σ is a horizontal saddle connection pass-
ing through a polygon P in a refined APD, then the total
mass lost to the intersection points of σ with edges of P
is the same.

Proof of Claim 13.6. Because adjacent prongs are in the same pkπ, pk`

1qπq interval of direction, they are exchanged by oppP and so statement
(1) follows from (13.7) and the invariance property (4.12) which the

measures ν
pnq

K satisfy. To see (2), note that the assumption that ξi are
consecutive along σ means that K1, L1 are both subintervals of an edge
of the APD, and similarly for K2, L2, where the two edges are edges of
one polygon P , and with

oppP pK1q “ K2 and oppP pL1q “ L2.

By (13.7) we have

ebKi
` etLi

“ lim
nÑ8

´

ν
pnq

Ki
pKb

i q ` ν
pnq

Li
pLt

iq

¯

´
`

νKi
pKb

i q ` νLi
pLt

iq
˘
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for each i, and (13.9) follows from the invariance property of each of

the ν
pnq

K on Kb
1 , L

t
1, K

b
1 Y Lt

1.
For (3), any critical leaf ℓ intersects some interval J of the APD in

its interior infinitely many times. If eb,tK ‰ 0 for a prong θb,tK adjacent to
a prong defined by an endpoint of ℓ, we obtain infinitely many atoms
in the interior of J , and by the invariance property, they all have the
same νJ -mass. This contradicts the finiteness of the measure νJ . △

We can now interpret extendable loops for boundary-marked sur-
faces using our notion of adjacency: an extendable loop ℓ is a loop
formed as a concatenation of saddle connections which are bottom- or
top-adjacent either bottom-adjacent or top-adjacent at each of their
endpoints. Moreover, if one of these saddle connections passes through
a singular point of order zero, a continuous extension ℓ̌ of ℓ specifies a
particular adjacency class. Thus each meeting point ξ of consecutive
horizontal saddle connections δi, δi`1 along a continuous extension ℓ̌ of
extendable loop ℓ represents an adjacency class at ξ and we say that ℓ̌
represents this class. A primitive extendable loop can represent a given
adjacency class at most once. By item (1) of Claim 13.6, the escape

of mass parameters eb,tK assign numbers eA to each bottom/top adja-
cency class A. The following claim shows that these numbers can be
expressed in terms of extendable loops (and in fact, explicit continuous
extensions of these loops).

Claim 13.7. There is a finite collection pℓ̌sq of continuous extensions
of primitive extendable loops and finitely many positive real numbers bs
such that for each adjacency class A,

eA “
ÿ

ℓ̌s represents A

bs. (13.10)

Proof of Claim 13.7. The proof is by induction on the number of
adjacency classes A for which eA ‰ 0. When this number is zero, we
can take s “ 0 and the claim holds vacuously. Choose the adjacency
class A1 for which

eA1 “ minteA : eA ą 0u.

For the induction step, we will show that Mq contains a primitive ex-
tendable loop, such that all the adjacency classes A represented by this
loop satisfy eA ě eA1 . To see this, let δ1 be an outgoing (i.e., right-
pointing) prong in A1. According to item (3) of Claim 13.6, δ1 is the

initial point of a horizontal saddle connection δ1. Let Ab,t
2 be the two

adjacency classes of the terminal point of δ1. Then according to (13.9),

at least one of eb,t
Ab,t

2

is positive, and hence is bounded below by eA1 .
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We label this adjacency class A2, choose δ2 to lie on an outgoing prong
representing A2. Continuing, we find consecutive saddle connections
δ1, δ2, . . ., with turning angles ˘π, whose endpoints represent adjacency
classes Ai for which eAi

ě eA1 . Eventually an adjacency class must be
represented twice along this sequence, which means that some subset
δi0 , . . . , δj0 of consecutive loops in δ1, δ2, . . . forms an extendable loop
ℓ, with eAi

ě eA1 for each i. The adjacency classes eAi
equip ℓ with a

continuous extension ℓ̌. We define

b
def
“ minteAi

: i0 ď i ď j0u.

Replacing eAi
with eAi

´ b for each i P ti0, . . . , j0u we have a new
collection with a smaller number of adjacency classes for which eA ‰ 0.
We can apply the induction hypothesis to this new collection, and
obtain our statement by induction. △

Proof of Proposition 4.1 under one simplifying assumption. We continue
with the notation used above, and we assume (13.5) but not (13.8). We
have that β “ limnÑ8 βn is a limit of cohomology classes corresponding
to transverse measures which do not charge extendable loops, and β1 is
the cohomology class corresponding to the limiting transverse measure
on the interior of edges of the refined APD (see the paragraph before
equation (13.8)).

We now show
β ´ β1

“
ÿ

s

bs
“

ℓ̌s
‰

, (13.11)

where the ℓ̌s and bs are provided by Claim 13.7. Indeed, it is enough
to check this identity by evaluating on the paths α “ σK introduced
in the paragraph above (13.6), since such paths represent cycles which
generate H1pMq,Σqq. For such paths, (13.11) is immediate from (13.6)
and (13.10). Equation (13.11) completes the proof of Proposition 4.1,
under the assumption that the βn do not charge extendable loops. □

13.4. Limits of extendable loops. Our next goal is to remove as-
sumption (13.5). To this end we prove the following Proposition, which
is another special case of Proposition 4.1:

Proposition 13.8. Suppose rqn Ñ rq is a convergent sequence of marked
translation surfaces, corresponding to marking maps φn, φ. Suppose νn
is an atomic transverse measure of the form anθ

pℓnq on Mqn , where
an ą 0, ℓn is a primitive continuously extendable loop, and θpℓnq is a
collection of measures on transverse arcs as in (13.1). For each n let
ℓ̌n be a continuous extension of ℓn and let βn P H1pS,Σ;R2q be the
corresponding cohomology classes corresponding to anℓ̌n. Assume that
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βn Ñ β. Then there is a decorated transverse measure ν̄ on Mq such
that β “ βν̄.

Proof. Let rqn Ñ rq be marked translation surfaces as in the preceding
discussion, corresponding to marking maps φn, φ, which are chosen so
that the transitions φn ˝φ´1 are piecewise affine and map the edges of
an APD on Mq to edges of a triangulation on each Mqn . Let M̌qn , M̌q

be their boundary-marked versions; as before, these blow-ups allow us
to speak of each of the adjacency classes represented by ℓ̌n, on all of
the surfaces M̌qn , M̌q. Passing to a subsequence we can assume that

the cyclically ordered list of adjacency classes represented by ℓ̌n is the
same for all n. We can also assume that an Ñ a for some a ě 0.

Case 1. Along a subsequence, the total horizontal length of ℓn is
bounded on Mqn . In this case, we will show that after passing to a
subsequence:

(i) for all n, the continuous extensions φ´1
n pℓ̌nq are homotopic to

each other rel Σ;
(ii) if a “ 0 then the measures νn converge to 0.
(iii) there is a decorated atomic transverse measure ν̄ on Mq, sup-

ported on a continuously extendable loop whose extension is
also homotopic to ℓ̌n, such that β “ βν̄ .

On Mq there are only finitely many saddle connections of a bounded
length. Using the blown-up translation surface structure, each of them
is uniquely determined up to orientation with its initial prong. Each

of the saddle connections δ
pnq

i comprising ℓn is a horizontal saddle con-
nection of bounded length on each Mqn , and the corresponding prongs
converge to those on the boundary-marked surface M̌q. This implies
that up to taking subsequences, we can assume that for all large enough
n1, n2, the number of saddle connections comprising ℓn1 is the same as

that for ℓn2 , and for every i, the segments φ´1
n1

pδ
pn1q

i q, φ´1
n2

pδ
pn2q

i q are
homotopic to each other on S rel Σ. This means that for all large n,
the φ´1

n pℓnq are homotopic to each other, and after passing to a subse-
quence, (i) holds. We denote the homology classes represented by the
eventual value of φ´1

n pℓ̌nq by ℓ̌8.
Given our refined APD on Mq, we see that in Case 1, the number

of intersection points of φ ˝ φ´1
n pℓnq with each edge of each polygon is

bounded above by a number independent of n. It follows from (13.1)
that the total mass of the pushforward pφ ˝ φ´1

n q˚θ
pℓnq to each edge of

the APD is bounded above, uniformly in n. From this (ii) follows.
In particular, in proving (iii), we can assume a ą 0, and we can

replace each νn by
1
an
νn to assume that νn “ θpℓnq. We see from (i) that
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βn “ rℓ̌8s is a constant sequence. We now show that on Mq, the loop

φpℓ̌8q is homotopic to a continuous extension of an extendable loop.

Note that for each i, the path δ1
i
def
“ φ ˝ φ´1

n pδiq is a limit of horizontal
saddle connections of bounded length on nearby surfaces, so is either
homotopic to a horizontal saddle connection, or to a concatenation
of several horizontal saddle connections. Passing to subsequences we
can assume that on Mq, δ

1
i is homotopic rel Σ to a concatenation of

horizontal saddle connections δ1
i,1, . . . , δ

1
i,j for some j “ jpiq ě 1, and

we need to show that the turning angle at the terminal endpoints of
each of the saddle connections δi,r is ˘π. This is clear if r “ jpiq,
because the terminal prong at δi,jpiq is the terminal prong of δ1

i and
is represented by the extendable loop φ´1

n pℓnq. If 1 ď r ă jpiq then
on the surface Mqn , the terminal endpoint of φn ˝ φ´1pδi,rq is nearly

on the interior of δ
pnq

i , is either slightly below it or slightly above it,
and is not very close to other singular points. Passing to subsequences
we can assume that for all i, j, the direction from which φn ˝ φ´1pδi,rq

approaches the interior of δ
pnq

i is the same for all n. This shows that
φpℓ̌8q is homotopic to the continuous extension of an extendable loop
on Mq, which we denote by ℓ̌.

Define ν “ θpℓq, and let ν̄ be its decoration by ℓ̌. We find that

ν “ lim
nÑ8

pφ ˝ φ´1
n q˚νn and βν̄ “ rφ̌´1

pℓqs “ rℓ̌8s “ lim
nÑ8

βn.

This completes the proof in Case 1.

Case 2. The total length of ℓn is a sequence tending to infinity as
n Ñ 8.

For each edge K of the refined APD on Mq fixed above, we continue
to denote its image under φn ˝ φ´1 by K, repeating our plea to the
reader to overlook this inaccuracy. With this notation the measures
pνnq|K can all be considered as measures on the same interval K. Let

NnpKq
def
“ #pℓn X Kq, and Nn

def
“ max

K
NnpKq.

Then in Case 2 we have Nn Ñ 8. Since the cohomology classes βn
converge, the sequence of numbers Lqnpβnq is bounded, and using (13.3)
we find that

a “ lim
nÑ8

an “ 0. (13.12)

Fix an edge K of the refined APD and simplify notation by writing

ηn
def
“ pνnq|K . If NnpKq is a bounded sequence, then the measure θ

pℓnq

K

is bounded, and hence by (13.12), the sequence of measures ηn tends
to 0.
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Now suppose

NnpKq Ñ 8. (13.13)

Passing to a subsequence (same subsequence for all K), we have that
the measures pηnq converge to a limit measure η8 “ η8pKq (perhaps
with a smaller mass than the liminf of the masses of ηn), and the

measures pηnq also determine the escape of mass parameters eb,tK via
formula (13.7). In order to complete the proof, following the preceding
strategy strategy used in Case 1, it suffices to prove the following:

(a) The measures η8 do not charge extendable loops, and the corre-
sponding system of measures pη8pKqqK satisfies the invariance
property.

(b) The numbers eb,tK satisfy the conclusions of Claim 13.6. In par-
ticular, they depend only on the adjacency class represented
by the bottom and top prongs of K respectively, and thus all
adjacency classes A of the refined APD are assigned numbers
eA.

(c) the collection peAqA satisfies the conclusion of Claim 13.7.

Here η8 and eb,tJ correspond respectively to the non-atomic and
atomic part of the limiting transverse measure.
To see that the measures η8 do not charge extendable loops, recall

that the interval K is open and does not intersect horizontal saddle
connections. This means that any measure supported on K does not
charge extendable loops.

For the invariance property we argue similarly to the proof of Claim
4.11. Namely, for a compact subinterval J of K we let K 1 “ oppP pKq

be the opposite interval on the refined APD on Mq, and let opp
pnq

P :
J Ñ K 1 denote the map

opp
pnq

P pxq
def
“ φ ˝ φ´1

n poppP,npxqq,

where oppP,npxq is the intersection (on Mqn) of the horizontal line
through x with the edge opposite to K. Note that this map might
not be defined for given n, for some x near the endpoints of K, but is
defined for all x P J and all large enough n, depending on J . With this
notation we need to show that if f is a continuous compactly supported
function on K 1, then

ż

f ˝ oppP dη8 “ lim
nÑ8

ż

f ˝ opp
pnq

P dηn, (13.14)

where the map on the right-hand side is well-defined for all large enough
n depending on opp´1

P psupppfqq. The left hand side of (13.14) is equal
to limnÑ8

ş

f ˝ oppPdηn by definition of η8, and, using the fact that
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the maps f ˝ opp
pnq

P converge to f ˝ oppP uniformly on K, this is equal
to the right-hand side of (13.14). We have proved (a).

For the proof of Claim 13.6, we used the invariance property of the

measures ν
pnq

K . The measures ηn do not satisfy the invariance property
but they almost do so. Namely, let K be an edge of the refined APD,
and let K 1 “ oppP pKq be the opposite edge for some polygon P . Any
connected component of ℓn X P gives rise to two intersection points

with K and K 1, which are images of each other under opp
pnq

P , unless the
connected component ends at a singular point at one of the endpoints
of K or K 1. Thus, up to possible removing a bounded number of points

from KYK 1, corresponding to endpoints and their image under opp
pnq

P ,

the map opp
pnq

P induces a matching between points of ℓnXK and points
of ℓnXK 1. Removing the contributions of these points from the formula
(13.1) we modify ηn slightly to obtain a new sequence of measures η1

n.
In view of (13.12) and (13.13), this new sequence pη1

nq has the same

limit η8 and defines the same numbers eb,tK . Thus, we can replace ηn
by η1

n and the proof of Claim 13.6 goes through to prove (b). Finally
the proof of Claim 13.7 only uses the conclusions of Claim 13.6, so we
get (c). □

Completing the proof of Proposition 4.1. For each n let ν̄n be a deco-
rated version of νn so that βn “ βν̄n . We write each νn as a sum
ν 1
n ` ν2

n, where ν
1
n does not charge extendable loops, and ν2

n is a finite
linear combination, with positive coefficients, of measures θpℓn,kq sup-
ported on primitive continuously extendable paths ℓn,k. For each ℓn,k,
appearing as a summand in ν2

n, the decoration ν̄n induces a decoration
of ν2

n θ
pℓn,kq. This amounts to choosing a continuous extension ℓ̌n,k of

each ℓn,k. Decompose βn “ β1
n`β2

n where β
1
n and β

2
n are the cohomology

classes corresponding to ν 1
n, ν

2
n, and further decompose

β2
n “

mn
ÿ

k“1

β2
n,k, where β2

n,k
def
“ an,k

“

ℓ̌n,k
‰

,

for positive coefficients an,k and where the number of summands mn is
bounded. We will show below that the cohomology classes β1

n and β2
n,k

are all bounded. Assuming this, by passing to further subsequences
we can assume that mn “ m is constant, β1

n Ñ β1 and β2
n,k Ñ β2

k for
k “ 1, . . . ,m, where β1 `

ř

k β
2
k “ β. The measures ν 1

n satisfy (13.5),
and by the special case of Proposition 4.1 established in §13.3 we have
β1 P C`

rq . . Then t The measures ν2
n are finite linear combinations of

measures, each of which satisfies the conditions of Proposition 13.8. By
linearity, we obtain Proposition 4.1in all cases.
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It remains to show that the sequences pβ1
nq, pβ2

n,kq are bounded in

H1pS,Σ;R2q. For this it suffices to find a basis v1, . . . , vN of H1pS,Σq

such that the sequences of evaluations

pβ1
npviqqnPN ,

`

β2
n,kpviq

˘

nPN (13.15)

are bounded, for each i and each k. The basis we will use consists of the
edges of a triangulation obtained from an APD, by adding horizontal
diagonals to quadrilaterals. From continuity of q ÞÑ Lq, and from the
convergence βn Ñ β, we have that the terms appearing in (13.3) are
bounded. In particular, if vi is an edge of the APD then the sequence
pβ1

npviqqnPN is bounded. By definition, ν 1
n assigns mass zero to the

horizontal diagonals of the APD, and thus the sequence pβ1
npviqqnPN

is bounded for every edge vi of our triangulation. For the sequence
`

β2
n,kpviq

˘

nPN , as in the discussion in Case 2 of the proof of Proposition

13.8, we have that the number of intersections of ℓ̌n,k with an edge of
the triangulation is bounded above by Cℓn,k for some C ą 0. Thus the
boundedness of (13.3) implies that pβ1

npviqqnPN is bounded. □

Completing the proof of Corollary 4.4. The proof is almost identical to
the one we gave in §4.2, with the following modifications. In §4.2,
assumption (4.11) was used in order to be able to apply Proposition 4.1;
we now have Proposition 4.1 without this assumption. Additionally,
we invoked (4.13) and non-atomicity in order to say that the limiting
transverse measures ν˘

8 satisfy limnÑ8 βν˘
n

“ βν˘
8
, implying

lim
nÑ8

Lqpβν˘
n

q “ Lqpβν˘
8

q, (13.16)

which we needed in (4.15). In our case the limiting measures ν˘
8 might

have atoms, but (13.16) still holds by (13.4). Finally, the minimiza-
tion property of the Hahn decomposition was used in connection with
formula (4.14). Here we use the same minimization property, in con-
nection with formula (13.3). □
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