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1. Let Γ be the semigroup generated by the two matrices
ˆ

1 10
0 1

˙

,

ˆ

1 0
10 1

˙

.

Prove that for any px1, x2q P T2 rQ2, the trajectory Γx is dense in T2.

2. Let X be a second countable topological space, let B be the Borel
σ-algebra, let µ be a measure on B and suppose that for any non-empty
open set O, µpOq ą 0. Let T : X Ñ X be an ergodic measure-class
preserving transformation (not necessarily invertible, not necessarily
measure preserving). Suppose T is conservative, i.e., for any A P B with
µpAq ą 0, there is a positive integer n such that µpA X T´npAqq ą 0.
Prove that for µ-a.e. x, the orbit tT nx : n “ 1, 2, . . .u is dense in X.

3. Let Td “ Rd{Zd, and let α “ pα1, . . . , αdq P Rd. Let T pxq “ x`α
and φtpxq “ x` tα (addition on Td). Let m be Haar measure on Td.

a) Prove that pTd, T q is uniquely ergodic, with invariant measure
m, if and only if 1, α1, . . . , αd are linearly independent over Q.

b) Prove that the R-action pt, xq ÞÑ φtpxq is uniquely ergodic, with
invariant measure m, if and only if α1, . . . , αd are linearly inde-
pendent over Q.

4. Some things we left out of the proof of the pointwise ergodic
theorem (you may assume what was proved in class): Let pX,B, µ, T q
be a probability-preserving system and suppose T is invertible. Prove
that for µ-a.e. x P X, the two limits f˚ “ limNÑ8

1
N

řN´1
i“0 fpT ixq

and f˚˚ “ limNÑ8
1
N

řN´1
i“0 fpT´ixq exist, coincide, and we have f˚ P

L1pµq with
ş

X
fdµ “

ş

X
f˚dµ. Conclude that for µ-a.e. x, f˚pxq “

Epf |Aqpxq, where A “ tB P B : T´1pBq “ Bu.

5. a. Let G be a countable group which is the increasing union of
finite groups Gn, that is G “

Ť

Gn, each Gn is a finite subgroup of
G, and G1 Ă G2 Ă ¨ ¨ ¨ . Let pX,B, µq be a probability space with a
G-action, so that G preserves the measure µ (that is g˚µ “ µ for each
g P G) and the action is ergodic (if A P B with gA “ A for all g P G,
then µpAq P t0, 1u). Prove that for all f P L1pµq, for µ-a.e. x P X,

1

#Gn

ÿ

gPGn

fpgxq ÑnÑ8

ż

X

fdµ.

b. State and prove a pointwise ergodic theorem for the additive
group of Qp.
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6. Let α R Q and define T : TÑ T by T pxq “ x` α (addition mod
1). Let A be the projection of the interval r0, 1{2s to T. Prove that

tx P T : @n P N,#ti ď n : T ix P Au ą #ti ď n : T ix R Auu

has Haar measure 0.

7. In the following examples, µ is a probability measure on G “

SL2pRq supported on two matrices a, b, where G acts on V “ R2 by
matrix multiplication. In each example, determine whether or not µ
irreducible, strongly irreducible, proximal.

(a) a, b are the two matrices in question 1.

(b) a “

ˆ

5 0
0 1{5

˙

, b “

ˆ

5 1
0 1{5

˙

.

(c) a “

ˆ

5 0
0 1{5

˙

, b “

ˆ

0 5
´1{5 0

˙

.

(d) a “

ˆ

2 1
1 1

˙

, b “

ˆ

0 1
´1 0

˙

.

8. Let G act on a vector space V , let µ be a compactly sup-
ported measure on V which is irreducible (i.e. for any proper W Ă V ,
µ ptg P G : gpW q “ W uq ă 1), and let Γ be the semigroup generated by
suppµ. Prove that there is a direct sum decomposition V “ V1‘¨ ¨ ¨‘Vr
such that tV1, . . . , Vru are permuted by the action of µ-a.e. g, and for
each i, there is no proper V 1i Ă Vi such that tgV 1i : g P Γu is finite.

9. Let G be an lcsc group and Γ Ă G a closed semigroup. Suppose
that Γ is compact, and prove that Γ is a subgroup. Show by example
that Γ might not be a group if one does not assume it is compact.

10. Suppose G is lcsc, µ is a probability measure on µ, Γu is the
closure of the semigroup generated by suppµ, X is a compact G space
and ν is a µ-stationary Borel probability measure on X. Prove that:

(a) If G is abelian then ν is Γµ-invariant.
(b) If X if finite then ν is Γµ-invariant.

Prove or disprove: If ν is purely atomic (i.e., there is a sequence
of points x1, x2, . . . in X such that νpX r

Ť

itxiuq “ 0) then ν is Γµ-
invariant.

11. Let G “ SL2pRq, V “ g be the Lie algebra of G (i.e. 2 ˆ 2 real
matrices with trace zero), where G acts on V by conjugation. Let W

be the span of the matrix

ˆ

0 1
0 0

˙

, and for a ą 1, b1 ‰ b2, let

gi “

ˆ

a bi
0 1{a

˙

, i “ 1, 2.
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Let p1, p2 ą 0 with p1 ` p2 “ 1 and let µ “ p1δg1 ` p2δg2 . Let B “

psuppµqN and β “ µbN. Let dist denote the metric on the projective
space, where the distance between two lines is the minimal Euclidean
distance of a norm one vector in one line, from the other line. Prove:

(i) For any α ą 0 there are n0 ě 1, ε ą 0 such that for any
v P V r t0u,

β ptb P B : @n ě n0, }bn ¨ ¨ ¨ b1v} ě ε}bn ¨ ¨ ¨ b1} }v}uq ě 1´ α.

(ii) For any α ą 0 and η ą 0 there is n0 ě 1, such that for any
v P V r t0u,
β ptb P B : @n ě n0, distpRbn ¨ ¨ ¨ b1v,W q ď ηuq ě 1´ α.

12. In this exercise we will carry out ‘Step I’ of the proof of the
Benoist-Quint theorem, in the case that X “ Rd{Zd is a torus. Here
µ is a compactly supported measure on G “ SLdpRq, such that the
group generated by suppµ is Zariski dense in G, ν is a non-atomic
µ-stationary measure, and the goal is to prove that µ “ m where m is
the Haar measure on X. We assume that µ is proximal (in fact this
follows from our other hypotheses but we did not prove this in class).
For any b “ pb1, b2, . . .q P B “ psuppµqN, let Wb denote the limit of the

images of
´

b1¨¨¨bn
}b1¨¨¨bn}

¯

and let νb “ limnÑ8pb1 ¨ ¨ ¨ bnq˚ν. Let β “ µbN and

βX “
ş

B
δb b νbdβpbq.

Show that: if for β-a.e. b, νb is Wb-invariant, then ν “ m.
Hints. a. Let F denote the set of measures on X which are invariant

and ergodic under a line in Rd. Use Ex. 3 to show that F is a countable
union of compact sets of measures.

b. Let νb,x be the disintegration of βX along the map pb, xq ÞÑ pb,Wbq

(that is, into conditional measures for the σ-algebra obtained by pulling
back the Borel σ-algebra on B ˆ PpRdq using this measurable map).
Write the ergodic decomposition of νb,x into Wb-ergodic components
as νb,x “

ş

X
ζpb, x1q dνb,xpx

1q. Prove that η “ ζ˚βX is a µ-stationary
measure on F . Apply Ex. 10.

13. Suppose tgnu is an unbounded sequence in SLdpRq for some
d ě 2, and let ν1, ν2 be two Borel probability measures on the projective
space PpRdq such that pgnq˚ν1 ÑnÑ8 ν2. Prove that there are two
proper linear subspaces V1, V2 of Rd such that ν2 is supported on rV1sY
rV2s, where rV s denotes the image in PpRdq of V .


