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Chapter 1
Introduction

1.1 What Is This Book About?

This book deals with “products of random matrices”. Let us describe in concrete
terms the questions we will be studying throughout this book. Let d ≥ 1 be a posi-
tive integer. We choose a sequence g1, . . . , gn, . . . of d × d invertible matrices with
real coefficients. These matrices are chosen independently and according to an iden-
tical law μ. We want to study the sequence of product matrices pn := gn · · ·g1. In
particular, we want to know:

Can one describe the asymptotic behavior of the matrices pn? (1.1)

A naive way to ask this question is to fix a Euclidean norm on the vector space
V =R

d , to fix a nonzero vector v on V and a nonzero linear functional f on V and
to ask

What is the asymptotic behavior of the norms ‖pn‖? (1.2)

What is the asymptotic behavior of the coefficients f (pnv)? (1.3)

The first aim of this book is to explain the answer to these questions, which was
guessed at a very early stage of the theory: under suitable irreducibility and moment
assumptions, the real random variables log‖pn‖ and log |f (pnv)| behave very much
like a “sum of independent identically distributed (iid) real random variables”.

Indeed we will see that, under suitable assumptions, these variables satisfy many
properties that are classical for “sums of iid random real numbers” like the Law of
Large Numbers (LLN), the Central Limit Theorem (CLT), the Law of Iterated Log-
arithm (LIL), the Large Deviations Principle (LDP), and the Local Limit Theorem
(LLT).

The answer to Questions (1.2) and (1.3) will be obtained by focusing first on the
following two related questions:

What is the asymptotic distribution of the vectors pnv
‖pnv‖? (1.4)

What is the asymptotic behavior of the norms ‖pnv‖? (1.5)

© Springer International Publishing AG 2016
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2 1 Introduction

1.2 When Did This Topic Emerge?

The theory of “products of random matrices” or more precisely “products of iid
random matrices” is sometimes also called “random walks on linear groups”. It
began in the middle of the 20th century. It finds its roots in the speculative work
of Bellman in [8] who guessed that an analog of classical Probability Theory for
“sums of random numbers” might be true for the coefficients of products of random
matrices. The pioneers of this topic are Kesten, Furstenberg, Guivarc’h, . . . .

At that time, in 1960, Probability Theory was already based on very strong math-
ematical foundations, and the language of σ -algebras, measure theory and Fourier
transforms was widely adopted among the specialists interested in probabilistic phe-
nomena. A few textbooks on “sum of random numbers” were already available (like
those of Kolmogorov [80] in the USSR, Lévy [85] in France and Cramér [35] in the
UK, . . . ), and many more were about to appear, such as those of Loève [86], Spitzer
[119], Breiman [29], Feller [44], . . . .

It took about half a century for the theory of “products of random matrices” to
achieve its maturity. The reason may be the following. Even though some of the new
characters who happen to play an important role in this new realm, like the “mar-
tingales and the Markov chains” and the “ergodic theory of cocycles” were very
popular among specialists of this topic, some of them like the “semisimple algebraic
groups” and the “highest weight representations” were less popular, moreover, some
of them like the “spectral theory of transfer operators” and the “asymptotic proper-
ties of discrete linear groups” were not yet known.

This book is also an introduction to all of these tools.
The main contributors of the theorems we are going to explain in this book are

not only Kesten, Furstenberg, Guivarc’h, but also Kifer, Le Page, Raugi, Margulis,
Goldsheid, . . . .

The topic of this book is the same as the nice and very influential book written by
Bougerol–Lacroix 30 years ago. We also recommend the surveys by Ledrappier [84]
and Furman [48] on related topics. This theory has recently found nice applications
to the study of subgroups of Lie groups (as in [58], [27] or [26, Sect. 12]). Beyond
these applications, we were urged to write this book so that it could serve as a
background reference for our joint work in [13], [15], and [16].

Even though our topic is very much related to the almost homonymous topic
“random walks on countable groups”, we will not discuss here this aspect of the
theory and its ties with the “geometric group theory” and the “growth of groups”.

1.3 Is This Topic Related to Sums of Random Numbers?

Yes. The classical theory of “sums of random numbers” or more precisely “sums
of iid random numbers” is sometimes also called ”random walks on R

d”. Let us
describe in concrete terms the question studied in this classical theory.

We choose a sequence t1, . . . , tn, . . . of real numbers. These real numbers are
chosen independently and according to an identical law μ. This law μ is a Borel
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probability measure on the real line R. We denote by A the support of μ. For in-
stance, when μ = 1

2 (δ0 + δ1), the set A is {0,1}, and we are choosing the tk to be
either 0 or 1 with equal probability and independently of the previous choices of
tj for j < k. We want to study the sequence of partial sums sn := t1 + · · · + tn. In
particular, we want to know:

What is the asymptotic behavior of sn? (1.6)

We will explain in Sect. 1.4 various classical answers to this question.
On the one hand, some of these classical answers describe the behavior in law

of this sequence. They tell us what we can expect at time n when n is large. These
statements only involve the law of the random variable sn which is nothing else than
the nth-convolution power μ∗n of μ, i.e.

μ∗n = μ ∗ · · · ∗μ.
For instance, the Central Limit Theorem (CLT), the Large Deviations Principle
(LDP) and the Local Limit Theorem (LLT) are statements in law. An important
tool in this point of view is Fourier analysis.

On the other hand, some classical answers describe the behavior of the individual
trajectories s1, s2, . . . , sn, . . . These statements are true for almost every trajectory.
The trajectories are determined by elements of the Bernoulli space

B :=AN
∗ := {b= (t1, . . . , tn, . . .) | tn ∈A}

of all possible sequences of random choices. Here “almost every” refers to the
Bernoulli probability measure

β := μ⊗N
∗

on this space B . This space B is also called the space of forward trajectories. For
instance, the Law of Large Numbers (LLN) and the Law of the Iterated Logarithm
(LIL) are statements about almost every trajectory. An important tool in this point
of view is the conditional expectation.

The interplay between these two aspects is an important feature of Probability
Theory. The Borel–Cantelli lemma sometimes allows one to transfer results in law
into almost-sure results. Conversely, the point of view of trajectories gives us a much
deeper level of analysis on the probabilistic phenomena that cannot be reached by
the sole study of the laws μ∗n.

1.4 What Classical Results Should I Know?

This short book is as self-contained as possible. We will reprove many classical
facts from Probability Theory. However we will take for granted basic facts from
Linear Algebra, Integration Theory and Functional Analysis. A few results on real
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reductive algebraic groups, their representations and their discrete subgroups will
be quoted without proof.

The reader will more easily appreciate the streamlining of this book if he or
she knows classical Probability Theory. Indeed, the main objective of this book is
to present for “products of iid random matrices” the analogs of the following five
classical theorems for “sums of iid random numbers”.

In these five classical theorems, we fix a probability measure μ on R and set
b= (t1, . . . , tn, . . .) ∈ B and sn = t1 + · · · + tn for the partial sums. The sequence b
is chosen according to the law β , which means that the coordinates tk are iid random
real numbers of law μ.

The first theorem is the Law of Large Numbers due to many authors from
Bernoulli up to Kolmogorov. It tells us that, when μ has a finite first moment, i.e.
when

∫
R
|t |dμ(t) <∞, almost every trajectory has a drift which is equal to the

average of the law:

λ :=
∫

R

t dμ(t). (1.7)

Theorem 1.1 (LLN) Let μ be a Borel probability measure on R with a finite first
moment. Then, for β-almost all b in B , one has

lim
n→∞

1
n
sn = λ. (1.8)

The second theorem is the Central Limit Theorem which is also due to many
authors from Laplace up to Lindeberg and Lévy. It tells us that, when μ is non-
degenerate, i.e. is not a Dirac mass, and when μ has a finite second moment, i.e.
when

∫
R
t2 dμ(t) <∞, the recentered law of μ∗n spreads at speed

√
n, more pre-

cisely, it tells us that the renormalized variables sn−nλ√
n

converge in law to a Gaussian
variable which has the same variance Φ as μ:

Φ :=
∫

R

(t − λ)2 dμ(t).

Theorem 1.2 (CLT) Let μ be a non-degenerate Borel probability measure on R

with a finite second moment. Then, for any bounded continuous function ψ on R,
one has

lim
n→∞

∫

R

ψ
(
s−nλ√
n

)
dμ∗n(s)=

∫

R

ψ(s)
e− s2

2Φ√
2πΦ

ds. (1.9)

The third theorem is the Law of the Iterated Logarithm discovered by Khinchin.
It tells us that almost all recentered trajectories spread at a slightly higher speed than√
n. More precisely, it tells us that the precise scale at which almost all recentered

trajectories fill a bounded interval is
√
n log logn.
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Theorem 1.3 (LIL) Let μ be a non-degenerate Borel probability measure on R

with a finite second moment. Then, for β-almost all b in B , the set of cluster points
of the sequence

sn − nλ√
2Φ n log logn

is equal to the interval [−1,1].

The fourth theorem is the Large Deviations Principle due to Cramér. It tells us
that when μ has a finite exponential moment, i.e. when

∫
R
eα|t | dμ(t) <∞, for some

α > 0, the probability of an excursion away from the average decays exponentially.
We will just state below the upper bound in the large deviations principle.

Theorem 1.4 (LDP) Let μ be a Borel probability measure on R with a finite expo-
nential moment. Then, for any t0 > 0, one has

lim sup
n→∞

μ∗n({t ∈R | |t − nλ| ≥ nt0}) 1
n < 1. (1.10)

The fifth theorem is the Local Limit Theorem due to many authors from de
Moivre up to Stone. It tells us that the rate of decay for the probability that the
recentered sum sn−nλ belongs to a fixed interval is 1/

√
n. For the sake of simplic-

ity, we will assume below that μ is aperiodic, i.e. μ is not supported by an arithmetic
progression m0 + tZ with m0 ∈ R and t > 0. Indeed, the statement is just slightly
different when μ is supported by an arithmetic progression.

Theorem 1.5 (LLT) Let μ be an aperiodic Borel probability measure on R with a
finite second moment. Then, for all a1 ≤ a2, one has

lim
n→∞

√
n μ∗n(nλ+ [a1, a2])= a2 − a1√

2πΦ
.

1.5 Can You Show Me Some Nice Sample Results
from This Topic?

The five main results that we will explain in this book are the analogs of the five
classical theorems that we just quoted in the previous section. We will state below
special cases of these five results. We will explain in Sect. 1.9 what kind of general-
izations of these special cases is needed for a better answer to Question 1.1.

In these five results, we fix a Borel probability measure μ on the special linear
group G := SL(d,R), we set V =R

d , and we fix a Euclidean norm ‖ · ‖ on V . We
denote by A the support of μ, and by Γμ the closed subsemigroup of G spanned
by A. For n≥ 1, we denote by μ∗n the nth-convolution power

μ∗n := μ ∗ · · · ∗μ.
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The forward trajectories are determined by elements of the Bernoulli space

B :=AN
∗ := {b= (g1, . . . , gn, . . .) | gn ∈A} (1.11)

endowed with the Bernoulli probability measure

β := μ⊗N
∗
.

As in Sect. 1.4, the sequence b is chosen according to the law β which means that
b is a sequence of iid random matrices gk chosen with law μ, and we want to un-
derstand the asymptotic behavior of the products pn := gn · · ·g1. We assume, to
simplify this introduction, that

– μ has a finite exponential moment,
– Γμ is unbounded and acts strongly irreducibly on V.

(1.12)

Among these assumptions, finite exponential moment means that
∫

G

‖g‖α dμ(g) <∞ for some α > 0.

Notice that the word exponential is natural in this context if one wants this termi-
nology to be compatible with that introduced in Sect. 1.4 and if one keeps in mind
the equality ‖g‖α = eα log‖g‖.

In these assumptions, strongly irreducible means that no proper finite union of
vector subspaces of V is Γμ-invariant.

These conditions are satisfied, for instance, when

μ= 1
2 (δa0 + δa1), where a0 =

(
2 1
1 1

)

and a1 =
(

0 −1
1 0

)

,

or, more generally, where

a0 =

⎛

⎜
⎜
⎜
⎜
⎝

2 1 0 . 0
1 1 0 . 0
0 0 1 . 0
. . . . .

0 0 0 . 1

⎞

⎟
⎟
⎟
⎟
⎠

and a1 =

⎛

⎜
⎜
⎜
⎜
⎝

0 −1 0 . 0
0 0 −1 . 0
0 0 0 . 0
. . . . −1
1 0 0 . 0

⎞

⎟
⎟
⎟
⎟
⎠
. (1.13)

In this example, one has A = {a0, a1} and we are choosing the gk to be either
a0 or a1 with equal probability and independently of the previous choices of gj for
j < k. The partial products pn := gn · · ·g1 can take 2n values with equal probability.
The precise value of these two matrices a0 and a1 are not very important: they
have just been chosen to satisfy the condition (1.12). This kind of concrete example
is very interesting to keep in mind. Indeed, the whole machinery we are going to
explain in this book is necessary to understand the asymptotic behavior of pn even
for a law μ as simple as the one given by this example.



1.5 Can You Show Me Some Nice Sample Results from This Topic? 7

We denote by λ1 = λ1,μ the first Lyapunov exponent of μ, i.e.

λ1 := lim
n→∞

1

n

∫

G

log‖g‖dμ∗n(g). (1.14)

The first result tells us that the variables log‖pnv‖ satisfy the Law of Large
Numbers. It is due to Furstenberg.

Theorem 1.6 (LLN) For all v in V � {0}, for β-almost all b in B , one has

lim
n→∞

1
n

log‖gn · · ·g1v‖ = λ1, and one has λ1 > 0. (1.15)

The second result tells us that the variables log‖pnv‖ satisfy the Central Limit
Theorem, i.e. that the renormalized variables log‖pnv‖−nλ1√

n
converge in law to a non-

degenerate Gaussian variable.

Theorem 1.7 (CLT) The limit

Φ := lim
n→∞

1

n

∫

G

(log‖g‖ − nλ1)
2 dμ∗n(g)

exists and is positive Φ > 0. For all v in V � {0}, for any bounded continuous
function ψ on R, one has

lim
n→∞

∫

G

ψ
(

log‖gv‖−nλ1√
n

)
dμ∗n(g)=

∫

R

ψ(s)
e− s2

2Φ√
2πΦ

ds. (1.16)

The third result tells us that the variables log‖pnv‖ satisfy a law of the iterated
logarithm.

Theorem 1.8 (LIL) For all v in V � {0}, for β-almost all b in B , the set of cluster
points of the sequence

log‖gn · · ·g1v‖ − nλ1√
2Φ n log logn

is equal to the interval [−1,1].

The fourth result tells us that the variables log‖pnv‖ satisfy a Large Deviations
Principle.

Theorem 1.9 (LDP) For all v in V � {0}, for any t0 > 0, one has

lim sup
n→∞

μ∗n({g ∈G | | log‖gv‖ − nλ1| ≥ nt0}) 1
n < 1. (1.17)

The fifth result tells us that the variables log‖pnv‖ satisfy a Local Limit Theo-
rem.
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Theorem 1.10 (LLT) For all a1 ≤ a2, for all v in V � {0}, one has

lim
n→∞

√
nμ∗n({g ∈G | log‖gv‖−nλ1 ∈ [a1, a2] })= a2 − a1√

2πΦ
.

Theorems 1.7 up to 1.10 are in Le Page’s thesis under technical assumptions.
Since then, the statements have been extended and simplified by Guivarc’h, Raugi,
Goldsheid, Margulis, and the authors.

1.6 How Does One Prove These Nice Results?

Thanks for your enthusiasm. As for sums of random numbers, we will use tools
coming from Probability Theory like the Doob Martingale Theorem, tools coming
from Ergodic Theory like the Birkhoff Ergodic Theorem and tools coming from
Harmonic Analysis like the Fourier Inversion Theorem.

New tools will be needed. We will be able to understand the asymptotic behavior
of the product pn of iid random matrices by first studying the associated Markov
chain on the projective space P(V ) whose trajectories, starting from x = Rv, are
n �→ xn := pnx. We will also study the ergodic properties along these trajectories of
the cocycle σ1 on P(V ) given by

σ1(g, x)= log ‖gv‖
‖v‖ .

Indeed, for a vector v of norm ‖v‖ = 1, the quantity sn := log‖pnv‖ that we want
to study is nothing else than the sum

log‖pnv‖ =
n∑

k=1

σ1(gk, xk−1).

These random real variables tk := σ1(gk, xk−1), whose sum is sn, are not always
independent because the point xk−1 depends on what happened before. This is why
we will need tools from Markov chains.

First we have to understand the statistics of the trajectories xk , i.e. we have to
answer Question (1.4). That is why we will study the invariant probability mea-
sures ν of this Markov chain, i.e. the probability measures ν on P(V ) which satisfy
μ ∗ ν = ν. Those probability measures ν are also called μ-stationary. This will al-
low us to prove the LLN and to give a formula for the drift analog to (1.7):

λ1 =
∫

G×P(V )

σ1(g, x)dμ(g)dν(x). (1.18)

This formula is due to Furstenberg.
We will see that, when the action of Γμ on V is proximal the invariant probability

measure ν on P(V ) is unique. The assumption proximal means that there exists a
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rank-one matrix which is a limit of matrices λnγn with λn > 0 and γn in Γμ. In
this case Furstenberg’s formula (1.18) reflects the fact that, for all starting points x
in P(V ), the sequence (xn)n≥1 becomes equidistributed according to the law ν, for
β-almost all b. When Γμ is not proximal, the asymptotic behavior of the sequence
(xn)n≥1 is described in [17].

Second we have to understand the transfer operator P and its generalization the
complex transfer operator Piθ with θ ∈R. This operator Piθ is the bounded operator
on C 0(P(V )), given by, for any ϕ in C 0(P(V )) and any x in P(V ),

Piθϕ(x)=
∫

G

eiθ σ1(g,x)ϕ(gx)dμ(g). (1.19)

The CLT 1.7 describes the asymptotic behavior of the probability measures on R

μn,x := image of μ∗n by the map g �→ log ‖gv‖
‖v‖ .

The Fourier transform of these measures is given by the classical and elegant for-
mula with θ in R,

μ̂n,x(θ)= Pniθ1(x), (1.20)

where 1 is the constant function on P(V ) equal to 1. The behavior of the right-
hand side of this formula will be controlled by the “largest” eigenvalue of Piθ . This
formula (1.20) explains how spectral data from the complex transfer operator Piθ
can be used in combination with the Fourier Inversion Theorem to prove not only
the CLT but also the LIL, the LDP and the LLT. We will be able to reduce our
analysis to the case where the action of Γμ on V is proximal. We will see then that
this operator Piθ has a unique “largest” eigenvalue λiθ when θ is small, and that this
eigenvalue λiθ varies analytically with θ .

1.7 Can You Answer Your Own Questions Now?

You are right, what took us so long are nothing but the answers to Questions (1.4)
and (1.5). We will deduce the answers to Questions (1.2) and (1.3) from these.

Indeed, we will first check that, under assumption (1.12), the random variables
log‖pn‖ satisfy the same LLN, CLT, LIL and LDP as log‖pnv‖. Technically, this
will not be too difficult since these four limit laws involve a renormalization which
will erase the difference between log‖pn‖ and log‖pnv‖.

We will also check that, when, moreover, Γμ is proximal, the random variables
log |f (pnv)| satisfy the same LLN, CLT, LIL and LDP as log‖pnv‖. This will be
more delicate since we will have to control the excursions of the sequence pnx near
the kernel of f . The key point will be to prove a Hölder regularity result for the
stationary measure ν which is due to Guivarc’h.
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1.8 Where Can I Find These Answers in This Book?

The LLN for log‖pnv‖ and log‖pn‖ are in Sects. 4.6 and 4.7.
The LLN for log |f (pnv)| is in Sect. 14.4.
The CLT, LIL, LDP for log‖pnv‖ and log‖pn‖ are in Sect. 14.7.
The CLT, LIL, LDP for log |f (pnv)| are in Sect. 14.8.
The LLT for log‖pnv‖ and log‖pn‖ are in Sects. 17.5.

1.9 Why Is This Book Less Simple than These Samples?

The quantity

κ1(g) := ‖g‖
gives us information on the size of a matrix g only “in one direction”. It is much

more useful in the applications to deal with all the singular values κj (g) := ‖∧j (g)‖
‖∧j−1(g)‖

and to introduce the “multinorm”

κV (g) := (logκ1(g), . . . , logκd(g)). (1.21)

A less naive way to ask our question (1.1) is:

Can one describe the asymptotic behavior of κV (pn)? (1.22)

The answer to this question is Yes! These random variables κV (pn) satisfy the LLN
with average λ. However they do not exactly satisfy a CLT: the renormalized vari-
able κV (pn)−nλ√

n
converges in law but the limit law is only a “folded Gaussian law”,

i.e. the “image of a Gaussian law by a homogeneous continuous locally linear map”!
The support of this limit law depends only on λ and the “Zariski closure” Gμ of

the semigroup Γμ. This Zariski closure Gμ is always a reductive algebraic group
with compact center. The “folding” phenomenon occurs already when d = 4 and
Gμ = SO(2,2)!

The whole picture becomes much clearer when one adopts the following more
intrinsic point of view.

We start with a connected real semisimple algebraic group, call it again G, and
a Borel probability measure μ on G. We consider iid random variables gn ∈G of
law μ and want, again, to describe the asymptotic behavior of the products pn :=
gn · · ·g1. In this point of view, we forget about the embedding ρ of G in GL(V )
which was responsible for the folding of the Gaussian law. We replace the conditions
(1.12) by

– μ has a finite exponential moment,
– the semigroup Γμ spanned by A is Zariski dense in G,

(1.23)
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where A is the support of μ.
The projective space P(V ) is replaced by the flag variety P of G, and the norm

is replaced by the Cartan projection κ of G. Exactly as in Sect. 1.6, we will use a
cocycle σ(g,η) on the flag variety P , called the Iwasawa or Busemann cocycle.
The Iwasawa cocycle σ takes its values in a real vector space a called the Cartan
subspace, whose dimension is the real rank r ofG. The Cartan projection κ takes its
values in a simplicial cone a+ of a called the Weyl chamber. The precise definitions
will be given later. For every η in P , the asymptotic behavior of κ(pn) will be
related to the asymptotic behavior of σ(pn, η). Our questions now become

What is the asymptotic behavior of κ(pn) and σ(pn, η)? (1.24)

We will see that the random variables σ(pn, η) and κ(pn) satisfy the LLN, CLT,
LIL and LDP. We will also check the LLT for the random variables σ(pn, η).

1.10 Can You State These More General Limit Theorems?

Here are the statements for the Iwasawa cocycle σ . The assumptions on μ are given
in (1.23).

Theorem 1.11 (LLN) There exists a unique μ-stationary probability measure ν
on P . The average

σμ :=
∫

G×P
σ(g,η)dμ(g)dν(η)

belongs to the interior of the Weyl chamber a+.
For η in P , for β-almost all b in B , one has

lim
n→∞

1
n
σ (gn · · ·g1, η)= σμ.

This multidimensional version of Theorem 1.6 is due to Guivarc’h–Raugi and
Goldsheid–Margulis. An important new output there is the fact that the Lyapunov
vector σμ belongs to the interior of the Weyl chamber a+.

Theorem 1.12 (CLT) There exists a Euclidean norm ‖ · ‖μ on a such that, for all
η in P , for any bounded continuous function ψ on a,

lim
n→∞

∫

G

ψ
(
σ(g,η)−nσμ√

n

)
dμ∗n(g)= (2π)−r/2

∫

a

ψ(v)e−
‖v‖2
μ

2 dπμ(v),

where dπμ(v)= dv1 · · · dvr in an orthonormal basis for ‖ · ‖μ.

This multidimensional version of Theorem 1.7 is due to Guivarc’h and Gold-
sheid. An important new output there is the fact that the support of the limit Gaus-
sian law is the whole Cartan subspace a.

Here are the multidimensional versions of Theorems 1.8, 1.9 and 1.10.
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Theorem 1.13 (LIL) For all η in P , for β-almost all b in B , the set of cluster
points of the sequence

σ(gn · · ·g1, η)− nσμ√
2n log logn

is equal to the unit ball Kμ of ‖ · ‖μ.

Theorem 1.14 (LDP) For any t0 > 0, one has

lim sup
n→∞

sup
η∈P

μ∗n(
{
g ∈G | ‖σ(g,η)− nσμ‖ ≥ nt0

}
)

1
n < 1.

Theorem 1.15 (LLT) For all bounded open convex sets C of a, for all η in P
belonging to the support of ν, one has

lim
n→∞(2π n)

r/2μ∗n({g ∈G | σ(g,η)−nσμ ∈ C})= πμ(C).

It is remarkable that, in Theorem 1.15, no further “aperiodicity” assumptions
have to be made as in Theorem 1.5. This will follow from a general fact for “Zariski
dense subgroups of semisimple Lie groups” in [11].

We will also prove a version of this local limit theorem where we allow moderate
deviation, i.e. where we allow the “window” C to be translated by a vector vn ∈ a

as soon as ‖vn‖ do not grow faster than
√
n logn. Indeed this version, which adapts

Breuillard’s LLT for sums of iid real numbers in [30], is the one which is needed in
[15].

1.11 Are the Proofs as Simple as for the Simple Samples?

Well, . . . at least the proofs of these five theorems follow the same lines as in
Sect. 1.6.

First we study the associated Markov chain on the flag variety P . Since this flag
variety is equivariantly embedded in the product of projective spaces on which the
action of Γμ is “proximal”, we will be able to use results previously proven for these
proximal actions.

Second, we study the spectral properties of the complex transfer operator. This
operator Piθ is defined for any θ ∈ a∗. It is the bounded operator on C 0(P), given,
for any ϕ in C 0(P) and η in P , by the following formula similar to (1.19),

Piθϕ(η)=
∫

G

eiθ(σ (g,η))ϕ(gη)dμ(g).

Another consequence of the contraction property of the action on P will again be
the existence of a unique “largest” eigenvalue λiθ for the operator Piθ when θ is
small, and the fact that this eigenvalue λiθ varies analytically with θ .
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The CLT 1.12 for the Iwasawa cocycle σ describes the asymptotic behavior of
the probability measures on a

μn,η := image of μ∗n by the map g �→ σ(g,η).

The Fourier transform of these measures is given by the classical and elegant for-
mula similar to (1.20), with θ in a∗,

μ̂n,η(θ)= Pniθ1(η). (1.25)

Thanks to this formula, we can use, as in Sect. 1.6, the uniqueness of the “largest”
eigenvalue of the complex transfer operator Piθ , in combination with the Fourier
Inversion Theorem, to prove the CLT for the Iwasawa cocycle σ .

This intrinsic approach allows us to answer Question (1.5) not only when the ac-
tion of the semigroup Γμ on R

d is irreducible but also when this action is semisim-
ple, i.e. when every Γμ-invariant vector subspace of Rd admits a Γμ-invariant com-
plementary subspace.

1.12 Why Is the Iwasawa Cocycle so Important to You?

Both the Cartan projection and the Iwasawa cocycle are important to us. We re-
call that they are constructed thanks to the Cartan decomposition and the Iwasawa
decomposition of a connected real reductive algebraic group

G=K expa+K and G=K expaN.

Here K is a maximal compact subgroup of G, exp is the exponential map of G, a is
a Cartan subspace of the Lie algebra g of G that is orthogonal to the Lie algebra
k of K with respect to the Killing form, a+ is a Weyl chamber in a, and N is the
corresponding unipotent subgroup of G. Let M be the centralizer of a in K . With
these notations, the flag variety is the quotient space

P =G/P, where P =M expaN

is the normalizer of N . This group P is called the minimal parabolic subgroup
associated to a+.

The precise formulae defining κ and σ are, for g in G and η in P ,

g ∈Keκ(g)K and gk ∈Keσ(g,η)N,
where k in K is chosen so that k−1η is N -invariant.

For instance, when G = GL(d,R), one can take a to be the space of diagonal
matrices, a+ the subset of diagonal matrices with non-increasing coefficients, K to
be SO(d,R), andN the group of upper triangular unipotent matrices. In this case the
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Cartan decomposition is the “polar decomposition”, the Cartan projection κ is the
multinorm κV given by formula (1.21), and the Iwasawa decomposition is obtained
by the “Gram-Schmidt orthonormalization process”.

For g in G, the Cartan projection κ(g) is important because it simultaneously
controls for all representations ρ ofG the norms of the matrices ρ(g). Similarly, for
g in G and η in P , the Iwasawa cocycle σ(g,η) is important because it controls
simultaneously the norms of all vectors 1

‖v‖ρ(g)v when Rv is a line invariant under
the stabilizer of η. More precisely, one has the following fact:

When (V ,ρ) is an irreducible algebraic representation of G, one has, for a suit-
able K-invariant norm on V , the equalities, for all g in G, η in P , and every line
Rv in V which is invariant under the stabilizer of η,

log‖ρ(g)‖ = χ(κ(g)) and log ‖ρ(g)v‖
‖v‖ = χ(σ(g, η)),

where the linear functional χ ∈ a∗ is the “highest weight” of V .
Because of this fact, the five theorems of Sect. 1.10 are multidimensional exten-

sions of the five theorems of Sect. 1.5.

1.13 I Am Allergic to Local Fields. Is It Safe to Open This Book?

In this text we will not only study the asymptotic behavior of product of iid random
real matrices, but we will allow the coefficients of these matrices to be in any local
field K. We recall that a local field K is a finite extension of either the field of p-adic
numbers Qp , the field of Laurent series Fp((T )) with coefficients in the finite field
Fp , where p is prime number, or the field Q∞ =R.

For a first reading, you can assume that K = R. Except in very few places that
we will point out, the proofs are no simpler over R than they are over any local field
K. A reader more familiar with local fields may assume that K=R or Qp since all
the difficulties already occur in these cases.

So you may wonder in the first place why we want to state these results over
local fields. The reason is that those extended results give new information of an
arithmetic flavor. For instance when the support of the law μ consists of finitely
many matrices in SL(d,Q), the coefficients of the random products pn are rational
numbers. The results over K= R give information on the size of these coefficients
while the extended results over K=Qp give information on the size of the denom-
inators of these coefficients, and more precisely on the powers of the prime number
p which occur in these denominators.

As a by-product of this point of view, we will be see that the five limit theo-
rems we quoted in Sect. 1.5 can be adapted over any local field K, even in positive
characteristic, except that the variance Φ might be equal to 0 (see Sect. 14.7).
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1.14 Why Are There so Many Chapters in This Book?

Sometimes chapters are related in pairs, the first one dealing with general cocycles
over semigroup actions, the second one applying these general results to products
of random matrices.

In Chap. 2, we recall basic facts on Markov chains.
In Chap. 3, we prove the LLN for cocycles over a semigroup action.
In Chap. 4, we prove the LLN for products of random matrices.
In Chap. 5, we explain how to induce a random walk to a finite index subsemi-

group.
In Chap. 6, we check that Zariski dense semigroups in semisimple real Lie groups

always contain loxodromic elements.
In Chap. 7, we focus on the Jordan projection of Zariski dense semigroups in

semisimple real Lie groups.
In Chap. 8, we recall a few basic facts on reductive algebraic groups over local

fields, their algebraic representations, their flag varieties, their Iwasawa cocycle and
their Cartan projection.

In Chap. 9, we study the Zariski dense semigroups in algebraic reductive S -adic
Lie groups.

In Chap. 10, we reformulate the LLN for products of random matrices in the
intrinsic language of Chap. 8.

In Chap. 11, we study the spectral properties of the complex transfer operator for
a cocycle over a contracting semigroup action.

In Chap. 12, we prove the CLT, LIL and LDP for a cocycle over a contracting
semigroup action.

In Chap. 13, we deduce the CLT, LIL and LDP for the Iwasawa cocycle and the
Cartan projection.

In Chap. 14, we give a short proof of the Hölder regularity of the stationary
measure on the flag variety. We apply it to prove the LLN, CLT, LIL and LDP for
the coefficients and for the spectral radius.

In Chap. 15, we study more deeply the spectral properties of the complex transfer
operator.

In Chap. 16, we prove the LLT for a cocycle over a contracting semigroup action.
In Chap. 17, we deduce the LLT for the Iwasawa cocycle. We apply it to prove

the LLT for the Cartan projection, and for the norm of vectors.
In Appendix A, we recall basic facts on Martingales and their applications to the

LLN for “sums of random numbers”.
In Appendix B, we recall basic facts on bounded operators in Banach spaces,

their spectrum and their essential spectrum. These facts are used in the proof of the
Local Limit Theorem.

In Appendix C, we quote our sources.
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Chapter 2
Stationary Measures

In this preliminary chapter, we first state general properties of a Markov operator P
on a Borel space X. We study the P -invariant probability measures ν on X, and we
prove the ergodicity of the associated forward dynamical system when ν is ergodic.

We focus then on the Markov–Feller operators, and in particular on the Markov–
Feller operator Pμ associated to a random walk. For this operator Pμ and for the
Pμ-invariant probability measures ν, which are also called μ-stationary, we explain
the construction of the backward dynamical system and prove its ergodicity, when
ν is ergodic.

In the following chapters, this space X will be a projective space or a flag variety
and the Markov–Feller operator P will be the operator Pμ associated to a probability
measure μ on the group G of automorphisms of X.

2.1 Markov Operators

We begin with some general facts about Markov operators P and the probabil-
ity measures ν they preserve (Lemma 2.3). We will give equivalent definitions
for the ergodicity of ν (Proposition 2.8). A key tool in order to prove the equiv-
alence of these definitions is the adjoint Markov operator P ∗ (Lemma 2.4).

2.1.1 Markov Chains on Standard Borel Spaces

Let (X,X ) be a standard Borel space. By a Markov chain on X, we mean a Borel
map x �→ Px from X to the space of Borel probability measures on X. This space
X will sometimes be called the state space of the Markov chain. For any bounded
Borel function ϕ on X and any x in X, we set

Pϕ(x)= ∫
X
ϕ dPx

© Springer International Publishing AG 2016
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and we say P is the Markov operator associated to the Markov chain. A function ϕ
is said to be P -invariant if Pϕ = ϕ.

Let us recall the construction of the Markov probability measures Px associated
to P on the space Ω of forward trajectories. We set Ω =XN and we equip it with
the product σ -algebra B =X ⊗N. An element ω inΩ will be written as a sequence
ω = (ω0,ω1,ω2, . . .). For any x in X, there exists a unique Borel probability mea-
sure Px on Ω such that, for any bounded Borel functions ϕ0, . . . , ϕn on X, one has

∫
Ω
ϕ0(ω0) · · ·ϕn(ωn)dPx(ω)= (ϕ0P(. . . (ϕn−1P(ϕn)) . . .))(x).

In other words, Px is implicitly defined by Px = δx ⊗ (
∫
X
Py dPx(y)). We say Px

is the Markov measure associated to P and x (see Neveu’s book [91, Chap. 3] for
more details).

A probability measure ν on (X,X ) is said to be P -invariant if for every bounded
Borel function ϕ on X, one has ν(Pϕ)= ν(ϕ).

2.1.2 Measure-Preserving Markov Operators

Let (X,X , ν) be a probability space and let P be an operator on the Banach space
L∞(X,X , ν) of (equivalence classes of) bounded measurable complex-valued
functions on X. The operator P is called a contraction if ‖P‖ ≤ 1. The operator
P is called non-negative if for every non-negative function ϕ ∈ L∞(X, ν), the im-
age Pϕ is also non-negative. The operator P is called a measure-preserving Markov
operator on L∞(X,X , ν) if it is a non-negative contraction such that P1 = 1 and,
for every function ϕ ∈ L∞(X, ν), one has

∫
X
Pϕ dν = ∫

X
ϕ dν.

If (X,X ) is a standard Borel space, P a Markov chain on (X,X ) and ν is
a P -invariant probability measure, then P defines a measure-preserving Markov
operator on (X,X , ν). Conversely if (X,X , ν) is a Lebesgue probability space,
then every measure-preserving Markov operator on L∞(X,X , ν) comes from a
Markov chain on a set of full measure in X.

Let us again assume (X,X , ν) is any probability space and P is a general mea-
sure-preserving Markov operator on L∞(X,X , ν). We shall prove that P may be
extended, for any 1 ≤ p <∞, as a continuous contraction on the space Lp(X,X , ν)

of functions ϕ for which |ϕ|p is integrable. This will follow from an elementary
extension of Jensen’s inequality:

Lemma 2.1 Let P be a measure-preserving Markov operator on L∞(X,X , ν)

and θ :C→R be a convex function. Then, for any ϕ in L∞(X,X , ν), one has

θ(Pϕ)≤ P(θ(ϕ)).

Proof Pick ϕ in L∞(X,X , ν). By standard arguments about convex functions,
there exists a sequence τn of affine functions C→ R such that, for every z in C,
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one has θ(z)= supn τn(z). Now, using successively the fact that P is non-negative
and the equality P1 = 1, we get, for ν-almost every x in X, for any n in N,

Pθ(ϕ)(x)≥ Pτn(ϕ)(x)= τn(Pϕ(x)).
Thus Pθ(ϕ)(x)≥ θ(Pϕ(x)) and we are done. �

Corollary 2.2 Let P be a measure-preserving Markov operator on L∞(X,X , ν).
Then, for every 1 ≤ p <∞, the operator P extends as a continuous contraction on
Lp(X,X , ν).

Proof By Lemma 2.1, one has |Pϕ|p ≤ P |ϕ|p , for any ϕ in L∞(X,X , ν), hence,
since P is measure-preserving,

‖Pϕ‖p = (
∫
X
|Pϕ|p dν)1/p ≤ (∫

X
P |ϕ|p dν)1/p = ‖ϕ‖p ,

which completes the proof. �

An X -measurable subset E ⊂X is called ν-almost P -invariant if its character-
istic function 1E is P -invariant as an element of L∞(X,X , ν).

The following lemma tells us that every P -invariant function is a limit of linear
combinations of P -invariant subsets.

Lemma 2.3 Let P be a measure-preserving Markov operator on L∞(X,X , ν).
Then, for any 1 ≤ p ≤ ∞, the vector subspace generated by the characteris-
tic functions of ν-almost everywhere P -invariant subsets is dense in the space
Lp(X,X , ν)P of P -invariant functions.

Proof It suffices to prove the result for functions with real values. Let ϕ be a real
function in L1(X,X , ν)P . First note that the function ϕ+ := max(ϕ,0) is also P -
invariant. Indeed, since P is non-negative, we have

Pϕ+ ≥ max(Pϕ,0)= ϕ+.
Combining this inequality with the equality

∫
X
Pϕ+ dν = ∫

X
ϕ+ dν, we get

Pϕ+ = ϕ+ in L1(X,X , ν).

Now, we claim that the characteristic function 1{ϕ>0} is also P -invariant. Indeed,
this function is the limit in L1(X,X , ν) of the functions min(1, nϕ+) and, by
Corollary 2.2, P is continuous in L1(X,X , ν). As a consequence, for a < b, the
characteristic function 1{a<ϕ≤b} is also P -invariant. The result follows, since every
real ϕ in Lp(X,X , ν) is the limit in Lp(X,X , ν)

ϕ = lim
n→∞
∑

−n2≤k≤n2
k
n

1{k/n<ϕ≤(k+1)/n}. �

In the following lemma, we define the adjoint operator P ∗ of P and we check
that P and P ∗ have the same invariant functions:
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Lemma 2.4 Let P be a measure-preserving Markov operator on L∞(X,X , ν).

(a) There exists a unique measure-preserving Markov operator P ∗ on L∞(X,X , ν),
called the adjoint operator of P , such that, for every ϕ,ϕ′ ∈ L∞(X,X , ν), one
has

∫
X
Pϕ ϕ′ dν = ∫

X
ϕ P ∗ϕ′ dν. (2.1)

(b) A function ϕ in L1(X,X , ν) is P -invariant if and only if it is P ∗-invariant.

Proof (a) By Lemma 2.1.2, P extends as a continuous operator of L1(X,X , ν).
Let P ∗ be the adjoint operator to P on L∞(X,X , ν), viewed as the dual space of
L1(X,X , ν), so that (2.1) holds and let us check that P ∗ is a measure-preserving
Markov operator.

Since P is a contraction, so is P ∗. Since P is non-negative, for any ϕ,ϕ′ ≥ 0 in
L∞(X,X , ν), one has

∫
X
ϕ P ∗ϕ′ dν = ∫

X
Pϕ ϕ′ dν ≥ 0,

so that P ∗ϕ′ ≥ 0 and P ∗ is non-negative.
Finally, since P is measure-preserving, for any ϕ in L∞(X,X , ν), one has

∫
X
ϕ dν = ∫

X
Pϕ dν = ∫

X
ϕ(P ∗1)dν,

that is, P ∗1 = 1. In the same way,

∫
X
P ∗ϕ dν = ∫

X
ϕ(P1)dν = ∫

X
ϕ dν,

that is, P ∗ is measure-preserving, which was to be shown.
(b) We first check the direct implication when ϕ is a characteristic function

ϕ = 1E , where E is a ν-almost surely P -invariant measurable subset of X. Ac-
cording to (2.1) with ϕ = ϕ′ = 1E and to the bounds 0 ≤ P ∗1E ≤ 1 the function
P ∗1E is equal to 1 on E. Since

∫
X
P ∗1E dν = ν(E), we get P ∗1E = 1E . Now,

by Corollary 2.2, P ∗ acts continuously on L1(X,X , ν) and, by Lemma 2.3, the
characteristic functions of ν-almost surely P -invariant measurable subsets span a
dense subset of L1(X,X , ν)P , so that if ϕ is P -invariant in L1(X,X , ν), one has
P ∗ϕ = ϕ. This proves the direct implication. The converse implication follows since
P ∗∗ = P . �

Remark 2.5 The definition of the adjoint operator of a Markov operator depends on
the measure. For example, let X = {0,1}N be the set of sequences of 0’s and 1’s,
equipped with the natural σ -algebra, and P be the Markov operator associated to the
shift map, that is, for every x in X, the measure Px is the Dirac mass at T x, where
(T x)k = xk+1. Fix 0< p < 1 and let ν be the Bernoulli measure with parameter p,
that is, ν = (pδ0 + (1 − p)δ1)⊗N. Then, one checks that ν is P -invariant and, for
any ϕ in L∞(X,X , ν), one has P ∗ϕ(x) = pϕ(0x)+ (1 − p)ϕ(1x), for ν-almost
any x in X. This formula depends on p.
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2.1.3 Ergodicity of Markov Operators

We again let (X,X ) be a standard Borel space, P be a Markov chain on (X,X )

and ν be a P -invariant probability measure. We shall give equivalent definitions for
ergodicity. First let us describe the functions which are ν-almost surely P -invariant.

Lemma 2.6 Let (X,X ) be a standard Borel space, P be a Markov operator on
X and ν be a P -invariant probability measure. Then, every ν-almost surely P -
invariant bounded Borel function ϕ is equal ν-almost everywhere to a P -invariant
bounded Borel function ψ .

Proof Let ϕ be a bounded Borel function such that Pϕ = ϕ in L∞(X,X , ν). For x
in X, we set

ϕ∞(x)= lim inf
n→∞ Pnϕ(x).

By Fatou’s lemma, we have Pϕ∞ ≤ ϕ∞. We set, for any x in X,

ψ(x)= lim
n→∞P

nϕ∞(x).

By the monotone convergence theorem, we have Pψ =ψ .
Now, since ϕ is P -invariant in L∞(X,X , ν), there exists a Borel subset E of X

with ν(E) = 1 such that, for any x in E, for any n ≥ 0, one has Pnϕ(x) = ϕ(x),
hence ϕ∞(x) = ϕ(x). In particular, ϕ∞ is P -invariant in L∞(X,X , ν) and there
exists a Borel subset F of X with ν(F )= 1 such that, for any x in F , for any n≥ 0,
one has Pnϕ∞(x) = ϕ∞(x), hence ψ(x) = ϕ∞(x). We are done, since ψ = ϕ on
E ∩ F . �

Remark 2.7 Here is a subtle point in the definition of ν-almost P -invariant subsets:
there may exist ν-almost P -invariant subsets E of X which are not ν-almost every-
where equal to an invariant subset. For example, let X be a triple {a, b, c} and P be
the Markov operator such that

Pa = 1
2 (δb + δc) , Pb = δb and Pc = δc.

The measure ν := 1
2 (δb + δc) is P -invariant and the set E := {b} is ν-almost P -

invariant. Indeed, the characteristic function ϕ := 1E is ν-almost everywhere equal
to the function ψ := 1

2 1{a} + 1{b} which is ν-almost P -invariant. One cannot choose
ψ to be a characteristic function since the only P -invariant subsets ofX are ∅ andX.

We can now give five equivalent definitions of ergodicity:

Proposition 2.8 Let (X,X ) be a standard Borel space, P be a Markov operator
on X and ν be a P -invariant Borel probability measure. The following are equiva-
lent:
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(i) Every P -invariant bounded Borel function is constant ν-almost everywhere.
(ii) Every P -invariant element in L1(X,X , ν) is constant.

(iii) Every P -invariant element in L∞(X,X , ν) is constant.
(iv) Every ν-almost P -invariant Borel subset of X has measure 0 or 1.
(v) ν is extremal in the convex set of P -invariant Borel probability measures.

In this case ν is said to be P -ergodic.

Proof The implications (ii) ⇒ (iii) ⇒ (iv) are immediate and their converse (iv) ⇒
(ii) follows from Lemma 2.3. The implication (i) ⇒ (iii) is a consequence of
Lemma 2.6 and its converse (iii) ⇒ (i) is immediate.

Let us prove (ii) ⇒ (v). Let P ∗ be the adjoint of P with respect to ν as in
Lemma 2.4. Assume that ν is a convex combination tν1 + (1 − t)ν2, where ν1 and
ν2 are P -invariant Borel probability measures and where 0 < t < 1. For i = 1,2,
the measure νi is absolutely continuous with respect to ν and hence can be written
as ϕiν, where the function ϕi belongs to L1(X,X , ν) and has integral 1. Since νi is
P -invariant, one has P ∗ϕi = ϕi . Again by Lemma 2.4(b), one has Pϕi = ϕi , hence
by assumption, ϕi = 1 ν-almost everywhere, that is, νi = ν, which was to be shown.

Finally, let us prove (v) ⇒ (iv). If E ∈X is a ν-almost P -invariant subset of X,
by Lemma 2.4(b), one has P ∗1E = 1E , hence the Borel measures ν|E and ν|Ec are
P -invariant. Since ν is extremal, we get ν(E)= 0 or ν(Ec)= 0, as required. �

2.2 Ergodicity and the Forward Dynamical System

In this section we introduce the dynamical system on the space of forward
trajectories of a Markov chain, and we interpret the P -ergodicity of a measure
as an ergodicity property of this dynamical system.

Let P be a Markov chain on a standard Borel space (X,X ). The forward dynam-
ical system (Ω,B, T ) is the dynamical system on the space of forward trajectories
given by

T :Ω→Ω ; (ω0,ω1, . . .) �→ (ω1,ω2, . . .)

For any Borel probability measure ν on X we set Pν for the probability measure on
(Ω,B)

Pν :=
∫
X
Px dν(x)

and Eν for the corresponding expectation operator.
The following proposition interprets the P -invariance and the P -ergodicity of

ν as an invariance property and an ergodicity property of the measured forward
dynamical system (Ω,B, T ,Pν) .

Proposition 2.9 Let ν be a Borel probability measure on X.

(a) Then ν is P -invariant if and only if Pν is T -invariant.
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(b) In this case, ν is P -ergodic if and only if Pν is T -ergodic.

Proof We denote by X0 ⊂ B the sub-σ -algebra generated by ω0. More generally,
we denote by Xn ⊂B the sub-σ -algebra generated by ω0, . . . ,ωn. By construction
of the measures Px , x ∈ X, and Pν , for any bounded Borel function ψ on Ω , the
conditional expectation of ψ is given by the formula, for Pν -almost all ω in Ω ,

Eν(ψ |Xn)(ω)=
∫
Ω
ψ(ω0, . . . ,ωn−1,ω

′
0,ω

′
1, . . .)dPωn(ω

′). (2.2)

Hence, in particular,

Eν(ψ ◦ T n |Xn)= Eν(ψ |X0) ◦ T n. (2.3)

(a) If ψ is a bounded Borel function on Ω , we let ϕ denote the bounded Borel
function on X given by, for every x in X,

ϕ(x)= ∫
Ω
ψ(ω)dPx(ω).

In other words, ϕ(x) is the expected value of the function ψ for the trajectories of
the Markov chain starting at x. The map ψ �→ ϕ is onto and, we have, for ν-almost
any ω in Ω ,

Eν(ψ |X0)(ω)= ϕ(ω0) and Eν(ψ ◦ T |X0)(ω)= Pϕ(ω0).

Thus, we get

Eν(ψ)= ν(ϕ) and Eν(ψ ◦ T )= ν(Pϕ),
whence the result.

(b) We assume first that ν is P -ergodic and we want to prove that any T -invariant
bounded Borel function ψ on Ω is constant.

We still set, for any x in X, ϕ(x)= ∫
Ω
ψ(ω)dPx(ω). We get

Pϕ(x)= ∫
X

∫
Ω
ψ(ω)dPy(ω)dPx(y)=

∫
Ω
ψ(T ω)dPx(ω)= ϕ(x).

Thus, ϕ is constant ν-almost everywhere and we may assume that ϕ = 0. Now, since
the σ -algebra B is spanned by the increasing union of the σ -algebras Xn, n≥ 0, ψ
is the limit in L1(Ω,Pν) of the functions Eν(ψ |Xn). One computes

Eν(ψ |Xn)= Eν(ψ ◦ T n |Xn)= Eν(ψ |X0) ◦ T n = 0.

Hence ψ = 0 as required.
Conversely, we assume that Pν is T -ergodic and we want to prove that any P -

invariant bounded Borel function ϕ on X is constant ν-almost everywhere. Indeed,
let us set, for any n≥ 0 and ω in Ω ,

ψn(ω)= ϕ(ωn).
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By construction, for any n≥ 1, for Pν -almost any ω, one has

Eν(ψn |Xn−1)(ω)= Pϕ(ωn−1)= ϕ(ωn−1)=ψn−1(ω),

that is, the sequence ψn is a uniformly bounded martingale. By Doob’s martin-
gale convergence theorem A.3, it converges almost everywhere to a function ψ in
L∞(Ω,Pν). By construction, one has, for Pν -almost every ω,

ψ(T ω)= lim
n→∞ϕ(ωn+1)=ψ(ω)

and ψ is constant Pν -almost everywhere. Since, for Pν -almost every ω, one has

ϕ(ω0)=ψ0(ω)= Eν(ψ |X0)(ω),

the function ϕ is constant ν-almost everywhere, as required. �

2.3 Markov–Feller Operators

We define Markov–Feller operators: they are the analogues, in the theory of
Markov operators, of continuous transformations in the theory of classical
dynamical systems.

When X is a compact space, a Markov–Feller operator on X is a nonnegative
operator P on the space of continuous functions on X such that P1 = 1. In other
terms, a Markov–Feller operator is a Markov chain on X such that the map x �→ Px
is continuous, when the space P(X) of Borel probability measures ofX is equipped
with the weak-∗ topology.

The following lemma reduces the study of P -invariant measures to the study of
those that are ergodic.

Lemma 2.10 Let P be a Markov–Feller chain on a compact metric space X.
Then there exist P -invariant Borel probability measures on X. In the dual space
of C 0(X), equipped with the weak-∗ topology, the set of P -invariant Borel proba-
bility measures is the closed convex hull of the set of ergodic P -invariant probability
measures.

Proof Since X is a compact space, the space M (X) of complex Borel measures on
X is the dual space of the space C 0(X) of continuous functions on X. We endow it
with the weak-∗ topology. The subset P(X) of Borel probability measures on X is
then a compact subset of X.

We use Markov–Kakutani’s argument: we start from any point x in X and con-
sider the sequence of probability measures on X

νn : ϕ �→ 1
n
(ϕ(x)+ Pϕ(x)+ · · · + Pn−1ϕ(x)).
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Since the set P(X) is compact, νn admits a cluster point ν∞ in the weak-∗ topology.
Passing to the limit in the equalities, with ϕ in C 0(X),

νn(Pϕ)− νn(ϕ)= 1
n
(P nϕ(x)− ϕ(x)),

one gets

ν∞(Pϕ)= ν∞(ϕ).
Hence the probability measure ν∞ is P -invariant.

Finally, by Proposition 2.8, a P -invariant Borel probability measure is P -ergodic
if and only if it is extremal. The last part of the lemma now follows from the Krein–
Millman Theorem. �

A Markov–Feller operator P is said to be uniquely ergodic if it admits a unique
P -invariant Borel probability measure. As a corollary of the proof of the previous
lemma, we get a nice interpretation of unique ergodicity.

Corollary 2.11 Let P be a Markov–Feller operator on the compact metric space
X. The following are equivalent:

(i) P is uniquely ergodic.
(ii) There exists a Borel probability measure ν on X such that, for any continuous

function ϕ, one has

1
n

∑n−1
k=0 P

kϕ −−−→
n→∞

∫
X
ϕ dν

uniformly.

Proof (ii) ⇒ (i) Let ν′ be a P -invariant Borel probability measure on X. By the
dominated convergence theorem, we have, for any continuous function ϕ,

∫
X
ϕ dν′ = ∫

X
( 1
n

∑n−1
k=0 P

kϕ)dν′ −−−→
n→∞

∫
X
ϕ dν.

(i) ⇒ (ii) Let xn be a sequence in X. Reasoning as in the proof of Lemma 2.10,
we get that any limit point of the sequence of measures νn := 1

n

∑n−1
k=0(P

∗)kδxn is
P -invariant. Hence this sequence νn converges to ν. �

2.4 Stationary Measures and the Forward Dynamical System

In this section, we give an alternative construction of the forward dynami-
cal system associated to the action of a probability measure μ on a compact
space X.

We recall that a semigroup is a set G endowed with an associative multipli-
cation law G × G→ G and containing a neutral element. For instance, for any
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set X, the set F (X,X) of maps from X to X is a semigroup with respect to the
composition of maps. A morphism of semigroups ρ : G→ H is a map sending
the neutral element of G to the neutral element of H and such that, for any g, g′
in G, ρ(gg′)= ρ(g)ρ(g′). An action of G on a space X is a morphism from G to
F (X,X).

A topological semigroup is a semigroup G endowed with a topology such that
the multiplication is continuous. For instance, whenX is a compact space, the semi-
group C 0(X,X) of continuous transformations of X endowed with the topology of
uniform convergence is a topological semigroup. A continuous action of G on X is
a continuous morphism of semigroups G→ C 0(X,X).

Let G be a second countable locally compact semigroup and X be a compact
metrizable topological space on which G acts continuously. We denote by G the
Borel σ -algebra of G and by X the Borel σ -algebra of X.

Let μ be a Borel probability measure on G, we denote by Γμ the smallest closed
subsemigroup ofG such that μ(Γμ)= 1. For any Borel probability measure ν onX,
let μ ∗ ν denote the probability measure on X which is the image of the product
measure μ⊗ ν on G×X under the action map, that is,

μ ∗ ν = ∫
G
g∗ν dμ(g).

The Borel probability measure ν is said to be μ-stationary if

μ ∗ ν = ν.
If this is the case, it is said to be μ-ergodic if it cannot be written as a proper convex
combination of two different μ-stationary Borel probability measures.

For instance any Γμ-invariant probability measure is μ-stationary. The converse
is not true in general but Lemma 2.12 tells us that it is true when X is finite.

Lemma 2.12 When X is a finite set, any μ-stationary probability measure ν on X
is Γμ-invariant.

Proof We can assume thatG is finite, equal to Γμ and that ν is ergodic. Let Sμ ⊂G
be the support of μ and Sν ⊂X be the support of ν. Stationarity of ν means that

ν({x})=∑g∈Sμ μ({g})ν(g−1{x}) (2.4)

for every x in X. In particular one has the equality SμSν = Sν . Hence by replacing
X with Sν , we can also assume, with no loss of generality, that X = Sν and that
SμX =X. Let X0 be the set of points x in X such that ν({x}) is minimal.

Equality (2.4) implies that, for all x in X0 and g in Sμ, one has

ν({x})= ν(g−1{x}).
This means that ν is Γμ-invariant. �
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We introduce the one-sided Bernoulli shift (B,B, β,T )with alphabet (G,G ,μ),
that is, B =GN

∗
, where N∗ is the set of positive integers, B is the product σ -algebra

G⊗N
∗
, β is the product measure μ⊗N

∗
, and T is the shift map given, by

T b= (b2, . . . , bn+1, . . .) for b= (b1, . . . , bn, . . .) ∈ B.
We now construct the forward dynamical system on B × X. We equip B × X

with the σ -algebra B ⊗ X of Borel subsets and we introduce the skew-product
transformation

T X : (b, x) �→ (T b, b1x).

We identify the σ -algebra X of Borel subsets of X with the sub-σ -algebra of Borel
subsets of B ×X which do not depend on the first coordinate.

For any x in X, set

Pμ,x = μ ∗ δx.
One easily check that this defines a Markov–Feller operator Pμ on X.

We explain now how the forward dynamical system on B ×X is related to the
forward dynamical system (Ω,T ) of the Markov operator P = Pμ that we intro-
duced in Sect. 2.2. For any x in X, the associated Markov measure Pμ,x onΩ is the
image of the measure β = μ⊗N

∗
on B =GN

∗
under the map

(bk)k≥1 �→ (bk · · ·b1x)k≥0. (2.5)

If ν is a Borel probability measure on X, then ν is μ-stationary if and only if it
is Pμ-invariant and, in this case, the measure Pν on Ω is the image of β ⊗ ν under
the map

(b, x) �→ (bk · · ·b1x)k≥0,

which intertwines the maps T X and T . By Proposition 2.8, ν is μ-ergodic if and
only if it is Pμ-ergodic.

Remark 2.13 In general, the map (b, x) �→ (bk · · ·b1x)k≥0 is not a Borel isomor-
phism between B×X andΩ since non-trivial elements ofG may have fixed points
in X. Nevertheless, we have the following analogue of Proposition 2.9.

Proposition 2.14 Let ν be a Borel probability measure on X.

(a) Then ν is μ-stationary if and only if β ⊗ ν is T X-invariant.
(b) In this case, ν is μ-ergodic if and only if β ⊗ ν is T X-ergodic.

Proof The proof follows the same lines as for the proof of Proposition 2.9. �

Remark 2.15 There may exist a T X-invariant Borel probability measure on B ×X
whose image by the projection on the first factor is equal to β but which is not of the
form β ⊗ ν for some μ-stationary Borel probability measure ν on X. For example,
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letG be the free group on two generators g and h, X be the Gromov boundary ofG,
i.e. the set of reduced one-sided infinite words in g± and h± and μ be the probability
measure μ = 1

2 (δg + δh). For β-almost every b in B , b is a reduced word, that is,
b may be seen as an element xb of X. By construction, one has xT b = b1xb . Hence,
the image of β by the graph map b �→ (b, xb) on B×X is T X-invariant. It is clearly
not a product measure. In fact, this image measure is an example of the measures
invariant under the backward dynamical system that we will construct below.

Lemma 2.16 Given μ, there exists a μ-stationary Borel probability measure on
the compact space X.

Proof This is a special case of Lemma 2.10. �

2.5 The Limit Measures and the Backward Dynamical System

For every μ-stationary probability measure onX, we construct in this section
an equivariant measurable family of probability measures νb on X indexed by
the Bernoulli shift and called the limit measures. We will use this family in
order to construct the dynamical system of backward trajectories.

We keep the notations of Sect. 2.4. In particular, G is a second countable lo-
cally compact semigroup, μ is a Borel probability measure on G, (B,B, β,T ) is
the associated one-sided Bernoulli shift, the semigroup G acts continuously on the
compact metrizable topological space X and ν is a μ-stationary Borel probability
measure on X.

Here is the construction of the limit measures.

Lemma 2.17 There exists a Borel map b �→ νb from B to P(X) such that, for
β-almost any b in B , one has (b1 · · ·bn)∗ν −−−→

n→∞ νb .

Remark 2.18 In this lemma, the compactness assumption onX can be removed (see
[13, Lemma 3.2]).

Proof The main tool is Doob’s martingale theorem. Let, for any n in N, Bn be the
sub-σ -algebra of B spanned by the coordinate functions with indices p, 1 ≤ p ≤ n.
If ν is a μ-stationary Borel probability measure on X, one checks that, for any
bounded Borel function ϕ on X, the sequence of functions

fn : b �→
∫
X
ϕ(b1 · · ·bnx)dν(x)

on B is a uniformly bounded martingale with respect to the filtration (Bn)n∈N: for
β-almost all b in B and all n≥ 0, one has

E(fn+1 |Bn)(b)= fn(b).
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By applying Doob’s martingale convergence theorem (Theorem A.3) to a countable
dense subset D of functions ϕ ∈ C 0(X), we deduce that, for b in a subset B ′ ⊂ B
with β(B ′)= 1, for all ϕ in D, the limit

νb(ϕ) := lim
n→∞(b1 · · ·bn)∗ν (ϕ)

exists. Hence, by approximation, this limit exists for all ϕ in C 0(X), i.e. the limit
νb = lim

n→∞(b1 · · ·bn)∗ν exists for all b in B ′. �

The following lemma tells us that the stationary measure ν can be recovered from
its limit measures νb by a simple averaging, and that these limit measures satisfy a
nice equivariant property.

Lemma 2.19 One has ν = ∫
B
νb dβ(b) and, one has νb = (b1)∗νT b , for β-almost

any b in B .

Proof Let ϕ belong to C 0(X). As ν is μ-stationary, for any n in N, one has

∫
X
ϕ dν = ∫

B
fn(b)dβ(b).

Passing to the limit, the first equality follows by the dominated convergence theo-
rem.

The second assertion follows directly from the definition of νb . �

Remark 2.20 Conversely, according to [13, Lemma 3.2], if b �→ νb is a Borel map
from B to P(X) such that for β-almost any b in B , one has νb = (b1)∗νT b , then the
Borel probability measure ν := ∫

B
νb dβ(b) on X is μ-stationary and, for β-almost

any b in B , νb is equal to the limit probability measure limn→∞(b1 · · ·bn)∗ν.

We will also need an enhanced version of Lemma 2.17.

Lemma 2.21 For any m in N, for β ⊗ μ∗m-almost any (b, g) in B ×G, one has
(b1 · · ·bng)∗ν −−−→

n→∞ νb .

Proof Let ϕ be in C 0(X) and set Φ to be the function on G

Φ : h �→ ∫
X
ϕ(hx)dν(x).

Since ν is μ-stationary, one has the equality, for n in N and h in G,

∫
G
Φ(hg)dμ∗m(g)=Φ(h). (2.6)

For g in G, we set f gn to be the function on B

f
g
n : b �→Φ(b1 · · ·bng).
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By Lemma 2.17, since C 0(X) is separable, it suffices to check that, for μ∗m-almost
any g in G, the sequence of functions f gn (b)− fn(b) on B converges for β-almost
all b towards 0. For any n in N, using (2.6), we compute the integral

In =
∫
G

∫
B
|f gn (b)− fn(b)|2 dβ(b)dμ∗m(g)

= ∫
G

∫
G
|Φ(hg)−Φ(h)|2 dμ∗m(g)dμ∗n(h)= Jn+m − Jn,

where Jn :=
∫
G
Φ(h)2 dμ∗n(h). Since Jn is bounded by ‖ϕ‖∞, one gets

∑∞
n=0 In <

∞, and, for β ⊗μ∗m-almost any (b, g) in B ×G,

∞∑

n=0

|f gn (b)− fn(b)|2 <∞,

hence f gn (b)− fn(b) goes to zero as n→∞, whence the result. �

In order to appreciate the strength of the previous lemmas, we deduce the fol-
lowing corollary which is a reformulation of the classical Choquet–Deny Theo-
rem in [33]. We recall that Γμ is the smallest closed subsemigroup of G such that
μ(Γμ)= 1.

Corollary 2.22 When G is abelian, every μ-stationary probability measure ν on
X is Γμ-invariant.

Proof Since G is abelian, by Lemmas 2.17 and 2.21, for μ-almost every g in G
and β-almost every b in B , one has the equality νb = g∗νb . Hence, averaging this
equality over B and using Lemma 2.19, one gets the equality ν = g∗ν for μ-almost
every g in G. Now, the result follows, since the stabilizer of ν in G is a closed
subsemigroup containing the support of μ. �

We now construct, whenG is a group, the backward dynamical system on B×X,
or dynamical system of backward trajectories. We recall that (B,B, β,T ) is the
one-sided Bernoulli shift with alphabet (G,G ,μ). We equip the space BX := B×X
with the σ -algebra BX := B ⊗ X of Borel subsets and we introduce the skew-
product transformation

T ∨X : (b, x) �→ (T b, b−1
1 x)

and the Borel probability measure βX on BX given by

βX := ∫
B
δb ⊗ νb dβ(b).

The following proposition is an analog of Proposition 2.9. It interprets the P -ergo-
dicity of ν as the ergodicity of the backward dynamical system (BX,BX,T X,βX).
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Proposition 2.23 Let G be a second countable locally compact group acting con-
tinuously on a compact metrizable topological space X, and ν be a μ-stationary
Borel probability measure on X.

(a) Then the probability measure βX on BX is T ∨X-invariant.
(b) The measure βX is T ∨X-ergodic if and only if ν is μ-ergodic.

Proof (a) This follows from the following calculation which uses Lemma 2.19

∫
BX
ϕ(T ∨X(b, x))dβX(b, x)= ∫

B

∫
X
ϕ(T b, b−1

1 x)dνb(x)dβ(b)

= ∫
B

∫
X
ϕ(T b, x)dνT b(x)dβ(b)

= ∫
B

∫
X
ϕ(b, x)dνb(x)dβ(b)

= ∫
BX
ϕ(b, x)dβX(b, x),

where ϕ : BX→R+ is a (B ⊗X )-measurable function.
(b) First, assume βX is T ∨X-ergodic and let ν be equal to a convex combination

tν1 + (1 − t)ν2 of μ-stationary probability measures with 0 < t < 1. We get, for
β-almost any b in B ,

νb = tν1,b + (1 − t)ν2,b,

hence

βX = tβX1 + (1 − t)βX2 ,
where, for i = 1,2, βXi is constructed from νi . Since βX is T ∨X-ergodic, we have
βX1 = βX2 = βX and therefore, by projecting on X, ν = ν1 = ν2. By Proposition 2.8,
ν is μ-ergodic.

Conversely, assume now ν is μ-ergodic and let us prove that βX is T ∨X-ergodic.
This can be seen as an immediate consequence of the ergodicity of the forward
dynamical system thanks to the ideas that will be introduced in Sect. 2.6 below. But
we can also give a direct, more computational proof.

Let θ be a T ∨X-invariant bounded Borel function on BX . We want to prove that
this function θ is βX-almost surely constant. Let ϕ be any bounded Borel function
on X and set

ρ(ϕ)=
∫

BX
ϕ(x)θ(b, x)dβX(b, x).

We first claim that the complex measure ρ on X is μ-stationary. This follow from
the following calculation, with ϕ as above,

∫
G

∫
X
ϕ(gx)dρ(x)dμ(g) = ∫

G

∫
B

∫
X
ϕ(gx)θ(b′, x)dνb′(x)dβ(b′)dμ(g)

= ∫
B

∫
X
ϕ(b1x)θ(T b, x)dνT b(x)dβ(b)

= ∫
B

∫
X
ϕ(y)θ(b, y)dνb(y)dβ(b)=

∫
X
ϕ dρ.
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We prove now that the measure ρ is absolutely continuous with respect to ν. Indeed,
if ϕ is a non-negative Borel function on X such that

∫
X
ϕ dν = 0, we have, for

β-almost any b in B ,
∫
X
ϕ dνb = 0 hence ϕ = 0 on a set of νb-full measure and∫

X
ϕ dρ = 0. That is, ρ is absolutely continuous with respect to ν.
By Proposition 2.8, as ν is μ-ergodic, ρ is a multiple of ν. It remains to prove

the implication

ρ = 0 ⇒ θ = 0.

Assume that ρ = 0. Let n ≥ 0 and ϕ, ψ be bounded Borel functions on X and on
Gn respectively. We calculate
∫
BX
ψ(b1, . . . , bn)ϕ(b

−1
n · · ·b−1

1 x)θ(b, x)dβ
X(b, x)

= ∫
BX
ψ(b1, . . . , bn)ϕ(b

−1
n · · ·b−1

1 x)θ(T
nb, b−1

n · · ·b−1
1 x)dβ

X(b, x)

= ∫
B

∫
X
ψ(b1, . . . , bn)ϕ(y)θ(T

nb, y)d((b−1
n · · ·b−1

1 )∗νb)(y)dβ(b)

= ∫
Gn

∫
B

∫
X
ψ(b1, . . . , bn)ϕ(y)θ(b

′, y)dνb′(y)dβ(b′)dμ⊗n(b1, . . . , bn)

= μ⊗n(ψ)ρ(ϕ) = 0.

Since the map

Gn ×X→Gn ×X, (g1, . . . , gn, x) �→ (g1, . . . , gn, g
−1
n · · ·g−1

1 x)

is a homeomorphism, we get, for any bounded Borel function ψ on Gn ×X,
∫
BX
ψ(g1, . . . , gn, x)θ(b, x)dβX(b, x)= 0.

This proves that θ = 0, βX-almost everywhere. �

2.6 The Two-Sided Fibered Dynamical System

We explain in this section how the forward and the backward dynamical sys-
tems are related. Indeed, both occur as factors of the space of biinfinite tra-
jectories either equipped with the shift transformation or its inverse.

We keep the notations of Proposition 2.23. We denote by (B̃, B̃, β̃, T̃ ) the two-
sided Bernoulli shift with alphabet (G,G ,μ), that is, B̃ is the product space GZ, B̃
is the product σ -algebra G⊗Z, β̃ is the product measure μ⊗Z, and T̃ is the shift map
given by

T̃ b= (. . . , bn+1, . . .) for b= (. . . , bn, . . .) ∈ B̃.
This dynamical system is invertible and the probability measure β̃ is T̃ -invariant.

For β̃-almost every b in B̃ , we define

b+ := (b1, b2, . . .) ∈ B and b− := (b0, b−1, b−2, . . .) ∈ B.
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The map b �→ b+ realizes the two-sided Bernoulli shift (B̃, β̃, T̃ ) as the natural
invertible extension of the one-sided Bernoulli shift (B,β,T ). Similarly, the map
b �→ b− realizes the inverse (B̃, β̃, T̃ −1) of the two-sided Bernoulli shift as the
natural invertible extension of the one-sided Bernoulli shift (B,β,T ).

We now construct the two-sided fibered dynamical system on the space B̃×X that
we heuristically consider as the space of biinfinite trajectories. We endow this space
with the σ -algebra B̃ ⊗ X of Borel subsets and we introduce the skew-product
transformation

T̃ X : (b, x) �→ (T̃ b, b1x)

and the Borel probability measure β̃X on B ×X defined by

β̃X := ∫
B̃
δb ⊗ νb− dβ̃(b).

This dynamical system is invertible and the probability measure β̃X is T̃ -invariant.
The map (b, x) �→ (b+, x) realizes the two-sided dynamical system (B̃X, β̃X,T̃ X)

as the natural invertible extension of the forward dynamical system (BX,β ⊗
ν,T X). Similarly, the map (b, x) �→ (b−, x) realizes the inverse (B̃X, β̃X, (T̃ X)−1)

of the two-sided dynamical system as the backward dynamical system (BX,βX,

T ∨X). Since the natural invertible extension of an ergodic probability preserving
dynamical system is also ergodic, and since the inverse of an ergodic transforma-
tion is also ergodic, this discussion gives a direct proof of the equivalences

β ⊗ ν is T X-ergodic ⇔ β̃X is T̃ X-ergodic ⇔ βX is T ∨X-ergodic

and explains how Propositions 2.9 and 2.23 are related.

2.7 Proximal Stationary Measures

In this section, we introduce the property of μ-proximality for stationary mea-
sures. This proximality property will be satisfied by the stationary measures
on projective spaces in Sect. 4.2 and by the stationary measures on the flag
varieties in Sect. 10.1.

Let G be a second countable locally compact semigroup acting continuously on
a compact metrizable topological space X, Say that a μ-stationary Borel probabil-
ity measure ν on X is μ-proximal if, for β-almost any b in B , the Borel probability
measure νb is a Dirac mass. An important example of a proximal stationary proba-
bility measure will be given in Proposition 10.1.

More generally, given a morphism s :G→ F onto a finite group F , we define a
fibration over F of X as a G-equivariant continuous map X→ F . We say that X is
fibered over F if it is equipped with such a fibration. In this case, we say that ν is
μ-proximal over F if, for β-almost any b in B , the Borel probability measure νb is a
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uniform average of |F | Dirac masses and its image in F is the normalized counting
measure on F . This definition will be used in Sect. 5.3, and an important example
of such a situation will be given in Proposition 10.2.

We will apply the following lemma to the embedding of a flag variety in a product
of projective spaces in order to prove Proposition 10.1.

Lemma 2.24 Let X,X1, . . . ,Xk be compact metrizable topological spaces, all of
them equipped with a continuous action of a second countable locally compact semi-
group G and let π : X→ X1 × · · · × Xk be a continuous injective G-equivariant
map. Suppose, for any 1 ≤ i ≤ k, there exists a unique μ-stationary Borel probabil-
ity measure νi on Xi and νi is μ-proximal. Then, there exists a unique μ-stationary
Borel probability measure on X and it is μ-proximal.

Proof For any 1 ≤ i ≤ k, since the probability measures νi is μ-proximal, there
exists a Borel map ξi : B → Xi such that, for β-almost any b in B , one has
(νi)b = δξi (b). Set πi : X→ Xi to be the projection map on the factor Xi and set
ξ = (ξ1, . . . , ξk). Let ν be a μ-stationary Borel probability measure on X. Since,
for any 1 ≤ i ≤ k, the Borel probability measure (πi)∗ν is μ-stationary, by unique-
ness, one has (πi)∗ν = νi and, for β-almost any b in B , (πi)∗νb = δξi (b), so that
π∗νb = δξ(b). Hence ν is μ-proximal, and, for β-almost any b in B , one has
ξ(b) ∈ π(X) and π∗ν = ξ∗β , whence the result. �



Chapter 3
The Law of Large Numbers

The main goal of this chapter is to prove a Law of Large Numbers for a general real
valued cocycle with a unique average (Theorem 3.9).

In order to do this, we first reduce this statement to a Law of Large Numbers for
a function with a unique average using Proposition 3.2. Then we prove the Law of
Large Numbers for a function with a unique average (Corollary 3.8).

We will apply this Law of Large Numbers to the norm cocycle in Sect. 4.6 and
to the Iwasawa cocycle in Sect. 10.4.

3.1 Birkhoff Averages for Functions on G × X

The aim of this section is Proposition 3.2 which reduces the proof of a Law of
Large Numbers for a function σ on G×X to a Law of Large Numbers for a
function ϕ on X called the drift function. This function ϕ is the expected value
of σ .

As in Chap. 2, G is a second countable locally compact semigroup, μ is a Borel
probability measure on G, (B,B, β,T ) is the associated one-sided Bernoulli shift
and the group G acts continuously on the compact metrizable topological space X.

The following Lemma is an application of Birkhoff’s Ergodic Theorem. Its con-
clusion will be our guideline towards more precise results.

Lemma 3.1 Let ν be a μ-stationary μ-ergodic Borel probability measure on X
and σ :G×X→R be a measurable function. Assume that

∫
G×X |σ |d(μ⊗ ν) <∞, and set σμ :=

∫
G×X σ d(μ⊗ ν).

Then, one has

1
n

∑n
k=1 σ(bk, bk−1 · · ·b1x)−−−→

n→∞ σμ, (3.1)

β ⊗ ν-almost anywhere and in L1(B ×X,β ⊗ ν).
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Proof We will use the forward dynamical system. For b in B and x in X, set
ϕ(b, x)= σ(b1, x). Then ϕ is β ⊗ ν-integrable and, for b in B , x in X and n ≥ 1,
the left-hand side of (3.1) is equal to the Birkhoff average

1
n
(ϕ(b, x)+ · · · + ϕ((T X)n−1(b, x))).

According to Proposition 2.9, β ⊗ ν is T X-ergodic, hence by Birkhoff’s theorem,
this Birkhoff average converges towards the spatial average

(β ⊗ ν)(ϕ)= (μ⊗ ν)(σ ),
(β ⊗ ν)-almost anywhere and in L1(B ×X,β ⊗ ν). �

We want to describe conditions under which the convergence of the Birkhoff
averages (3.1) is uniform in x. The following proposition reduces this question to
the Birkhoff averages of a function on X. Its proof relies on the classical Law of
Large Numbers proven in Appendix A.

Proposition 3.2 Let σ :G×X→R be a continuous function and

σsup :G→R ; g �→ σsup(g) := supx∈X |σ(g, x)|.
Assume that

∫
G
σsup(g)dμ(g) <∞ and introduce the drift function

ϕ :X �→R ; x �→ ϕ(x) := ∫
G
σ(g, x)dμ(g).

Then, for every x in X, for β-almost every b in B , one has

1
n

∑n
k=1 (σ (bk, bk−1 · · ·b1x)− ϕ(bk−1 · · ·b1x))−−−→

n→∞ 0.

Moreover, this sequence also converges in L1(B,β) uniformly for x ∈X.

Proof This is a direct application of the Law of Large Numbers, Theorem A.6. Let
ϕn : B→R be the integrable function given by

ϕn(b)= σ(bn, bn−1 · · ·b1x)

and Bn be the sub-σ -algebra of B generated by b1, . . . , bn. One has the equality,
for β-almost every b in B ,

E(ϕn |Bn−1)= ϕ(bn−1 · · ·b1x).

Hence we only have to check that Condition (A.1) is satisfied. Since the coordinates
bn are independent and identically distributed, one has the bound, for t > 0,

β({|ϕn| ≥ t} |Bn−1) ≤ β({σsup(bn)≥ t} |Bn−1)

= β({σsup(bn)≥ t})≤ β({σsup(b1)≥ t}).
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This proves (A.1) with domination by the function ψ : B→R;b �→ σsup(b1).
We note that this function ψ does not depend on x and that the L1-convergence

is therefore uniform in x. �

3.2 Breiman’s Law of Large Numbers

In this section we prove the Law of Large Numbers for functions over a
Markov chain.

Let (X,X ) be a standard Borel space, P be a Markov chain on X and, for x
in X, set Px for the Markov probability measure on the space Ω of trajectories.

The following technical lemma compares the Birkhoff averages of a function ϕ
along the trajectories of a Markov chain with the Birkhoff averages of Pϕ.

Lemma 3.3 (Breiman [28]) Let ϕ be a bounded Borel function on X. For every x
in X, for Px -almost every ω in Ω , one has

1
n

∑n−1
k=0 ϕ(ωk)− 1

n

∑n−1
k=0 Pϕ(ωk)−−−→n→∞ 0.

Proof The main ingredient of the proof is Corollary A.8. For any integer n≥ 1, we
introduce the functions

ϕn :Ω→R ; ω �→ ϕ(ωn)− Pϕ(ωn−1),

and the sub-σ -algebras Bn generated by ω0, . . . ,ωn. This sequence of functions on
Ω is bounded by 2 supX |ϕ| and, by construction, one has

Ex(ϕn|Bn−1)= 0.

Therefore, by Corollary A.8, the sequence 1
n

∑n
k=1 ϕk goes to 0 Px -almost every-

where. �

When P is a Markov–Feller chain, one can reformulate Lemma 3.3 using the
so-called empirical measures:

Corollary 3.4 Let X be a compact metrizable topological space and P be a
Markov–Feller operator on X. Then, for any x in X, for Px -almost any ω in Ω ,
any weak limit of 1

n

∑n−1
k=0 δωk is P -invariant.

In particular, using the weak compactness of the space of probability measures
on X, we retrieve the Law of Large Numbers for functions over a Markov chain
which is due to Breiman in [28]:

We say that a function ϕ ∈ C 0(X) has a unique average if

there exists a constant �ϕ such that, for any P -invariant probability
measure ν on X, one has ν(ϕ)= �ϕ .

(3.2)
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Remark 3.5 A function ϕ has a unique average �ϕ if and only if one can write ϕ−�ϕ
as a uniform limit of a sequence Pψn − ψn with ψn in C 0(X). This follows from
the Hahn–Banach Theorem and the Riesz representation Theorem.

In Chap. 11, we will find conditions on a Markov operator P which ensure that
the image of the operator P − 1 is closed so that every function ϕ with a unique
average �ϕ can be written as ϕ = Pψ −ψ + �ϕ , with ψ in C 0(X).

Corollary 3.6 Let X be a compact metrizable topological space and P be a
Markov–Feller operator on X. Let ϕ be a continuous function on X with a unique
average �ϕ . Then for any x in X, for Px -almost any ω in Ω , one has

1
n

∑n−1
k=0 ϕ(ωk)−−−→n→∞ �ϕ.

This sequence also converges in L1(Ω,Px), uniformly for x ∈X, i.e.

lim
n→∞

∫

Ω

| 1
n

∑n−1
k=0 ϕ(ωk)− �φ |dPx(ω)= 0 uniformly for x ∈X.

Proof For x ∈X and ϕ ∈ C 0(X), we introduce for n, �≥ 1 the bounded functions
Ψn and Ψ�,n on Ω given by, for ω ∈Ω ,

Ψn(ω)= ϕ(ωn) and Ψ�,n(ω)= (P �μϕ)(ωn).

We will again use the sub-σ -algebras Bn generated by ω0, . . . ,ωn. These functions
satisfy the equality, for Px -almost every ω in Ω , and �≤ k,

Ex(Ψk|Bk−�)(ω)= (P �μϕ)(ωk−�)= Ψ�,k−�(ω).

On the one hand, by Theorem A.6 (using the fact that ϕ is uniformly bounded to kill
the boundary terms), for every �≥ 1, one has the convergence, for Px -almost all ω
in Ω ,

1
n

∑n
k=1(Ψk(ω)−Ψ�,k(ω))−−−→n→∞ 0.

This sequence also converges in L1(Ω,Px) uniformly for x ∈ X. Hence one also
has the convergence, for Px -almost all ω in Ω ,

1
n

∑n
k=1(Ψk(ω)− 1

�

∑�
j=1Ψj,k(ω))−−−→n→∞ 0. (3.3)

This sequence also converges in L1(Ω,Px) uniformly for x ∈X.
On the other hand, since the function ϕ has a unique average �ϕ , one has the

uniform convergence

1
�

∑�
j=1P

j
μϕ −−−→

�→∞ �ϕ
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in C 0(X). Hence one also has the convergence

1
�

∑�
j=1Ψj,k(ω)−−−→

�→∞ �ϕ (3.4)

in L∞(Ω,Px) uniformly in k ≥ 1 and in x ∈X.
Combining (3.3) and (3.4) one gets the convergence, for Px -almost all ω in Ω ,

1
n

∑n
k=1Ψk(ω)−−−→n→∞ �ϕ. (3.5)

This sequence also converges in L1(Ω,Px) uniformly for x ∈X. �

Note that Condition (3.2) is automatically satisfied when P is uniquely ergodic.
Hence one has the following:

Corollary 3.7 Let X be a compact metrizable topological space, P be a uniquely
ergodic Markov–Feller operator on X and ν be the unique P -invariant probability
measure on X. Let ϕ be a continuous function on X. Then for any x in X, for Px -
almost any ω in Ω , one has

1
n

∑n−1
k=0 ϕ(ωk)−−−→n→∞ ν(ϕ).

This sequence also converges in L1(Ω,Px), uniformly for x ∈X.

3.3 The Law of Large Numbers for Cocycles

In this section we deduce from Breiman’s Law of Large Numbers a Law of
Large Numbers for a cocycle.

3.3.1 Random Walks on X

We come back to the notations of Sect. 2.4. In particular, G is a second countable
locally compact semigroup, μ is a Borel probability measure on G, (B,B, β,T ) is
the associated one-sided Bernoulli shift, the groupG acts continuously on a compact
metrizable topological space X and ν is a μ-stationary Borel probability measure
on X. We will apply the results of Sect. 3.2 to the Markov chain on X given by
x �→ Px = μ ∗ δx .

This will give the following Law of Large Numbers for a function over a random
walk.

Corollary 3.8 Let G be a locally compact semigroup, X be a compact metrizable
G-space, and μ be a Borel probability measure on G. Then, for any x in X, for β-
almost every b in B , for any continuous function ϕ ∈ C 0(X) with a unique average
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�ϕ , one has

1
n

∑n
k=1 ϕ(bk · · ·b1x)−−−→

n→∞ �ϕ.

This sequence also converges in L1(B,β), uniformly for x ∈X.

Proof We use the forward dynamical system on B ×X. This corollary is almost a
special case of Corollary 3.7, if we take into account the formula for Pμ,x given in
(2.5). �

3.3.2 Cocycles

The Law of Large Numbers will be proved for a class of cocycles called cocycles
with a unique average that we define now. Let E be a finite-dimensional real vector
space. A continuous function σ :G×X→E is said to be a cocycle if one has

σ(gg′, x)= σ(g,g′x)+ σ(g′, x) for any g,g′ ∈G, x ∈X. (3.6)

In particular, one has σ(e, x)= 0, for any x in X. Two cocycles σ and σ ′ are said
to be cohomologous if there exists a continuous function ϕ :X→E with

σ(g, x)+ ϕ(x)= σ ′(g, x)+ ϕ(gx) (g ∈G,x ∈X).
A cocycle that is cohomologous to 0 is called a coboundary.

For a cocyle σ we introduce the functions sup-norm σsup. It is given by, for g
in G,

σsup(g)= supx∈X ‖σ(g, x)‖. (3.7)

The cocycle is said to be (μ⊗ ν)-integrable if one has

∫
G×X ‖σ(g, x)‖ dμ(g)dν(x) <∞.

For instance, a cocycle with σsup ∈ L1(G,μ) is (μ ⊗ ν)-integrable for any μ-
stationary probability measure ν.

When σ is (μ⊗ ν)-integrable, the vector

σμ(ν) :=
∫
G×X σ(g, x)dμ(g)dν(x) ∈E

is then called the average of the cocycle.
The cocycle σ is said to have a unique average if

the average σμ = σμ(ν) does not depend on the choice of ν. (3.8)

A cocycle σ with a unique average is said to be centered if σμ = 0.
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Let us introduce a trick which reduces the study of cocycles with a unique aver-
age to the study of those which are centered. Replace G by G′ :=G× Z, where Z

acts trivially on X, replace μ by μ′ := μ⊗ δ1 so that any μ-stationary probability
measure is also μ′-stationary, and replace σ by the cocycle

σ ′ :G′ ×X→E given by σ ′((g,n), x)= σ(g, x)− nσμ. (3.9)

3.3.3 The Law of Large Cocycles

Here is the Law of Large Numbers for cocycles.

Theorem 3.9 Let G be a locally compact semigroup, X a compact metrizable G-
space, E a finite-dimensional real vector space and μ a Borel probability measure
on G. Let σ :G×X→E be a continuous cocycle with

∫
G
σsup(g)dμ(g) <∞ and

with a unique average σμ. Then, for any x in X, for β-almost every b in B , one has

1
n
σ (bn · · ·b1, x)−−−→

n→∞ σμ. (3.10)

This sequence also converges in L1(B,β,E) uniformly for x ∈X.
In particular, uniformly for x ∈X, one has

1
n

∫
G
σ(g, x)dμ∗n(g)−−−→

n→∞ σμ.

Note that the assumption (3.8) is automatically satisfied when there exists a
unique μ-stationary Borel probability measure ν on X.

Proof Just combine Proposition 3.2 and Corollary 3.8 applied to the drift function
ϕ ∈ C 0(X) which is given by ϕ(x)= ∫

G
σ(g, x)dμ(g), for all x inX. This function

has a unique average �ϕ := σμ. �

3.3.4 The Invariance Property

When working on linear groups that are not connected, we will encounter cocycles
which enjoy equivariance properties under the action of a finite group. The following
lemma tells us that such equivariance properties imply invariance properties of the
associated average.

Lemma 3.10 We keep the notations and assumptions of Theorem 3.9. Besides, we
let F be a finite group which acts linearly on E and which acts continuously on the
right on X. We assume that the F -action and the G-action on X commute and that

the cocycles (g, x) �→ σ(g, xf ) and (g, x) �→ f−1σ(g, x)

are cohomologous for all f in F .
(3.11)
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Then the vector σμ ∈E is F -invariant.

Remark 3.11 Assumption (3.11) is satisfied when those two cocycles are equal, i.e.
when

f σ(g, xf )= σ(g, x) for all f in F,g in G and x in X.

Proof Let ν be a stationary probability measure on X, f be an element of F and
ϕf :X→E be a continuous function such that

f−1σ(g, .)= σ(g, .f )− ϕf ◦ g + ϕf
for any g in G. Since the F -action commutes with the G-action, the probability
measure f∗ν is also μ-stationary, hence as σ has a unique average, we have

σμ =
∫
G×X σ(g, xf )dμ(g)dν(x)

= ∫
G×X(f

−1σ(g, x)+ ϕf (gx)− ϕf (x))dμ(g)dν(x)
= f−1(σμ)+

∫
X
(Pμϕf − ϕf )dν = f−1(σμ),

that is, σμ is F -invariant. �

3.4 Convergence of the Covariance 2-Tensors

In this section we deduce from Breiman’s Law of Large Numbers a conver-
gence result for the covariance 2-tensors which will be useful for the Central
Limit Theorem. This convergence is true for a particular class of cocycles that
we call special cocycles.

3.4.1 Special Cocycles

Let σ :G×X→E be a continuous cocycle. When the function σsup isμ-integrable,
we define the drift of σ as the continuous function X→E;x �→ ∫

G
σ(g, x)dμ(g).

One says that σ has constant drift if the drift is a constant function:

∫
G
σ(g, x)dμ(g)= σμ. (3.12)

One says that σ has zero drift if the drift is a null function.
A continuous cocycle σ :G×X→E is said to be special if it is the sum

σ(g, x)= σ0(g, x)+ψ(x)−ψ(gx) (3.13)
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of a cocycle σ0(g, x) with constant drift and of a coboundary term ψ(x)− ψ(gx)
given by a continuous function ψ :X→ E. A special cocycle always has a unique
average: for any μ-stationary probability measure ν on X, one has

∫
G×X σ(g, x)dμ(g)dν(x)= σμ. (3.14)

As we will see in Remark 3.15, there exist non-special cocycles. However, one
has the following easy lemma.

Lemma 3.12 Let G be a locally compact semigroup, X be a compact metrizable
G-space, E be a finite-dimensional real vector space, and μ be a Borel probability
measure on G such that there exists a unique μ-stationary Borel probability mea-
sure ν on X. Let σ : G × X→ E be a special cocycle. Then the decomposition
(3.13) is unique provided ν(ψ)= 0.

Proof Let ψ be as in (3.13) with ν(ψ)= 0. Since ν is the unique μ-stationary prob-
ability measure on X, by Corollary 2.11, one has the uniform convergence on X,
1
n

∑n−1
k=0 P

k
μψ −−−→

n→∞ ν(ψ). One gets

ψ(x)= lim
n→∞

1
n

∑n−1
k=0

∫
G
(σ(g, x)− kσμ)dμ∗k(g)

for all x ∈X. �

3.4.2 The Covariance Tensor

We will now study the covariance 2-tensors of a cocycle. Let us introduce some
terminology. We let S2E denote the symmetric square of E, that is, the subspace of⊗2

E spanned by the elements v2 =: v⊗ v, v ∈E. We identify S2E with the space
of symmetric bilinear functionals on the dual space E∗ of E, through the linear
map which, for any v in E, sends v2 to the bilinear functional (ϕ,ψ) �→ ϕ(v)ψ(v)

on E∗.
Given Φ in S2E, we define the linear span of Φ as being the smallest vector

supspaceEΦ ⊂E such thatΦ belongs to S2EΦ : in other words, the space E⊥
Φ ⊂E∗

is the kernel of Φ as a bilinear functional on E∗. We say Φ is non-negative, which
we write as Φ ≥ 0, if it is non-negative as a bilinear functional on E∗. In this case,
Φ induces a Euclidean scalar product on EΦ and we call the unit ball KΦ ⊂EΦ of
this scalar product the unit ball of Φ . One has

KΦ = {v ∈E | v2 ≤Φ}. (3.15)

Theorem 3.13 Let G be a locally compact semigroup, X be a compact metrizable
G-space, E be a finite-dimensional real vector space and μ be a Borel probability
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measure on G such that there exists a unique μ-stationary Borel probability mea-
sure ν on X. Let σ :G×X→E be a special cocycle, i.e. σ satisfies (3.13). Assume∫
G
σsup(g)

2 dμ(g) <∞ and introduce the covariance 2-tensor

Φμ :=
∫
G×X(σ0(g, x)− σμ)2 dμ(g)dν(x) ∈ S2E. (3.16)

Then one has the convergence in S2E

1
n

∫
G
(σ(g, x)− nσμ)2 dμ∗n(g)−−−→

n→∞ Φμ. (3.17)

This convergence is uniform for x in X.

Remark 3.14 Choose an identification of E with R
d . Then the covariance 2-tensor

on the left-hand side of (3.17) is nothing but the covariance matrix of the random
variable σ√

n
on (G× X,μ∗n ⊗ δx). Similarly the limit Φμ of these covariance 2-

tensors is nothing but the covariance matrix of the random variable σ0 on (G ×
X,μ ⊗ ν). This 2-tensor Φμ is non-negative. The linear span EΦμ of Φμ is the
smallest vector subspace Eμ of E such that

σ0(g, x) ∈ σμ +Eμ for all g in Suppμ and x in Suppν.

Remark 3.15 The conclusion of Theorem 3.13 is not correct if one does not assume
the cocycle σ to be special. Here is an example where the random walk is determin-
istic. We choose X =R/Z, G= Z, μ= δ1 and the action of μ on X is a translation
by an irrational number α. The unique μ-stationary probability measure on X is the
Lebesgue probability measure dx. We let σ(1, x) be a continuous function ϕ with 0
integral and x = 0, so that for n≥ 0, σ(n, x) is the Birkhoff sum

Snϕ(0) :=
n−1∑

k=0

ϕ(kα).

We claim that one can choose ϕ in such a way that the left-hand side 1
n
Snϕ(x)

2 of
(3.17) is not bounded, so that the theorem does not hold.

Indeed assume that, for any ϕ with
∫
X
ϕ(x)dx = 0, one has

supn
1√
n
|Snϕ(0)|<∞.

Then, by the Banach–Steinhaus Theorem, there would exist a C > 0 such that, for
any such ϕ, one has

supn
1√
n
|Snϕ(0)| ≤ C ‖ϕ‖∞ .

Choose a sequence k�→∞ such that exp(2iπk�α)−−−→
�→∞ 1 and write exp(2iπk�α)

= exp(2iπε�)with ε� −−−→
�→∞ 0. Set n� =

[
1

2ε�

]
. We then have exp(2iπk�n�α)−−−→

�→∞
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−1. Let ϕ� be the function x �→ exp(2iπk�x). We have

1√
n�

∣
∣Sn�ϕ�(0)

∣
∣= 1√

n�

∣
∣
∣ exp(2iπk�n�α)−1

exp(2iπk�α)−1

∣
∣
∣∼

√
2

π
√
ε�
→∞,

hence a contradiction. Thus, one can find a function ϕ such that the conclusion of
Theorem 3.13 does not hold for the associated cocycle σ .

Remark 3.16 The 2-tensor Φμ will play a crucial role in the Central Limit Theo-
rem and its unit ball Kμ := KΦμ will play a crucial role in the law of the iterated
logarithm in Theorem 12.1.

Proof of Theorem 3.13 Using the trick (3.9), we may assume that the average σμ
is 0.

The integral Mn(x) :=
∫
G
σ(g, x)2 dμ∗n(g) is the sum of the three integrals

Mn(x)=M0,n(x)+M1,n(x)+M2,n(x), where

M0,n(x)=
∫
G
σ0(g, x)

2 dμ∗n(g),

M1,n(x)=
∫
G

2σ0(g, x)(ψ(x)−ψ(gx))dμ∗n(g),
M2,n(x)=

∫
G
(ψ(x)−ψ(gx))2 dμ∗n(g),

where σ0 and ψ are as in (3.13).
We compute the first term. Since σμ = 0, the “zero drift” condition (3.12) implies

that, for every m,n≥ 1, one has

M0,m+n = Pmμ M0,n +M0,m.

HenceM0,n is the Birkhoff sum

M0,n =∑n−1
k=0 P

k
μM0,1.

Since ν is the unique μ-stationary probability on the compact space X, by Corol-
lary 2.11, one has the convergence in S2E, uniformly for x ∈X,

1
n
M0,n(x)−−−→

n→∞ ν(M0,1)=Φμ. (3.18)

We now compute the second term. According to Theorem 3.9, one has the con-
vergence

1
n
σ (bn · · ·b1, x)−−−→

n→∞ σμ = 0

in L1(B,B,E) uniformly for x ∈X. Hence one has the convergence, uniformly for
x ∈X,

1
n
|M1,n(x)| ≤ 2

n
‖ψ‖∞

∫
G
‖σ0(g, x)‖dμ∗n(g)−−−→

n→∞ 0. (3.19)



48 3 The Law of Large Numbers

The last term is the easiest one to control:

1
n
|M2,n(x)| ≤ 4

n
‖ψ‖2∞ −−−→

n→∞ 0. (3.20)

The convergence (3.17) follows from (3.18), (3.19) and (3.20). �

Again, in the study of non-connected groups, we will need the following invari-
ance property analogous to Lemma 3.10.

Lemma 3.17 We keep the notations and assumptions of Theorem 3.13. Let F be
a finite group which acts linearly on E and which acts continuously on the right
on X. We assume that the F -action and the G-action on X commute and that the
cocycles (g, x) �→ σ(g, xf ) and (g, x) �→ f−1σ(g, x) are cohomologous for all f
in F . Then the 2-tensor Φμ ∈ S2E is F -invariant.

Proof By Lemma 3.12, we have f−1σ0(g, .)= σ0(g, .f ) for any g inG and f in F .
The proof is then analogous to that of Lemma 3.10, by using (3.16). �

3.5 Divergence of Birkhoff Sums

The aim of this section is to prove Lemma 3.18, which tells us that when
Birkhoff sums of a real function diverge, they diverge with linear speed.

This Lemma 3.18 will be a key ingredient in the proof of the positivity of the first
Lyapunov exponent in Theorem 4.31, in the proof of the regularity of the Lyapunov
vector in Theorem 10.9, and hence in the proof of the simplicity of the Lyapunov
exponents in Corollary 10.15.

Lemma 3.18 Divergence of Birkhoff sums Let (X,X , χ) be a probability space,
equipped with an ergodic measure-preserving map T , let ϕ be in L1(X,X , χ) and,
for any n in N, let ϕn = ϕ+ · · ·+ϕ ◦ T n−1 be the n-th Birkhoff sum of ϕ. Then, one
has the equivalences

lim
n→∞ϕn(x)=+∞ for χ-almost all x in X ⇐⇒ ∫

X
ϕ dχ > 0,

lim
n→∞|ϕn(x)| = +∞ for χ-almost all x in X ⇐⇒ ∫

X
ϕ dχ �= 0.

Here is the interpretation of this last equivalence: one introduces the fibered dy-
namical system on X × R given by (x, t) �→ (T x, t + ϕ(x)) which preserves the
infinite volume measure χ ⊗ dt ; this dynamical system is conservative if and only
if the function ϕ has zero average.

Proof Suppose first
∫
X
ϕ dχ > 0. Then, by Birkhoff’s theorem, one has, χ -almost

everywhere, ϕn −−−→
n→∞ +∞.



3.5 Divergence of Birkhoff Sums 49

Similarly, when
∫
X
ϕ dχ < 0, one has ϕn −−−→

n→∞ −∞.

Suppose now
∫
X
ϕ dχ = 0 and let us prove that, for χ -almost any x in X, there

exists arbitrarily large n such that |ϕn(x)| ≤ 1. Suppose this is not the case, that is,
for some p ≥ 1, the set

A= {x ∈X | ∀n≥ p |ϕn(x)|> 1}
has positive measure.

Let us first explain roughly the idea of the proof. By definition of A, the intervals
of length 1 centered at ϕm(x), form integer such that T mx sits in A, are disjoint. We
will see that by Birkhoff’s Theorem this gives too many intervals since the sequence
ϕm(x) grows sublinearly.

Here is the precise proof. By Birkhoff’s theorem, for χ -almost any x in X, one
has

1
n
ϕn(x)−−−→

n→∞ 0 and 1
n
|{m ∈ [0, n−1] | T mx ∈A}| −−−→

n→∞ χ(A).

Pick such an x and fix q ≥ p such that, for any n≥ q , one has

|ϕn(x)| ≤ n
4p χ(A) and |{m ∈ [0, n−1] | T mx ∈A}| ≥ 3n

4 χ(A).

Then, for n≥ q , the set

En = {m ∈ [q,n−1] | T mx ∈A}
admits at least 3n

4 χ(A)− q elements. For each m in En, we consider the intervals

Im := [ϕm(x)− 1
2 , ϕm(x)+ 1

2 ].
On the one hand, for m,m′ in En with m′ ≥m+ p, as T mx belongs to A, one has

|ϕm′(x)− ϕm(x)| =
∣
∣ϕm′−m(T mx)

∣
∣> 1,

hence the intervals Im and Im′ are disjoint, so that one has

λ
(∪m∈EnIm

)≥ 1
p

∑
m∈En λ (Im)≥ 1

p
( 3n

4 χ(A)− q),
where λ denotes Lebesgue measure. On the other hand, for q ≤ m ≤ n − 1, the
interval Im is included in [− n

4pχ(A)− 1
2 ,

n
4pχ(A)+ 1

2 ], so that

λ
(⋃

m∈En Im
)≤ 1

2pχ(A)n+ 1.

Thus, for any n≥ q , one has

1
p
( 3n

4 χ(A)− q)≤ n
2pχ(A)+ 1,

which is absurd, whence the result. �



Chapter 4
Linear Random Walks

The aim of this chapter is to prove the Law of Large Numbers for the norm a prod-
uct of random matrices when the representation is irreducible (Theorem 4.28) and
to prove the positivity of the first Lyapunov exponent when, moreover, this repre-
sentation is unimodular, unbounded and strongly irreducible (Theorem 4.31). To do
this, we have to understand the stationary measures on the projective space for such
irreducible actions. We will begin with the simplest case: when the representation is
strongly irreducible and proximal. In this case, we check that there exists a unique
μ-stationary measure on the projective space. It is called the Furstenberg measure.

4.1 Linear Groups

In this section, we study semigroups Γ of matrices over a local field. When Γ
is irreducible, we define its proximal dimension. When, moreover, Γ is proxi-
mal, i.e. when the proximal dimension is 1, we define its limit set.

Let K be a local field. We recall that this means that K is either R or C, or a finite
extension of the field of p-adic numbers Qp for p a prime number, or the field of
Laurent series Fq((T )) with coefficients in the finite field Fq , where q is a prime
power. Let V be a finite-dimensional K-vector space and d = dimK V .

When K is R or C, let |·| be the usual modulus on K and q be the number e. Fix
a scalar product on V and let ‖·‖ denote the associated norm.

When K is non-Archimedean, let O be its valuation ring, � be a uniformizing
element of K, that is, a generator of the maximal ideal of O , and let q be the car-
dinality of the finite field O/�O . Equip K with the absolute value |·| such that
|� | = 1

q
. Fix a ultrametric norm ‖·‖ on V .

We denote by P(V ) := {lines in V } the projective space of V and we denote by
Gr (V ) := {r-planes in V } the Grassmann variety of V when 0 ≤ r ≤ d .

We endow the ring of endomorphisms End(V ) with the norm given by ‖f ‖ :=
max
v �=0

‖f (v)‖
‖v‖ , for every endomorphism f of V .
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52 4 Linear Random Walks

Recall that a nonzero endomorphism f of V is said to be proximal if f admits a
unique eigenvalue with maximal absolute value and if the multiplicity of this eigen-
value in the characteristic polynomial of f is 1. In this case, this eigenvalue and this
eigenspace are defined over K. Note that this amounts to saying that the action of f
on P(V )�P

(
Kerf d

)
admits an attracting fixed point, i.e. a point admitting a com-

pact neighborhood b+ such that, uniformly for x in b+, the powers f n(x) converge
to this point. This point is sometimes denoted V +

f ∈ P(V ) and sometimes x+f . This

line V +
f is the eigenspace of f whose eigenvalue has maximal absolute value. We

let V<f ⊂ V denote the unique f -stable hyperplane with V +
f �⊂ V<f . The action of

the adjoint map f ∗ of f on the dual space V ∗ to V is also proximal and one has

(V ∗)+f ∗ = (V <f )⊥ and (V ∗)<f ∗ = (V +
f )

⊥.

Let Γ be a subsemigroup of GL(V ). Say that the action of Γ on V is irreducible,
or that Γ is irreducible, if every Γ -stable subspace of V either equals V or {0}.
Say it is strongly irreducible, or that Γ is strongly irreducible, if, for any finite set
V1, . . . , Vl of subspaces of V , if the set V1 ∪ · · · ∪ Vl is Γ -stable, then either there
exists 1 ≤ i ≤ l with Vi = V or V1 = · · · = Vl = {0}.

Let r := rΓ be the proximal dimension of Γ , i.e. the smallest integer r ≥ 1 for
which there exists an endomorphism π in End(V ) of rank r such that

π = lim
n→∞λn gn with λn in K and gn in Γ.

Say Γ is proximal if rΓ = 1. For instance, when Γ contains a proximal element, the
semigroup Γ is proximal.

The following lemma tells us that, when Γ is irreducible, the converse is also
true.

Lemma 4.1 Let Γ be an irreducible proximal subsemigroup of GL(V ). Then Γ
contains a proximal element.

Moreover, for any proper subspace W of V , there exists a proximal element g of
Γ with V +

g �⊂W .

Proof Let π in End(V ) be a rank one endomorphism such that π = limn→∞ λn gn
with λn in K and gn inG. As Γ is irreducible, there exists h, h′ in Γ with h(Imπ) �⊂
W and h′h(Imπ) �⊂ Kerπ . Then hπh′ is a multiple of a rank one projector whose
image is not included in W . Note that

hπh′ = lim
n→∞λn hgnh

′.

We claim that the element hgnh′ is proximal, for n large, and V +
hgnh′ �⊂W . Indeed, if

b is a compact neighborhood of P(h(Imπ)) in P(V ) which intersects neither P(W)
nor P(h′−1(Kerπ)), then, for n large, hgnh′(b) is contained in the interior of b and
the restriction of hgnh′ to b is a 1

2 -contraction, thus, hgnh′ admits an attracting fixed
point in P(V ), which belongs to b. �
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The following Lemma 4.2 introduces the limit set in P(V ) of an irreducible prox-
imal subsemigroup. This lemma is also useful when the representation is not proxi-
mal. Indeed, it introduces the limit set in the Grassmann variety of V on which one
controls the norms of the image vectors. This limit set will be used in the proof of
the Law of Large Numbers for the norm.

Lemma 4.2 Let Γ be an irreducible subsemigroup of GL(V ) and let r = rΓ be its
proximal dimension. Let ΛrΓ ⊂Gr (V ) be the set of r-dimensional subspaces W of
V which are images of elements π in End(V ) which belong to the closure KΓ .

(a) Then ΛrΓ is a minimal Γ -invariant subset of Gr (V ). It is called the limit set of
Γ in Gr (V ).

(b) There exists C > 0 such that, for every g in Γ , W in ΛrΓ , and v, v′ nonzero
in W , one has

‖gv′‖
‖v′‖ ≤ C ‖gv‖

‖v‖ . (4.1)

(c) When r = 1, Λ1
Γ is the unique minimal Γ -invariant subset of P(V ), and is

called the limit set of Γ in P(V ).

We recall that a Γ -invariant subset is said to be minimal if it is closed and all its
Γ -orbits are dense.

Point (b) means that, on the limit r-subspacesW ∈ΛrΓ , the elements of Γ almost
act by similarities. When K = R, the constant C can be chosen to be C = 1 for a
suitable choice of norms.

Remark 4.3 When K=R, the constant C can be chosen to be C = 1 for a suitable
choice of norm (see Lemmas 6.23 and 6.33).

Remark 4.4 When r > 1, the Γ -invariant subset ΛrΓ ⊂Gr (V ) may not be the only
one which is minimal. Indeed, there may exist uncountably many minimal subsets in
Gr (V ). For example, let Γ = SO(d − 1,1) act on V =∧2

R
d with d > 6. One then

has r = d − 2. We denote by ei,j := ei ∧ ej , with 1 ≤ i < j ≤ d , the standard basis
of V . For instance, when d = 7, r = 5 and the quadratic form is x1x7+x2

2 +· · ·+x2
6 ,

the subspace

W := 〈e1,2, e1,3, e1,4, e1,5, e1,6〉
belongs to ΛrΓ while, for t > 1, the subspaces

Wt := 〈e1,2, e1,3, e1,4, e1,5, e2,3 + te4,5〉

are in distinct compact orbits of Γ in Gr (V ).

Proof of Lemma 4.2 (a) Fix W = Imπ and W ′ = Imπ ′ in ΛrΓ . We want to prove
that W is in the closure of the Γ -orbit of W ′. Since Γ is irreducible, one can find
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g in Γ such that the product πgπ ′ is nonzero. By definition of r , the product πgπ ′
has rank r . Write π = lim

n→∞λngn with λn ∈K, gn ∈ Γ . Then one has, as required,

W = lim
n→∞gngW

′.

(b) First, note that, for any ε > 0, there exists an α > 0 such that, for any x ∈
P(V ) and π in KΓ with rank r , if d(x,P (Kerπ))≥ ε, one has

‖πw‖ ≥ α ‖π‖‖w‖ .
Indeed, if this were not the case, one could find a sequence of elements of KΓ with
rank r but with a nonzero cluster point of rank < r .

Using the compactness of the Grassmann varieties, we pick ε > 0 such that, for
any U in Gn−r (V ) and U ′ in Gn−r+1(V ), there exists a point x in P(U ′) with
d(x,P(U))≥ ε, and we let α be as above. For g in Γ , W = Imπ in ΛrΓ and v �= 0
in W , we can find w in V such that πw = v and d(Kw,P (Kerπ))≥ ε. We get

α ‖π‖‖w‖ ≤ ‖v‖ ≤ ‖π‖‖w‖
α ‖gπ‖‖w‖ ≤ ‖gv‖ ≤ ‖gπ‖‖w‖

hence

α
‖gπ‖
‖π‖ ≤ ‖gv‖

‖v‖ ≤ 1
α
‖gπ‖
‖π‖

and (4.1) follows immediately.
(c) Same proof as in (a). Assume r = 1. FixW = Imπ in Λ1

Γ and x in P(V ). We
want to prove that W is in the closure of the Γ -orbit of x. Since Γ is irreducible,
one can find g in Γ such that gx is not in Kerπ . Write π = lim

n→∞λngn with λn ∈K,

gn ∈ Γ . Then one has W = lim
n→∞gngx, as required. �

4.2 Stationary Measures on P(V ) for V Strongly Irreducible

We study now the stationary measures ν on the projective space for strongly
irreducible actions. We construct the Furstenberg boundary map. In partic-
ular, when the action is proximal, ν is unique and its limit measures νb are
Dirac masses.

We keep the notations of Sect. 4.1. For a Borel probability measure μ on GL(V ),
we let Γμ denote the smallest closed subsemigroup of GL(V ) such that μ(Γμ)= 1.
We also keep the notations of Chap. 2 with G= GL(V ). In particular, (B,B, β) is
the one-sided Bernoulli space with alphabet (G,G ,μ).

The following lemma tells us that the proximal dimension is reached by almost
every trajectory and it constructs the so-called Furstenberg boundary map.
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Lemma 4.5 Let μ be a Borel probability measure on GL(V ) such that Γμ is
strongly irreducible. Let r = rΓμ . Then

(a) There exists a Borel map ξ : B→ Gr (V ) such that for β-almost any b in B ,
every nonzero limit point f in End(V ) of a sequence λnb1 · · ·bn with λn in K

has rank r and admits ξ(b) as its image.
(b) Let ν be a μ-stationary Borel probability measure on P(V ). Then, for β-almost

any b in B , ξ(b) is the smallest vector subspace Vb ⊂ V such that the limit
measure νb is supported by P(Vb).

We shall use the strong irreducibility assumption in the following form:

Lemma 4.6 Let μ be a Borel probability measure on GL(V ), r0 > 0, ν be a μ-
stationary Borel probability measure on Gr0(V ) and W be a proper nontrivial sub-
space of V .

(a) If Γμ is irreducible, then one has ν(Gr0(W)) �= 1.
(b) If Γμ is strongly irreducible, then one has ν(Gr0(W))= 0.

Proof (a) Let W0 be the intersection of all the vector subspaces W of V such that
ν(Gr0(W)) = 1, that is, such that Gr0(W) contains the support of ν. We still have
ν(Gr0(W0))= 1. The equality

ν(Gr0(W0))=
∫
G
ν(Gr0(g

−1W0))dμ(g)

tells us that, for μ-almost any g in GL(V ), one has

ν(Gr0(g
−1W0))= 1,

and hence W0 = g−1W0. We get ΓμW0 =W0. Now, since W0 is nonzero and V is
irreducible, we getW0 = V as required.

(b) Let r ≥ r0 be the smallest positive integer such that there exists a nontrivial
subspace W of V with dimension r such that ν(Gr0(W)) �= 0. As, for any W1 �=
W2 in Gr (V ), one has ν(Gr0(W1 ∩W2))= 0, for any countable family (Wi)i∈N of
elements of Gr (V ), one has

∑
i∈N ν(Gr0(Wi))= ν(

⋃
i∈NGr0(Wi))≤ 1.

Hence, for any m> 0, the set of W in Gr (V ) with ν(Gr0(W))≥ m is finite. Let

m := sup
W∈Gr (V )

ν(Gr0(W))

and letM be the non-empty finite set

M := {W ∈Gr (V ) | ν(Gr0(W))=m}.
Again, for any W inM , the equality

ν(Gr0(W))=
∫
G
ν(Gr0(g

−1W))dμ(g)
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tells us that, for μ-almost any g in G, g−1W belongs to M . Hence, the finite union⋃
W∈M W is Γμ-stable and, since Γμ is strongly irreducible, r is the dimension

of V , which completes the proof. �

Note that every endomorphism f of V induces a continuous map

P(V )�P (Kerf )→ P(V ).

Proof of Lemma 4.5 A crucial feature of the proof consists in dealing simultane-
ously with the statements (a) and (b). Let ν be a μ-stationary Borel probability
measure on P(V ). Such a measure exists by Lemma 2.10. By Lemma 2.21, for β-
almost any b in B , for any integer m≥ 0, for μ∗m-almost any g in G, one has

(b1 · · ·bng)∗ν −−−→
n→∞ νb.

We set ξ(b) to be the smallest vector subspace of V such that

νb(P(ξ(b)))= 1.

Let f be a nonzero limit point in the space of endomorphisms of V of a sequence
λnb1 · · ·bn with λn in K. By Lemma 4.6, one has ν(P (Kerfg)) = 0 for any g in
GL(V ). Hence, for any m in N, for μ∗m-almost any g in GL(V ), one has (fg)∗ν =
νb . Thus, by continuity, one gets

(fg)∗ν = νb , for any g in Γμ. (4.2)

In particular, one has

f∗ν = νb.
On the one hand, this gives ξ(b) ⊂ Imf . On the other hand, this also gives
ν(f−1ξ(b)) = 1, hence, by Lemma 4.6, one has f−1ξ(b) = V and ξ(b) ⊃ Imf .
This proves the equality ξ(b) = Imf . This proves simultaneously that the image
Imf does not depend on the choice of the limit point f and that the space ξ(b) does
not depend on the choice of the stationary measure ν.

It only remains to check that dim ξ(b)= r . Let π be a rank r endomorphism of
V which is a limit

π = lim
n→∞λngn

with λn in K and gn in Γμ. Since Γμ is irreducible, we can choose π in such a way
that f π �= 0. By Lemma 4.6, ν(Kerπ) = 0. Hence, applying (4.2) to g = gn and
passing to the limit, one gets

(f π)∗ν = νb.
This proves that ξ(b)= Im (f π) and dim ξ(b)≤ r . By definition of r , this inequality
has to be an equality. �
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The following Proposition 4.7 is just a restatement of Lemma 4.5 when Γμ is
proximal. In this case the Furstenberg boundary map ξ takes its values in the pro-
jective space.

Proposition 4.7 Let μ be a Borel probability measure on GL(V ) such that Γμ is
proximal and strongly irreducible. Then there exists a unique μ-stationary Borel
probability measure ν on P(V ).

This probability ν is μ-proximal, i.e. there exists a Borel map

ξ : B→ P(V )

such that, for β-almost any b in B , νb is the Dirac mass at ξ(b) ∈ P(V ). In particu-
lar, one has ν = ξ∗β .

For β-almost any b in B , every nonzero limit point f in End(V ) of a sequence
λnb1 · · ·bn with λn in K has rank one and admits the line ξ(b) as its image.

Proof Thanks to Lemma 4.5, it only remains to check the uniqueness of the μ-
stationary probability measure ν on P(V ). Since rΓμ = 1, according to Lemma 4.5,
for β-almost any b in B , the corresponding limit measure νb is a Dirac mass at the
point ξ(b). Hence by Lemma 2.19, one has ν = ∫

B
δξ(b) dβ(b). �

Applying Lemma 4.5 to the dual representation, one gets:

Corollary 4.8 Let μ be a Borel probability measure on GL(V ) such that Γμ is
strongly irreducible. Let r = rΓμ
(a) For β-almost any b in B , there exists a Vb ∈Gd−r (V ) such that every nonzero

limit point f in End(V ) of a sequence λnbn · · ·b1 with λn in K has rank r and
admits Vb as its kernel.

(b) For every x in P(V ), one has β({b ∈ B | x ⊂ Vb})= 0.

Proof (a) For g ∈ GL(V ) we denote by g∗ ∈ GL(V ∗) the adjoint operator of g. The
adjoint subsemigroup Γ ∗

μ ⊂ GL(V ∗) is also strongly irreducible and one has

rΓμ = rΓ ∗
μ
.

Hence we can apply Lemma 4.5 to the image measure μ∗ of μ by the adjoint map.
This tells us that, for β-almost any b in B and any λn in K, any nonzero limit value
of λnb∗1 · · ·b∗n is a rank r operator in End(V ∗) whose image ξ∗(b) ∈ Gr (V

∗) does
not depend on the limit value. Let Vb ⊂ V be the vector subspace

Vb := (ξ∗(b))⊥.
Any limit value of λnbn · · ·b1 is a rank r operator in End(V ) whose kernel is this
vector subspace Vb .

(b) Note that, by construction, for β-almost any b in B , one has

ξ∗(T b)= (b∗1)−1ξ∗(b),
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so that, by Remark 2.20, the Borel probability measure ν∗ on Gr (V
∗) that is the

image of β by the map ξ∗, is μ∗-stationary. The result now follows from Lemma 4.6
applied to ν∗. �

Remark 4.9 The assumption that Γμ is proximal is crucial in Proposition 4.7. For
instance, if one chooses μ in such a way that Γμ is a connected compact subgroup
of GL(V ) which acts irreducibly on V but which does not act transitively on P(V ),
then there are infinitely many stationary measures on P(V ), since every Γμ-orbit
carries one. One can give similar examples with a non-compact Γμ by using the
group constructed in Remark 4.4.

Remark 4.10 The assumption that Γμ is strongly irreducible is also crucial in
Proposition 4.7. One cannot weaken it by just assuming Γμ to be irreducible. For
example, if G is the group of matrices of the form

(
a 0
0 a−1

)
or
( 0 a

a−1 0

)
with a �= 0

in R, which acts on R
2, we let μ be a compactly supported Borel probability mea-

sure on G such that Γμ =G. In this case, one checks that, since a centered random
walk on R is recurrent, for β-almost every b in B , the set of cluster points of the
sequence Rb1 · · ·bn ∈ P(End(R2)) contains both rank 1 and rank 2 matrices.

An analogous example can be constructed with a semisimple group G (see
Sect. 13.9 for details).

We will see in Sect. 4.3 how to take into account Remark 4.10 and how to adapt
the main results of Sect. 4.2 to general irreducible actions.

4.3 Virtually Invariant Subspaces

In this section, we introduce purely algebraic tools to reduce the study of ir-
reducible representations to the study of strongly irreducible representations.

Let Γ be a subsemigroup of GL(V ). We say that a subspace W of V is virtually
invariant under Γ if the set ΓW = {gW |g ∈ Γ } is finite. We say that a nonzero
virtually invariant subspaceW is strongly irreducible if it does not contain a proper
nontrivial virtually invariant subspace. Note that, since V is finite-dimensional, there
always exists a strongly irreducible virtually invariant subspace W in V . Note that
this definition of strong irreducibility extends the one given in Sect. 4.1.

Lemma 4.11 Let Γ be a subsemigroup of GL(V ).

(a) If W is a virtually invariant subspace, so is gW for any g in Γ .
(b) If, moreover,W is strongly irreducible, so is gW for any g in Γ .
(c) IfW1 andW2 are virtually invariant subspaces, so areW1 +W2 andW1 ∩W2.

Proof (a) This follows from the fact that ΓgW ⊂ ΓW and even ΓgW = ΓW , since
the latter set is finite.
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(b) is immediate if Γ is a group. In general, this follows from the fact that any
finite subsemigroup of a group is a group. More precisely, there exist integersm> n
such that gmW = gnW . Hence, setting h = gm−n−1, one gets hgW =W . Now, if
U ⊂ gW is virtually invariant, then, by (a), hU ⊂W is also virtually invariant and
we get hU =W , hence U = gW , which was to be shown.

(c) One has g(W1 +W2)= gW1 + gW2 and g(W1 ∩W2)= gW1 ∩ gW2, for all
g in Γ . �

The following lemma decomposes any irreducible representation as a sum of
strongly irreducible subspaces:

Lemma 4.12 Let Γ be an irreducible subsemigroup of GL(V ) and letW1, . . . ,W�
be a minimal family of virtually invariant and strongly irreducible subspaces of V
such that V is spanned byW1, . . . ,W�. Then one has V =W1 ⊕ · · · ⊕W�.

Proof By minimality, we have W1 ∩ (W2 + · · · +W�) �=W1.
By Lemma 4.11, W1 ∩ (W2 + · · · +W�) is a virtually invariant subspace.
Thus, we get W1 ∩ (W2 + · · · +W�)= {0} and the result follows. �

Note that such a familyWi always exists. Note also that one cannot always expect
such a family Wi to be invariant under the action of Γ . This is why we introduce
the following definition.

If Γ is an irreducible subsemigroup of GL(V ), we shall say that a family (Vi)i∈I
of subspaces of V is a transitive strongly irreducible Γ -family if, for any i, Vi
is virtually invariant and strongly irreducible and if the family is Γ -invariant and
transitively permuted by Γ . In other words, it is of the form ΓW , where W is a
virtually invariant and strongly irreducible subspace of V . Such a family necessarily
spans V since

⋃
g∈Γ gW spans a Γ -invariant subspace of V and Γ acts irreducibly

on V . Since V admits virtually invariant and strongly irreducible subspaces, it also
admits transitive strongly irreducible Γ -families.

Example 4.13 If Γ is a finite group, the Vi have dimension 1. If Γ is strongly
irreducible, one has Vi = V .

Lemma 4.14 Let Γ be an irreducible subsemigroup of GL(V ), W be a nonzero
virtually invariant and strongly irreducible subspace of V and

ΓW := {g ∈ Γ | gW =W }.

Then the dimension of W and the proximal dimension of ΓW in W do not depend
on W .

We call this proximal dimension r the virtual proximal dimension of Γ and we
say Γ is virtually proximal if r = 1.
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Proof Let (Vi)i∈I be a transitive strongly irreducible Γ -family in V . We claim that
the semigroups Γi := ΓVi all have the same proximal dimension in the spaces Vi .
Indeed, let i, j be in I and g,h be in Γ with gVi = Vj and hVj = Vi . We get
gΓih⊂ Γj , hence the proximal dimension of Γj is bounded above by the proximal
dimension of Γi . By reversing the roles of i and j , we get equality.

Now, by Lemma 4.12, one can find a subset J of I such that one has V =⊕
i∈J Vi . We let pi denote the projection on Vi in this decomposition.
Let W be a virtually invariant and strongly irreducible nonzero subspace of V .

As W is nonzero, there exists an i ∈ J with pi(W) �= {0}. We claim that pi induces
an isomorphism betweenW and Vj . Indeed, since the set ΓW×∏j∈J Γ Vj is finite,
ifΔ= ΓW ∩⋂j∈J Γj , there exists a finite subset F of Γ such that Γ = FΔ. Hence,
since the spaces pi(W) andW ∩Kerpi are Δ-invariant, they are virtually invariant.
Since pi(W) is a nonzero subspace of Vi , we get pi(W) = Vi . Since W ∩ Kerpi
is a proper subspace of W , we get W ∩ Kerpi = {0}, which was to be shown. In
particular,W and Vi have the same dimension.

Let now gn be a sequence in ΓW and λn be a sequence in K such that λngn
converges in the space of endomorphisms of W towards a map π with rank the
proximal dimension r of ΓW inW . Since the set ΓW(Vj )j∈J is finite, one can find a
finite subset F ′ ⊂ ΓW such that ΓW = F ′Δ. Thus, for any n in N, there exists an fn
in F ′ with fngnVj = Vj for any j in J . In other words, after having replaced gn by
fngn and taken a subsequence, one can assume gn ∈ ΓVj for any n, for any j in J .
In particular pign = gnpi . Since pi induces an isomorphism between W and Vi ,
the sequence λngn converges in the space of endomorphisms of Vi towards a rank r
map and the proximal dimension of Γi in Vi is bounded by r . The result follows by
exchanging the roles of the Γ -families (Vi)i∈I and ΓW . �

4.4 Stationary Measures on P(V )

We will now use the language of Sect. 4.3 to extend the study of stationary
measures on projective spaces to irreducible actions which are not strongly
irreducible. An alternative approach will be explained in Chap. 5.

Here is the extension of Lemma 4.5 which constructs the Furstenberg boundary
map.

Lemma 4.15 Let μ be a Borel probability measure on GL(V ) such that the semi-
group Γμ is irreducible. Let r be the virtual proximal dimension of Γμ. Let (Vi)i∈I
be a transitive strongly irreducible Γμ-family. Then

(a) There exist Borel maps ξVi : B → Gr (Vi), for i ∈ I , such that, for any i, j
in I , for β-almost any b in B , every nonzero limit point f in Hom(Vj ,Vi) of a
sequence λnb1 · · ·bn |Vj with λn in K has rank r and admits ξVi (b) as its image.

(b) Let ν be a μ-stationary Borel probability measure on ∪i∈IP (Vi). Then, for β-
almost any b in B , ξVi (b) is the smallest vector subspace Vi,b ⊂ Vi such that
the limit measure νb is supported by ∪i∈IP(Vi,b).
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Remark 4.16 By construction these maps ξVi satisfy the following equivariance
property. For all i, j in I and β-almost all b in B such that b1Vj = Vi , one has

ξVi (b)= b1 ξVj (T b).

Here is the extension of Lemma 4.6.

Lemma 4.17 Let μ be a Borel probability measure on GL(V ) such that Γμ is
irreducible. Let W be a virtually invariant and strongly irreducible subspace of V
for Γμ. Let r0 > 0 and ν be a μ-stationary Borel probability measure on Gr0(V ).
Then, for any proper nontrivial subspace U of W , one has ν(Gr0(U))= 0.

Proof Same proof as for Lemma 4.6. �

Proof of Lemma 4.15 We copy the proof of Lemma 4.5, taking into account the
subspaces Vi which are permuted by Γ . We simultaneously prove the two state-
ments. Let ν be a μ-stationary Borel probability measure on X. We set νi for the
restriction of ν to P(Vi) and, for β-almost all b in B , we set νi,b for the restriction
of νb to P(Vi). By Lemma 2.21, for β-almost any b in B , for any integer m≥ 0, for
μ∗m-almost any g in G , one has (b1 · · ·bng)∗ν −−−→

n→∞ νb . We set ξVi (b) to be the

smallest vector subspace of Vi such that νb(P(ξVi (b)))= 1.
Let i, j , k in I and g in GL(V ) be such that gVk = Vj . Let f ∈ Hom(Vj ,Vi) be

a nonzero limit point of a sequence λnb1 · · ·bn|Vj with λn in K. By lemma 4.17, one
has ν(P

(
KerVkfg

)
) = 0. Hence, for any m in N, for μ∗m-almost any g in GL(V )

such that gVk = Vj , one has (fg)∗νk = νi,b . Thus, by continuity, one gets

(fg)∗νk = νi,b , for any g in Γμ such that gVk = Vj . (4.3)

In particular, one has

f∗νj = νi,b.
Hence, using again Lemma 4.17, one has the equality

ξVi (b)= f (Vj ).
This simultaneously proves that the image f (Vj ) does not depend on the limit point
f and that the space ξVi (b) does not depend on the choice of the stationary mea-
sure ν.

It remains only to check that dim ξVi (b) = r . Let π ∈ End(Vj ) be a rank r ele-
ment which is a limit

π = lim
n→∞λngn|Vj

with λn in K and gn in Γμ, gnVj = Vj . Since the stabilizer of Vj in Γμ is irreducible
in Vj , we can choose π in such a way that fπ �= 0. By Lemma 4.6, ν(KerVj π)= 0.
Hence, applying (4.3) to g = gn and passing to the limit, one gets

(f π)∗νj = νi,b.
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This proves that ξVi (b) = fπ(Vj ) and dim ξVi (b) ≤ r . By definition of r , this in-
equality has to be an equality. �

Focusing on virtually proximal representations, one obtains the following exten-
sion of Proposition 4.7.

Proposition 4.18 Let μ be a Borel probability measure on GL(V ) such that the
semigroup Γμ is irreducible and virtually proximal. Let (Vi)i∈I be a transitive
strongly irreducible Γ -family. Then there exists a unique μ-stationary Borel proba-
bility measure ν on ∪i∈IPVi .

This probability ν is μ-proximal over I , i.e. for each i in I , there exists a Borel
map

ξi : B→ P (Vi)

such that, for β-almost any b in B , νb is the average 1
|I |
∑
i∈I δξi (b). In particular,

one has ν|P(Vi ) = (ξi)∗β .
For i, j ∈ I , for β-almost any b in B , every nonzero limit point f of a sequence

λn(b1 · · ·bn)|Vj ∈ Hom(Vj ,Vi) with λn in K has rank one and admits the line ξi(b)
as its image.

Remark 4.19 When K = R, one can prove that every ergodic stationary measure
on P(V ) is of the form described in Lemma 4.15, i.e. is supported by ∪i∈IP(Vi) for
some transitive strongly irreducible Γμ-family (this is explained in [17]). When K

is non-Archimedean, a counter-example is constructed in Sect. 13.9.

Proof Thanks to Lemma 4.15, it only remains to check the uniqueness of the μ-
stationary measure ν on ∪i∈IP(V ). Note first that the semigroup Γ acts on the finite
set I and hence, by the maximum principle, the image of ν on I is Γ -invariant.

Since rΓμ = 1, according to Lemma 4.15, for β-almost any b in B , the corre-
sponding limit measure νb is given by the formula

νb = 1
|I |
∑
i∈I δξi (b). (4.4)

Hence ν is unique since by Lemma 2.19, one has ν = ∫
B
νb dβ(b). �

Applying Lemma 4.15 to the dual representation, one obtains the following ex-
tension of Corollary 4.8.

Corollary 4.20 Let μ be a Borel probability measure on GL(V ) such that the
semigroup Γμ is irreducible. Let r be the virtual proximal dimension of Γμ, and W
be a virtually invariant and strongly irreducible subspace of V . Then

(a) For β-almost any b in B , there exists aWb ∈Gd−r (W) such that every nonzero
limit point f in Hom(W,V ) of a sequence λnbn · · ·b1|W with λn in K has rank
r and admits Wb as its kernel.

(b) For every x in P(V ), one has β({b ∈ B | x ⊂Wb})= 0.
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Proof (a) For g ∈ GL(V ) we denote by g∗ ∈ GL(V ∗) the adjoint operator of g.
The adjoint subsemigroup Γ ∗

μ ⊂ GL(V ∗) is also irreducible with virtual proximal
dimension r . Let U be a virtually invariant and strongly irreducible subspace of V ∗
such that the restriction to U of the natural map i∗ : V ∗ →W ∗ is nonzero. Since the
image of U in W ∗ is virtually invariant, i∗ maps U onto W ∗ isomorphically. Let
ξ∗U : B→Gr (U) be the map constructed in Lemma 4.15. For b in B , we set

Wb = (i∗ξU (b))⊥,
which is a codimension r subspace of W and we claim that the corollary holds for
this choice of the map b �→Wb.

Indeed, let b be in B such that the conclusion of Lemma 4.15 holds for b and the
transitive strongly irreducible Γμ-family ΓμU . Let λk be a sequence in K and nk
be a sequence of positive integers such that the sequence λk(bnk · · ·b1)|W admits a
nonzero limit point π in Hom(W,V ). After possibly extracting a subsequence, one
can assume there exists subspaces W ′ of V and U ′ of V ∗ such that, for any k, one
has

bnk · · ·b1W =W ′ and b∗1 · · ·b∗nkU ′ =U.
In particular, i∗ induces an isomorphism between U ′ and (W ′)∗. Now, by construc-
tion and by Lemma 4.15, the restriction of λkb∗1 · · ·b∗nk to U ′ converges towards a
rank r element� of Hom(U ′,U) with image ξU (b) and we get π∗

|U ′ = i∗� , so that
π has rank r and kernel Wb , which was to be shown.

(b) First note that, by definition, if x �⊂W , one has

β({b ∈ B | x ⊂Wb})= 0,

so that we can assume x ⊂W . We keep the notations of (a) and we set X = x⊥ ∩U ,
which is a proper subspace of U . For β-almost any b in B , one has the equivalence

x ⊂Wb ⇐⇒ ξ∗U(b)⊂X.
Let (V ∗

i )i∈I be the transitive strongly irreducible Γ ∗
μ -family Γ ∗

μU and, for β-almost
any b in B , for i in I , let V ∗

i,b be the subspace constructed in Lemma 4.15. We

set ν∗(b)= 1
|I |
∑
i∈I δV ∗

i,b
which is a Borel probability measure on Gr (V

∗). By con-

struction, for β-almost any b in B , one has ν∗T b = (b∗1)−1ν∗b so that, by Remark 2.20,
the Borel probability measure ν∗ = ∫

B
ν∗b dβ(b) is μ∗-stationary. The conclusion

now follows from Lemma 4.6 since one has

β({b ∈ B | x ⊂Wb}) = |I | ν∗(Gr (X)). �

4.5 Norms of Vectors and Norms of Matrices

In this section we prove that for almost every trajectory b, the size of all the
columns of the matrix bn · · ·b1 are comparable.
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Proposition 4.21 Let μ be a Borel probability measure on GL(V ) such that Γμ is
strongly irreducible. For any nonzero vector v in V , for β-almost any b in B , there
exists an ε > 0 such that, for any n ∈N, one has

‖bn · · ·b1v‖ ≥ ε ‖bn · · ·b1‖‖v‖ . (4.5)

Remark 4.22 In Proposition 4.21, one cannot replace the assumption “Γμ is
strongly irreducible” by “Γμ is irreducible”. Indeed there may exist two virtually
invariant and strongly irreducible subspaces Vi and Vj of V such that, for β-almost
every b in B , one has

sup
n≥1

‖bn · · ·b1|Vi‖
‖bn · · ·b1|Vj ‖

=∞.

An example of such a situation will be constructed in Sect. 13.9.

If we only assume that “Γμ is irreducible”, we have to replace inequality (4.5)
by inequality (4.6). This is the content of the following proposition.

Proposition 4.23 Let μ be a Borel probability measure on GL(V ) such that Γμ
is irreducible. Let (Vi)i∈I be a transitive strongly irreducible Γμ-family. For any i
in I , v nonzero in Vi , for β-almost any b in B , there exists an ε > 0 such that, for
any n ∈N, one has

‖bn · · ·b1v‖ ≥ ε‖bn · · ·b1|Vi‖‖v‖. (4.6)

To estimate norms of random products, we shall use the following

Lemma 4.24 Let (gn)n∈N be a sequence of elements of GL(V ) and f ∈ End(V )
be a nonzero limit of a sequence λngn with λn in K.

(a) Then, for any compact subsetM of P(V )�P (Kerf ), there exists a real number
ε > 0 such that, for any n ∈N and any v in V with Rv ∈M , one has

‖gnv‖ ≥ ε ‖gn‖‖v‖ .

(b) If f is non-invertible, one has ‖gn‖d
|detgn| −−−→n→∞ ∞.

(c) More precisely, if f has rank r < d , one has ‖gn‖r+1

‖∧r+1gn‖ −−−→n→∞ ∞.

Proof These statements are proved by contradiction. After a renormalization, we
may assume that the sequence gn converges towards f . In particular, one has
‖gn‖ −−−→

n→∞ ‖f ‖ �= 0.

(a) If there exists a sequence of nonzero vectors vn with Kvn in M such that the
ratio ‖gnvn‖

‖gn‖‖vn‖ goes to 0, then one can assume that vn converges to a nonzero vector

v∞. The line Kv∞ is also inM and the limit ratio ‖f v∞‖
‖f ‖‖v∞‖ is nonzero.
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(b) If ‖gn‖d
|detgn| is bounded, then f is invertible.

(c) If ‖gn‖r+1

‖∧r+1gn‖ is bounded, then ∧r+1f is nonzero. �

Proof of Proposition 4.23 For any x in P (Vi), one has, by Corollary 4.20,

β({b ∈ B | x ⊂ Vi,b})= 0,

so that our statement follows from Lemma 4.24.a. �

The following corollary tells us that the random walk on V � {0} is transient.

Corollary 4.25 Let μ be a Borel probability measure on GL(V ) such that Γμ is
irreducible. If, for some virtually invariant and strongly irreducible subspace W
of V , the image in PGL(W) of the stabilizer Γμ,W ofW in Γμ is not bounded, then,
for any nonzero vector v in V , for β-almost any b in B , one has

lim
n→∞‖bn · · ·b1v‖ =∞. (4.7)

Note that, if Γ is an irreducible subsemigroup of GL(V ), then the virtual prox-
imal dimension of Γ equals the dimension of some (equivalently any) virtually in-
variant and strongly irreducible subspace W if and only if, for some (equivalently
any) such subspaceW , the image in PGL(W) of the stabilizer ΓW ofW is bounded.

Proof Let r be the virtual proximal dimension of Γμ. Let (Vi)i∈I be a transitive
strongly irreducible Γμ-family. All these spaces Vi have the same dimension, call
it d0. Since the image of Γμ in PGL(V ) is unbounded, one has r < d0.

It is enough to prove (4.7) for v in one Vi . According to (4.6), for β-almost all b
in B , the sequence

‖bn···b1|Vi ‖‖bn···b1v‖
is bounded above. Since r < d0, according to Lemma 4.15 and Lemma 4.24(b), for
β-almost all b in B , one has

lim
n→∞‖bn · · ·b1|Vi‖ =∞.

This proves (4.7). �

Remark 4.26 Here is a slight improvement of Proposition 4.21, which we will not
use in this book, in which the convergence in v is uniform. This statement has a
similar proof (See [13, Cor. 5.5]):

Let μ be a Borel probability measure on GL(V ) such that Γμ is strongly irre-
ducible. For any α < 1 there exists an ε > 0 such that for any nonzero vector v in V ,
one has

β({b ∈ B | ‖bn · · ·b1v‖ ≥ ε ‖bn · · ·b1‖‖v‖ for all n≥ 1}) > α. (4.8)
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4.6 The Law of Large Numbers on P(V )

We now introduce the norm cocycle on the projective space which, roughly
speaking, controls the growth of the norm of a matrix, and we prove the Law
of Large Numbers for this cocycle.

We want to describe the behavior of the norm of the product of random ele-
ments of the group G := GL(V ) that are independent and identically distributed
with law μ. For any g in G, we set

N(g) := max
(‖g‖ ,∥∥g−1

∥
∥
)
, (4.9)

and for x in the space X := P(V ),

σ(g, x) := log ‖gv‖
‖v‖ , (4.10)

where v is a nonzero element of the line x. The map σ :G×X→R is a continuous
cocycle which we will call the norm cocycle. The function σsup :G→R introduced
in (3.7) is given here by

σsup(g)= logN(g).

We will say that a Borel probability measure μ on GL(V ) has a finite first mo-
ment if one has

∫
G

logN(g)dμ(g) <∞ (which does not depend on the choice of
the norm). In this case the sequence of real numbers (

∫
G

log‖g‖dμ∗n(g)) is subad-
ditive. We set

λ1,μ = lim
n→∞

1

n

∫

GL(V )
log‖g‖dμ∗n(g)

and we call it the first Lyapunov exponent ofμ. From Kingman’s subadditive ergodic
theorem we get the following very general fact:

Lemma 4.27 Let μ be a Borel probability measure on GL(V ) with a finite first
moment. Then, for β-almost any b in B , one has

1

n
log‖bn · · ·b1‖ −−−→

n→∞ λ1,μ and

1

n
log‖b1 · · ·bn‖ −−−→

n→∞ λ1,μ

and these sequences also converge in L1(B,β).

Proof For any n≥ 1 set, for b in B ,

fn(b)= log‖bn · · ·b1‖.
Then fn is integrable. Furthermore, one has fn+m ≤ fn + fm ◦ T n, for any m,n,
where T is the shift map on B . By Kingman’s subadditive ergodic theorem (see for
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example [120]), the sequence 1
n
fn converges almost everywhere and in L1(B,β)

towards lim
n→∞

1
n

∫
B
fn dβ .

In addition, since, for every g in EndV, one has ‖g‖ = ‖t g‖ (where t g denotes
the adjoint map of g, acting on the dual space V ∗), we get

λ1,μ = lim
n→∞

1

n

∫

GL(V )
log‖t g‖dμ∗n(g)

and hence, for β-almost any b in B ,

1

n
log‖b1 · · ·bn‖ = 1

n
log‖t bn · · · t b1‖ −−−→

n→∞ λ1,μ

and the sequence also converges in L1(B,β). �

We will show that, when Γμ is irreducible, the first Lyapunov exponent λ1,μ may
be given an alternate definition. The following Theorem 4.28(b) is the Law of Large
Numbers for the norm cocycle. The L1-convergence in this Law of Large Numbers
is useful in order to check that all the definitions of the Lyapunov exponent are
equivalent.

Theorem 4.28 Law of Large Numbers for ‖gv‖ Let μ be a Borel probability mea-
sure on G = GL(V ) with Γμ irreducible and with a finite first moment, i.e. such
that
∫
G

logN(g)dμ(g) <∞. Let ν be a μ-stationary Borel probability measure on
X = P(V ).

(a) Then the norm cocycle σ is (μ⊗ ν)-integrable, i.e.
∫
G×X |σ | d(μ⊗ ν) <∞

and its average is equal to the first Lyapunov exponent of μ

λ1,μ =
∫
G×X σ d(μ⊗ ν).

In particular, it does not depend on ν. Indeed, for β-almost any b in B , one has

1
n

log‖bn · · ·b1‖ −−−→
n→∞ λ1,μ.

Moreover this sequence also converges in L1(B,β).
(b) For any x in P(V ), for β-almost any b in B , one has

1
n
σ (bn · · ·b1, x)−−−→

n→∞ λ1,μ.

This sequence also converges in L1(B,β) uniformly for x ∈ P(V ).
(c) One has,

1
n

∫
G

log‖g‖dμ∗n(g)−−−→
n→∞ λ1,μ.
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(d) Uniformly for x in P(V ), one has,

1
n

∫
G
σ(g, x)dμ∗n(g)−−−→

n→∞ λ1,μ.

In Theorem 4.28, one does not assume Γμ to be proximal, hence the μ-stationary
measure ν on X may not be unique.

Proof (a) For any g in GL(V ) and x in P(V ), one has

|σ(g, x)| ≤ logN(g), (4.11)

thus σ is μ⊗ν integrable and its average σμ(ν) :=
∫
G×X σ d(μ⊗ν) is well-defined.

We want to prove that this average does not depend on ν. We may assume that ν is
ergodic.

We will use the forward dynamical system on B × X. By Proposition 2.9, the
Borel probability measure β ⊗ ν is invariant and ergodic under the transforma-
tion T X : B ×X→ B ×X, (b, x) �→ (T b, b1x). The function (b, x) �→ ϕ(b, x) :=
σ(b1, x) on B ×X is β ⊗ ν-integrable. By definition, for any (b, x) in B ×X, any
v �= 0 in x and any n in N, the n-th Birkhoff sum of ϕ is given by

ϕn(b, x)= σ(bn · · ·b1, x)= log‖bn · · ·b1v‖ − log‖v‖.
By Birkhoff’s theorem, for β ⊗ ν-almost any (b, x) in B × P(V ), one has,

1
n
ϕn(b, x)−−−→

n→∞ σμ(ν).

In particular,

lim inf
n→∞

1
n

log‖bn · · ·b1‖ ≥ σμ(ν).
Since, by Lemma 4.6, for any proper subspace W of V , one has ν(P(W)) < 1,

one can find a basis (vi)1≤i≤d of V such that, for β-almost all b in B , for all i, one
has

1
n

log‖bn · · ·b1vi‖ −−−→
n→∞ σμ(ν).

Since all the norms of the finite-dimensional vector space End(V ) are comparable,
there exists an ε > 0 such that, for any g in GL(V ), one has

max
1≤i≤d

‖gvi‖ ≥ ε ‖g‖ .

As a consequence, for β-almost all b in B , one has

lim sup
n→∞

1
n

log‖bn · · ·b1‖ ≤ σμ(ν)

and hence
1
n

log‖bn · · ·b1‖ −−−→
n→∞ σμ(ν). (4.12)
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In particular, σμ(ν) does not depend on ν and is equal to λ1,μ by Lemma 4.27.
Still by Lemma 4.27, the sequence (4.12) of integrable functions also converges

in L1(B,β). Let us also prove it directly in this case. It is enough to check that this
sequence is uniformly integrable. This follows from the fact that these functions are
bounded by the functions

Ψn(b) := 1
n

∑n
i=1 logN(bi),

and that the sequence Ψn is uniformly integrable since, by the Law of Large Num-
bers (Theorem A.5), it converges in L1(B,β)

Ψn(b)−−−→
n→∞

∫
G

logN(g)dμ(g).

(b) This follows from (a) and Theorem 3.9.
(c) Again, this follows from Lemma 4.27, but can be established directly, since,

from the convergence in L1(B,β) proven in (a), one gets

1
n

∫
G

log‖g‖dμ∗n(g)= 1
n

∫
B

log‖bn · · ·b1‖dβ(b)−−−→
n→∞ λ1,μ.

(d) By (b), one gets

1
n

∫
G
σ(g, x)dμ∗n(g)= 1

n

∫
B
σ(bn · · ·b1, x)dβ(b)−−−→

n→∞ λ1,μ,

uniformly for x in P(V ), which was to be shown. �

Remark 4.29 In the general context of Theorem 3.9, for every g, g′ in G one still
has

σsup(gg
′)≤ σsup(g)+ σsup(g

′).

Hence, as in the proof of Lemma 4.27, by Kingman’s subadditive ergodic Theorem
[120], one knows that there exists a real constant κμ such that, for β-almost every b
in B ,

1
n
σsup(bn · · ·b1)−−−→

n→∞ κμ.

By construction one has the inequality

σμ ≤ κμ.

We have just shown that, in the context of Theorem 4.28, this inequality is indeed
an equality. However, in the general context of Theorem 3.9 this inequality is not
always an equality. To get an example, one can choose G to be SL(V ), μ to be
a Borel probability measure on G such that Γμ is strongly irreducible and X =
P(V ), as in Theorem 4.28, but one replaces the cocycle σ by its opposite. Then, by
Theorem 4.31 below, σμ is negative whereas κμ is non-negative.
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4.7 Positivity of the First Lyapunov Exponent

In this section we use the method of Guivarc’h and Raugi to prove the pos-
itivity of the first Lyapunov exponent, which is originally due to Fursten-
berg. This method relies on the linear speed of divergence of Birkhoff sums
(Lemma 3.18).

We keep the notations of Sect. 4.6. For any g in G, set

δ(g) := 1
d

log |detg| , (4.13)

where d is the dimension of V .
We will need the following elementary lemma.

Lemma 4.30 For any g in GL(V ), one has

|detg| ≤ ‖g‖d and |δ(g)| ≤ logN(g).

Proof Equip V with a Haar measure λ. For any r > 0, let B(r)⊂ V be the closed
ball with radius r and center 0. When K is Archimedean, we have λ(B(r)) =
rdλ(B(1)). When K is non-Archimedean, we have λ(B(qr)) = qdλ(B(r)), where
q is the cardinality of the residual field of K. In both cases, one has

0<R := sup
r>0
r−dλ(B(r)) <∞.

For any g in GL(V ) and r > 0, we have gB(r)⊂ B(‖g‖ r), hence

|detg|λ(B(r))= λ(gB(r))⊂ λ(B(‖g‖ r))≤ rd ‖g‖d R,
whence the first inequality. The second follows by applying the first one to g and
g−1. �

Note that, as the determinant is a morphism G→ K
∗, the random sequence

δ(bn · · ·b1) is a sum of independent and identically distributed elements of R. When
the function logN is μ-integrable, the function δ is also μ-integrable, and, by the
classical Law of Large Numbers, for β-almost all b in B , one has

1
n
δ(bn · · ·b1)−−−→

n→∞ δμ, where δμ :=
∫
G
δ dμ. (4.14)

In the following theorem, we keep the notations of Theorem 4.28.

Theorem 4.31 Positivity of the first Lyapunov exponent Let μ be a Borel probabil-
ity measure on G= GL(V ) with a finite first moment, i.e.

∫
G

logN(g)dμ(g) <∞.
Assume that Γμ is strongly irreducible and that the image of Γμ in PGL(V ) is not
bounded.

Then the first Lyapunov exponent λ1,μ satisfies

λ1,μ > δμ.
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When μ is supported by SL(V ), one can restate Theorem 4.31 as:

Corollary 4.32 Let μ be a Borel probability measure on SL(V ) with a finite first
moment. If Γμ is strongly irreducible and unbounded, then the first Lyapunov expo-
nent is positive: λ1,μ > 0.

Remark 4.33 There are various proofs for the positivity of the first Lyapunov ex-
ponent relying on the spectral gap of an operator acting on a Hilbert space. For
instance the original proof of Furstenberg is based on Kesten’s amenability criterion
in [76]. See also [124] or [116]. Here we will follow an argument due to Guivarc’h
and Raugi which does not rely on a spectral gap.

Remark 4.34 In Theorem 4.31, one cannot replace the assumption “Γμ is strongly
irreducible” by “Γμ is irreducible”. This can be seen on the example of Re-
mark 4.10. In this example, the group G consists of matrices of the form

(
a 0
0 a−1

)

or
( 0 a

a−1 0

)
with a �= 0 in R, the Borel probability measure μ on G is compactly

supported and satisfies Γμ =G. In this case, the first Lyapunov exponent of μ on
R

2 is λ1,μ = 0 (see Proposition 5.9).

We will prove the following slightly more general theorem, without the strong
irreducibility assumption. In this theorem, the assumptions are similar to the as-
sumptions in Corollary 4.25.

Theorem 4.35 Let μ be a Borel probability measure on the group G = GL(V )
such that Γμ is irreducible and

∫
G

logN(g)dμ(g) <∞. If, for some virtually in-
variant and strongly irreducible subspace W of V , the image of Γμ,W in PGL(W)
is not bounded, then one has λ1,μ > δμ.

One could first prove Theorem 4.31 and deduce the more general Theorem 4.35
by using the measure induced by μ on a finite index subgroup as in Sect. 5.3 below.
Instead, we will give a direct proof:

Proof The key step is Lemma 3.18.
Let (Vi)i∈I be a transitive strongly irreducible Γμ-family in V and let d1 be the

dimension of these subspaces. For i in I , equip Vi with an alternate d1-form ωi .
First, let us give a formula for the computation of determinants. Let Δ⊂ GL(V )

be the subgroup spanned by Γμ and Λ ⊂ Δ be the finite index normal subgroup
of those g in Δ such that gVi ⊂ Vi for any i in I . We set F =Δ/Λ and we let Δ
(and F ) act on I in the natural way, that is, for any g in Δ and i in I , we set gi = j ,
where j is such that gVi = Vj . For g in Δ and i in I , let Di(g) be the determinant
of g, viewed as a linear map from (Vi,ωi) to (Vgi,ωgi), and

δi(g)= 1

d1
log |Di(g)|.
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We claim that, for any g in Δ, one has the equality

δ(g)= 1
|I |
∑
i∈I δi(g). (4.15)

In order to prove this equality, we fix a minimal subset J ⊂ I such that V is spanned
by (Vi)i∈J . Then, by Lemma 4.12, one has V =⊕i∈J Vi . In particular, |J | = d

d1
and, for any g in Λ and f in F , one has

detV (g)=∏i∈f J Di(g),
hence

detV (g)|F | =∏f∈F
∏
i∈f J Di(g)= (

∏
i∈I Di(g))p,

where p = |J | |F ||I | = d
d1

|F |
|I | . Now, the map Δ→K

∗,

g �→ (
∏
i∈I Di(g))p detV (g)−|F |

is a group morphism. Since it is trivial on the finite index subgroup Λ, it takes
values in the group of roots of 1 in K

∗. In particular, taking absolute values, we get
equality (4.15).

For β-almost any b in B , for any i in I , we let Vi,b ⊂ Vi be as in Corollary 4.20
so that any nonzero cluster point in Hom(Vi,V ) of a sequence λnbn · · ·b1|Vi with
λn in K has kernel Vi,b . Since the virtual proximal dimension of Γμ is< d1, one has
Vi,b �= {0}, hence, by Lemma 4.24(b),

log(
∥
∥bn · · ·b1|Vi

∥
∥)− δi(bn · · ·b1)−−−→

n→∞ ∞. (4.16)

Let us fix an ergodic μ-stationary Borel probability measure ν on
⋃
i∈I P (Vi).

Such a measure exists by Lemma 2.10. By Proposition 4.23, for β-almost any b
in B , for ν-almost any x in P(V ), there exists an ε > 0 such that, for v �= 0 in x, one
has

‖bn · · ·b1v‖ ≥ ε
∥
∥bn · · ·b1|Vi(x)

∥
∥‖v‖ for all n≥ 1, (4.17)

where i(x) ∈ I is such that x ∈ P
(
Vi(x)
)
. From (4.16) and (4.17), we get

σ(bn · · ·b1, x)− δi(x)(bn · · ·b1)−−−→
n→∞ ∞. (4.18)

We use again the forward dynamical system on B ×X. By Proposition 2.9, the
Borel probability measure β ⊗ ν is invariant and ergodic under the transformation

T X : B ×X→ B ×X, (b, x) �→ (T b, b1x).

Set, for b in B and x in
⋃
i∈I P (Vi),

ϕ(b, x)= σ(b1, x)− δi(x)(b1).
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Then (4.18) reads as
∑n−1
k=0 ϕ ◦ (T X)k −−−→n→∞ ∞,

β ⊗ ν-almost everywhere. By Lemma 3.18, we get

∫
B×P(V )

ϕ d(β ⊗ ν) > 0.

We claim we have
∫
B×P(V )

ϕ d(β ⊗ ν) = λ1,μ − δμ, which finishes the proof.
Indeed, on one hand, by Theorem 4.28, we have

∫
B×P(V )

σ (b1, x)d(β ⊗ ν)= λ1,μ.

On the other hand, since, by Proposition 4.18, for any i in I , one has ν(P (Vi))= 1
|I | ,

we get

∫
B×⋃i∈I P(Vi ) δi(x)(b1)d(β ⊗ ν)= 1

|I |
∑
i∈I
∫
G
δi(g)dμ(g)= δμ,

where the last equality follows from (4.14) and (4.15). �

4.8 Proximal and Non-proximal Representations

In this section we explain a method which allows us to control norms of ma-
trices thanks to norms in proximal irreducible representations.

This purely algebraic method will not be used before Sect. 14.5.

Lemma 4.36 Let K be a local field and V =K
d . Let Γ be a strongly irreducible

sub-semigroup of GL(V ). Let r ≥ 1 be the proximal dimension of Γ in V , and
let Vr ⊂ ∧rV be the subspace spanned by the lines ∧rπ(V ), where π is a rank r
element of KΓ . Then,

(a) Vr admits a largest proper Γ -invariant subspace Ur .
(b) The action of Γ on the quotient V ′

r := Vr/Ur is proximal and strongly irre-
ducible.

(c) Moreover, there exists a C ≥ 1 such that, for any g in Γ , one has

C−1‖g‖r ≤ ‖∧r g‖V ′
r
≤ ‖g‖r . (4.19)

Remark 4.37 When K has characteristic 0, the action of Γ on ∧rV is semisimple
and V ′

r = Vr .
When K=R, the constant C can be chosen to be equal to 1 for a suitable choice

of norms.



74 4 Linear Random Walks

Proof (a) We will prove that Vr contains a largest proper Γ -invariant subspace and
that this space is equal to

Ur := ∩πKerVr (∧rπ), where π runs among all rank r elements of KΓ .

This space Ur is clearly Γ -invariant. We have to check that the only Γ -invariant
subspace U of Vr which is not included in Ur is U = Vr . Let π be a rank r ele-
ment of KΓ such that U is not included in Ker(∧rπ). The endomorphism ∧rπ is
proximal and one has

∧rπ(U)⊂U.
As ∧rπ has rank one, one has

Im(∧rπ)⊂U.
Let π ′ be any rank r element of KΓ . Since Γ is irreducible in V , there exists an f
in Γ such that π ′fπ �= 0. As π ′fπ also belongs to KΓ , we get rk(π ′fπ)= r and,
since ∧r (π ′f ) preserves U , one has

Im(∧rπ ′)= Im(∧r (π ′fπ))⊂U.
Since this holds for any π ′, by definition of Vr , we get U = Vr , which was to be
shown.

(b) The above argument proves also that, for any rank r element π of KΓ , one
has

Im(∧rπ)=∧rπ(Vr) and Im(∧rπ) �⊂Ur. (4.20)

In particular, the action of Γ on the quotient space V ′
r := Vr/Ur is proximal.

We prove now that the action of Γ on V ′
r is strongly irreducible. LetU(1), . . . ,U(�)

be subspaces of Vr , all of them containing Ur , such that Γ preserves U(1) ∪ · · · ∪
U(�). Since V ′

r is Γ -irreducible, the spaces U(1), . . . ,U(�) span Vr . Let Δ ⊂ Γ be
the sub-semigroup

Δ := {g ∈ Γ | gU(i) =U(i) for all 1 ≤ i ≤ �}.
There exists a finite subset F ⊂ Γ such that

Γ =ΔF = FΔ.
In particular, since Γ is strongly irreducible in V , so isΔ. Besides,Δ also has prox-
imal dimension r and, since KΓ =KΔF , Vr is also spanned by the lines Im(∧rπ)
for rank r elements π of KΔ. By applying the first part of the proof to Δ, since
the Δ-invariant subspaces U(i) span Vr , one of them is equal to Vr . Therefore, V ′

r is
strongly irreducible.

(c) We want to prove the bounds (4.19). First, for g in GL(V ), one has

‖ ∧r g‖ ≤ ‖g‖r .
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As for g in Γ , we have (∧rg)Vr = Vr and (∧rg)Ur =Ur , we get

‖ ∧r g‖V ′
r
≤ ‖g‖r .

Assume now there exists a sequence (gn) in Γ with

‖gn‖−r‖ ∧r gn‖V ′
r
→ 0

and let us reach a contradiction. When K is R, set λn = ‖gn‖−1. In general, pick
λn in K such that supn | log(|λn|‖gn‖)| <∞. After extracting a subsequence, we
may assume λngn→ π , where π is a nonzero element of KΓ . In particular, π has
rank ≥ r and we have λrn ∧r gn → ∧rπ . Thus, since ‖λrn ∧r gn‖V ′

r
→ 0, we get

‖ ∧r π‖V ′
r
= 0, that is,

∧rπ(Vr)⊂Ur.
We argue now as in (a). Let π ′ be a rank r element of KΓ . Since Γ is irreducible
in V , there exists an f in Γ such that π ′fπ �= 0. Since π ′fπ has rank at least r , it
has rank exactly r and, since ∧r (π ′f ) preserves Ur , one has

Im(∧rπ ′)= Im(∧r (π ′fπ))⊂Ur.
This contradicts (4.20). �

Here is an application of Lemma 4.36. We use the notations of Lemma 4.2.

Lemma 4.38 Let K be a local field and V =K
d . Let μ be a Borel probability mea-

sure on GL(V ) such that the semigroup Γ := Γμ is strongly irreducible. Let r ≥ 1
be the proximal dimension of Γ in V andΛrΓ be the limit set of Γ in the Grassmann
variety Gr (V ). Then there exists a unique μ-stationary Borel probability measure
νr on ΛrΓ .

Remark 4.39 When r > 1, the measure νr may not be the onlyμ-stationary measure
on the Grassmannian Gr (V ). Indeed, there may exist uncountably many ergodic μ-
stationary probability measures on Gr (V ). See Remark 4.4 for an example.

Proof According to Lemma 4.36, there exists a strongly irreducible and proximal
representation ρ′ : Γ → GL(V ′

r ) in a K-vectorspace V ′
r and a Γ -equivariant em-

bedding i′r : ΛrΓ → P(V ′
r ). Since, by Proposition 4.7, the μ-stationary probability

measure on P(V ′
r ) is unique, then the μ-stationary probability measure on ΛrΓ is

also unique. �

Remark 4.40 One can reinterpret this unique μ-stationary probability measure νr
on the limit set ΛrΓ thanks to the Furstenberg boundary map ξ : B→Gr (V ) intro-
duced in Lemma 4.5. Indeed νr is equal to the image νr = ξ∗(β) of the Bernoulli
probability measure β on B by the Furstenberg boundary map ξ .



Chapter 5
Finite Index Subsemigroups

This chapter contains general results relating the random walks on a semigroup and
the induced random walks on its finite index subsemigroups.

5.1 The Expected Birkhoff Sum at the First Return Time

We begin with a general result from ergodic theory, relating averages of an
ergodic dynamical system with averages for an induced dynamical system.

Let (X,X , χ) be a probability space, equipped with a measure-preserving map T ,
and ϕ be a X -measurable function on X. Let A ⊂ X be a X -measurable subset
such that

χ(∪∞
q=0T

−q(A))= 1. (5.1)

For χ -almost any x in X, we introduce the first return time

tA(x)= min{n≥ 1|T nx ∈A},

which is almost surely finite, and the corresponding Birkhoff sum

ϕA(x)= ϕ(x)+ ϕ(T x)+ · · · + ϕ(T tA(x)−1x).

Lemma 5.1 Let (X,X , χ) be a probability space, equipped with a measure-
preserving transformation T . Let A be an element of X satisfying (5.1). Then,
for any integrable function ϕ on X, ϕA is integrable on A and one has

∫
A
ϕA dχ = ∫

X
ϕ dχ. (5.2)

Remark 5.2 When ϕ = 1, this is just Kac’s formula
∫
A
tA dχ = 1.

When T is ergodic, the condition (5.1) is equivalent to χ(A) > 0.
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Proof We first give a short proof of Lemma 5.1 in the case when T is invertible. We
write A=∪n≥1An, where An :=A∩ t−1

A (n). Up to negligible sets, one can write X
as the disjoint union

X =∪0≤k<nT k(An).

It suffices to prove formula (5.2) when ϕ is the characteristic function of some X -
measurable set B ⊂X and we can also suppose that

B ⊂ T k(An),
for some integers 0 ≤ k < n. In this case, formula (5.2) follows from the T -
invariance of χ . �

Proof We now give another proof of Lemma 5.1 in the case when T is ergodic. This
proof is based on a double application of Birkhoff’s ergodic theorem. One for the
transformation T of X and one for the first return map R : x �→ T tA(x)x, which is a
transformation of A. The transformation R is then ergodic too. We can also assume
ϕ > 0. We write, for χ -almost all x in X and n≥ 1,

tn,A(x) := tA(x)+ · · · + tA(Rn−1x).

Hence the following sum is both a Birkhoff sum for T and R,

Sn(x) := ϕA(x)+ · · · + ϕA(Rn−1x)= ϕ(x)+ · · ·ϕ(T tn,A(x)−1x).

Then by a double application of Birkhoff’s theorem, one has, for χ -almost all x
in A,

∫
A
ϕA dχ
∫
X
ϕ dχ

= χ(A) limn→∞ 1
n
Sn(x)

limn→∞ 1
tA,n(x)

Sn(x)
= χ(A) lim

n→∞
tn,A(x)

n
.

In particular, this ratio does not depend on ϕ, hence, computed with the characteris-
tic function ϕ = 1A, is equal to 1. This proves (5.2). �

Proof We end with a tricky and elementary proof, with no further assumptions. It
suffices to prove this formula when ϕ is the characteristic function of some X -
measurable set B ⊂X and we can also suppose that

B ⊂ t−1
A (n),

for some integer n≥ 1. In this case, the function ϕA1A is the characteristic function
of the set C which is a disjoint union

C =⋃�≥0C�, where C� =A∩ T −�B ∩ t−1
A (�+ n)

and we have to prove that χ(C) = χ(B). By construction, the sets D�m :=
T −(m−�)C� are disjoint, when � varies between 0 and m, and one has

⋃m
�=0D

�
m = T −mB ∩

(⋃m
q=0 T

−qA
)
.
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Therefore one has

χ
(⋃m

�=0C�
)=∑m�=0 χ (C�)=

∑m
�=0 χ
(
D�m
)= χ (⋃m�=0D

�
m

)
(5.3)

and, using (5.1), one has

χ
(
T −mB �

⋃m
�=0D

�
m

)≤ χ
(
X�
⋃m
q=0 T

−qA
)
−−−−→
m→∞ 0. (5.4)

Now, combining (5.3) and (5.4), one gets as required

χ(C)= lim
m→∞χ

(⋃m
�=0C�

)= lim
m→∞χ

(⋃m
�=0D�

)= lim
m→∞χ(T

−mB)= χ(B). �

5.2 The First Return in a Finite Index Subsemigroup

A probability measure μ on a semigroup induces, on each closed finite index
subsemigroup, a new probability measure: the law of the first return of the
random walk in this finite index subsemigroup. We check that the left random
walk and the right random walk on a semigroup induce the same law on such
a finite index subsemigroup.

We also check that the return time has an exponential moment, and apply
this fact to control the moments of the induced probability measure in terms
of the moments of μ.

We will say that a subsemigroup H in a semigroup G is a finite index subsemi-
group, if H is the stabilizer in G of a point f0 in a finite set F on which G acts
transitively by permutations. We will denote by

s :G→ F �G/H ;g �→ gf0

the quotient map. We will say that H is a finite index normal subsemigroup if H is
the kernel of a morphism s :G→ F onto a finite group F .

Let G be a second countable locally compact topological semigroup with Borel
σ -algebra G . Let H be a closed finite index subsemigroup of G. Denote by df the
normalized counting measure on the finite set F =G/H .

If μ is a Borel probability measure on G, we let, as usual, (B,B, β,T ) be the
one-sided Bernoulli shift with alphabet (G,G ,μ). We set Γμ to be the smallest
closed subsemigroup of G such that μ(Γμ)= 1.

For β-almost any b in B , define integers ts(b) and us(b) by

ts(b) := min{n≥ 1 | bn · · ·b1 ∈H },
us(b) := min{n≥ 1 | b1 · · ·bn ∈H }.

The following lemma tells us that the left random walk and the right random
walk on G induce the same law on H .



80 5 Finite Index Subsemigroups

Lemma 5.3 Let μ be a Borel probability measure on G. Then the image measure
μH on H of μ by the map B→H,b �→ bts(b) · · ·b1 equals the image measure μ′H
of μ by the map B→H,b �→ b1 · · ·bus(b).

This measure μH is called the measure induced by μ on H .

Proof For any n≥ 1, let Sn be the set of (g1, . . . , gn) in Gn with gn · · ·g1 ∈H and,
for any 1 ≤m≤ n− 1, gm · · ·g1 /∈H .

Similarly, let Un be the set of (g1, . . . , gn) in Gn with g1 · · ·gn ∈H and, for any
1 ≤m≤ n− 1, g1 · · ·gm /∈H . One has

t−1
s (n)= Sn ×B and u−1

s (n)=Un ×B.
Since the semigroupG acts by permutation on the finite set F , for any two elements
g, g′ inGwith g′g inH , one has the equivalence g ∈H ⇔ g′ ∈H . In particular, the
set Un is also the set of (g1, . . . , gn) in Gn with g1 · · ·gn ∈H and, for any 1 ≤m≤
n− 1, gm+1 · · ·gn /∈ H . This proves that the map Φ : (g1, . . . , gn) �→ (gn, . . . , g1)

exchanges the sets Sn andUn. As this mapΦ preserves the restriction of the measure
μ⊗n, the result follows. �

The following lemma tells us that the expected value of the return time in H is
given by the index of H .

Lemma 5.4 (Expected return time) Let G be a second countable locally compact
topological semigroup, H be a closed finite index subsemigroup of G and F =
G/H . Let μ be a Borel probability measure on G such that Γμ acts transitively on
F . Set (B,β,T ) to be the one-sided Bernoulli shift with alphabet (G,μ).

(a) One has
∫
B
ts(b)dβ(b)= |F |.

(b) Let ϕ : B→R be a β-integrable function. Then the function

ψ : B→R;b �→ ϕ(b)+ · · · + ϕ(T ts(b)−1b) (5.5)

is β-integrable and one has
∫
B
ψ dβ = |F | ∫

B
ϕ dβ.

Proof Since (a) is a consequence of (b) with ϕ = 1, we only have to prove (b).
Let df be the normalized counting probability measure on F . We use again the for-
ward dynamical system. Indeed, we just apply Lemma 5.1 to the measure-preserving
transformation T s of (B × F,β ⊗ df ) given by

T s(b, f )= (T b, b1f ), for all (b, f ) in B × F ,

to the function Φ : B × F →R; (b, f ) �→ ϕ(b) and to the subset A= B × {e}.
Note that, since Γμ acts transitively on F , this transformation T s is ergodic by

Proposition 2.14. �
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The following lemma tells us that the return time in H has a finite exponential
moment.

Lemma 5.5 (Exponential moment for the return time) LetG be a second countable
locally compact topological semigroup, H be a closed finite index subsemigroup of
G and F =G/H . Let μ be a Borel probability measure on G. Set (B,β,T ) to be
the one-sided Bernoulli shift with alphabet (G,μ).

(a) There exists a t0 > 0 such that
∫
B
et0 ts (b) dβ(b) <∞.

(b) Assume that a function ϕ : G→ R has a finite exponential moment, i.e. there
exists a t0 > 0 such that

∫
G
et0ϕ(g) dμ(g) <∞. Then the function

ψ : B→R ; b �→ ϕ(b1)+ · · · + ϕ(bts(b))
has a finite exponential moment, i.e. one has

∫
B
etψ(b) dβ(b) <∞ for some t > 0.

Proof (a) The semigroup H is the stabilizer in G of a point on a finite set on which
the semigroup G acts. By replacing H by the kernel of this action, we can assume
that H is normal in G. By replacing G by Γμ, we can also assume that Γμ acts
transitively on F . In this case, by Lemma 2.12, the normalized counting measure
df is the unique μ-stationary probability measure on F . In particular (for example
by Corollary 2.11), for any g in G, one has

1
n

∑n
k=1μ

∗k(gH)−−−→
n→∞

1
|F |

and there exist n0 ≥ 1 and p0 > 0 such that, for any g in G, one has

1
n0

∑n0
k=1μ

∗k(gH)≥ p0.

Now, using the Markov property, one gets, for all k ≥ 1,

β({b ∈ B | ts(b)≥ kn0})≤ (1 − p0)
k.

Hence ts has a finite exponential moment.
(b) The finite integral It :=

∫
B
etψ dβ can be decomposed as It =∑n≥1 It,n,

where

It,n =
∫
{ts=n} e

tψ(b) dβ(b).

Using the Cauchy–Schwartz inequality and the independence of the coordinates bi ,
one computes

It,n ≤ β({ts = n}) 1
2
(∫
B
e2t (ϕ(b1)+···+ϕ(bn)) dβ(b)

) 1
2

≤ β({ts = n}) 1
2
(∫
G
e2tϕ(g) dμ(g)

) n
2 .

Since, by (a), the sequence β({ts = n}) decays exponentially and since, by the
Lebesgue convergence theorem, one has limt→0

∫
G
e2tϕ dμ= 1, one gets that, for t



82 5 Finite Index Subsemigroups

small enough, the sequence It,n also decays exponentially and hence the exponential
moment It is finite. �

As a corollary of these two lemmas we prove that, when a probability measure
μ on a linear group G has a finite first moment (resp. a finite exponential moment),
so has the induced measure μH on a finite index subgroup H . We will again use the
notation N(.) from (4.9).

Corollary 5.6 (Moments and finite index subgroups) Let G be a closed subgroup
of GL(d,K),H be a closed finite index subgroup ofG, F =G/H , and μ be a Borel
probability measure on G.

(a) Assume μ has a finite first moment, i.e.
∫
G

logN(g)dμ(g) <∞. Then μH also
has a finite first moment, i.e.

∫
H

logN(h)dμH(h) <∞.
(b) Assume μ has a finite exponential moment, i.e. there exists a t0 > 0 such that∫

G
N(g)t0 dμ(g) <∞. Then μH also has a finite exponential moment, i.e. there

exists a t > 0 such that
∫
H
N(h)t dμH(h) <∞.

Proof (a) After replacing G by Γμ, the proof is an application of Lemma 5.4 with
the function ϕ(b) = logN(b1) on the one-sided Bernoulli shift (B,β,T ) with al-
phabet (G,μ). Indeed, one has

∫
H

logN(h)dμH(h)=
∫
B

logN(bts(b) · · ·b1)dβ(b)

≤ ∫
B

logN(b1)+ · · · + logN(bts(b))dβ(b)

= |F | ∫
B

logN(b1)dβ(b)= |F | ∫
G

logN(g)dμ(g).

This proves that μH has a finite first moment.
(b) The proof is similar, applying Lemma 5.5 with the function ϕ(g)= logN(g).

One gets for t small enough,

∫
H
N(h)t dμH(h)≤

∫
B
N(b1)

t · · ·N(bts(b))t dβ(b) <∞.
This proves that μH has a finite exponential moment. �

5.3 Stationary Measures for Finite Extensions

In this section we prove that the μ-stationary measures are also μH -
stationary for the probability measure induced by μ on a finite index sub-
semigroup H . We then give a few applications of this fact.

Let G be a second countable locally compact topological semigroup, H be a
closed finite index subsemigroup of G and F =G/H . Let μ be a Borel probability
measure on G, Γμ be the smallest closed subsemigroup of G such that μ(Γμ)= 1
and μH be the induced measure on H .
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Let Y be a metrizable compactG-space. We letG act on F =G/H by the natural
left action and on X := F × Y by the product action.

The following lemma will be used in Sect. 10.1.

Lemma 5.7 Let ν be a μ-stationary Borel probability measure on Y .

(a) This probability measure ν is also μH -stationary. The probability measure
df ⊗ ν on X := F × Y is also μ-stationary, and, for β-almost any b in B ,
one has

(df ⊗ ν)b = df ⊗ νb.
(b) The probability measure ν is μ-proximal if and only if it is μH -proximal. In this

case, df ⊗ ν is μ-proximal over F .
(c) If ν is the unique μH -stationary Borel probability measure on Y , then ν is also

the unique μ-stationary Borel probability measure on Y .
(d) If, moreover, Γμ acts transitively on F , the Borel probability measure df ⊗ ν is

the unique μ-stationary Borel probability measure on X.

Proof (a) Pick a non-negative continuous function ϕ on Y and let us prove that
the integral I := ∫

H

∫
Y
ϕ(hy)dν(y)dμH(h) is equal to

∫
Y
ϕ dν. Indeed, using

Lemma 5.3 and the fact that ν is μ-stationary, one computes:

I = ∫
B×Y ϕ(b1 · · ·bus(b)y)dν(y)dβ(b)

= lim
m→∞
∑m
n=1

∫
B×Y ϕ(b1 · · ·bny)dν(y)1{us(b)=n} dβ(b)

= lim
m→∞
∑m
n=1

∫
B×Y ϕ(b1 · · ·bmy)dν(y)1{us(b)=n} dβ(b)

= lim
m→∞
∫
B×Y ϕ(b1 · · ·bmy)dν(y)1{us(b)≤m} dβ(b).

Now, again, as ν is μ-stationary, one has, for any m≥ 1,
∫
B×Y ϕ(b1 · · ·bmy)dν(y)dβ(b)=

∫
Y
ϕ dν

while
∫
B×Y ϕ(b1 · · ·bmy)1{us(b)>m} dν(y)dβ(b)≤ ‖ϕ‖∞ β({us(b) > m})

goes to 0 when m goes to ∞. This proves that I = ∫
Y
ϕ dν, as required. The last

statement is easy.
(b) If ν is μH -proximal, set, for β-almost any b in B , u0(b) = 0 and, for any

p ≥ 1,

up(b)= u(b)+ u(T u(b)b)+ · · · + u(T up−1(b)b),

so that the up(b), p ∈ N, are the successive times when the right random walk
e, b1, b1b2, . . . , b1b2 . . . bn, . . . visits H . Then, by definition, (b1 · · ·bup(b))∗ν con-
verges to a Dirac mass, so that νb is a Dirac mass. The proof of the converse is
similar.
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(c) In particular, if there exists a unique μH -stationary Borel probability measure
ν on Y , then ν is a fortiori the unique μ-stationary Borel probability measure on Y .
The last statement follows from (a).

(d) If Γμ acts transitively on F , df is the unique μ-stationary probability mea-
sure on F . Hence, the image in F of any μ-stationary Borel probability measure
ν̃ on F × Y necessarily equals df . Let f0 be a point in F whose stabilizer in G
is H , the restriction of such a measure to {f0} × Y is μH -stationary, hence equals

1
|F |δf0 ⊗ ν.

WhenH is normal inG, this argument applies to every point of F and hence one
has ν̃ = df ⊗ ν.

In general, the proof is slightly longer. We will use the forward dynamical system.
By Proposition 2.9, the product measure χ := β⊗ ν̃ on B×X is invariant under the
map

T X : (b,X) �→ (T b, b1x).

Let ϕ be a continuous function on X. By Lemma 5.1 applied to the transformation
T X , the function ϕ and the subset A := B × {f0} × Y , we get the equality

∫

X

ϕ(x) d̃ν(x)= 1

|F |
∫

B×Y

ts (b)−1∑

k=0

ϕ(bk · · ·b1(f0, y))dβ(b)dν(y).

Therefore the μ-stationary Borel probability measure ν̃ on F ×X is unique. Hence
it is equal to df ⊗ ν. �

Remark 5.8 A bounded Borel function Φ on G is said to be μ-harmonic if, for any
g in G,

Φ(g)=
∫

G

Φ(gh)dμ(h).

By using the same argument, one proves that the restriction to H of a μ-harmonic
function on G is μH -harmonic.

5.4 Cocycles and Finite Extensions

We compare the averages of a cocycle σ for the μ-action and for the μH -
action.

Proposition 5.9 Let G be a second countable locally compact topological semi-
group, H be a closed normal finite index subsemigroup of H and F =G/H . Let μ
be a Borel probability measure on G such that Γμ maps onto F , μH be the induced
probability measure on H , X be a compact second-countable G-space and ν be
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a μ-stationary Borel probability measure on X. Let σ : G× X→ E be a μ⊗ ν-
integrable Borel cocycle. Then σ is also μH ⊗ ν-integrable and the averages

σμH := ∫
H×X σ d(μH ⊗ ν) and σμ :=

∫
G×X σ d(μ⊗ ν)

satisfy the equality σμH = |F |σμ.

Proof We will again use the forward dynamical system. By Proposition 2.9, the
product measure χ := β ⊗ df ⊗ ν on B × F ×X is invariant under the map

T F,X : (b, f, x) �→ (T b, s(b1)f, b1x).

The function

ϕ : B × F ×X→E, (b, x) �→ σ(b1, x)

is β ⊗ df ⊗ ν-integrable, and, by definition, one has the equality

σμ =
∫
B×F×X σ(b1, x)dβ(b)df dν(x).

By Lemma 5.3, one has the equality

σμH = ∫
B×X σ(bts(b) · · ·b1, x)dβ(b)dν(x).

By Lemma 5.1 applied to the transformation T F,X , the function ϕ and the subset
A := B × {e} ×X, we know that these two right-hand sides are equal up to a factor
|F |. Note that the condition (5.1) is satisfied since Γμ maps onto F (same argument
as for Lemma 5.5). Hence, one has the equality σμH = |F |σμ. �

5.5 A Simple Example (1)

We end the first part of the book by explaining in concrete and simplified terms
what we have learned therein on the explicit example of the introduction.

In this explicit example, the law μ is the probability measure

μ := 1
2 (δa0 + δa1),

where a0 and a1 are the real d × d-matrices given by formulae (1.13). These for-
mulae are not very important: these two matrices have just been chosen so that the
semigroup Γμ spanned by a0 and a1 acts strongly irreducibly on R

d . Recall that we
want to study the statistical behavior of products of these matrices

pn := ain · · ·ai1 with i� = 0 or 1.
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The main conclusion of Part I is a control of the exponential growth of these
products. It controls the statistics of the logarithm of the norm of these product
matrices

log‖pn‖ at scale n.

It also controls, for any nonzero vector v in R
d , the statistics of the logarithm of the

norm of the images

log‖pnv‖ at scale n.

The Law of Large Number (Theorems 4.28 and 4.31) tells us the following:
Choose, independently with equal probability, a sequence i1, . . . , in, . . . of 0 or 1.

Then, almost surely, when n→∞,

the sequence 1
n

log‖pn‖ converges to λ1,μ.

The limit is a positive real number λ1,μ > 0 which depends only on μ and is called
the first Lyapunov exponent of μ.

Moreover, almost surely, when n→∞,

the sequence 1
n

log‖pnv‖ also converges to λ1,μ.

We will say more on this example in Sect. 10.6.
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Chapter 6
Loxodromic Elements

The aim of this chapter is to prove the existence of so-called “loxodromic” elements
in Zariski dense semigroups of semisimple real Lie groups (Theorem 6.36). This
result will be used in Chap. 10 to prove the regularity of the Lyapunov vector in the
Law of Large Numbers.

In this chapter we will mainly focus on real Lie groups since this result does not
extend to other local fields.

6.1 Basics on Zariski Topology

We begin by recalling the very basic facts about the Zariski topology that will
be used in this book.

We will define the Zariski topology on algebraic varieties and recall some of its
elementary properties. The reader may find more about this topic in any introductory
book on algebraic geometry, such as [115].

Let k be a field and V be a finite-dimensional k-vector space. By a polynomial
function on V , we mean a function from V to k which may be expressed as a poly-
nomial function in the coordinates of a basis of V . We let k[V ] denote the algebra
of polynomial functions on V .

Definition 6.1 Let k be a field. An algebraic subvariety Z in a finite-dimensional
k-vector space V is the set of zeros of a family of polynomial functions. The Zariski
topology on V is the topology whose closed subsets are the algebraic subvarieties.

In other words, a subset Z of V is an algebraic subvariety, or equivalently is
Zariski closed, if there exists a set F of polynomial functions such that

Z = {v ∈ V |∀f ∈F f (v)= 0}.

Proof We need to check that this definition makes sense, that is, that the algebraic
subvarieties are indeed the closed subsets of a topology. This is straightforward.
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First, note that ∅ and V are algebraic varieties since they are respectively the zero
sets of the constant functions 1 and 0.

We now check the stability under finite union: let Z1, . . . ,Zr be algebraic subva-
rieties of V and F1, . . . ,Fr be sets of polynomial functions such that, for 1 ≤ i ≤ r ,

Zi = {v ∈ V |∀f ∈Fi f (v)= 0}.
We let F be the set of functions which may be written as f1 · · ·fr with fi ∈Fi , for
1 ≤ i ≤ r . We immediately get

Z1 ∪ · · · ∪Zr = {v ∈ V |∀f ∈F f (v)= 0},
that is, Z1 ∪ · · · ∪Zr is an algebraic subvariety.

We finally check the stability under intersection: let (Zi)i∈I be a family of al-
gebraic subvarieties and, for any i, let Fi be a set of polynomial functions such
that

Zi = {v ∈ V |∀f ∈Fi f (v)= 0}.
We now set F =⋃i∈I Fi and we get

⋂

i∈I
Zi = {v ∈ V |∀f ∈F f (v)= 0},

that is,
⋂
i∈I Zi is an algebraic subvariety. �

We can now speak of a Zariski open subset, a Zariski closed subset, a Zariski
connected subset or a Zariski dense subset.

For instance the group SL(V ) is a Zariski closed subset of the vector space
End(V ). The group GL(V ) is a Zariski open subset of End(V ). By definition, an
algebraic subgroup of GL(V ) is a subgroup of GL(V ) which is Zariski closed in
GL(V ).

If Z is a subset of V , we let I (Z) denote the set of polynomial functions of V
which vanish identically on V . This is an ideal of the k-algebra k[V ].

Lemma 6.2 Let Z be a subset of V . Then the Zariski closure of Z is the set

{v ∈ V |∀f ∈ I (Z) f (v)= 0}.
In particular, if Z is an algebraic subvariety, this set is equal to Z.

Proof This is immediate. �

Remark 6.3 It follows from Hilbert’s basis Theorem that the algebra k[V ] is
Noetherian. In particular, the ideal I (Z) is always finitely generated, which means
that any algebraic subvariety may be defined by a finite set of polynomial equations.

We shall soon see other consequences of the Noetherian property of k[V ] for the
Zariski topology.
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One easily checks that the points of V are closed subsets for the Zariski topology.
But this topology is not Hausdorff as soon as k is infinite. More precisely, in this case
it satisfies a property which can be considered as a strong converse of the Hausdorff
property.

Let us say that a topological space X is irreducible if any two non-empty open
subsets of X have non-empty intersection or equivalently if X may not be written
as the union of two proper closed subsets.

Lemma 6.4 Assume k is infinite. Then the Zariski topology on V is irreducible.

In other words, any non-empty Zariski open subset of V is Zariski dense.

Proof Let Z1 and Z2 be proper Zariski closed subsets of V . As Z1 is proper, I (Z1)

contains a nonzero function f1. In the same way, I (Z2) contains a nonzero func-
tion f2. Now, since k is infinite, the choice of a basis of V induces an isomorphism
from the algebra k[V ] onto the abstract algebra k[t1, . . . , td ], where d is the dimen-
sion of V (this can easily be shown by induction on d). In particular, the algebra
k[V ] is an integral domain and the function f = f1f2 is nonzero. Since f belongs
to I (Z1 ∪Z2), we have Z1 ∪Z2 �= V and we are done. �

Example 6.5 Let W1 and W2 be two distinct proper hyperplanes of V . Then the
space Z =W1 ∪W2 is not irreducible for the Zariski topology.

Remark 6.6 If X is an irreducible topological space, so is every open subset of X.
In particular, the algebraic group GL(V ) is irreducible for the Zariski topology.

As we saw in the proof of Lemma 6.4 above, irreducibility follows from the
integrity of the ring of functions. Let us see how the Noetherian property translates.

We say that a topological space X is Noetherian if any non-increasing sequence
of closed subsets of X is eventually stationary.

Lemma 6.7 The Zariski topology on V is Noetherian.

Proof Assume (Zn) is a non-increasing sequence of algebraic subvarieties of V .
Since k[V ] is Noetherian, there exists an integer n0 such that, for any n ≥ n0, one
has I (Zn)= I (Zn0). By Lemma 6.2, we get Zn =Zn0 for n≥ n0. �

Remark 6.8 If X is a Noetherian topological space, so is every subset of X for the
induced topology.

We can now state the main result of this section. Its proof directly follows from
the Noetherian property.

Lemma 6.9 Let k be a field, V = kd and X be a subset of V . There exists a de-
composition

X =X1 ∪ · · · ∪X�,
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where the Xi are Zariski closed in F , are Zariski irreducible and are not included
in one another. This decomposition is unique up to permutations.

These closed irreducible subsets are called the irreducible components of X.

Proof This is a general feature of Noetherian topological spaces.
Let X be such a space and let us prove that X may be written as a finite union

of irreducible closed subspaces. We proceed by contradiction and we assume that
such a decomposition does not exist. Since in particular, X is not irreducible, we
may write X as a union X′ ∪X′′, where X′ and X′′ are proper closed subsets. Since
X may not be written as the union of finitely many closed irreducible subsets, the
same is true for at least one among X′ and X′′. Call X1 this proper closed subset
of X. By iterating the process, we construct a decreasing sequence (Xn) of closed
subsets of X. This is a contradiction.

Now that the existence of such a decomposition is proved, write X as X1 ∪ · · · ∪
X�, where the Xi are closed irreducible subsets and � is minimal. In particular, for
any 1 ≤ i �= j ≤ �, we have Xi �⊂ Xj . Furthermore, if Y is a closed irreducible
subset of X, we have

Y =
�⋃

i=1

Y ∩Xi,

hence, by irreducibility, Y ⊂Xi for some 1 ≤ i ≤ �. The result follows. �

6.2 Zariski Dense Semigroups in SL(d,R)

We now start the study of Zariski dense subgroups of semisimple real Lie
groups. To be very concrete, we will first state and prove our main result for
the group G= SL(d,R).

Let V =R
d and e1, . . . , ed be its standard basis. Let G= SL(d,R) and

g := {y ∈ End(Rd) | tr(y)= 0}
be its Lie algebra. We introduce the Cartan subspace of g,

a := {x = diag(x1, . . . , xd) / xi ∈R, x1 + · · · + xd = 0},
i.e. the Lie subalgebra of diagonal matrices, and the Weyl chamber

a
+ = {x ∈ a / x1 ≥ · · · ≥ xd}.

The Jordan projection λ :G→ a+ is defined by, for every g in G,

λ(g)= diag(logλ1(g), . . . , logλd(g)),
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where the d-tuple (λ1(g), . . . , λd(g)) is the sequence of moduli of the eigenvalues
of g in C in non-increasing order and repeated according to their multiplicities. The
largest one λ1(g) is the spectral radius of g.

Definition 6.10 An element g of SL(d,R) is said to be loxodromic if λ(g) belongs
to the interior of a+, or, equivalently, if the moduli of the eigenvalues of g are
distinct:

λ1(g) > · · ·> λd(g).

Equivalently this means that the eigenvalues of g2 are distinct and positive. The
main result of Chap. 6 is the following proposition and its generalization in Theo-
rem 6.36.

Proposition 6.11 Let Γ be a subsemigroup of SL(d,R) that is Zariski dense. Then
the set Γlox of loxodromic elements of Γ is also Zariski dense.

The proof of Proposition 6.11 will last up to the end of Sect. 6.6.

Remark 6.12 In particular, Γ contains at least one loxodromic element. It is easy to
see that Γ contains elements g whose eigenvalues are distinct. Indeed the discrim-
inant D of the characteristic polynomial of g is a nonzero polynomial function on
G = SL(d,R), hence it is nonzero on Γ . What proposition 6.11 tells us is that Γ
contains many elements whose eigenvalues are distinct and positive.

Remark 6.13 One cannot replace in this proposition the field R by C. For example,
the unitary group Γ = U(d)⊂G= SL(d,C) is Zariski dense but all the eigenvalues
of the elements of Γ have modulus 1.

Neither can one replace R by the field Qp . For example, the compact open
subgroup of matrices whose coefficients are p-adic integers Γ = SL(d,Zp) ⊂
SL(d,Qp) is also Zariski dense and all the eigenvalues of the elements of Γ have
their modulus equal to 1.

Remark 6.14 One may wonder why, in Proposition 6.11, we are dealing with sub-
semigroups Γ instead of subgroups Γ . There are two reasons. First, what occurs
naturally when dealing with a random walk on G is the semigroup spanned by the
support of the law. Second, even if we want to deal only with subgroups Γ , the key
point of the proof will still involve semigroups.

6.3 Zariski Closure of Semigroups

We begin with some general lemmas on the Zariski closure of subsemigroups.

Lemma 6.15 Let k be a field and Γ be a subsemigroup of GL(d, k).
Then the Zariski closure G of Γ in GL(d, k) is a group.
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Remark 6.16 We will often use this lemma in the equivalent formulation:
Let k be a field, g ∈ GL(d, k) and n0 ≥ 0. Then the sequence (gn)n≥n0 is Zariski

dense in the group 〈g〉 spanned by g.

Proof Let V = kd . Let k[EndV ] be the algebra of k-valued polynomial functions
on End(V ) and

I := I (Γ )= {P ∈ k[EndV ] / ∀g ∈ Γ, P (g)= 0}
so that, by Lemma 6.2, G is the set of zeros of the ideal I , that is,

G= {g ∈ End(V ) | ∀P ∈ I, P (g)= 0}.
For m≥ 0, let Im = {P ∈ I / doP ≤m}, where doP is the total degree of the poly-
nomial P in d2 variables.

We first prove the easy implication: g,h ∈G=⇒ gh ∈G. Fix P in I . For g in Γ ,
the polynomial function h→ P(gh) is null on Γ and hence also on G. Hence, for
h in G, the polynomial function g→ P(gh) is null on Γ and hence also on G. This
proves that for any g, h in G, one has P(gh)= 0 and the product gh also belongs
to G.

It remains to prove the implication: g ∈G=⇒ g−1 ∈G. Fix g in G and denote
by Tg the automorphism of k[End(V )] defined by

Tg(P )(h)= P(gh) for all P in k[End(V )] and h in End(V ).

One has the inclusion

Tg(I
m)⊂ Im

since g belongs to G. Since Im is finite-dimensional, this inclusion is an equality:

Tg(I
m)= Im.

Hence one has T −1
g (I )= I . One then writes, for all P in I ,

P(g−1)= (T −2
g (P ))(g)= 0.

This proves that g−1 belongs to G. �

The second lemma focuses on real linear groups.

Lemma 6.17 Every compact subsemigroup H of GL(d,R) is a subgroup.

Proof This fact is a general property of compact subsemigroups in topological
groups. Indeed, let h be an element of H . We want to prove that its inverse h−1

also belongs to H . Since H is compact, the sequence (hn)n≥1 has a cluster point k
in H . Fix a neighborhood U of e in H . One can find another neighborhood V of
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e such that V V −1 ⊂ U . Let m < n be positive integers such that both hm and hn

belong to V k. The element hn−m−1 belongs to Uh−1 Hence h−1 is also a cluster
point of the sequence (hn)n≥1 and hence belongs to H . �

Lemma 6.18 Every compact subgroupH of GL(d,R) preserves a positive definite
quadratic form q0 on R

d .

The proof uses the Haar measure. We recall that every locally compact group H
supports a left H -invariant Radon measure dh called the Haar measure (see [90]).
This measure is unique up to normalization. When H is compact, this measure is
finite and is also left H -invariant. In this case, one can normalize dh so that it is a
probability measure.

Proof Let q be a positive definite quadratic form on R
d , let dh be the Haar proba-

bility measure on H and let q0 be the average of the translates of q: this quadratic
form q0 is defined by

q0(v)=
∫

H

q(hv)dh for all v in R
d .

By construction q0 is positive definite and H -invariant as required. �

With similar arguments, one can prove the following fact that we will not use in
the sequel but that clarifies our approach.

Lemma 6.19 Every compact subgroup H of GL(d,R) is Zariski closed.

Remark 6.20 The field of real numbers k = R cannot be replaced here by the field
of p-adic numbers k = Qp or the field of complex numbers k = C. For instance
the compact group SL(d,Zp) is Zariski dense in SL(d,Qp). Similarly the unitary
group U(d) is compact and Zariski dense in the complex group GL(d,C). However,
this group U(d) is Zariski closed in the group GL(d,C), regarded as an algebraic
real Lie group.

Proof Fix an element g of End(Rd) which does not belong to H . We need to find a
polynomial function P null on H such that P(g) �= 0.

Let ϕ be a real-valued continuous function on End(Rd) that is equal to 0 on H
and equal to 1 on the class Hg = {hg / h ∈ H }. The Stone–Weierstrass Theorem
ensures that there exists a polynomial function Q on End(Rd) that is near ϕ on the
compact set H ∪Hg. For instance, we may require

Q(h)≤ 1
3 and Q(hg)≥ 2

3 for all h in H.

Let Q0 be the average of the translates of Q: it is defined by

Q0(g)=
∫

H

Q(hg)dh for all g in End(Rd).
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This polynomial function Q0 is equal to a constant C ≤ 1
3 on H and is larger than

2
3 on Hg. Hence the difference P =Q0 −C fulfills our requirements. �

To finish this section, let us prove that, for algebraic groups, the irreducible com-
ponents from Lemma 6.9 are Zariski connected components.

Lemma 6.21 Let k be a field and V = kd .

(a) The Zariski connected component He of a subgroup H of GL(V ) is a finite
index normal subgroup of H which is Zariski irreducible.

(b) A Zariski connected subsemigroup Γ of GL(V ) is Zariski irreducible.

Proof (a) The groupH acts by conjugation on its irreducible components (Hi)1≤i≤�.
The set

H0 := {h ∈H | hHi =Hi for all i ≤ �}
is a Zariski closed, finite index normal subgroup of H whose translates H0h are
included in the irreducible components Hi . Since they are Zariski irreducible the
Hi ’s are equal to translates H0hi of H0. The Zariski connected component He of H
is then equal to H0.

(b) By Lemma 6.15 the Zariski closure H of Γ is a group. This group H is still
Zariski connected. By point (a) this group H is Zariski irreducible, and Γ is also
Zariski irreducible. �

Corollary 6.22 If k is infinite, the group SL(V ) is irreducible.

Proof We assume d ≥ 2 since otherwise the result is trivial. Fix a basis of V and let
U be the group of matrices of the form

⎛

⎝
1 t 0
0 1 0
0 0 1d−2

⎞

⎠

with t in k. This is an algebraic subgroup of GL(V ) and the algebra of functions
on U which are restrictions of polynomial functions on EndV is isomorphic to k[t].
In particular, since this algebra is an integral domain, by arguing as in the proof of
Lemma 6.4, one proves that U is Zariski connected. Let H be the Zariski connected
component of e in SL(V ). We have U ⊂ H . Since H is normal in GL(V ), we
have gUg−1 ⊂H for any g in GL(V ). As these subgroups span SL(V ), SL(V ) is
connected, hence irreducible by Lemma 6.21. �

The reader should not mistake the Zariski irreducible subsemigroups of GL(V )
we have just discussed for the irreducible semigroups of GL(V ) that we introduced
in Chap. 4, that is, the semigroups in GL(V ) whose action on V is irreducible.
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6.4 Proximality and Zariski Closure

In this section, we check that two irreducible real linear semigroups with the
same Zariski closure have equal proximal dimensions.

The following Lemma 6.23 also gives an easily checkable criterion to detect the
existence of proximal elements in an irreducible real linear semigroup.

Lemma 6.23 Let V =R
d , let Γ be an irreducible subsemigroup of GL(V ) and let

G be the Zariski closure of Γ in GL(V ). Then the proximal dimensions are equal

rΓ = rG.
In particular, if G is proximal in V , then Γ contains a proximal element.

We recall that, according to Lemma 4.1, an irreducible semigroup Γ ⊂ GL(V )
contains a proximal element if and only if Γ is proximal, i.e. if and only if its
proximal dimension rΓ is equal to 1.

Proof By definition of the proximal dimension, one has the inequality rG ≤ rΓ .
Assume by contradiction that one has the strict inequality rG < rΓ . By definition
of the proximal dimension rΓ , there exists an element π ∈ End(V ) of rank rΓ that
belongs to the closure RΓ . Let W = Imπ ⊂ V be its image and W ′ = Kerπ ⊂ V
be its kernel. Using the fact that Γ is irreducible and replacing if necessary π by a
product gπ with g in Γ , we can assume that π2 �= 0. By minimality, the rank of π
and π2 are equal, hence one has the decomposition

V =W ⊕W ′.

From now on, using this decomposition, we will consider End(W) as a subalgebra
of End(V ). One then has the equality

End(W)= πEnd(V )π.

Let H ′ and H be the subsemigroups of End(W):

H ′ := πRΓ π and H := {h ∈H ′ | detWh=±1}.
Note that, by minimality of rΓ , every nonzero element of H ′ belongs to GL(W),
and hence is a scalar multiple of an element of H .

We claim that the semigroupH is bounded. Indeed, if this were not the case, there
would exist a sequence (hn)n≥1 inH ′ with ‖hn‖ = 1 and with detW(hn) −→

n→∞ 0. But

then, every cluster point τ of the sequence hn would be a nonzero element of H ′
which is not invertible on W . A contradiction.

Hence H is a compact subsemigroup of GL(W). According to Lemma 6.18,
there exists an H -invariant positive definite quadratic form q0 on W . In particular,
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H ′ is included in the set Sim(q0) of similarities of q0. Since this set is Zariski closed
and since Γ is Zariski dense in G, one has the inclusion

πGπ ⊂ Sim(q0).

As a consequence one gets the inclusion

πRGπ ⊂ Sim(q0). (6.1)

Let τ ∈ End(V ) be an element of rank rG that belongs to RG. Since Γ is irreducible
in V , there exist g1, g2 in Γ such that, the following element of RG is nonzero:

πg1τg2π �= 0.

Since rG < rΓ , it does not belong to GL(W). This contradicts (6.1). �

Remark 6.24 In the last argument, instead of using the existence of q0 given by
Lemma 6.18, we could have applied directly the more powerful Lemma 6.19.

Now we could end the proof of Proposition 6.11, by applying Lemma 6.23 to a
suitable irreducible representation of SL(d,R) as in [98], but we will instead use a
technique involving simultaneously finitely many irreducible representations. This
technique will be useful throughout this book.

6.5 Simultaneous Proximality

According to Lemma 4.1, every irreducible proximal subsemigroup Γ of
GL(V ) contains at least one proximal element. We will need a version of this
lemma that involves simultaneously finitely many representations.

Lemma 6.25 Let K be a local field, let Γ be a semigroup and, for all positive
integers i ≤ s, let ρi : Γ → GL(Vi) be representations of Γ in finite-dimensional
K-vector spaces Vi that are strongly irreducible and proximal. Then there exists an
element g in Γ such that, for all i ≤ s, the element ρi(g) is proximal.

Moreover, for any nonzero endomorphism qi ∈ End(Vi), one can choose such a
g in Γ such that qi(V

+
i,g) �⊂ V <i,g .

Here the notations V +
i,g and V<i,g are shorthands for the attracting line of ρi(g)

and for its invariant complementary hyperplane. They were defined in Sect. 4.1.

Proof Let V := ⊕i≤sVi . We can assume that Γ is included in GL(V ) and that the
representations ρi are the restrictions to Vi . Replacing if necessary Γ by a finite
index subgroup, we can also assume, thanks to Lemma 6.21 and to the strong ir-
reducibility of V , that Γ is Zariski connected. For i = 1, . . . , s, let (γi,p)p≥1 be a
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sequence of elements of Γ and (λi,p)p≥1 be a sequence of scalars such that the limit
in End(Vi)

πi := lim
p→∞λi,p ρi(γi,p)

exists and is a rank one operator. Set, for p ≥ 1,

gp := h0 γ1,p h1 γ2,p h2 · · ·γs,p hs ∈ Γ,
where the elements h0, . . . , hs ∈ Γ will be chosen later. We will find our element g
among these gp . Indeed, there exists a sequence S ⊂ N and sequences (λi,j,p)p∈S
of scalars, for i, j ≤ s, such that the limit in End(Vi)

πi,j := lim
p∈S λi,j,p ρi(γj,p)

exists and is nonzero and such that λi,i,p = λi,p . By assumption, for i ≤ s, the limits
πi,i are rank one operators. Hence, for any i ≤ s, the following operators

τi := ρi(h0)πi,1 ρi(h1)πi,2 ρi(h2) · · ·πi,s ρi(hs)
have rank at most one.

Since the representations Vi are irreducible, for any i ≤ s, one can choose ele-
ments h0, . . . , hs in Γ in such a way that

Im τi �⊂ Ker τi and qi(Im τi) �⊂ Ker τi . (6.2)

Since the semigroup Γ is Zariski connected, by Lemma 6.21, this group is also
Zariski irreducible, and one can choose the elements h0, . . . , hs in Γ such that (6.2)
is valid simultaneously for all i ≤ s. Now setting λ′i,p =

∏
j≤s λi,j,p for any i ≤ s

and p in S one gets

λ′i,p ρi(gp)−−−→p→∞ τi in End(Vi).

Reasoning as in the proof of Lemma 4.1, for p ∈ S large enough, we deduce that, for
any i ≤ s, the element γ := gp acts proximally in Vi and satisfies qi(V

+
i,γ ) �⊂ V<i,γ . �

The following corollary tells us that many elements of Γ are simultaneously
proximal in all the Vi ’s.

Corollary 6.26 Let K be a local field and for i ≤ s, let Vi be a finite-dimensional
K-vector space and qi ∈ End(Vi) be a nonzero endomorphism. Let Γ ⊂∏i≤s GL(Vi)
be a Zariski connected subsemigroup such that, for all i ≤ s, Γ is irreducible and
proximal in Vi . Then the set

Γ ′ := {g in Γ | for all i ≤ s, g is proximal in Vi and qi(V
+
i,g) �⊂ V<i,g}

is Zariski dense in Γ .
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Proof Denote by ρi :G→ GL(Vi) the restriction map. According to Lemma 6.25,
there exists at least one element γ0 in Γ ′. For any i ≤ s, there exists a sequence
(λi,p)p≥1 of scalars such that the limit in End(Vi)

πi := lim
p→∞λi,p ρi(γ

p

0 )

exists and is a rank-one endomorphism of Vi . Since the representations Vi are irre-
ducible, for all i ≤ s the set

Γ(i) := {γ ∈ Γ | πiρi(γ )πi �= 0}
is a non-empty Zariski open subset of Γ . Since the semigroup Γ is Zariski con-
nected, by Lemma 6.21, this group is also Zariski irreducible and the intersection
Γ ′′ := ∩i≤sΓ(i) is also a non-empty Zariski open subset of Γ . Reasoning as in the
proof of Lemma 4.1, we deduce that, for any element γ in Γ ′′, for n large, the el-
ement γ n0 γ γ

n
0 belongs to Γ ′. Since, by Lemma 6.15, the Zariski closure of a semi-

group is always a group, for every integer n ∈ Z the element γ n0 γ γ
n
0 belongs to the

Zariski closure of Γ ′. In particular the element γ belongs to the Zariski closure of
Γ ′. This proves that Γ ′ is Zariski dense in Γ . �

6.6 Loxodromic and Proximal Elements

We explain now that being loxodromic can be interpreted as being proximal
in suitable representations.

Lemma 6.27 Let G = SL(d,R). An element g of G is loxodromic if and only if,
for all 1 ≤ i < d , the element ∧ig is proximal in ∧iRd .

We recall that a basis of the exterior product ∧iRd is given by the elements
eE = ej1 ∧ · · · ∧ eji , where E = {j1, . . . , ji} runs among the subsets of {1, . . . , s}
with cardinality i. We recall also that the endomorphism ∧ig is given by,

∧ig (v1 ∧ · · · ∧ vi)= (gv1)∧ · · · ∧ (gvi),
for all vectors vj in R

d .

Proof Indeed, for 1 ≤ i < d , the moduli of the eigenvalues of ∧ig are given by
the product μE =∏j∈E λj (g), where E runs among the subsets of {1, . . . , s} with

cardinality i. This product is maximal when E is the set {1, . . . , i}. The element ∧ig
is proximal in ∧iRd if and only if no other subset E′ achieves this maximum. This
is the case if and only if one has the strict inequality λi(g) > λi+1(g). �

We can now prove the existence of loxodromic elements in Zariski dense sub-
semigroups Γ of SL(d,R)
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Proof of Proposition 6.11 For 1 ≤ i < d , the action of the group G= SL(d,R) on
∧iRd is proximal. By Lemma 6.23, since Γ is Zariski dense in G, the action of Γ
on ∧iRd is also proximal. By Lemma 6.25, there exists an element g in Γ such that,
for all i < d , the element ∧ig is proximal. By Lemma 6.27, such an element g is
loxodromic in G. By Corollary 6.26, these loxodromic elements are Zariski dense
in G. �

Our aim now is to extend Proposition 6.11 to semisimple real Lie groups.

6.7 Semisimple Real Lie Groups

We recall without proof basic definitions and basic facts on semisimple real
Lie groups (see [64]). We use the language of algebraic groups and root sys-
tems which is very convenient when dealing with semisimple Lie groups.

We gather here more notation than what is needed to prove the existence of lox-
odromic elements. In particular, we will discuss the Cartan projection, the Iwasawa
cocycle, the Jordan projection and the parabolic subgroups. We expect that this sec-
tion will help the reader to feel more confortable when we will need to introduce
similar notions in the context of S -adic Lie groups in Chap. 8.

6.7.1 Algebraic Groups and Maximal Compact Subgroups

Let G be an algebraic real Lie group. Pedantically, this means that G is the group
of real pointsG= G(R) of an algebraic group G defined over R. In this chapter and
the next one, we will abusively think of G as a Zariski closed subgroup of a group
SL(d,R) for some d ≥ 1. For instance GL(d,R) is an algebraic real Lie group since
it can be seen as the stabilizer in SL(d+1,R) of the decomposition R

d+1 =R
d⊕R.

An algebraic morphism ϕ :G→H between two algebraic real Lie groups is a map
which is both a group morphism and a polynomial map.

We say thatG is a semisimple algebraic Lie group if it does not contain an infinite
abelian normal subgroup. We say that G is a connected algebraic Lie group if it is
Zariski connected.

We will assume in this chapter that G is a semisimple connected algebraic
Lie group. Important examples are G = SL(d,R), SL(d,C), SL(d,H), SO(p, q),
Sp(d,R), SU(p, q),. . . . The full list, up to finite covers and finite products, can be
seen in Helgason’s book [64].

The group G contains a maximal compact subgroup K and all such subgroups
are conjugate. Let g be the Lie algebra of G and k be the Lie algebra of K . We
introduce the Killing form on g given by

Killing(x, y)= tr(adx ady).
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Let s be the orthogonal subspace of k for the Killing form. This Killing form is
negative definite on k, is positive definite on s and one has the decomposition

g= k⊕ s. (6.3)

6.7.2 Cartan Subspaces and Restricted Roots

For x in g, we denote by adx the endomorphism of g given by adx(y) = [x, y]
for all y in g. An element x of g is said to be hyperbolic if adx is diagonalizable
over R. A Cartan subspace of g is a commutative subalgebra a whose elements
are hyperbolic and which is maximal for these properties. All Cartan subspaces are
conjugate under G and a maximal commutative algebra in s is a Cartan subspace.
Let us choose such a Cartan subspace a⊂ s. We denote byA the connected algebraic
subgroup of G with Lie algebra a. It does exist (see [22]). By definition, the real
rank of G is the dimension of a. Endowed with the Killing form, the space a and its
dual space a∗ are Euclidean.

For every algebraic character α of the algebraic group A, we still denote by α
its differential (in the following chapters, this differential will also be denoted by
αω, see Sect. 8.2). It belongs to the dual space a�. Let us diagonalize g under the
adjoint action of A or a. One denotes by Σ the set of restricted roots, i.e. the set of
nontrivial weights for this action:

Σ = {α ∈ a
∗
� {0} | gα �= {0}}, where

g
α := {y ∈ g / ∀x ∈ a, adx(y)= α(x)y}

is the root space associated to α. This finite set Σ is a root system in the Euclidean
space a∗. Note that it is not always a reduced root system. One has the decomposition

g= z⊕ (⊕α∈Σ g
α),

where z is the centralizer of a in g.
The group G is said to be split if one has z = a. This happens if and only if all

the root spaces gα are 1-dimensional.

6.7.3 Simple Restricted Roots and Weyl Chambers

Let Σ+ be a choice of positive roots of Σ and Π ⊂ Σ+ be the subset of simple
roots. This subset Π is a basis of a�. Let

u := ⊕α∈Σ+gα and let p= z⊕ u
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be the minimal parabolic subalgebra associated toΣ+. Its normalizer is the minimal
parabolic subgroup P := NG(p) associated to Σ+. The Lie algebra of P is equal
to p. Let

a
+ := {x ∈ a / ∀α ∈Σ+, α(x)≥ 0}

be the corresponding Weyl chamber in a.

6.7.4 The Cartan Projection

One has the Cartan decomposition

G=Kexp(a+)K.

For g in G one denotes by κ(g) ∈ a+ the Cartan projection of g, that is, the unique
element of a+ such that

g ∈Kexp(κ(g))K.

Remark 6.28 Here is the geometric interpretation of the Cartan projection. The quo-
tientG/K endowed with theG-invariant Riemannian metric given by the restriction
of the Killing form to s is the so-called Riemannian symmetric space associated
to G. Let m0 be the point of G/K whose stabilizer is K . In this space G/K the
maximal flat totally geodesic subspaces are exactly the translates g exp(a)m0 with
g in G. They are called apartments. The subsets g exp(a+)m0 are called chambers
with vertex gm0. The Cartan decomposition tells us that any two points ofG/K be-
long simultaneously to at least one apartment. More precisely, it tells us that, when
k varies in K , the chambers k exp(a+)m0 form a covering of G/K . When G has
real rank 1, it just tells us that any two points of G/K can be joined by a geodesic.
The distance on G/K is also given by the formula

d(gm0, hm0)= ‖κ(h−1g)‖.
The fact that the right-hand side defines a distance follows from the definitions and
the following inequality which will be proved in Corollary 6.34

‖κ(g1g2)‖ ≤ ‖κ(g1)‖ + ‖κ(g2)‖, for all g1, g2 in G. (6.4)

6.7.5 The Iwasawa Cocycle

Let Z be the centralizer of a in G andM := Z ∩K . We denote by U the connected
algebraic subgroup of G with Lie algebra u. It exists and is a maximal unipotent
subgroup of G. One has the Iwasawa decomposition

G=Kexp(a)U.
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More precisely, the product map K × (expa)×U→G is a homeomorphism. Note
that exp(a) is equal to the analytical connected component Ae of A. One also has
the equality P =Mexp(a)U . Let

P =G/P
be the flag variety of G and, for any g in G and η in P , if η= kP for some k in K ,
let σ(g,η) be the unique element of a such that

gk ∈K exp(σ (g, η))U.

Lemma 6.29 The continuous map σ :G×P → a is a cocycle.

This cocycle is called the Iwasawa cocycle by group theorists and the Busemann
cocycle by geometers.

Proof For g,g′ inG and η= kP in P with k inK , let k′ ∈K and x, x′ ∈ a be such
that

g′k ∈ k′ exp(x′)U and gk′ ∈K exp(x)U.

We have σ(g′, η)= x′ and σ(g,g′η)= x and

gg′k ∈ gk′ exp(x′)U ⊂K exp(x)U exp(x′)U =K exp(x + x′)U,
hence σ(gg′, η)= x + x′ and σ satisfies the cocycle property (3.6). �

Remark 6.30 Here is the geometric interpretation of the Iwasawa cocycle. LetG/K
be the associated Riemannian symmetric space and m0 the point of G/K whose
stabilizer is K . We fix x in a+ of norm 1. For η = kP ∈ P , we introduce the
geodesic ray on G/K given by mt := k exp(tx)m0. The geometric interpretation of
the Iwasawa cocycle comes from the equality

〈x,σ (g, η)〉 = lim
t→∞ d(g−1m0,mt )− d(m0,mt ). (6.5)

The right-hand side of this equality is the Buseman cocycle (see, for instance, [6,
Sect. II.2] or [19, Sect. 2.4] in the context of hyperbolic groups). By extension the
Iwasawa cocycle σ is also called the Busemann cocycle. When x belongs to the
interior of a+, this equality (6.5) follows from the definitions and the following
stronger equality which will be proved in Corollary 6.34

σ(g,η)= lim
t→∞ κ(gketx)− tx. (6.6)

6.7.6 The Jordan Projection

An element g of G is said to be semisimple if it is diagonalizable over C. It is
said to be elliptic if it is semisimple with eigenvalues of modulus one. It is said to be
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hyperbolic if it is semisimple with positive real eigenvalues. It is said to be unipotent
if all its eigenvalues are equal to 1. These notions do not depend on the algebraic
embedding of G as a linear group.

For every g in G, one has a unique decomposition, called the Jordan decomposi-
tion of g, as a product g = geghgu of commuting elements, where ge is elliptic, gh
is hyperbolic and gu is unipotent. A striking property, valid more generally for any
algebraic real Lie group, is that those three components ge, gh gu still belong to G.
Another useful property is the following fact. Let ϕ :G→H be an algebraic mor-
phism between two algebraic real Lie groups. Then the image ϕ(g) of a semisimple
(resp. elliptic, hyperbolic, or unipotent) element g of G is also a semisimple (resp.
elliptic, hyperbolic, or unipotent) element of H . In particular, the Jordan decompo-
sition does not depend on the representation of G as a group of matrices.

We recall thatG is assumed here to be a connected semisimple real algebraic Lie
group. The hyperbolic component gh of g is then conjugate under G to an element
exp(λ(g)) with λ(g) ∈ a+. This element λ(g) is uniquely determined and the map
λ :G→ a+ is called the Jordan projection.

Remark 6.31 The geometric interpretation of the Jordan projection comes from the
equality, for all g in G, m in G/K

‖λ(g)‖ = lim
n→∞

1
n
d(gnm,m). (6.7)

The right-hand side of this equality does not depend on m and is called the sta-
ble length of g. This equality (6.7) follows from the definitions and the following
equality which will be proved in Corollary 6.34

λ(g)= lim
n→∞

1
n
κ(gn). (6.8)

Another useful formula, that we will not use, is

‖λ(g)‖ = min
m∈G/K d(gm,m).

Moreover, when g is hyperbolic, there exists at least one g-invariant chamber in
G/K and the action of g on such a chamber is nothing but a translation by the
element λ(g).

In order to illustrate all these notions, we describe their meaning for the two
examples G= SL(d,R) and G= SO(p, q).

6.7.7 Example: G = SL(d,R)

Let V = R
d , let e1, . . . , ed be its standard basis, and let G = SL(d,R). The Lie

algebra g of G is the space of matrices with zero trace

g= {f ∈ End(Rd) | tr(f )= 0}.
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One can choose the maximal compact subgroupK to be the subgroup of orthogonal
matrices K = SO(d). As in Sect. 6.2, one can choose the Cartan subspace a of g to
be the subspace of diagonal matrices

a= {x = diag(x1, . . . , xd) / x1 + · · ·xd = 0}.

Hence the real rank of G is d−1. One can choose the Weyl chamber a+ of g to be
the set of elements of a with decreasing coefficients

a
+ = {x ∈ a / x1 ≥ · · · ≥ xd}.

The group A is then

A= {a = diag(a1, . . . , ad) / ai �= 0, a1 · · ·ad = 1}.

The set Σ of restricted roots is

Σ = {εi − εj , i �= j, 1 ≤ i, j ≤ d},

where εi ∈ a� is given by εi(x) = xi . For i �= j , the root spaces gεi−εj are 1-
dimensional and are spanned by the elementary matrices Ei,j = e�j ⊗ ei . The cen-
tralizer of a is z= a. Hence the group G is split. The set of positive roots of g may
be chosen to be

Σ+ = {εi − εj , 1 ≤ i < j ≤ d},
and the set of simple roots is then

Π = {εi − εi+1, 1 ≤ i < d}.

The minimal parabolic subgroup P and its unipotent radical U are

P =
⎧
⎨

⎩

⎛

⎜
⎝

∗ ∗ ∗
. . . *

0 ∗

⎞

⎟
⎠ ∈G

⎫
⎬

⎭
, U =

⎧
⎨

⎩

⎛

⎜
⎝

1 ∗ ∗
. . . *

0 1

⎞

⎟
⎠

⎫
⎬

⎭
.

The group P is the stabilizer in G of the maximal flag

V1 ⊂ · · · ⊂ Vd,

where Vi is the vector subspace of Rd spanned by e1, . . . , ei . Hence the flag variety
P of G is the set of all maximal flags of V .

For g inG, the Cartan decomposition of g is nothing but the polar decomposition
of g. It expresses g as a product g = k1e

κ(g)k2 with k1, k2 inK and κ(g) in a+. This
element

κ(g)= diag(logκ1(g), . . . , logκd(g))
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is the Cartan projection of g. Here one has κ1(g)= ‖g‖, where ‖g‖ is the norm of
g as an endomorphism of the Euclidean space R

d (see Sect. 4.1). For i ≥ 1, κi(g) is
the ith-singular value of g, i.e.

κi(g)= ‖∧i g‖
‖ ∧i−1 g‖ .

Here, again, ‖∧i g‖ is the norm of ∧ig as an endomorphism of the Euclidean space
∧iRd . The Euclidean norm on ∧iRd is the standard one, i.e. it is the one for which
the vectors e�1 ∧ · · · ∧ e�i , for �1 < · · ·< �i , form an orthonormal basis of ∧iRd .

6.7.8 Example: G = SO(p,q)

Let 1 ≤ p ≤ q with d = p+ q ≥ 3 and let Sp,q be the symmetric matrix of size d ,

Sp,q =
⎧
⎨

⎩

⎛

⎝
0 0 Jp
0 Iq−p 0
Jp 0 0

⎞

⎠

⎫
⎬

⎭
, where Jp =

⎧
⎪⎨

⎪⎩

⎛

⎜
⎝

0 0 1

0 . .
.

0
1 0 0

⎞

⎟
⎠

⎫
⎪⎬

⎪⎭

is the antidiagonal matrix of size p and Iq−p is the identity matrix of size q−p. The
group G= SO(p, q) is the group

G= {g ∈ SL(d,R) | g Sp,q tg = Sp,q}.
Its Lie algebra g is

g= {f ∈ End(Rd) | f Sp,q + Sp,q tf = 0}.
One can choose the maximal compact subgroupK to be the subgroup of orthogonal
matrices K = SO(d)∩G� S(O(p)×O(q)). One can choose the Cartan subspace
a of g to be the subspace of diagonal matrices

a= {x = diag(x1, . . . , xp,0, . . . ,0,−xp, . . . ,−x1)}.
Hence the real rank of G is p. One can choose the Weyl chamber a+ of g to be the
set of elements of a with decreasing coefficients

a
+ = {x ∈ a / x1 ≥ · · · ≥ xp ≥ 0}.

The group A is then

A= {a = diag(a1, . . . , ap,1, . . . ,1, a
−1
p , . . . , a

−1
1 ) / ai �= 0}.

The set Σ of restricted roots is

Σ = {±εi,1 ≤ i ≤ p} ∪ {±εi ± εj ,1 ≤ i < j ≤ p} when p > q,
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Σ = {±εi ± εj ,1 ≤ i < j ≤ p} when p = q,
where εi ∈ a� is given by εi(x) = xi . For i �= j , the root spaces g±εi±εj are 1-
dimensional but the root spaces g±εi have dimension q−p. The centralizer of a is
z = a⊕ m, where m = so(q − p) is the Lie algebra of antisymmetric matrices of
size q−p. Hence the groupG is split if an only if q = p or p+1. The set of positive
roots of g may be chosen to be

Σ+ = {εi,1 ≤ i ≤ p} ∪ {εi ± εj , 1 ≤ i < j ≤ p}, when p > q,

Σ+ = {εi ± εj ,1 ≤ i < j ≤ p}, when p = q,
and the set of simple roots is then

Π = {εi − εi+1, 1 ≤ i < p} ∪ {εp}, when p > q,

Π = {εi − εi+1,1 ≤ i < p} ∪ {εp−1 + εp}, when p = q.
The minimal parabolic subgroup P is the stabilizer in G of the maximal isotropic
flag

V1 ⊂ · · · ⊂ Vp,
where Vi is still the vector subspace of Rd spanned by e1, . . . , ei . Hence the flag
variety P of G is the set of all maximal isotropic flags of V .

6.8 Representations of G

For G= SL(d,R), the representations ∧iV in Sect. 6.6 played a crucial role
in the proof of Proposition 6.11. For a semisimple real Lie group G, they will
be replaced by the representations Vα that we will introduce below.

LetG be a connected algebraic semisimple real Lie group. We keep the notations
of Sect. 6.7.

Let (V ,ρ) be an algebraic representation of G in a finite-dimensional real vector
space V . This means that ρ : G→ GL(V ) is an algebraic morphism. For every
character χ of a, we set

V χ := {v ∈ V / ∀x ∈ a, ρ(x)v = χ(x)v}
to be the corresponding eigenspace. Let

Σ(ρ) := {χ / V χ �= 0}
be the set of restricted weights of V . Most of the time, we will just say weights of V .
Since the group ρ(A) is commutative and its elements are diagonalizable over R,
one has

V =⊕χ∈Σ(ρ) V χ .
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We endow Σ(ρ) with the partial order:

χ1 ≤ χ2 ⇐⇒ χ2 − χ1 is a sum of positive roots. (6.9)

We assume ρ to be irreducible. The set Σ(ρ) has then a largest element χ called
the highest restricted weight of V . The corresponding eigenspace is the space

V U := {v ∈ V |Uv = v}.
The representation ρ is proximal if and only if dimV U = 1. This is always the case
when G is split.

The dimension rV,G := dimV U is the proximal dimension of G in V . The map
g �→ gV U factors as a map from the flag variety to the Grassmann variety

P →GrV,G(V )

η= gP �→ Vη := gV U .
(6.10)

Lemma 6.32 LetG be a connected algebraic semisimple real Lie group. For every
α in Π , there exists a proximal irreducible algebraic representation (ρα,Vα) of G
whose highest weight χα is a multiple of the fundamental weight �α associated
to α.

These weights (χα)α∈Π form a basis of the dual space a∗.
Moreover, the product of the maps given by (6.10)

P →∏α∈Π P(Vα)

is an embedding of the flag variety in this product of projective spaces.

This condition on χα means that χα is orthogonal to β for every simple root
β �= α. It implies that the restricted weights of ρα are χα , χα −α and weights of the
form χα − α −∑β∈Π nβ β with nβ non-negative integers.

Proof See [122]. �

6.9 Interpretation with Representations of G

In this section, we give an interpretation of the Cartan projection, the Iwasawa
cocycle and the Jordan projection in terms of representations of G.

We keep the notations of Sects. 6.7 and 6.8, and we relate κ , σ and λ to the repre-
sentations ofG. The Cartan projection controls the norm of the image matrices in all
representations, the Jordan projection controls their spectral radii and the Iwasawa
cocycle controls the growth of the highest weight vectors.

The following lemma should be seen as a dictionary which translates the lan-
guage of the geometry of G into the language of the representations of G and vice-
versa.
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Lemma 6.33 LetG be a connected algebraic semisimple real Lie group and (V ,ρ)
be an irreducible representation of G with highest weight χ .

(a) There exists a good norm on V , i.e. a K-invariant Euclidean norm such that,
for all a in A, ρ(a) is a symmetric endomorphism.

(b) For such a good norm, one has, for all g in G, η in P and v in Vη ,

(i) χ(κ(g))= log(‖ρ(g)‖),
(ii) χ(λ(g))= log(λ1(ρ(g))),

(iii) χ(σ(g,η))= log
‖ρ(g)v‖
‖v‖ .

Proof (a) The group G is the group GR of real point of an algebraic group. We
let GC be the corresponding group of complex points so that we get a represen-
tation GC → GL(VC), where VC = C ⊗R V . Using the decomposition (6.3), one
introduces the Lie subalgebra

g
′ := k+ is⊂ gC.

Since the Killing form is negative definite on g′, this Lie algebra g′ is the Lie algebra
of a compact subgroup G′ of GC (see [64, Section V.2] for more details). As in
Lemma 6.18, we choose a hermitian scalar product on VC that isG′-invariant. Then,
the Euclidean norm that it induces on V is good. Indeed, this norm is clearly K-
invariant, and the elements ρ(x) for x in a⊂ s are symmetric since, by construction,
they are both real and hermitian.

(b) For x in a+, the eigenvalues of ρ(ex) are exactly the real numbers eχ
′(x),

where χ ′ runs among the weights of V . Since χ is the largest weight for the order
(6.9), one always has χ(x)≥ χ ′(x). Hence one has

logλ1(ρ(e
x))= log‖ρ(ex)‖ = χ(x).

This proves that, for any g in G, one has

log(‖ρ(g)‖)= log‖ρ(eκ(g))‖ = χ(κ(g)) and

log(λ1(ρ(g)))= logλ1(ρ(e
λ(g)))= χ(λ(g)).

In the same way, for x in a and v0 in V U , one has

log
‖ρ(ex)v0‖

‖v0‖ = χ(x).

Hence, when η = kP with k in K , one can write v = ρ(k)v0 and gk ∈KexU with
x = σ(g,η), and one computes

log
‖ρ(g)v‖
‖v‖ = log

‖ρ(eσ(g,η))v0‖
‖v0‖ = χ(σ(g, η)),

as required. �
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As a corollary, we get a proof of formulae (6.4), (6.6) and (6.8) relating Cartan
projection, Iwasawa cocycle and Jordan projection, that we used in Sect. 6.7 to
understand the geometric interpretation of these notions.

Corollary 6.34 Let G be a connected algebraic semisimple real Lie group.

(a) One has the inequality, for all g1, g2 in G,

‖κ(g1g2)‖ ≤ ‖κ(g1)‖ + ‖κ(g2)‖.
(b) One has the equality, for all g in G, η = kP ∈ P with k in K , and x in the

interior of a+ of norm 1

σ(g,η)= lim
t→∞ κ(gk exp(tx))− tx.

(c) One has the equality, for all g in G,

λ(g)= lim
n→∞

1
n
κ(gn).

We fix once for all a family of representations (ρα,Vα)α∈Π of G as in
Lemma 6.32, and we equip each of them with a good norm.

Proof We recall from Lemma 6.32 that the family of highest weights (χα)α∈Π is a
basis of the dual space a∗.

(a) For all α in Π , one has the inequality

‖ρα(g1g2)‖ ≤ ‖ρα(g1)‖‖ρα(g2)‖.
Hence using Lemma 6.33, one has the inequality

χα(κ(g1g2))≤ χα(κ(g1)+ κ(g2)).

Since the vectors χα are multiples of the fundamental weights, for any x in a+, the
dual linear form on a, y �→ 〈x, y〉 belongs to the convex cone of a∗ spanned by the
vectors χα . One deduces

‖κ(g1g2)‖2 ≤ 〈κ(g1g2), κ(g1)+ κ(g2)〉
and hence

‖κ(g1g2)‖ ≤ ‖κ(g1)+ κ(g2)‖ ≤ ‖κ(g1)‖ + ‖κ(g2)‖.
(b) We can assume that k = e. According to Lemma 6.32, we only have to check

that the image by χα of this equality is true, i.e., using Lemma 6.33, we only have
to check the equality

log
‖gv+α ‖
‖v+α ‖

= lim
t→∞

‖ρα(getx)‖
‖ρα(etx)‖ , (6.11)
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where v+α ∈ V Uα is a highest weight vector of Vα . Let πα be the orthogonal projection
on the line V Uα . Since V is endowed with a good norm, arguing as in (a), one obtains
the equality

πα = lim
t→∞

ρα(e
tx)

‖ρα(etx)‖ .
Formula (6.11) then follows from the simple equality

‖ρα(g)πα‖ = ‖gv+α ‖
‖v+α ‖

.

(c) As in (b), using Lemmas 6.32 and 6.33, we only have to check the equality

logλ1(ρα(g))= lim
n→∞

1
n

log‖ρα(g)n‖

which is nothing but the spectral radius formula. �

6.10 Zariski Dense Semigroups in Semisimple Lie Groups

We can now extend Proposition 6.11 to any semisimple real Lie group G,
i.e. we can prove the existence of loxodromic elements in any Zariski dense
subsemigroup of G.

Definition 6.35 An element g of G is said to be loxodromic if λ(g) belongs to the
interior of a+.

Theorem 6.36 Let G be a connected algebraic semisimple real Lie group and Γ
be a Zariski dense subsemigroup of G. Then the set Γlox of loxodromic elements of
Γ is still Zariski dense.

The proof uses the following Lemma which generalizes Lemma 6.27.

Lemma 6.37 Let G be a connected algebraic semisimple real Lie group. An el-
ement g of G is loxodromic if and only if, for all α in Π , the element ρα(g) is
proximal in Vα .

Proof Recall from Sect. 6.8 that the weights of a in Vα are χα , χα − α and other
weights of the form χα − α −∑β∈Π nββ , where, for β in Π , nβ belongs to N.

In particular, for any x in a+, one has the equivalence: the endomorphism ρα(ex)
is a proximal endomorphism of Vα if and only if α(x) > 0. �

Proof of Theorem 6.36 For α in Π , the action of the group G on the representation
(Vα,ρα) is proximal. By Lemma 6.23, since Γ is Zariski dense in G, the action of
Γ on Vα is also proximal. By Lemma 6.25, there exists an element g in Γ such that,
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for all α inΠ , the element ρα(g) is proximal. By Lemma 6.37, such an element g is
loxodromic in G. By Corollary 6.26, these loxodromic elements are Zariski dense
in G. �

We finish this section with the following two lemmas on loxodromic elements.
The first lemma will be useful in Sect. 7.7.

Lemma 6.38 In a connected algebraic semisimple real Lie group G, every loxo-
dromic element g is semisimple.

Proof Recall that the Jordan decomposition of g is the decomposition of g as a
product of commuting elements g = geghgu, where ge is elliptic, gh is hyperbolic
and gu is unipotent. After conjugation, we can assume that the component gh is
equal to exp(λ(g)). The component gu can be written as gu = exp(y), where y is a
nilpotent element of g which commutes with λ(g). Since the Jordan projection λ(g)
belongs to the interior of the Weyl chamber a+, its centralizer is equal to z=m⊕ a.
Since z does not contain nonzero nilpotent element, one has y = 0 and the element
g is semisimple. �

The second lemma characterizes the loxodromic elements in terms of their action
on the flag variety.

Lemma 6.39 Let G be a connected algebraic semisimple real Lie group. An ele-
ment g of G is loxodromic if and only if it has an attracting fixed point ξ+g on the
flag variety P of G.

Attracting fixed point means that this point ξ+g admits a compact neighborhood
b+ such that, uniformly for ξ in b+, the powers gn(ξ) converge to ξ+g .

Proof If the element g is loxodromic, after conjugation one can assume that g =
mex , where x = λ(g) belongs to the interior of a+ and where m belongs to the
centralizer M of a in K . The adjoint action of g on g/p is contracting, hence the
base point of P is an attracting fixed point of g.

Conversely, assume that g has an attracting fixed point in P . After conjugation,
one can assume that this point is the base point of P so that g belongs to the minimal
parabolic subgroup P of G, and that the adjoint action of g on g/p is contracting.
The three components ge, gh and gu of the Jordan decomposition of g also belong
to P . For each α inΠ , the adjoint action of g on the space (g−α⊕p)/p is contracting
hence one has α(λ(g)) > 0. This proves that g is loxodromic. �



Chapter 7
The Jordan Projection of Semigroups

We gather in this chapter two key results on Zariski dense subsemigroups of
semisimple real Lie groups: the convexity and non-degeneracy of the limit cone
(Theorem 7.2) and the density of the group spanned by the Jordan projections (The-
orem 7.4). These results will be used to prove the non-degeneracy of the Gaussian
law (Proposition 13.19) in the Central Limit Theorem 13.17 and the aperiodicity
condition (Proposition 17.1) in the Local Limit Theorem 17.6.

In this chapter we will mainly focus on real Lie groups since these results do not
extend to other local fields.

7.1 Convexity and Density

We first state the two main results of this chapter.

We recall a few notations from Sect. 6.7. We fix a connected algebraic semisimple
real Lie group G, a Cartan subspace a of its Lie algebra g and a Weyl chamber a+.
We denote by λ :G→ a+ the Jordan projection and we recall from Definition 6.35
that an element g of G is loxodromic if λ(g) belongs to the interior of a+.

We recall that, when G= SL(d,R), the Cartan subspace a can be chosen to be
the space of diagonal matrices with zero trace and the Weyl chamber a+ to be the
cone of matrices in a with nonincreasing coefficients. For g inG, the coefficients of
the Jordan projection λ(g) are then the logarithms of the moduli of the eigenvalues
of g.

Let Γ be a Zariski dense subsemigroup ofG. We saw in Chap. 6 that the set Γlox
of loxodromic elements of Γ is still Zariski dense inG. The following two theorems
give useful information on the image of Γlox by the Jordan projection.

Definition 7.1 The limit cone of Γ is the smallest closed cone LΓ in a+ containing
λ(Γlox).
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In other words, LΓ is the closure of the union of the half-lines spanned by the
Jordan projections of the loxodromic elements of Γ :

LΓ :=⋃g∈Γlox R+λ(g).

In this definition, the word cone does not presuppose that LΓ is convex. The fact
that this cone is indeed convex is part of our first main theorem.

Theorem 7.2 Let G be a connected algebraic semisimple real Lie group and Γ
be a Zariski dense subsemigroup of G. Then the limit cone LΓ is convex with non-
empty interior.

Remark 7.3 Let us quote without proof a few more properties of LΓ .

(i) The limit cone LΓ also contains λ(Γ ).
(ii) The limit cone LΓ is the asymptotic cone of the image of Γ by the Cartan

projection, i.e.

LΓ = {x ∈ a
+ | ∃gn ∈ Γ, ∃tn↘ 0 lim

n→∞ tn κ(gn)= x}.

(iii) For any closed convex cone with non-empty interior L of a+, there exists a
Zariski dense subsemigroup Γ of G such that LΓ = L.

(iv) The convexity of LΓ is also true over non-Archimedean fields.

These properties will not be used in this book. See [10] for more details.

The fact that LΓ is convex will be proved in Sect. 7.4. The fact that LΓ has
non-empty interior will then be a consequence of our second main theorem.

Theorem 7.4 Let G be a connected algebraic semisimple real Lie group and Γ be
a Zariski dense subsemigroup ofG. Then the subgroup of a spanned by the elements
λ(gh)− λ(g)− λ(h), for g, h and gh in Γlox , is dense in a.

The proof of Theorem 7.4 will be given in Sect. 7.8.

7.2 Products of Proximal Elements

In this section we relate the spectral radius of the product of two transversally
proximal matrices with the product of their spectral radii. This will be the key
ingredient in the proof of the convexity of the limit cone in Sect. 7.4.

We first recall some notations from Sect. 4.1. Let K be a local field and V =
K
d . For any proximal element g in End(V ), we recall that V +

g is the attracting g-
invariant line and that V<g is the unique g-invariant complementary hyperplane. We
choose a nonzero vector v+g ∈ V +

g and a linear functional ϕ<g ∈ V ∗ whose kernel is
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V<g and such that ϕ<g (v
+
g ) = 1. We introduce the rank-one projection πg := ϕ<g ⊗

v+g . It is given by πg(v)= ϕ<g (v)v+g , for all v in V . Its image is V +
g and its kernel

is V<g . This rank-one projection πg can be obtained as the limit

πg := lim
n→∞

gn

tr(gn)
. (7.1)

Indeed, since g is proximal, when n goes to infinity the norm of gn, the spectral
radius of gn and the absolute value of the trace of gn are equivalent:

‖gn‖ ∼ λ1(g)
n ∼ |tr(gn)|.

Here the symbol an ∼ bn means that the ratio an/bn converges to 1. Note then that
the limit operator in the right-hand side of (7.1) has image V +

g , kernel V<g and trace
equal to 1. Hence this operator is equal to πg .

These projections πg are very useful when approximating the spectral radius of
a product. Indeed, one has the following lemma. We write m ∧ n for the minimum
of m and n.

Lemma 7.5 Let K be a local field and V =K
d . Let g, h be two proximal elements

of End(V ) and let f1, f2 be two elements of End(V ). Then one has the limit

lim
m∧n→∞

λ1(g
mf1h

nf2)

λ1(g)mλ1(h)n
= |tr(πgf1πhf2)|.

In particular, when tr(πgf1πhf2) �= 0, this limit is nonzero.

Proof An easy but crucial point in the proof is the equality

λ1(σ )= |tr(σ )|

which is valid as soon as σ is a rank-one endomorphism of V .
Using formula (7.1) for both g and h and the fact that the spectral radius of a

matrix depends continuously on the matrix, one computes the limits form∧n→∞,

lim
m∧n→∞

λ1(g
mf1h

nf2)

λ1(g)mλ1(h)n
= lim
m∧n→∞λ1

(
gm

tr(gm)
f1

hn

tr(hn)
f2

)

= λ1(πgf1πhf2)= |tr(πgf1πhf2)|,

as required. �

Definition 7.6 Two proximal elements g, h of End(V ) are called transversally
proximal if tr(πgπh) �= 0.
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Geometrically this transversality condition means that

V +
g �⊂ V <h and V +

h �⊂ V <g ,
and the quantity

B1(V
+
g ,V

<
g ,V

+
h ,V

<
h ) := tr(πgπh)

is the cross-ratio of this quadruple. Indeed, one has the formula

B1(V
+
g ,V

<
g ,V

+
h ,V

<
h )=

ϕ<g (v
+
h )ϕ

<
h (v

+
g )

ϕ<g (v
+
g )ϕ

<
h (v

+
h )
. (7.2)

This equation (7.2) follows from the formula

πgπh = ϕ<g (v+h )ϕ<h ⊗ v+g .
A special case of Lemma 7.5 is the following corollary.

Corollary 7.7 Let K be a local field and V = K
d . Let g, h be two proximal ele-

ments of End(V ). Then one has the limit

lim
m∧n→∞

λ1(g
mhn)

λ1(g)mλ1(h)n
= |tr(πgπh)|.

In particular, when g, h are transversally proximal this limit is nonzero.

Proof This follows from Lemma 7.5 with f1 = f2 = 1. �

7.3 Products of Loxodromic Elements

Using the dictionary introduced in Sect. 6.9, we translate the results of
Sect. 7.2: we relate the Jordan projection of the product of two transversally
loxodromic elements with the sum of their Jordan projections.

We first recall some notations from Sect. 6.8. We fix a connected algebraic
semisimple real Lie group G, a Cartan subspace a of its Lie algebra g, a Weyl
chamber a+ and the corresponding set Π of simple restricted roots. For every α
in Π , we denote by (Vα,ρα) the irreducible proximal representation of G intro-
duced in Lemma 6.32, whose highest weight χα is a multiple of the corresponding
fundamental weight.

For g loxodromic in G, we will write V +
α,g , V<α,g , and πα,g as shorthands for

(Vα)
+
ρα(g)

, (Vα)<ρα(g), and πρα(g).

Definition 7.8 Two elements g, h of G are called transversally loxodromic if, for
every α in Π , the elements ρα(g), ρα(h) are transversally proximal.
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For instance, when g is loxodromic, the duplicate elements g, g are transversally
loxodromic.

Remark 7.9 This definition does not depend on the choice of the family ρα . Indeed,
using Lemma 6.39, one can check that two loxodromic elements g, h are transver-
sally loxodromic if and only if the G-orbit of the pair (ξ+g , ξ+h ) of attracting points
is the open orbit in P ×P .

It is in general not true that the Jordan projection λ(gh) of the product of two
elements g and h is equal to the sum λ(g)+ λ(h) of their Jordan projections. The
following Lemma 7.10 and its Corollary 7.11 tell us that under suitable transversal-
ity assumptions this fact is asymptotically true up to a converging error term.

Lemma 7.10 Let G be a connected algebraic semisimple real Lie group. Let g, h
be two loxodromic elements ofG. Then there exists a non-empty Zariski open subset
Gg,h of G2 such that, for every pair f = (f1, f2) in Gg,h the following limit

lim
m∧n→∞ λ(gmf1h

nf2)−mλ(g)− nλ(h) (7.3)

exists in a.

Proof We define Gg,h to be

Gg,h :={f =(f1, f2) ∈G2 | tr(πα,g ρα(f1)πα,h ρα(f2)) �= 0, for α ∈Π}. (7.4)

The transversality condition means exactly that the pair (1,1) belongs to the Zariski
open set Gg,h.

Since the linear functionals (χα)α∈Π form a basis of the dual space a∗, we can
define, for f in Gg,h an element νf (g,h) in a by the equalities

χα(νf (g,h))= log |tr(πα,g ρα(f1)πα,h ρα(f2))| for α ∈Π . (7.5)

We will check that the limit (7.3) is equal to this vector νf (g,h).
Equivalently, we will prove, for every α in Π , the convergence

χα(λ(g
mf1h

nf2)− λ(gm)− λ(hn))−−−−−→
m∧n→∞ χα(νf (g,h)).

But, by Lemma 6.33, the left-hand side is equal to

log
λ1(ρα(g

mf1h
nf2)

λ1(ρα(g))mλ1(ρα(h))n
.

By Lemma 7.5, it converges to log |tr(πα,g ρα(f1)πα,h ρα(f2))|. �

Corollary 7.11 Let G be a connected algebraic semisimple real Lie group, let g,
h be two transversally loxodromic elements of G and let ν(g,h) be the element of a
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defined by

χα(ν(g,h))= log |tr(πα,gπα,h)| for all α in Π. (7.6)

Then one has the equality

ν(g,h)= lim
m∧n→∞ λ(gmhn)−mλ(g)− nλ(h). (7.7)

Remark 7.12 Conversely, if for two loxodromic elements g, h in G, the limit (7.7)
exists then the pair (g,h) is transversally loxodromic. This fact , which follows from
the proof, also tells us that Definition 7.8 does not depend on the choices of ρα .

Proof This follows from Lemma 7.10 and its proof with f1 = 1 and f2 = 1. �

The element ν(g,h) will be called the multicross-ratio of g and h.

7.4 Convexity of the Limit Cone

Using the results of Sect. 7.3, we prove the convexity of the limit cone of a
Zariski dense semigroup Γ .

Proof of Theorem 7.2 We first prove the convexity of the cone LΓ . Since this cone
LΓ is closed, it is enough to prove the following:

For any g, h in Γlox , the sum λ(g)+ λ(h) belongs to LΓ .

Since the set Gg,h introduced in (7.4) is a non-empty Zariski open set, the intersec-
tion

Γg,h := Γ 2 ∩Gg,h
is non-empty. Let f = (f1, f2) be an element of Γg,h. According to Lemma 7.10, the
Jordan projection λ(gnf1h

nf2) remains at bounded distance from nλ(g)+ nλ(h).
In particular, for n large enough, the product gnf1h

nf2 is loxodromic and the sum

λ(g)+ λ(h)= lim
n→∞

1
n
λ(gnf1h

nf2)

belongs to LΓ , as required.
The fact that LΓ has non-empty interior will follow from Theorem 7.4. �

7.5 The Group ΔΓ

We explain in this Section how to prove the density Theorem 7.4 thanks to the
group ΔΓ of multicross-ratios.
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Definition 7.13 The group ΔΓ of multicross-ratios of Γ is the subgroup of a

spanned by the multicross-ratios ν(g,h), where the pair (g,h) runs among the pairs
of transversally loxodromic elements of Γ .

Here is the main result of this chapter.

Proposition 7.14 Let G be a connected algebraic semisimple real Lie group and
Γ be a Zariski dense subsemigroup of G. The group ΔΓ is dense in a.

This proposition will be proved in Sect. 7.8.

Proof of Proposition 7.14 =⇒ Theorem 7.4 Let Δ′
Γ be the subgroup of a spanned

by the differences λ(gh)− λ(g)− λ(h) for g, h and gh loxodromic elements of Γ .
We will prove the inclusion between the closures

ΔΓ ⊂Δ′
Γ .

Let g0, h0 be two transversally loxodromic elements of Γ . According to Corol-
lary 7.11, the multicross-ratio ν(g0, h0) is given by the limit

ν(g0, h0)= lim
n→∞λ(g

n
0h
n
0)− λ(gn0 )− λ(hn0),

and, for n large, the element gn0h
n
0 is also loxodromic. Hence ν(g0, h0) belongs to

Δ′
Γ and ΔΓ is included in Δ′

Γ . �

Our aim now is to prove Proposition 7.14.

7.6 Asymptotic Expansion of Cross-Ratios

The proof of Proposition 7.14 will rely on an estimation of suitable cross-
ratios associated to transversally proximal elements. This estimation will be
valid only under a stronger transversality condition involving the second lead-
ing eigenspaces.

For a sequence S ⊂ N and sequences (am)m∈N and (bm)m∈N of nonzero real
numbers, we write am "

m∈S bm if there exist real numbers c, d > 0 such that, for

m large enough in S, c |am| ≤ |bm| ≤ d |am|, and we write am = o(bm) if the ratio
am/bm converges to 0

Let K be a local field and g be a proximal element of End(Kd). We denote by
V <+g ⊂ V<g the subspace of Vg that is the sum of the generalized eigenspaces with
eigenvalues of modulus λ2(g). We denote by τg the projection on V<+g whose kernel
is g-invariant.
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The following lemma will allow us to construct, in a given proximal and strongly
irreducible semigroup Γ , pairs of transversally proximal elements (g,h) such that
the cross-ratio tr(πgπh) is close to 1 but not 1.

Lemma 7.15 Let K be a local field and V = K
d . Let g, h be two transversally

proximal elements of End(V ).

(a) Then, for m, n large enough the product gmhn is proximal and one has the
convergence

lim
n→∞ tr(πgπgmhn)= cm(g,h) := tr(πggmπh)

tr(gmπh)
.

(b) If, moreover, g is semisimple and τg(V
+
h ) �⊂ V<h , there exists a sequence Sg in

N such that one has

log |cm(g,h)| "
m∈Sg

λ2(g)
m

λ1(g)m
. (7.8)

Remark 7.16 The real number cm(g,h) is also a cross-ratio. Indeed one has the
equality

cm(g,h)= B1(V
+
g ,V

<
g , g

mV +
h ,V

<
h ).

Definition 7.17 A transversally proximal pair (g,h) satisfying the extra condition
τg(V

+
h ) �⊂ V <h will be called strongly transversally proximal.

Proof (a) Choose m large enough so that tr(gmπh) �= 0. One has the equality

lim
n→∞

gmhn

tr(gmhn)
= gmπh

tr(gmπh)
.

Hence since the map f �→ πf is continuous on the set of proximal endomorphisms,
one also has the equality

lim
n→∞πgmhn =

gmπh

tr(gmπh)
.

Our claim follows by applying the map f �→ tr(πg f ) to both sides.
(b) Using this formula, one has the asymptotic

log |cm(g,h)| ∼
m→∞ cm(g,h)− 1 = tr((πg − 1)gmπh)

tr(gmπh)
.

We have already computed the denominator. One has

tr(gmπh) = ϕ<h (gmv+h ).
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We compute the numerator. We set w0 := τg(v+h ), so that one has

tr((1 − πg)gmπh)= ϕ<h ((1 − πg)gmv+h ) =
m→∞ ϕ

<
h (g

mτgv
+
h )+ o(λ2(g)

m).

Since g is semisimple, there exist a sequence Sg ⊂ N depending only on g, and
elements tm in K with |tm| = λ2(g)

m such that

t−1
m g

mτg −→
m∈Sg

τg.

Since neither v+g nor τgv
+
h belong to V<h , one has

|ϕ<h (gmv+h )| "
m→∞ λ1(g)

m and |ϕ<h (gmτgv+h )| "
m∈Sg

λ2(g)
m.

Putting all this together, one gets (7.8). �

7.7 Strongly Transversally Loxodromic Elements

Using the dictionary introduced in Sect. 6.9, we translate the results of
Sects. 6.5 and 7.6 into the language of the geometry of G.

Let G be a connected algebraic semisimple real Lie group.

Definition 7.18 Two elements g, h of G are called strongly transversally loxo-
dromic if, for every α in Π , the elements ρα(g), ρα(h) are strongly transversally
proximal.

We recall that Sg ⊂N is the sequence introduced in Lemma 7.15.

Corollary 7.19 Let G be a connected algebraic semisimple real Lie group and g,
h be two transversally loxodromic elements of G.

(a) For m large enough, the following limit exists

τm(g,h)= lim
n→∞ν(g, g

mhn) ∈ a.

(b) Moreover, if g, h are strongly transversally loxodromic, one has, for all α inΠ ,

|χα(τm(g,h))| "
m∈Sg

e−mα(λ(g)). (7.9)

Proof (a) According to Corollary 7.11, for all α in Π , one has

χα(ν(g, g
mhn))= log |tr(πα,gπα,gmhn)|.
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Hence by Lemma 7.15, one has, for m large enough,

lim
n→∞χα(ν(g, g

mhn))= log |cm(ρα(g), ρα(h))|.

This proves that the limit τm(g,h) exists and satisfies, for all α in Π ,

χα(τm(g,h))= log |cm(ρα(g), ρα(h))|. (7.10)

(b) According to Lemma 6.38, the loxodromic element g is semisimple. This
tells us that all the proximal endomorphisms ρα(g) are semisimple. Using (7.10)
and Lemma 7.15, one gets the asymptotics:

|χα(τm(g,h))| "
m∈Sg

λ2(ρα(g))
m

λ1(ρα(g))m
.

Now, using the description of the restricted weights of the representations Vα
from Lemma 6.32 and using Lemma 6.33, one gets the equalities

λ1(ρα(g))= eχα(λ(g)) and λ2(ρα(g))= e(χα−α)(λ(g)).
This proves (7.9). �

The following lemma tells us that, in a Zariski dense semigroup, there are many
pairs (g,h) of strongly transversally loxodromic elements.

Lemma 7.20 Let G be a connected algebraic semisimple real Lie group, Γ be a
Zariski dense subsemigroup of G, and g be a loxodromic element of Γ . Then the
following set

Γg := {h ∈ Γlox | g and h are strongly transversally loxodromic}
is Zariski dense in G.

Proof This set Γg is the set of elements h such that, for all α inΠ , ρα(h) is proximal
in Vα with πα,g(V

+
α,h) �⊂ V<α,h and τρα(g)(V

+
α,h) �⊂ V<α,h. According to Corollary 6.26,

this set is Zariski dense. �

7.8 Density of the Group of Multicross-Ratios

We are now ready to prove Proposition 7.14.

At the very beginning of this proof, we will need a loxodromic element in Γ with
extra properties. This element will be given by the following lemma.

Lemma 7.21 Let G be a connected algebraic semisimple real Lie group and Γ be
a Zariski dense subsemigroup of G. Then there exists a loxodromic element g of Γ
such that the real numbers α(λ(g)) for α ∈Π are distinct.
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Remark 7.22 Note that Lemma 7.21 is a special case of Theorem 7.2 which tells
us that the limit cone LΓ is convex and is not included in a proper subspace of a.
However we need to give a proof of Lemma 7.21 since we have not yet finished the
proof of Theorem 7.2. What we will check in the proof of Lemma 7.21 is that the
cone LΓ is not included in a proper “rational” subspace of a, by noticing that such
an inclusion will contradicts the Zariski density of Γlox .

Proof By Theorem 6.36, Γlox is Zariski dense in G. By Lemma 6.21, G is Zariski
irreducible. Hence it is enough to prove that, for every pair of restricted roots α1 and
α2, there exists a non-empty Zariski open set Uα1,α2 of G such that,

α1(λ(g)) �= α2(λ(g)), for all loxodromic element g in Uα1,α2 .

Since both α1 and α2 belong to the Q-span of the linear functionals χα , there exist
even integers (pα)α∈Π , not all zero, such that

∑
α∈Π pα χα is a multiple of α1 −α2.

Now, for any g in G let us introduce the multiplicity m1(g) of the eigenvalue 1 in
the characteristic polynomial of the matrix

⊗
α∈Π ρα(g)⊗pα , with the convention

that, for a matrix A, a negative tensor power like A⊗−k means (A−1)⊗k . Let m1,min

be the minimal value of those integers m1(g) when g runs in G. The set

Uα1,α2 = {g ∈G |m1(g)=m1,min}

is the Zariski open subset of G we were looking for.
Indeed, let g be a loxodromic element satisfying α1(λ(g))= α2(λ(g)). We want

to see that g does not belong to Uα1,α2 . One has the equality

∑
α∈Π pα χα(λ(g))= 0.

According to Lemma 6.33, this means that

∏
α∈Π λ1(ρα(g)

pα )= 1.

Since the local field is R and since the pα are even integers, the leading eigenval-
ues of ρα(g) are real numbers and this relation between their moduli is a relation
between the leading eigenvalues themselves. This proves that g does not belong to
Uα1,α2 as required. �

Proof of Proposition 7.14 Assume by contradiction that there exists a nonzero linear
functional ϕ in a∗ such that ϕ(ΔΓ )⊂ Z. Write

ϕ =∑α∈Π ϕα χα with ϕα ∈R.

Choose, using Lemma 7.21, a loxodromic element g of Γ such that the positive
real numbers α(λ(g)), for α ∈Π , are distinct. Choose then α in Π with ϕα �= 0 for
which α(λ(g)) is minimal. Choose, using Lemma 7.20, an element h in Γlox such
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that g, h are strongly transversally loxodromic. According to Corollary 7.19, for m
large, the element τm(g,h) belongs to ΔΓ , and one has

|ϕ(τm(g,h))| "
m∈Sg

e−mα(λ(g)).

This contradicts the fact that ϕ(ΔΓ )⊂ Z. �

This also finishes the proof of Theorems 7.2 and 7.4.



Chapter 8
Reductive Groups and Their Representations

In order to study random walks on reductive groups over local fields, we collect
in this chapter a few notations and facts about these groups: the definition of the
flag variety, the Cartan projection and the Iwasawa cocycle. Those extend the nota-
tions and facts for semisimple real Lie groups that we collected in Sect. 6.7. Even
though these notations and facts look rather heavy at a first glance, they will allow
us to express the asymptotic behavior of random walks on G in an intrinsic way,
i.e. in a way which does not depend on an embedding of G into a linear group. To
prove these intrinsic results, we will only use certain special irreducible representa-
tions of G, the so-called proximal representations. We will later be able to deduce
from the intrinsic results the asymptotic behavior of the random walk in any linear
representation of G.

8.1 Reductive Groups

We first introduce the main definitions and notations for reductive groups over
local fields.

Let K be a local field and keep the notations from Chap. 4. Let G be a reductive
K-group, i.e. a reductive algebraic group defined over K, and set G= G(K). Equip
G with its natural locally compact topology.

Choose a maximal K-split torus A of G, a maximal unipotent K-subgroup U of
G that is normalized by A and let P = NG(U) be the normalizer of U in G. Let Σ
be the root system of the pair (G,A), that is, the set of non-trivial weights of the
adjoint representation of A in the Lie algebra of G, Σ+ ⊂Σ be the set of positive
roots associated to the choice of P and Π be the set of simple roots of Σ+. Let Z
be the centralizer of A in G. Let A, Z, U and P be the groups of K-points of A, Z,
U and P (see [22] for more details).

Let a be the dual vector space to the real vector space of continuous homomor-
phisms A→R. Since the group A is central in Z and the quotient Z/A is compact,
any continuous morphism A→ R extends in a unique way to a morphism Z→ R,
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hence there exists a unique morphism ω : Z→ a whose restriction toA is the natural
morphism A→ a (see [123, Lemma 4.11.4]).

Let X(A) be the character group of A. For any character χ of X(A), we let χω

be the unique linear functional on a such that, for any a in A,

|χ(a)| = eχω(ω(a)).
The set Σω is a root system in a∗ and Πω is a basis of this root system. We set a+
for the closed Weyl chamber of Πω ,

a
+ := {x ∈ a | ∀α ∈Σ+ αω(x)≥ 0},

and

a
++ := {x ∈ a | ∀α ∈Σ+ αω(x) > 0}

for the open Weyl chamber.
We set W for the Weyl group of Σω and ι : a+ → a+ for the associated opposi-

tion involution, that is, −ι is the unique element of W that sends a+ to −a+.

Remark 8.1 When K=R, these notations have been introduced in a simpler way in
Sect. 6.7: the vector space a is the Lie algebra ofA, and for every algebraic character
χ of A, the linear functional χω on a is the differential of χ .

8.2 The Iwasawa Cocycle for Reductive Groups

The two main outputs of this section are the Cartan projection κ which is a
multidimensional avatar of the norm and the Iwasawa cocycle σ which is a
multidimensional avatar of the norm cocycle. The main asymptotic laws in
this book will describe the behavior of κ and σ .

8.2.1 The Iwasawa Cocycle for Connected Reductive Groups

We define first the Iwasawa cocycle and the Cartan projection for connected groups
since it is slightly easier in this case.

Let Gc be the connected component of G, Zc := Z∩Gc and Pc := P∩Gc, which
is a minimal parabolic K-subgroup of Gc. LetGc , Zc and Pc =ZcU be their groups
of K-points and

Z+
c := {z ∈ Zc | ω(z) ∈ a

+}.
Let Kc be a good maximal compact subgroup of Gc with respect to the torus A.

When K is Archimedean this means the Lie algebras of A and K are orthogonal
with respect to the Killing form, as is explained in Sect. 6.7.
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When K is non-Archimedean this notion is introduced in [32], where the exis-
tence of such a group is also established.

In both cases, for such a group Kc , one has the Cartan decomposition

Gc =KcZ+
c Kc

(see [32] in the non-Archimedean case). For any g in Gc, let κ(g) be the unique
element of a+ such that

g ∈Kc ω−1(κ(g))Kc.

The map

κ :Gc→ a
+

is called the Cartan projection. For all g in G, one has

κ(g−1)= ι(κ(g)).
In addition, one has the Iwasawa decomposition

Gc =KcZcU.
Let

Pc =Gc/Pc
be the flag variety of Gc and, for any g in Gc and η in Pc , if η = kPc for some k
in K , let σ(g,η) be the unique element of a such that

gk ∈Kc ω−1(σ (g, η))U.

The following lemma is a straightforward generalization of Lemma 6.29.

Lemma 8.2 Let G be the group of K-points of a reductive K-group G. The map
σ :Gc ×Pc→ a is a continuous cocycle.

This cocycle is still called the Iwasawa cocycle or the Busemann cocycle.

Proof The proof is the same as for Lemma 6.29. Indeed, for g,g′ inG and η in Pc ,
if η= kPc with k in Kc , let k′ in Kc and z, z′ in Z be such that

g′k ∈ k′z′U and gk′ ∈KczU.
We have σ(g′, η)= ω(z′) and σ(g,g′η)= ω(z) and

gg′k ∈ gk′z′U ⊂KczUz′U =Kc(zz′)U,
hence σ(gg′, η)= ω(zz′) and σ satisfies the cocycle property (3.6).

This cocycle σ is continuous. Indeed, when K is non-Archimedean, since Kc is
open, the cocycle σ is locally constant. When K is Archimedean, the continuity has
been checked in Lemma 6.29. �
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8.2.2 The Iwasawa Cocycle over an Archimedean Field

We now extend the definition of the Iwasawa cocycle to non-connected groups. For
technical reasons, the definition is easier in the Archimedean case, that is, when K

is R or C, which we temporarily assume.
Let F be the group F :=G/Gc . According to Lemma 6.21 this group F is finite.

Let K be the (unique) maximal subgroup of G that contains Kc . As the maximal
compact subgroups of Gc are all conjugate, we have

G=GcK and K ∩Gc =Kc
(see [64, Sects. 6.1 and 6.2]). Hence the natural map

K/Kc→ F

is an isomorphism and we get the non-connected Cartan decomposition

G=KZ+
c Kc.

For g in G, we again let κ(g) be the unique element of a+ such that

g ∈K ω−1(κ(g))Kc =K exp(κ(g))Kc.

We still say κ is the Cartan projection of G.
In the same way, we have G=KPc =KZcU . We let

P =G/Pc
be the flag variety of G and, for any g in G and η in P , if η= kPc with k in K , we
let σ(g,η) be the unique element of a such that

gk ∈K ω−1(σ (g, η))U =K exp(σ (g, η))U.

As in Lemma 8.2, one checks that the map σ is a continuous cocycle, which we still
call the Iwasawa cocycle.

Let us now study the equivariance properties of this Iwasawa cocycle under the
finite group F = G/Gc . First note that, since the minimal parabolic K-subgroups
of Gc are all conjugate (see [22]) by an element of Gc , we have G=GcP and the
natural map

P/Pc→ F

is an isomorphism. Now, since the connected component Pc is normal in P , the
group P/Pc acts on the right onG/Pc and this action may be read as an action of F .
This action is right equivariant with respect to the natural mapG/Pc→G/Gc = F .
Furthermore, since Pc = ZcU and U is equal to the commutator group [A,U ], the
morphism ω : Zc → a extends in a unique way as a morphism Pc → a, which we
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still denote by ω. By definition of ω, there exists a unique linear action of F = P/Pc
on a which makes ω an F -equivariant morphism. Since P normalizes U , the action
of F on a preserves a+.

The following lemma tells us that the Iwasawa cocycle is F -equivariant.

Lemma 8.3 Let G be the group of K-points of a reductive K-group G. Assume
K=R or C. For any g in G, η in P and f in F , one has

σ(g,ηf )= f−1σ(g,η). (8.1)

Proof Indeed, assume η= kPc with k in K . Since K is Archimedean, we have

P = (K ∩ P)Pc,
and we can find a representant for f which belongs to K ∩ P ; we still denote it
by f . We get ηf = kf Pc. By definition, we have

gk ∈K ω−1(σ (g, η))U,

hence

gkf ∈K ω−1(σ (g, η))Uf =K f−1ω−1(σ (g, η))fU,

which completes the proof. �

8.2.3 The Iwasawa Cocycle over a Local Field

We now drop the assumption that K is Archimedean. We will extend the previous
construction. The only new difficulty is that the maximal compact subgroups of Gc
are in general not all conjugate inGc but may be conjugate inG. When this happens,
it prevents the existence of a maximal compact subgroupG that would map onto the
finite group F :=G/Gc . We will overcome this difficulty by using a suitable section
τ of the quotient map s :G→ F =G/Gc � P/Pc . We choose a map

τ : F → P ; f �→ τf

which is a section for the natural projection, that is, for any f in F , one has τf ∈
P ∩ s−1(f ). We also assume that τ(e)= e. We introduce the subset of G

K := τ(F )Kc.
This set K may not be a subgroup, but it is still suitable for constructing the Cartan
projection and the Iwasawa cocycle.

We define again the Cartan decomposition of G in an analogous way: for any g
in G, we let κ(g) be the unique element of a+ such that

g ∈K ω−1(κ(g))Kc. (8.2)
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For η in P , we can write

η= k Pc, with k in K .

For g in G and η in P , we let σ(g,η) be the unique element of a such that

g k ∈K ω−1(σ (g, η))U. (8.3)

This function σ is well defined since k is unique up to the right multiplication by an
element of Kc ∩ Pc.

Lemma 8.4 Let G be the group of K-points of a reductive K-group G. This map
σ :G×P → a is a continuous cocycle.

The proof is the same as for Lemma 8.2. We still call σ the Iwasawa cocycle

Remark 8.5 When K is Archimedean, we can choose K to be a maximal subgroup
ofG and we have P = (K ∩P)Pc , so that we can assume τ to take values inK ∩P .
We retrieve the construction from the previous paragraph.

The finite group F = P/Pc is still acting on the right on the flag variety P =
G/Pc of G. With this definition of σ , we lost the property of equivariance (8.1)
under the action of the group F . However, we still get

Lemma 8.6 Let G be the group of K-points of a reductive K-group G. For any f
in F , the cocycles

(g, η) �→ f−1σ(g,η) and (g, η) �→ σ(g,ηf )

are cohomologous.

Proof For η in P , write η = kPc with k in K and let ϕf (η) be the unique element
of a such that

k τf ∈K ω−1(ϕf (η))U. (8.4)

Now, if g belongs to G, let k′ and k′′ be in K such that

g k ∈ k′ω−1(σ (g, η))U and (8.5)

k τf ∈ k′′ω−1(ϕf (η))U. (8.6)

On the one hand, since gη= k′Pc , we have, using (8.4),

k′ τf ∈K ω−1(ϕf (gη))U,

hence, using (8.5) and the fact that τf normalizes Pc ,

g k τf ∈K ω−1(ϕf (gη)+ f−1σ(g,η))U.
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On the other hand, by (8.6), ηf = k′′Pc , hence, by the definition (8.3) of σ , we have

g k′′ ∈K ω−1(σ (g, ηf ))U.

Therefore, using (8.6) again,

g k τf ∈K ω−1(σ (g, ηf )+ ϕf (η))U.
Thus, we get

ϕf (gη)+ f−1σ(g,η)= σ(g,ηf )+ ϕf (η),
which completes the proof. �

8.3 Jordan Decomposition

We introduce the Jordan projection λ, which is a multidimensional avatar of
the spectral radius.

Let G be the group of K-points of a reductive K-group G.
We already discussed the case when K = R or C in Sect. 6.7. Let us recall it.

In this case, every element g of G has a unique decomposition, called the Jor-
dan decomposition, as a product of commuting elements g = geghgu, where ge is
semisimple with eigenvalues of modulus one, gh is semisimple with positive eigen-
values and gu is unipotent. The component gh is conjugate to an element zg of Z+

c

and we let

λ(g) := ω(zg) ∈ a
+.

When K is a non-Archimedean local field, we fix a uniformizing element � ∈
K. Every element g of G has a power gn0 with n0 ≥ 1, which admits a Jordan
decomposition, i.e. a decomposition as a product of commuting elements gn0 =
geghgu, where ge is semisimple with eigenvalues of modulus one, gh is semisimple
with eigenvalues in �Z and gu is unipotent. The component gh is conjugate to an
element z of A+ :=A∩Z+

c and we let

λ(g) := 1
n0
ω(zg) ∈ a+.

Remark 8.7 This map does not depend on the choices that we made, and we still
have the following formula:

λ(g)= lim
n→∞

1
n
κ(g). (8.7)

Proof This will follow from Lemmas 8.8, 8.15, and 8.17, and from the spectral
radius formula. For more details, see [10]. �

The following lemma tells us that λ(g) encodes the moduli of all the eigenvalues
of g in all the representations of G
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Lemma 8.8 Let G be the group of K-points of a reductive K-group G. Let (ρ,V )
be an algebraic representation ofG. Then, for g inG, the moduli of the eigenvalues
of ρ(g) are the numbers eχ

ω(λ(g)), where χ runs among the weights of A in V .
In particular, if (ρ,V ) is an irreducible representation of Gc with highest

weight χ , the spectral radius of ρ(g) is equal to eχ
ω(λ(g)).

Proof By definition of the Jordan projection, it is enough to prove this assertion
when g admits a Jordan decomposition g = geghgu. Then, since all the eigenvalues
of ρ(gu) are equal to one, and since all the eigenvalues of ρ(ge) have modulus one,
one can assume g = gh. In this case, g is conjugate to an element of A+ and one
can also assume g ∈ A+. Now, the eigenvalues of ρ(g) in V are the numbers χ(g)
and the result follows. �

8.4 Representations of Reductive Groups

In the next section, we will explain how to analyze the behavior of the Iwa-
sawa cocycle ofG thanks to suitable representations ofG endowed with good
norms.

We construct these representations and their norms in this section, extend-
ing the construction of Sect. 6.8.

Let (ρ,V ) be an algebraic representation of G. This means that V is a finite-
dimensional K-vector space and ρ is the restriction to G of a K-rational represen-
tation (ρ,V) of G. For any character χ of A, we let V χ be the associated weight
space in V , that is,

V χ = {v ∈ V | ∀a ∈A ρ(a)v = χ(a)v}
and, for v in V , we set vχ for its A-equivariant projection on V χ .

8.4.1 Good Norms for Connected Groups

Assume G is connected, i.e. G = Gc.
When K is R or C, a norm ‖·‖ on V is said to be good or (ρ,A,Kc) good, if

it is Euclidean and if the elements of ρ(Kc) are ‖·‖-unitary and those of ρ(A) are
‖·‖-symmetric.

When K is non-Archimedean, a norm ‖·‖ on V is said to be (ρ,A,Kc) good if
it is ultrametric, ρ(Kc)-invariant, if, for any v in V , one has ‖v‖ = maxχ ‖vχ‖ and
if, for any character χ of A, any v in V χ and z in Z, one has

‖ρ(z)v‖ = eχω(ω(z)) ‖v‖ .
The following lemma tells us that, for connected groups, good norms always

exist.
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Lemma 8.9 Let G be the group of K-points of a connected reductive K-group G.
For any algebraic representation (ρ,V ) ofG, such a good norm on V always exists.

Proof In the Archimedean case, we gave the proof in Lemma 6.33. In the non-
Archimedean case, this is proved in [100, Sect. 6]. �

Remark 8.10 When K is Archimedean and G is non-connected, Lemma 8.9 is still
true.

However, when K is non-Archimedean and G is non-connected, Lemma 8.9 is
not always true.

8.4.2 Good Norms in Induced Representations

Our aim now is to state a lemma which will play the role of Lemma 8.9 for non-
connected groups G. This will be Lemma 8.13 below.

First, let us recall some general facts from representation theory.
Let Γ be a group andΔ be a subgroup of Γ . Given a representation ρ ofΔ in V ,

the induced representation IndΓΔ(ρ) is the space W of maps ϕ : Γ → V such that,
for any g in Γ , h in Δ, one has

ϕ(gh)= ρ(h)−1ϕ(g),

equipped with the natural action of Γ , that is,

gϕ(g′)= ϕ(g−1g′) for any g,g′ in Γ and ϕ in W .

For any f in Γ/Δ, define Vf ⊂W as the space of ϕ inW with ϕ|f ′Δ = 0 for f ′ �= f
in Γ/Δ. Then Vf is fΔf−1-invariant and one has

W =⊕f∈Γ/Δ Vf .

For v in W , we let vf be its component in Vf for this decomposition.
In the sequel, we identify V and Ve through the map that sends some v in V to

the function ϕ such that ϕ(h)= ρ(h−1)v for h in Δ and ϕ(g)= 0 for g in Γ �Δ.
Even if V is irreducible, the induced representation is not necessarily irreducible.

For instance, when V is trivial, the induced representation W is the regular repre-
sentation of Γ on Γ/Λ. However, we have the following Lemma 8.11 which will
allow us to project induced representations onto irreducible quotients. This technical
lemma will be used in the proof of Theorem 10.9.

Lemma 8.11 Let Γ be a group and Δ be a finite index subgroup of Γ . If V is
a vector space and ρ an irreducible representation of Δ in V , for any proper Γ -
invariant subspace U of W = IndΓΔ(ρ), for any f in Γ/Δ, one has Vf ∩U = {0}.
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Remark 8.12 AssumeW/U is Γ -irreducible and V isΔ-strongly irreducible. Then
the image of (Vf )f∈Γ/Δ in W/U is a transitive strongly irreducible Γ -family.

Proof As W is spanned by the Vf , there exists an f in Γ/Δ with Vf �⊂ U . Since
Vf is fΔf−1-irreducible, we have Vf ∩U = {0}. Since U is Γ -invariant, we also
have Vf ′ ∩U = {0} for any f ′ in Γ/Δ, which was to be shown. �

Let us come back to the context of reductive groups. Given an algebraic repre-
sentation ρ of Gc in V , the induced representation IndGGc(ρ) in W is an algebraic
representation of G. We will only define the good norms for these induced repre-
sentations.

When K is R or C, a norm on W is (ρ,A,Kc)-good if it is Euclidean and K-
invariant, if the sum W =⊕f∈F Vf is orthogonal and if the elements of A act as
symmetric endomorphisms on W .

When K is non-Archimedean, a norm on W is (ρ,A,Kc, τ )-good if it is ultra-
metric, if, for any v in W , ‖v‖ = maxf∈F

∥
∥vf
∥
∥ and if the restriction of the norm

to V is (ρ,A,Kc)-good and if, for any f in F , the element τf induces an isometry
V → Vf .

The following lemma tells us that such good norms do exist.

Lemma 8.13 Let G be the group of K-points of a reductive K-group G. For any
algebraic representation (ρ,V ) of Gc, the induced representation IndGGc(ρ) always
admits such a good norm.

Proof When K is Archimedean, the proof mimics the connected case. When
K is non-Archimedean, we fix a (ρ,A,Kc)-good norm on V , which exists by
Lemma 8.9. Now, for f in F , we equip Vf with the image of this norm by τf ,
and we set ‖v‖ = max

f∈F
∥
∥vf
∥
∥. �

8.4.3 Highest Weight

Let (ρ,V ) be an algebraic representation of Gc .
Let χ be a parabolic weight of A in V , i.e. χ is a weight of A in the space

V U := {v ∈ V |Uv = v}.
We write V U,χ for the corresponding weight space

V U,χ := V U ∩ V χ .
One has

PcV
U,χ ⊂ V U,χ .
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If (ρ,V ) is an irreducible representation of Gc , it admits a unique parabolic weight
which is also the largest weight and is traditionally called the highest weight. If
(ρ,V ) extends as a representation of G, the set of parabolic weights is stable under
the natural action of F . Moreover, if (ρ,V ) is an irreducible representation of G,
all the parabolic weights of V belong to the same F -orbit and the parabolic weights
are exactly the maximal weights for the order (6.9).

Set W = IndGGc(ρ). Let χ be a parabolic weight of (ρ,V ) and r = rχ =
dimV U,χ . The map g �→ gV U,χ factors as a map

P →⋃f∈F Gr (Vf )

η= gPc �→ Vχ,η := gV U,χ .
(8.8)

If V is Gc-irreducible, we write Vη for Vχ,η .

8.4.4 Proximal Representations

Let (ρ,V ) be an irreducible algebraic representation of G. The representation
(ρ,V ) is said to be proximal if there exists a parabolic weight χ of A in V whose
corresponding weight space is a line: dimV U,χ = 1. In this case, the other parabolic
weight spaces V fχ also are one-dimensional.

Remark 8.14 A strongly irreducible algebraic representation (ρ,V ) of G is prox-
imal if and only if there exists an element g in G such that ρ(g) is a proximal
endomorphism of V .

8.4.5 Construction of Representations

We quote now a lemma which constructs a few proximal representations of Gc .
Recall that we already quoted this construction for real Lie groups in Lemma 6.32.

Lemma 8.15 Let G be the group of K-points of a reductive K-group G. For every
α in Π , there exists a proximal irreducible algebraic representation (ρc,α,Vc,α) of
Gc with a highest weight χα such that χωα is a multiple of the fundamental weight
�ωα associated to αω.

Moreover, any product χ =∏α∈Π χnαα with nα ≥ 0 is also the highest weight of
a proximal irreducible representation of G.

Proof As for Lemma 6.32, we refer to [122]. �

This condition on χα means that χωα is orthogonal to βω for every simple root
β �= α and also for every character of Gc .
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The other weights of A in Vc,α are χα − α and weights of the form χα −
α −∑β∈Π nββ , where, for β in Π , nβ belongs to N. In particular, for any z in
Z+
c , the endomorphism ρc,α(z) is a proximal endomorphism of Vc,α if and only if
αω(ω(z)) > 0.

Definition 8.16 We fix once and for all such a family of representations (ρc,α,Vc,α)
of Gc, for α in Π , and we let (ρα,Vα) be the induced representation IndGGc(ρc,α),
which we equip with a (ρα,A,Kc, τ )-good norm.

8.5 Representations and the Iwasawa Cocycle

We relate κ , σ and λ to norm behavior in representations: the Cartan projec-
tion controls the norm of the image matrices in all representations, the Iwa-
sawa cocycle controls the growth of highest weight vectors, and the Jordan
projection controls the spectral radius.

We first state these properties as a lemma when G is connected. This lemma
explains why the Cartan projection, the Iwasawa cocycle and the Jordan projection
can be seen as multidimensional avatars of the norm, the norm cocycle and the
spectral radius.

Lemma 8.17 Let G be the group of K-points of a connected reductive K-group G.
Let (ρ,V ) be an irreducible algebraic representation of G equipped with a
(ρ,A,Kc)-good norm and χ be the highest weight of A in V . Then, one has, for
any g in G,

‖ρ(g)‖ = eχω(κ(g)), (8.9)

for any η in P and v in Vη,

‖ρ(g)v‖ = eχω(σ (g,η)) ‖v‖ , (8.10)

and

λ1(ρ(g))= eχω(λ(g)). (8.11)

As we will see, this lemma is an application of the definitions of the Cartan
projection, the Iwasawa cocycle, the Jordan projection and the good norms.

Here is the extension of Lemma 8.17 to non-connected groups G. We denote by
s :G→Gc the natural morphism.

Lemma 8.18 LetG be the group of K-points of a reductive K-group G. Let (ρ,V )
be an algebraic irreducible representation of Gc, χ be the highest weight of A in
V and W = IndGGc(V ). Equip W with a (ρ,A,Kc, τ )-good norm. For any g in G,
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one has ρ(g)V = Vs(g) and the norm of g as a linear operator between these Gc-
submodules is

‖ρ(g)|V ‖ = eχω(κ(g)). (8.12)

For η in P and v in the space Vη, one has

‖gv‖ = eχω(σ (g,η)) ‖v‖ , (8.13)

and, introducing the sum V ′ of the images gnV for n≥ 0,

λ1(ρ(g)|V ′)= eχω(λ(g)). (8.14)

Remark 8.19 These formulae are the main reason, and also the main tool, for us
to study the behavior of the Iwasawa cocycle and the Cartan projection of a large
product of random elements.

Proof First, we prove (8.12). Write

g ∈KzKc with z in Z.

By Definition (8.2), one has

ω(z)= κ(g) ∈ a
+.

By construction, we have

‖ρ(g)|V ‖ = ‖ρ(z)|V ‖
and the result follows since χ is the highest weight of A in V .

Now, we prove (8.13). Write

η= k Pc with k in K and

g k = k′zu with u in U , k′ in K , z in Zc.

By Definition (8.3), one has

ω(z)= σ(g,η).
Setting w = k−1v, so that w is in V χ and ‖w‖ = ‖v‖, one has

gv = gkw = k′zuw = k′zw
and

‖gv‖ = ‖zw‖ = eχω(ω(z))) ‖w‖ = eχω(σ (g,η)) ‖v‖ .
The proof of (8.14) is similar. �

Equip once for all a with a Euclidean norm ‖·‖ which is invariant under the Weyl
group W and by F . In order to control the size of elements in a, we just have to
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control the image of these elements by sufficiently many linear functionals on a.
The following corollary gives examples of application of this technique similar to
those in Corollary 6.34.

Corollary 8.20 Let G be the group of K-points of a reductive K-group.

(a) For every g in G and η in Pc , one has

σ(g,η) ∈ Conv(Wκ(g)), (8.15)

in particular, one has

‖σ(g,η)‖ ≤ ‖κ(g)‖. (8.16)

(b) For every g1, g2 in G, one has

‖κ(g1g2)‖ ≤ ‖κ(g1τ2)+ κ(g2)‖, (8.17)

where τ2 = τs(g2) ∈ F . In particular, one has

‖κ(g1g2)‖ ≤ ‖κ(g1τ2)‖ + ‖κ(g2)‖. (8.18)

(c) There exists a constant C > 0 such that, for every g, g1, g2 in Gc ,

‖κ(g1gg2)− κ(g)‖ ≤C(‖κ(g1)‖ + ‖κ(g2)‖) (8.19)

and, for every g, g1, g2 in G,

‖κ(g1gg2)− f−1
2 κ(g)‖ ≤C(‖κ(g1)‖ + ‖κ(g2)‖ + 1), (8.20)

where f2 = s(g2). Moreover, for any g in G and f in F ,
∥
∥
∥κ(g τf )− f−1κ(g)

∥
∥
∥≤C. (8.21)

Proof (a) See [81] for a more precise statement when G is a real Lie group. Here
is a short proof. We may assume that G is semisimple. Furthermore, since we have,
by construction, for any g in G and η in Pc, κ(τ

−1
s(g)g)= κ(g) and σ(τ−1

s(g)g, η)=
σ(g,η), we may assume that G is connected.

For p in a+, we introduce the set

Cp := {q ∈ a | χωα (wq)≤ χωα (p) for all w in W , α in Π}.
First step: We check that

Conv(Wp)= Cp. (8.22)

Since Cp is convex and W -invariant, in order to prove the inclusion Conv(Wp)⊂
Cp , we only have to check that p belongs to Cp . Since p is dominant, i.e. belongs
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to a+, for every w in W , p − wp is a positive linear combination of simple roots
and hence χωα (wp)≤ χωα (p) for all α in Π .

In order to prove the inclusion Conv(Wp)⊃ Cp , by the Krein–Milman Theorem,
it suffices to prove that any extremal point q of Cp belongs to Wp. Since Cp is W -
invariant, we may assume that q is dominant and we want to prove that q = p. If this
is not the case, there exists a root α ∈Π such that χωα (q) < χ

ω
α (p), but then, for ε

small enough, the interval q+[−ε, ε]αω is included in Cp , whence a contradiction.
Second step: We have the equivalence, for g, g′ in G,

κ(g′) ∈ Conv(Wκ(g))⇐⇒‖ρ(g′)‖ ≤ ‖ρ(g)‖ for all ρ. (8.23)

In the right-hand side of this equivalence, “for all ρ” means for all irreducible al-
gebraic representation (ρ,V ) of G endowed with a (ρ,A,Kc) good norm. This
equivalence follows from the first step and equality (8.9) applied to all the represen-
tations (ρα,Vα) introduced in 8.4.5.

Third step: Let (ρ,V ) be an irreducible algebraic representation of G endowed
with a (ρ,A,Kc) good norm. For all z in Z and u in U , one has

‖ρ(z)‖ ≤ ‖ρ(zu)‖. (8.24)

Indeed, let χ be a weight of A in V such that χω(ω(z)) is maximal. Since the norm
is (ρ,A,Kc)-good, we have ‖ρ(z)‖ = eχω(ω(z)). Now, if v �= 0 is a vector in Vχ , we
have

ρ(u)v ∈ v +⊕χ ′ �=χ V χ
′
.

Again, since the norm is (ρ,A,Kc)-good, we get

‖ρ(zu)v‖ ≥ ‖ρ(z)v‖ = eχω(ω(z)) ‖v‖ = ‖ρ(z)‖‖v‖ ,
and we are done.

Fourth step: We prove (8.15). Write η = k0Pc with k0 in Kc , g = k1z
+k2 with

k1, k2 in Kc and z+ in Z+, so that κ(g) = ω(z+). Write gk0 = kzu with k in Kc ,
z in Z and u in U , so that σ(g,η)= ω(z). According to Inequality (8.24), one has,
for any ρ,

‖ρ(z)‖ ≤ ‖ρ(z+)‖. (8.25)

Now (8.15) follows from (8.23) and (8.25).
(b) Let (ρ,V ) be an irreducible representation of Gc with highest weight χ and

equip the induced representation IndGGc(ρ) =
⊕
f∈F Vf with a (ρ,A,Kc, τ )-good

norm. We have, setting f2 = s(g2),

eχ
ω(κ(g1g2)) = ‖ρ(g1g2)|V ‖ ≤ ‖ρ(g1)|Vf2

‖‖ρ(g2)|V ‖ = ‖ρ(g1)|Vf2
‖eχω(κ(g2)).

Now, since τ2 induces an isometry between V and Vf2 ,

‖ρ(g1)|Vf2
‖ = ‖ρ(g1τ2)|V ‖ = eχω(κ(g1τ2)).
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Applying this property to the representations (ρα,Vα), α ∈Π , and using (8.22) one
gets

κ(g1g2) ∈ Conv(W(κ(g1τ2)+ κ(g2))).

This implies (8.17) and (8.18).
(c) Again, if (ρ,V ) is an irreducible representation of Gc with highest weight χ ,

equipped with a (ρ,A,Kc)-good norm, for g, g1 and g2 in Gc, we have

‖ρ(g−1
1 )‖−1‖ρ(g−1

2 )‖−1 ≤ ‖ρ(g1gg2)‖/‖ρ(g)‖ ≤ ‖ρ(g1)‖‖ρ(g2)‖,
hence

−χω(ι(κ(g1)+ κ(g2)))≤ χω(κ(g1gg2)− κ(g))≤ χω(κ(g1)+ κ(g2)),

which gives (8.19), since the dual space of a is spanned by finitely many highest
weights of representations. Now, (8.19) and (8.20) are proved in the same way by
using the good norms in W = IndGGc(ρ) and the fact that the finite set τ(F ) has
bounded image in GL(W). The bound (8.21) follows immediately. �

8.6 Partial Flag Varieties

When K �= R, we also need to introduce the partial flag varieties associated
to subsets Θ ⊂Π . When K is R, the subset Θ =Π is the only one which will
be useful in this text.

For Θ ⊂Π , let AΘ be the intersection of the kernels of the elements of Π �Θ

in A, let ZΘ,c be the centralizer of AΘ in Gc, and denote PΘ,c := ZΘ,cU. For in-
stance, one has

AΠ = A,A∅ =K-split center of Gc,PΠ,c = Pc,P∅,c = Gc.

The K-groups PΘ,c , Θ ⊂Π , are exactly the K-subgroups of Gc which contain Pc .
Set PΘ,c = PΘ,c(K), and introduce the partial flag variety of G and Gc

PΘ :=G/PΘ,c and PΘ,c =Gc/PΘ,c.
Those partial flag varieties will be better understood thanks to the representations
(ρα,Vα) in Definition 8.16. For any α ∈ Θ , one has ρα(PΘ,c)(Vc,α)χα ⊂ (Vc,α)χα
and the map

PΘ →⋃f∈F P
(
Vα,f
)

η= gPΘ,c �→ Vα,η := ρα(g)(Vc,α)χα

is well defined. The product map

PΘ →∏α∈Θ
(⋃

f∈F P
(
Vα,f
))

(8.26)
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is a G-equivariant embedding. Set, Θc :=Π �Θ ,

aΘ = {x ∈ a | ∀α ∈Θc αω(x)= 0},
a
+
Θ = aΘ ∩ a

+ and

a
++
Θ = {x ∈ a

+
Θ | ∀α ∈Θ , αω(x) > 0}.

We let WΘ ⊂ GL(a) be the subgroup of the Weyl group of Σω spanned by the
reflections associated to the elements of Π � Θ . Then, aΘ is the space of fixed
points of WΘ in a. For instance, PΠ = P , aΠ = a and WΠ =W , while P∅ = F ,
a∅ is the subspace of a spanned by the image of the center of Gc by ω andW∅ = {1}.
We let pΘ : a→ aΘ denote the unique WΘ -equivariant projection.

Lemma 8.21 The image pΘ ◦ σ :G×P → aΘ of the Iwasawa cocycle σ by pΘ
factors as a cocycle

σΘ :G×PΘ → aΘ. (8.27)

We call this cocycle the partial Iwasawa cocycle.

Proof When G is connected, this is proved for example in [101, lemme 6.1]. In
general, from the connected case, we get, for any g in G and z in ZΘ,c ,

pΘ(σ(g, ξΠ))= pΘ(σ(τ−1
s(g)g, ξΠ))= pΘ(σ(τ−1

s(g)g, zξΠ))= pΘ(σ(g, zξΠ))
and, by the cocycle property, the same holds for any η in P . �

Assume that the subset Θ ⊂ Π is stable under F . On the one hand the right
action of F on P factors as an action on PΘ . On the other hand, the subspace
aΘ is F -invariant and the projection pΘ commutes with F . One has the following
generalization of Lemma 8.6.

Lemma 8.22 Assume thatΘ is F -invariant. Then for any f in F , the two cocycles
(g, η) �→ f−1σΘ(g,η) and (g, η) �→ σΘ(g,ηf ) are cohomologous.

Proof This follows from the proof of Lemma 8.6. Keeping the notations of this
proof, we just have to notice that the function pΘ ◦ ϕf descends to PΘ and hence
gives the required coboundary. �

Still assume that the set Θ is F -stable. Let PΘ ⊂ G be the normalizer of PΘ,c
and PΘ be its group of K-points. Since PΘ ∩Gc = PΘ,c and P ⊂ PΘ , the natural
map

PΘ/PΘ,c→ F

is an isomorphism. Since Θ is F -stable, for every g in G, gPΘ,cg−1 is conjugate in
Gc to PΘ , that is, we have G=GcPΘ and the natural map

PΘ,c =Gc/PΘ,c→G/PΘ
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is an isomorphism. To summarize, G acts in a natural way on PΘ,c and we have a
G-equivariant identification

PΘ �PΘ,c × F. (8.28)

Under this identification, the action of F on PΘ reads as its right action on the
second factor.

For G= SL(d,K), one can describe concretely the parabolic subgroups PΘ and
their unipotent radicalUΘ . Choosing for instanceΘc with only one simple root, that
is, with the notations of Sect. 6.7.7, choosing Θc = {εi+1 − εi} for some 1 ≤ i < d ,
one has, in terms of block matrices with blocks of size i and d−i,

PΘ =
{(∗ ∗

0 ∗
)}

, UΘ =
{(

1 ∗
0 1

)}

.

Note that another value for Θ would give different numbers and sizes of block
matrices.

8.7 Algebraic Reductive S -Adic Lie Groups

In this section we introduce the class of locally compact groups that we will
work with. This class contains both the reductive algebraic real Lie groups
and the reductive algebraic p-adic Lie groups.

We now let S be a finite set of local fields. For any s in S , we will sometimes
denote by Ks the local field s. These local fields are pairwise non-isomorphic.

Definition 8.23 An algebraic S -adic Lie group G is a subgroup of a product of
groups G⊂∏s∈S Gs such that

– for s in S , the group Gs is the group of Ks -points of a Ks -group Gs ,
– G contains the finite index subgroup Gc :=∏s∈S Gs,c, and,
– for s in S , the projection map G→Gs is onto.

We denote by F the finite group F = G/Gc . We say that G is connected if
G=Gc . We say that G is reductive if the Ks -groups Gs are reductive.

The real factor GR of G will mean the group Gs for Ks =R.

We keep the notations of Sects. 8.4 and 8.6, adding a subscript s to each of
them: thus, Ps is the flag manifold of Gs , as a Cartan space for Gs , Πs a set of
simple restricted roots, etc. We set Pc =∏s∈S Ps,c , a =

∏
s∈S as . We define the

flag variety of G as P :=G/Pc. It is an open and compact G-orbit in the product
of the flag varieties

∏
s∈S Ps .

We define the Cartan projection of G

κ :G→ a
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as the map obtained by taking the product of the Cartan projections κs :Gs → as of
Gs , s ∈S .

We define the Iwasawa cocycle of G

σ :G×P → a

as the cocycle obtained by taking the product of all the Iwasawa cocycles

σs :Gs ×Ps → as of Gs for s ∈S .

We define the Jordan projection of G

λ :G→ a

as the map obtained by taking the product of the Jordan projections λs :Gs → as of
Gs , s ∈S .

When Θ is an F -invariant subset of the set Π :=⊔s∈S Πs , we set

PΘ,c =∏s∈S PΘs,s,c, PΘ =G/PΘ,c, PΘ,c =G/PΘ, aΘ =∏s∈S aΘs ,

where, for any s in S , Θs =Πs ∩Θ . We set pΘ : a→ aΘ to be the projection and
the partial Iwasawa cocycle

σΘ :G×PΘ → aΘ (8.29)

to be the cocycle which is the product of the cocycles

σΘs :Gs ×PΘs → aΘs for s ∈S .

As a shorthand, we will say that a representation (ρ,V ) ofG in a Ks -vector space
is algebraic if it factors as an algebraic representation of the quotient group Gs . We
will say that this representation is proximal if it is proximal as a representation of
Gs , and so on. . . .



Chapter 9
Zariski Dense Subsemigroups

This is the third chapter which is devoted to Zariski dense subsemigroups. While
Chaps. 6 and 7 dealt with algebraic reductive real Lie groups, the present chapter
deals with algebraic reductive S -adic Lie groups. We freely use the language of
Sect. 8.

9.1 Zariski Dense Subsemigroups

In this section we introduce the set ΘΓ of simple roots associated to a Zariski
dense subsemigroup Γ of G.

Let G be a reductive algebraic S -adic Lie group. As a shorthand, we will say
that a subsemigroup Γ of G is Zariski dense in G if Γ is not included in a proper
algebraic S -adic Lie subgroupH ofG. Equivalently, Γ is Zariski dense inG if, for
each s in S , the projection Γs of Γ on the reductive algebraic Ks -algebraic group
Gs is Zariski dense, and if one has the equality G= ΓGc . In this case, we set

ΘΓ := {α ∈Π | αω(κ(Γ )) is not bounded}. (9.1)

By Theorem 6.36, this setΘΓ always contains the setΠR of simple roots of the real
Lie group GR. In particular, one has

When G is a reductive algebraic real Lie group, this set ΘΓ is equal to
Π and the partial flag variety PΘΓ is equal to the full flag variety P.

(9.2)

Lemma 9.1 Let Γ be a Zariski dense subsemigroup of G. Then one has the equal-
ity

ΘΓ =ΘΓ∩Gc . (9.3)

Moreover, the set ΘΓ is F -stable.

Proof The first assertion follows from Corollary 8.20(c).

© Springer International Publishing AG 2016
Y. Benoist, J.-F. Quint, Random Walks on Reductive Groups,
Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of
Modern Surveys in Mathematics 62, DOI 10.1007/978-3-319-47721-3_9

147

http://dx.doi.org/10.1007/978-3-319-47721-3_9


148 9 Zariski Dense Subsemigroups

Pick f in F and g in Γ such that s(g)= f . Again using Corollary 8.20(c), one
has supγ∈Γ

∥
∥κ(γg)− f−1κ(γ )

∥
∥<∞. The second assertion follows. �

Note that, by the spectral radius formula (8.7), for g in Γ , one has λ(g) ∈ aΘΓ .

9.2 Loxodromic Elements in Semigroups

In this section, we give a few properties of the set ΘΓ .

Let G be an algebraic reductive S -adic Lie group. For Θ ⊂Π , we say that an
element g of Gc is Θ-proximal if, for every α in Θ , ρα(g) is a proximal endomor-
phism of Vα (where the ρα are as in Sect. 8.4.5). This amounts to saying that the
action of g on PΘ,c admits an attracting fixed point ξ+Θ,g . For any α in Θ , the line
Vα,ξ+Θ,g

⊂ Vα is then the eigenspace associated to the dominant eigenvalue of ρα(g).

According to Lemma 8.8, an element

g is Θ-proximal if and only if αω(λ(g)) > 0 for any α in Θ

and one then has

σΘ(g, ξ
+
Θ,g)= pΘ(λ(g)).

Let Γ be a Zariski dense subsemigroup of G. Note that the set ΘΓ is also the set
of simple roots α for which ρα(Γ ) is proximal.

The following lemma proves the existence of elements in Γ which are simul-
taneously proximal in these representations ρα . It is an extension of Lemma 6.25
where we allow simultaneously representations of Γ over different local fields.

Lemma 9.2 LetG be a connected algebraic reductive S -adic Lie group and Γ be
a Zariski dense subsemigroup of G.

(a) Then, the semigroup Γ contains ΘΓ -proximal elements.
(b) More precisely, the set of ΘΓ -proximal elements of Γ is Zariski dense in G.

The proof uses the following

Lemma 9.3 Let G be a connected algebraic reductive S -adic Lie group and Γ
be a Zariski dense subsemigroup of G. For i = 1, . . . , s, let (ρi,Vi) be an algebraic
irreducible representation of G, vi be a nonzero vector of Vi and Wi be a proper
subspace of Vi . Then there exists an element g in Γ such that gvi /∈Wi for all i ≤ s.

Proof When G is an algebraic group over a fixed local field, this follows from
Zariski connectedness of G. In general, the main new difficulty is that the repre-
sentations may be defined over different fields.

We may assume that Γ is closed. Then, we can choose a Zariski dense probability
measure μ on G such that Γ = Γμ.
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By Lemma 4.6, for 1 ≤ i ≤ s, if ν is a μ-stationary Borel probability measure on
P(Vi), we have

ν(P(Wi))= 0.

Let xi be the image of vi in P(Vi). Since every limit point of the sequence of prob-
ability measures

1
n

∑n
k=1μ

∗k ∗ δxi
is μ-stationary, we get

1
n

∑n
k=1μ

∗k{g ∈G | gvi ∈Wi} −−−→
n→∞ 0.

Pick n large enough so that each of these terms is < 1
s
. We get

1
n

∑n
k=1μ

∗k{g ∈G | ∀1 ≤ i ≤ s gvi /∈Wi}> 0

and we are done. �

Proof of Lemma 9.2 This is Lemma 6.25 when G is an algebraic Lie group over a
local field. The proof in general is very similar.

(a) We denote by α1, . . . , αs the elements of ΘΓ . For i = 1, . . . s, let γi,p be a
sequence of elements of Γ with αωi (κ(γi,p))−−−→p→∞ ∞, and set, for p ≥ 1,

gp := γ1,p h1γ2,p h2 · · ·γs,p hs,
where the elements h1, . . . , hs ∈ Γ will be chosen later. There exists a sequence S ⊂
N such that, for any α in ΘΓ and i = 1, . . . , s, there exists a sequence, (λi,p,α)p∈S
of scalars such that the limit in End(Vα)

πα,i := lim
p∈S λi,p,αρα(γi,p)

exists and is nonzero. By assumption, for i = 1, . . . , s, the limits παi,i are rank one
operators. Hence, for any α in ΘΓ , the following operators

τα := πα,1 ρα(h1)πα,2 ρα(h2) · · ·πα,s ρα(hs)
have rank at most one.

By Lemma 9.3, one can choose the elements h1, . . . , hs in Γ in such a way that,
for any α ∈ΘΓ , Im τα �⊂ Ker τα and hence τα has rank one. Now, for any α ∈ΘΓ ,
there exists a sequence (λp,α)p∈S of scalars with

λp,αρα(gp)−−−→
p→∞ τα in End(Vα).

Reasoning as in the proof of Lemma 4.1, for p ∈ S large enough, we deduce that
the element γ := gp acts proximally in Vα , for any α in ΘΓ .
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(b) We want to prove now that the set

Γprox := {γ ∈ Γ | γ is ΘΓ -proximal}
is Zariski dense in G. Let γ0 ∈ Γ be a ΘΓ -proximal element. For any α in ΘΓ ,
there exists a sequence, (λp,α)p∈N of scalars such that the limit in End(Vα)

πα := lim
p→∞λp,αρα(γ

p

0 )

exists and is a rank-one endomorphism of Vα . Since Vα is irreducible and G is
Zariski connected, the set

Γ ′ := {γ ∈ Γ | παρα(γ )πα �= 0 for all α in ΘΓ }
is Zariski dense in Γ . For any element γ in Γ ′, for n large, the element γ n0 γ γ

n
0

belongs to Γprox . Since the Zariski closure of a semigroup is always a group, the
element γ belongs to the Zariski closure of Γprox . This proves that Γprox is Zariski
dense in G. �

By reasoning as in the proof of Lemma 9.3, one gets:

Lemma 9.4 Let G be an algebraic reductive S -adic Lie group, Γ be a Zariski
dense subsemigroup of G and f be an element of F =G/Gc . For i = 1, . . . , s, let
(ρi,Vi) be an algebraic irreducible representations of G, Ui be an irreducible Gc-
submodule of Vi , vi be a nonzero vector of Ui andWi be a proper subspace of fUi .
Then there exists an element g in Γ such that gGc = f and gvi /∈Wi for i ≤ s.

Proof Assume that Γ is closed and let μ be a Borel probability measure on G with
Γ = Γμ. Note that, since Γ maps onto F , the only μ-stationary Borel probability
measure on F is the normalized counting measure, so that one has

1
n

∑n
k=1μ

∗k{g ∈G|gGc = f } −−−→
n→∞

1
|F | .

Then one argues as in the proof of Lemma 9.3, replacing the use of Lemma 4.6 by
the use of Lemma 4.17. �

9.3 The Limit Set of Γ

In this section, we define the limit set of a Zariski dense subsemigroup of a
reductive algebraic S -adic Lie group.

Let G be an algebraic reductive S -adic Lie group and Γ be a Zariski dense
subsemigroup of G.

Define the limit set ΛΓ,c of Γ in PΘΓ ,c as the closure in this flag variety of the
set of attracting fixed points of ΘΓ -proximal elements of Γ ∩Gc .
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Lemma 9.5 LetG be an algebraic reductive S -adic Lie group and Γ be a Zariski
dense subsemigroup of G.

(a) One has ΓΛΓ,c =ΛΓ,c.
(b) For any η in PΘΓ ,c , one has ΛΓ,c ⊂ Γ η.

In other words, ΛΓ,c is the unique Γ -minimal closed invariant subset of PΘΓ ,c .

Proof Let g be a ΘΓ -proximal element of Γ ∩Gc .
(a) Let h be an element of Γ . Let us prove that hξ+ΘΓ ,g belongs to ΛΓ,c. If Γ

is a group, this is trivial since then the element hgh−1 belongs to Γ ∩Gc , is ΘΓ
proximal and its attracting fixed point is

ξ+
ΘΓ ,hgh−1 = hξ+ΘΓ ,g.

Since Γ is only assumed to be a semigroup, the argument will be longer. Set
f = s(h)−1. For any α in ΘΓ , let Wα = IndGGcVα . Then, since ΘΓ is F -stable, g

acts as a proximal endomorphism of fVα . We denote by V f,+α,g ⊂ f Vα its dominant

eigenline and by V f,<α,g ⊂ f Vα the g-invariant complementary subspace of V f,+α,g .

The line V f,+α,g is the image of ξ+ΘΓ ,g by the unique Gc-equivariant map PΘΓ ,c →
P(f Vα). By Lemma 9.4 applied to G-irreducible quotients of the spaces Wα , there
exists an element h′ in Γ such that s(h′)= f and, for any α in ΘΓ ,

h′hV f,+α,g �⊂ V f,<α,g .
Reasoning again as in the proof of Lemma 4.1, one sees that, for large n, the ele-
ment ρα(hgnh′) is a proximal endomorphism of Vα and that its dominant eigenline
converges to hV f,+α,g . By uniqueness of the Gc-equivariant map PΘΓ ,c→ P(f Vα),
we get

hV
f,+
α,g = Vα,f ξ+ΘΓ ,g .

Therefore, if n is large enough, the element hgnh′ of Γ is ΘΓ -proximal and we
have

ξ+
ΘΓ ,hgnh′ −−−→n→∞ hξ+ΘΓ ,g.

In particular, hξ+ΘΓ ,g belongs to ΛΓ,c, as required.

(b) Now, let η be in PΘ,c and let us prove that ξ+ΘΓ ,g belongs to Γ η. By
Lemma 9.3, there exists an element h in Γ ∩Gc such that, for any α in ΘΓ , one has
ρα(h)Vα,η /∈ V <α,ρα(g) and hence

ρα(g
nh)Vα,η −−−→

n→∞ V +
α,ρα(g)

= Vα,ξ+ΘΓ ,g .

We get gnhη−−−→
n→∞ ξ+ΘΓ ,g and we are done. �
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Corollary 9.6 Let G be an algebraic reductive S -adic Lie group, F =G/Gc and
Γ be a Zariski dense subsemigroup of G. Then the set

ΛΓ :=ΛΓ,c × F ⊂PΘΓ ,c × F �PΘΓ

is the unique Γ -minimal closed invariant subset in PΘΓ .

This set ΛΓ is called the limit set of Γ in PΘμ .

Proof By definition, one has ΛΓ∩Gc,c =ΛΓ,c, hence by Lemma 9.5, the action of
Γ ∩Gc on ΛΓ,c is also minimal. Our claim follows. �

9.4 The Jordan Projection of Γ

In this section, we give an extension of the result of Sect. 7.1 which will be
used to determine the support of the covariance 2-tensor for random walks on
algebraic reductive S -adic Lie groups.

Let G be an algebraic reductive S -adic Lie group. For any s in S , we set bs to
be the orthogonal in as of the subspace of a∗s spanned by the algebraic characters of
the center of Gs,c. We set bR to be this subspace bs when the local field is Ks =R.

Let Γ be a Zariski dense subsemigroup of G. We define the limit cone of Γ to
be the smallest closed cone LΓ in a+ containing the elements λ(g), where g runs
among the ΘΓ -proximal elements of Γ (see Lemma 9.2).

The following proposition extends Theorem 7.2. It will be used in the determi-
nation of the support of the Gaussian law in the TCL in Proposition 13.19

Proposition 9.7 Let G be an algebraic reductive S -adic Lie group and Γ be a
Zariski dense subsemigroup of G. Then the limit cone LΓ is a convex cone whose
intersection with bR has non-empty interior.

Proof The proof is similar to the proof of Theorem 7.2. �

The following proposition extends Theorem 7.4. It will be used in the determi-
nation of the essential image of the Iwasawa cocycle in Proposition 17.1.

Proposition 9.8 Let G be an algebraic reductive S -adic Lie group and Γ be a
Zariski dense subsemigroup of G. Then the closed subgroup of a spanned by the
elements λ(gh)− λ(g)− λ(h), for g, h and gh ΘΓ -proximal elements of Γ con-
tains bR.

Proof The proof is similar to the proof of Theorem 7.4. �



Chapter 10
Random Walks on Reductive Groups

The main result of this chapter is the Law of Large Numbers for the Iwasawa cocy-
cle and for the Cartan projection together with the regularity of the corresponding
Lyapunov vector (Theorem 10.9). These results will be obtained as translations of
the results of Chap. 4 in the intrinsic language of reductive algebraic S -adic Lie
groups introduced in Chap. 8. We keep the notations of this Chap. 8.

10.1 Stationary Measures on Flag Varieties

We first translate the results of Sect. 4.2 in the language of reductive groups.

When G is a reductive algebraic S -adic Lie group and μ is a Borel probability
measure on G, we define Γμ to be the subsemigroup of G spanned by the support
of μ and set Θμ =ΘΓμ . We say that μ is Zariski dense in G if the semigroup Γμ is
Zariski dense in G.

The first proposition deals with connected groups. It tells us that the partial flag
variety PΘμ supports a unique μ-stationary measure. This proposition is similar to
Lemma 4.6 and Proposition 4.7.

Proposition 10.1 Let K be a local field and G be the group of K-points of a con-
nected reductive K-group G. Let μ be a Zariski dense Borel probability measure
on G.

(a) Then there exists a unique μ-stationary Borel probability measure on the flag
variety PΘμ . This probability ν is μ-proximal.

(b) Let M be a homogeneous space of G and ν be a μ-stationary Borel probability
measure on M(K). For any proper subvariety N of M, one has ν(N(K))= 0.

Proof (a) For any α inΘμ, ρα(Γμ) is a proximal strongly irreducible subsemigroup
of GL(Vα). Hence, by Proposition 4.7, there exists a unique μ-stationary Borel
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probability measure on P (Vα) and this measure is μ-proximal. Therefore, as PΘμ

embeds G-equivariantly in the product
∏
α∈Θμ P (Vα), according to Lemma 2.24,

there exists a unique μ-stationary Borel probability measure ν on PΘμ and it is
μ-proximal.

(b) Consider now the set N of irreducible subvarieties N of M such that
ν(N(K)) > 0 and that the dimension of N is minimal for this property. Then, for
any N1 �= N2 in N , one has N1 ∩ N2 /∈ N , so that, reasoning as in the proof of
Lemma 4.6, one proves that, if Nν is the set of elements N of N such that ν(N(K))
is maximal, then Nν is non-empty, finite and Γμ-invariant. Thus, the K-points of the
subvariety

⋃
N∈Nν

N form a Zariski closed Γμ-invariant subset of M(K), so that, Γμ
being Zariski dense, one has Nν = {M}, whence the result. �

We now extend the study of the stationary probability measures on flag varieties
to the context of algebraic reductive S -adic Lie groups.

LetG be an algebraic reductive S -adic Lie group. When μ is a Borel probability
measure onG, we let, as in Sect. 5.2, μGc be the Borel probability measure induced
by μ on Gc . One has ΓμGc = Γμ ∩Gc and we set Θμ :=ΘΓμ . Note that, by (9.3),
one has Θμ = ΘμGc . We still denote by df the normalized counting measure on
F =G/Gc .

The second proposition extends Proposition 10.1 to non-connected groups. It
tells us that the partial flag variety PΘμ still supports a unique μ-stationary mea-
sure.

Proposition 10.2 Let G be an algebraic reductive S -adic Lie group and μ be a
Zariski dense Borel probability measure on G.

(a) There exists a unique μ-stationary Borel probability measure νc on PΘμ,c and
νc is μ-proximal.

(b) There also exists a unique μ-stationary Borel probability measure ν on PΘμ

and ν is μ-proximal over F . More precisely, through the identification

PΘμ � F ×PΘμ,c

as in (8.28), the measure ν reads as df ⊗ νc .

Proof (a) and (b). From Proposition 10.1, we know that there exists a unique μGc -
stationary Borel probability measure νc on PΘμ,c and νc is μG-proximal. Hence
our claims follow from Lemma 5.7. �

The support of ν depends only on Γμ. Indeed, the following lemma tells us that
it is equal to the limit set of Γμ in PΘμ . This lemma will be used in the proof of
Proposition 13.19.

Lemma 10.3 LetG be an algebraic reductive S -adic Lie group, F =G/Gc , μ be
a Zariski dense Borel probability measure on G and ν be the μ-stationary Borel
probability measure on PΘμ . Then the support of ν is ΛΓμ .
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Proof On the one hand, by Lemma 2.10, every closed Γμ-invariant subset of PΘμ

supports a μ-stationary probability measure. On the other hand, by Proposition 10.2,
ν is the unique μ-stationary probability measure on PΘμ . This proves our claim.
It also gives another proof of the uniqueness of the minimal Γμ-invariant subset of
PΘμ (see Corollary 9.6). �

10.2 Stationary Measures on Grassmann Varieties

In this section, we draw a link between the stationary measure on the flag
variety PΘμ and the boundary map in Lemma 4.5.

Assume that G is a connected K-group, where K is a local field. Let μ be a
Zariski dense Borel probability measure on the group of K-points G := G(K). Ac-
cording to Proposition 10.2, the unique μ-stationary probability measure ν on PΘμ

is μ-proximal. This means that there exists a Borel map

ξ : B→PΘμ

(where, as usual (B,β) = (G,μ)N∗
), also called the Furstenberg boundary map,

such that, for β-almost all b in B , the limit measure νb is the Dirac mass νb = δξ(b).
Let (ρ,V ) be an irreducible algebraic representation ofG with highest weight χ .

We set V μ to be the sum of weight spaces V ρ of A in V such that χ − ρ is a sum
of elements of Π �Θμ and r = dimV μ. By definition, one has PΘμV

μ ⊂ V μ, so
that the map

G→Gr (V ) ; g �→ gV μ

factors as a G-equivariant map

PΘμ →Gr (V ), η→ V μη .

Hence the boundary map can be seen as a map ξ : B→Gr (V ).

Remark 10.4 We claim that, for β-almost any b in B ,

ξ(b) is the space constructed in Lemma 4.5.

Proof It suffices to prove that, for β-almost any b in B , any nonzero limit point in
the space of endomorphisms of V of a sequence of the form λnρ(b1 · · ·bn) with λn
in K, has image ξ(b).

By Lemma 9.2, for any α in Θμ, the semigroup ρα(Γμ) is proximal, so that, by
Proposition 4.7, for β-almost any b in B , the nonzero limit points in End(Vα) of a
sequence λnρα(b1 · · ·bn) with λn in K have rank one. Writing, for any n, b1 · · ·bn =
knznln, with kn, ln in K , zn in Z+ and ω(zn) = κ(b1 · · ·bn), this implies that the
nonzero limit points of λnρα(zn) as n→∞ have rank one. This proves that

lim
n→∞α

ω(κ(b1 · · ·bn))=∞, for α in Θμ.
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Besides, by definition,

αω(κ(b1 · · ·bn)) remains bounded for α in Π �Θμ.

Hence, every nonzero limit point in End(V ) of a sequence λnρ(zn) with λn in K has
rank r and its image equals V μ. Therefore, every nonzero limit point of a sequence
λnρ(b1 · · ·bn) has rank r and its image equals ξ(b). �

Remark 10.5 Recall that there may exist more than one μ-stationary Borel prob-
ability measure on Gr (V ). Indeed, there may exist uncountably many compact G-
orbits in Gr (V ). An example is given in Remark 4.4, where G= SO(n,1) is acting
on V =∧2

R
n+1 with n≥ 6. In this example, one has r = n−1.

However, there exists a unique μ-stationary Borel probability measure on the
Γμ-minimal set Λrρ(Γμ) introduced in Lemma 4.2. Indeed, this follows from Propo-

sition 10.1, since, by Remark 10.4, the image of the map η �→ V
μ
η contains ∧rρ(Γμ).

10.3 Moments and Exponential Moments

We define two integrability conditions which will be useful assumptions to get
asymptotic laws for products of random elements of G.

The first integrability condition will be used in the Law of Large Numbers (The-
orem 10.9)

Lemma 10.6 (First moment) Let G be an algebraic reductive S -adic Lie group.
Let μ be a Borel probability measure on G. The following statements are equiva-
lent:

(i)
∫
G
‖κ(g)‖ dμ(g) <∞.

(ii) For any algebraic representation (ρ,V ) of G, one has,

∫
G

logN(ρ(g))dμ(g) <∞. (10.1)

(iii) There exists a finite family of algebraic representations (ρi,Vi) of G such that⋂
i Kerρi is finite and (10.1) holds for each (ρi,Vi).

In this case, we say that μ has finite first moment.

Proof (i) =⇒ (ii) First, assume ρ is irreducible. Let V ′ be a Gc-irreducible sub-
module of V , so that V is a quotient of the induced representationW ′ = IndGGc(V

′).
We equip the latter with a good norm and it now suffices to prove the claim in W ′.
Let χ be the highest weight of A in V ′. By Lemma 8.18 and Corollary 8.20.c), one
has

∫
G
| log‖ρ(g)‖ |dμ(g)≤ ∫

G
maxf∈F |χω(κ(gτf ))|dμ(g) <∞.
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As this also holds for the dual representation, this gives (10.1).
Now, assume ρ is any representation and let (ρi,Vi) be the irreducible subquo-

tients of a Jordan–Hölder filtration of (ρ,V ).
When ρ is defined over a field K with characteristic 0, we have V =⊕i Vi as a

representation of G. Hence, there exists a constant C > 0 such that, for any g in G,

‖ρ(g)‖ ≤ Cmax
i

‖ρi(g)‖ (10.2)

and (10.1) follows from the irreducible case.
When ρ is defined over a field K of positive characteristic, (10.1) also follows

from the irreducible case, since, as we will see, (10.2) still holds.
It remains to check that (10.2) still holds. Since A is a K-split torus, as A-

modules, we have V �⊕i Vi and (10.2) holds when g belongs to A. As A is co-
compact in Z, it also holds when g belongs to Z, up to changing the constant C.
Now, as Kc is a compact group, we can assume all the norms to be Kc-invariant
and, as Gc =KcZKc , (10.2) holds for any g in Gc . Finally, since Gc has finite in-
dex in G, again up to changing the constant C, (10.2) holds for any g in G and we
are done.

(iii) =⇒ (i) We again use Lemma 8.18 and the fact that the sum of the highest
weights of the Gc-irreducible subquotients of the Vi is in the interior of the dual
cone of a+, which follows from the finiteness of the kernel. �

Later on, in Theorem 13.17, we will need the following stronger integrability
condition.

Lemma 10.7 (Exponential moment) Let G be an algebraic reductive S -adic Lie
group. Let μ be a Borel probability measure on G. The following statements are
equivalent:

(i) There exists a t0 > 0 such that
∫
G
et0‖κ(g)‖ dμ(g) <∞. (10.3)

(ii) For any algebraic representation (ρ,V ) of G, there exists a t0 > 0 such that
∫
G
N(ρ(g))t0 dμ(g) <∞. (10.4)

(iii) There exists a finite family of algebraic representations (ρi,Vi) of G such that⋂
i Kerρi is finite and t0 > 0 such that (10.4) holds for each (ρi,Vi).

In this case, we say that μ has a finite exponential moment.

Proof (i) =⇒ (ii) By reasoning as in the proof of Lemma 10.6, we can assume ρ to
be irreducible. Let V ′ and W ′ be as in that proof and χ be the highest weight of A
in V ′. Again by Lemma 8.17 and Corollary 8.20, one has

∫

G

‖ρ(g)‖t0 dμ(g) ≤
∫

G

max
f∈F e

t0χ
ω(κ(g τf ) dμ(g) <∞,



158 10 Random Walks on Reductive Groups

for t0 small enough. Applying this bound to the dual representation of (ρ,V), one
deduces (10.4).

(iii) =⇒ (i) Again, one argues as in the proof of Lemma 10.6. �

The following lemma tells us that these two integrability conditions (10.1) and
(10.4) are automatically transmitted to the induced measure on Gc . Note that this
would not be the case for a “compact support condition”.

Lemma 10.8 Let G be an algebraic reductive S -adic Lie group, μ be a Zariski
dense Borel probability measure onG and μGc be the measure induced by μ onGc .

If μ has finite first moment then μGc also has finite first moment.
If μ has a finite exponential moment then μGc also has a finite exponential mo-

ment.

Proof This follows from Corollary 5.6, Lemmas 10.6 and 10.7. �

10.4 The Law of Large Numbers on G

We now translate Theorem 4.28 into the language of reductive groups.

We denote by L1(B,β,a) the space of a-valued β-integrable functions on the
one-sided Bernoulli space (B,β) with alphabet (G,μ).

Theorem 10.9 (Law of Large Numbers on G) Let G be an algebraic reductive
S -adic Lie group and μ be a Zariski dense Borel probability measure on G with
finite first moment. Let ν be a μ-stationary Borel probability measure on the flag
variety P .

(a) Then the Iwasawa cocycle σ :G×P → a is integrable, i.e. one has
∫
G×P ‖σ‖ dμdν <∞.

Its average

σμ :=
∫
G×P σ dμdν ∈ a

is called the Lyapunov vector of μ. It is F -invariant and does not depend on ν.
Indeed, for β-almost any b in B , one has

1
n
κ(bn · · ·b1)−−−→

n→∞ σμ.

Moreover, this sequence also converges in L1(B,β,a).
(b) For any η in P , for β-almost any b in B , one has

1
n
σ (bn · · ·b1, η)−−−→

n→∞ σμ.

This sequence also converges in L1(B,β,a), uniformly for η in P .
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(c) Uniformly for η in P , one has

1
n

∫
G
σ(g,η)dμ∗n(g)−−−→

n→∞ σμ.

(d) For any η in Pc , for β-almost any b in B , there exists a constant M > 0 such
that, for any n ∈N, one has

‖σ(bn · · ·b1, η)− κ(bn · · ·b1)‖ ≤M.
(e) (Regularity of σμ) The Lyapunov vector σμ belongs to a

++
Θμ

.
(f) In particular, when G is a real Lie group, the Lyapunov vector belongs to the

open Weyl chamber: σμ ∈ a++.

Remark 10.10 When G is a real Lie group, the μ-stationary probability measure
ν on P is unique since Θμ =Π . In general, this is not always the case, but, as a
consequence of (b), the Lyapunov vector σμ does not depend on the choice of ν.

Proof We will use the same technique as in the proof of Corollary 8.20: we just
have to control the image of these sequences by sufficiently many linear functionals
on a.

By (8.16), the cocycle σ is integrable onG×P . We set σμ =
∫
G×P σ d(μ⊗ν).

Let (ρ,V ) be a proximal irreducible algebraic representation of Gc with highest
weight χ . For instance, (ρ,V ) may be one of the representations introduced in
Lemma 8.15, or (ρ,V ) may be a scalar representation associated to an algebraic
character of Gc. Equip IndGGc(ρ) with a good norm and let W be an irreducible

quotient of this induced representation. Let π : IndGGc(ρ)→W be the quotient map
and θ be the representation of G in W . By Lemma 8.11, for any f in F , the map π
is injective on Vf . Therefore, we have

sup
g∈G

∣
∣
∣log ‖ρ(g)‖

‖θ(g)‖
∣
∣
∣<∞.

By Lemma 8.18 and Corollary 8.20, we get

sup
g∈G

∣
∣
∣
∣max
f∈F χ

ω(f κ(g))− log(‖θ(g)‖)
∣
∣
∣
∣<∞. (10.5)

Recall from (8.8) that, for any η in P , Vη is a line in Vf with f = ηGc. We let
Wη be the image of Vη inW . The image measure of ν by the map P → P(V );η �→
Wη is a μ-stationary probability measure on P(W).

If U is a line in W and g is in GL(W), we set

σW(g,U)= log ‖gu‖
‖u‖ ,

where u is a nonzero element of U . For any η in P , we set

ϕ(η)= log ‖πv‖
‖v‖ ,
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where v is a nonzero element of Vη . Then ϕ is a continuous function P →R. Since
the projection π is G-equivariant, we get from Lemma 8.18, for any g in G,

χω(σ (g, η))+ ϕ(gη)= σW(θ(g),Wη)+ ϕ(η). (10.6)

In particular, since ν is μ-stationary, we have
∫
G

∫
P σW(θ(g),Wη)dν(η)dμ(g)= χω(σμ).

Therefore, by Theorem 4.28, for β-almost any b in B , we have

1
n

log(‖θ(bn · · ·b1)‖)−−−→
n→∞ χω(σμ),

hence, by (10.5),

1
n

maxf∈F χω(f κ(bn · · ·b1))−−−→
n→∞ χω(σμ).

In particular, since the set of highest weights of proximal representations of Gc
spans a∗, σμ is F -invariant. Furthermore, this convergence also takes place in
L1(B,β).

Now, by Theorem 4.28.b) and (10.6), for any η in P , for β-almost any b in B ,
we have

1
n
χω(σ (bn · · ·b1, η))−−−→

n→∞ χω(σμ)

and this sequence also converges in L1(B,β), that is, we get (b). In addition, again
by Lemma 8.18, for η in Pc , we have

χω(σμ)= lim
n→∞

1
n
σW (θ(bn · · ·b1),Wη)= lim inf

n→∞
1
n
χω(κ(bn · · ·b1))

≤ lim sup
n→∞

1
n
χω(κ(bn · · ·b1))

≤ lim
n→∞

1
n

max
f∈F χ

ω(f κ(bn · · ·b1))

= χω(σμ).
Therefore, we have

1
n
χω(κ(bn · · ·b1))−−−→

n→∞ χω(σμ),

and this convergence also holds in L1(B,β), that is, (a) is proved.
(c) directly follows from (b).
(d) By Proposition 4.23, for any η in Pc , for β-almost any b in B , the sequence

log‖θ(bn · · ·b1)|We‖ − σW(θ(bn · · ·b1),Wη)

is bounded. Now, this sequence is equal, up to a uniform constant, to the sequence

χω(κ(bn · · ·b1))− χω(σ (bn · · ·b1, η))
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and (d) follows.
(e) We want to prove that σμ belongs to aΘμ and that αω(σμ) > 0 for any α

in Θμ.
According to Lemma 10.8, the induced probability measure μGc on Gc also has

finite first moment. By Lemma 5.7, ν is also μGc stationary. By Proposition 5.9, one
has σμ = 1

|F |σμGc . Hence, we may assume that G=Gc.
First, if α belongs to Π �Θμ, since supΓμ(α

ω ◦ κ) <∞, one has, for β-almost
any b in B ,

αω(σμ)= lim
n→∞

1
n
αω(κ(bn · · ·b1))= 0,

hence σμ ∈ aΘμ .
Now, fix α in Θμ. By Proposition 4.7, for β-almost all b in B , any nonzero limit

point in End(Vα) of a sequence

λnρα(bn · · ·b1),

with λn ∈ K has rank one. Thus, choosing zn in Z+ with bn · · ·b1 ∈KznK , every
nonzero limit point of a sequence λnρα(zn) has rank one. As, for any v in the weight
space V χα−α and for any n in N, one has

‖ρα(zn)v‖ = e−αω(ω(zn)) ‖ρα(zn)‖ ‖v‖ ,

this necessarily implies that αω(ω(zn))−−−→
n→∞ ∞, that is,

αω(κ(bn · · ·b1))−−−→
n→∞ ∞.

Hence by (c), for ν-almost any η in P ,

αω(σ (bn · · ·b1, η))−−−→
n→∞ ∞.

Now, using Lemma 3.18 as in the proof of Theorem 4.31, this implies αω(σμ) > 0,
whence the result.

(f) This follows from (e). Indeed, since G is a real Lie group, the set Θμ is equal
to Π . �

10.5 Simplicity of the Lyapunov Exponents

We give in this section concrete consequences of the regularity of the Lya-
punov vector. For instance, we prove the simplicity of the first Lyapunov expo-
nent for proximal representations.

The following corollary relates the Lyapunov vectors of μ and μ∨.
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Corollary 10.11 Let G be an algebraic reductive S -adic Lie group and μ be a
Zariski dense Borel probability measure on G with finite first moment. Let μ∨ be
the image of μ by the map g �→ g−1. Then the Lyapunov vector of μ∨ is equal to
the image of the Lyapunov vector of μ by the opposition involution: σμ∨ = ι(σμ).

Proof One computes using Theorem 10.9 twice and using the equality κ(g−1) =
ι(κ(g))

σμ∨ = lim
n→∞

1
n

∫
B
κ(b−1

n · · ·b−1
1 )dβ(b)

= lim
n→∞

1
n

∫
B
ι(κ(b1 · · ·bn))dβ(b)= ι(σμ)

as required. �

Recall that, in Sect. 4.6, when V is a finite-dimensional K-vector space, and μ
is a Borel probability measure on GL(V ), we defined its first Lyapunov exponent as
the limit

λ1,μ = lim
n→∞

1
n

∫
GL(V ) log‖g‖dμ∗n(g).

As a consequence of Theorem 10.9 and Lemma 8.17, one gets the following
reformulation of Theorem 4.28 in which we compute the first Lyapunov exponent
by means of the Lyapunov vector.

Corollary 10.12 Let G be an algebraic reductive S -adic Lie group and μ be a
Zariski dense Borel probability measure on G with a finite first moment. Let (ρ,V )
be an algebraic representation ofG and let ρ∗μ be the image of μ on GL(V ) under
the map ρ. We have

λ1,ρ∗μ = max
χ
χω(σμ), (10.7)

where χ runs among the weights of A in V . In particular, if (ρ,V ) is irreducible
and χ is a maximal weight, we have

λ1,ρ∗μ = χω(σμ). (10.8)

Remark 10.13 When V is strongly irreducible, it has a unique highest weight χ .
In general the maximal (or parabolic) weights of V form an F -orbit. Since, by
Theorem 10.9, the Lyapunov vector σμ is F -invariant, the limit χω(σμ) does not
depend on the choice of the maximal weight.

Proof The formula follows from an analogous formula for elements of G.
Fix a norm on V such that the decomposition of V into weight spaces for the

action of A is good. For any a in A, we have

‖ρ(a)‖ = max
χ

|χ(a)|.
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Since A is cocompact in Z and the set of weights of A in V is finite, there exists a
constant C ≥ 0 such that, for any z in Z, we have

| log‖ρ(z)‖ − max
χ
χω(ω(z))| ≤ C.

As K is compact, up to enlarging C, this gives for any g in G,

| log‖ρ(g)‖ − max
χ
χω(κ(g))| ≤ 2C.

Hence, by Lemma 4.27, for β-almost any b in B ,

1

n
max
χ
χω(κ(bn · · ·b1))−−−→

n→∞ λ1,ρ∗μ. (10.9)

Now, by Theorem 10.9, we have, for β-almost any b in B ,

1

n
κ(bn · · ·b1)−−−→

n→∞ σμ. (10.10)

From (10.9) and (10.10), we get (10.7). Since σμ belongs to a+, (10.7) still holds
when χ runs among the set of maximal weights. As recalled in Remark 10.13, when
ρ is irreducible, this set is an F -orbit and (10.8) follows since σμ is F -invariant. �

Let us relate the Lyapunov vector to the other Lyapunov exponents of probability
measures. Let d be the dimension of V . For 1 ≤ k ≤ d we define inductively the
k-th Lyapunov exponent λk,μ of μ by the formula

λ1,μ + · · · + λk,μ = lim
n→∞

1
n

∫
GL(V ) log‖ ∧k g‖dμ∗n(g),

where the existence of the limit follows from subadditivity. Note that this definition
does not depend on the choice of the norms on the exterior powers.

Lemma 10.14 Let μ be a Borel probability measure on GL(V ). The sequence of
its Lyapunov exponents is non-increasing, that is, we have

λ1,μ ≥ · · · ≥ λd,μ.

To prove this result, we need to introduce in general the singular values of an
element of GL(V ) which, in the real case, were defined in Sect. 6.7.7. Since the
definition of the Lyapunov exponents does not depend on the choice of the norms,
we choose some that are particularly convenient.

When K is R or C, we equip V with a Euclidean or Hermitian scalar product.
We equip each of the ∧kV , 1 ≤ k ≤ d , with the associated scalar product.

When K is non-Archimedean, we equip V with the sup norm given by a basis
and each of the ∧kV , 1 ≤ k ≤ d , with the sup norm coming from the associated
basis.
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In both cases, letK ⊂ GL(V ) be the group of isometries of the norm. The Cartan
decomposition of GL(V ) allows us to write any g in GL(V ) as a product kal, where
k and l belong to K and the matrix a is diagonal, with entries a1, . . . , ad such that

|a1| ≥ · · · ≥ |ad |.

The real numbers κk(g)= |ak|, 1 ≤ k ≤ d , only depend on g and on the norm and
are called the singular values of g. By construction, for 1 ≤ k ≤ d , we have

‖ ∧k g‖ = κ1(g) · · ·κk(g). (10.11)

Proof of Lemma 10.14 The lemma relies on an analogous formula for the norms of
the ∧kg, 1 ≤ k ≤ d , for g in GL(V ). Indeed, for such a g, by (10.11), for 1 ≤ k ≤
d − 1, we have

‖ ∧k−1 g‖‖ ∧k+1 g‖ ≤ ‖ ∧k g‖2.

By the definition of the Lyapunov exponents, this gives

(λ1,μ + · · · + λk−1,μ)+ (λ1,μ + · · · + λk+1,μ)≤ 2(λ1,μ + · · · + λk,μ)

which in turn amounts to λk,μ ≥ λk+1,μ. �

The following corollary of Theorem 10.9 explains for a concrete case the mean-
ing of the regularity of the Lyapunov vector.

Corollary 10.15 (Simplicity of the Lyapunov exponents) Let V = K
d and μ

be a Borel probability measure on G = GL(V ) with a finite first moment, i.e.∫
G

logN(g)dμ(g) <∞, and such that Γμ is strongly irreducible in V .

(a) If Γμ is proximal in V , the two first Lyapunov exponents satisfy λ1,μ > λ2,μ.
(b) More precisely, one always has λ1,μ = · · · = λr,μ > λr+1,μ, where r is the prox-

imal dimension of Γμ.
(c) If K=R and Γμ is Zariski dense in SL(V ) or GL(V ), then one has

λ1,μ > λ2,μ > · · ·> λd,μ.

To rely the proximal dimension of Γμ with the objects that have been defined for
abstract reductive groups, we will use the

Lemma 10.16 Let V = K
d and Γ be a strongly irreducible sub-semigroup of

GL(V ) with proximal dimension r .

(a) There exists a constant c0 > 0 such that, for any g in Γ , one has κr(g) ≥
c0κ1(g) and one has supg∈Γ κr(g)/κr+1(g)=∞.
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(b) Let G be the Zariski closure of Γ in GL(V ), let χ be the highest weight of G in
V and set X to be the set of weights χ ′ of A in V which are of the form

χ ′ = χ −
∑

α∈ΘcΓ

nαα,

where the nα are nonnegative integers. Then we have

r =
∑

χ ′∈X
dimV χ

′
.

Recall that the Zariski closure of an irreducible sub-semigroup of GL(V ) is a
reductive group.

Proof (a) Assume that, for some 2 ≤ k ≤ d , we have a sequence (gn) of elements
of Γ with supn κ1(gn)/κk(gn) = ∞. Let (λn) be a sequence of elements of K

∗
with |λn| = κ1(gn)

−1. After extracting a subsequence, we can assume that λngn
converges to a nonzero endomorphism π . By assumption, since λnκk(gn)−−−→

n→∞ 0,

π has rank < k, hence k > r . The existence of c0 follows.
Conversely, let π be a rank r element of KΓ . Write π = limn→∞ λngn, gn ∈ Γ ,

λn ∈K. As π is nonzero, we have lim infn→∞ λnκ1(gn) > 0. As π has rank r , we
have λnκr+1(gn)−−−→

n→∞ 0. The result follows.

(b) By reasoning as in the proof of Corollary 10.12, one sees that there exists a
constant C ≥ 0 such that, for any g in G, the sets

{logκk(g)|1 ≤ k ≤ d}
and

{(χ ′)ω(κ(g))|χ ′ is a weight of A in V }
are equal up to C (that is, more precisely, the Hausdorff distance between these two
finite sets of real numbers is ≤C). The result follows from a) and this remark. �

Proof of Corollary 10.15 (a) and (b) Denote by χ0 the highest weight of G in V .
By Corollary 10.12, for 1 ≤ k ≤ d , one has

λ1,μ + · · · + λk,μ = max
χ
χω(σμ),

where χ runs among the set Xk of weights of A in ∧kV . In particular, let k be the
largest integer such that λ1,μ = λk,μ. Then k is the dimension of the space

⊕

χ∈X1
χ(σμ)=χ0(σμ)

Vχ .
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As, by Theorem 10.9, σμ belongs to a
++
Θμ

, for any χ in X1, one has χ(σμ)= χ0(σμ)

if and only if χ0 − χ is a linear combination of elements of Θcμ. We get k = r by
Lemma 10.16(b) and we are done.

(c) Assume for instance that the semigroup Γμ is Zariski-dense in GL(V ). Since
K=R, by (9.2), one has

a
++
Θμ

= a
++ = {diag(x1, . . . , xd) | x1 > x2 > · · ·> xd}.

Our claims then follow from Theorem 10.9 and Corollary 10.12 applied to the rep-
resentations ∧kV . �

10.6 A Simple Example (2)

We end the second part of the book by explaining in concrete and simplified
terms what we have learned therein on the explicit example of the introduc-
tion.

We have already discussed this example in Sect. 5.5. In this explicit example, the
law μ is the probability measure

μ := 1
2 (δa0 + δa1),

where a0 and a1 are the real d × d-matrices given by formulae (1.13). These for-
mulae have just been chosen so that the semigroup Γμ spanned by a0 and a1 is
Zariski dense in the group G := SL(Rd). Recall that we want to study the statistical
behavior of products of these matrices

pn := ain · · ·ai1 with i� = 0 or 1.

The main conclusion of Part II is a control of the exponential growth of these
products. It controls not only the statistics of the logarithm of the norm of these
product matrices log‖pn‖ at scale n, but also, for all k = 1, . . . , d , the statistics of
the logarithm of the kth-singular values

logκk(pn) at scale n.

Recall that the kth-singular value of a matrix g ∈G is

κk(g) := ‖Λkg‖/‖Λk−1g‖.
The Law of Large Number (Theorem 10.9) tells us the following:
Choose, independently with equal probability, a sequence i1, . . . , in, . . . of 0 or 1.

Then, almost surely, when n→∞,

the sequence 1
n

logκk(pn) converges to λk,μ.



10.6 A Simple Example (2) 167

The limits are real numbers λ1,μ, . . . , λd,μ which depend only on μ. They are called
the Lyapunov exponents of μ. They satisfy the equality λ1,μ + · · · + λd,μ = 0 and,
by Corollary 10.15, the inequalities

λ1,μ > · · ·> λd,μ.
We will say more on this example in Sect. 14.10.



Part III
The Central Limit Theorem



Chapter 11
Transfer Operators over Contracting Actions

We come back to the abstract framework of Chap. 3, studying the actions on a
compact space X of a locally compact semigroup G endowed with a probability
measure μ and studying the behavior of the cocycles over this action. When this
action is μ-contracting (Definition 11.1) and under suitable integrability conditions,
we introduce the corresponding complex transfer operators Pθ . We study the spec-
tral properties of Pθ when the parameter θ is small enough (Lemmas 11.18 and
11.19). We will use them in Chap. 12 to prove various limit laws for random walks
on groups satisfying some exponential moment conditions.

11.1 Contracting Actions

We define in this section the μ-contracting actions and we prove that they
admit a unique μ-stationary probability measure.

We still let G be a second countable locally compact semigroup, s :G→ F be a
continuous morphism onto a finite group F , and μ be a Borel probability measure
onG. We shall say that μ spans F if the image in F of the support of μ spans F . We
shall say that μ is aperiodic in F if it spans F and if, for any non-trivial morphism
from F to a cyclic group, the image of μ is not a Dirac mass.

Let X be a compact metric G-space which is fibered over F (see Sect. 2.7), and
let x �→ fx be the G-equivariant fibration. For any g in G, we define the Lipschitz
constant Lip(g) by

Lip(g)= sup
fx=fx′

d(gx,gx′)
d(x, x′)

,

where the supremum is taken over the pairs x, x′ in X with fx = fx′ and x �= x′.

Definition 11.1 Let X be a compact metric G-space which is fibered over F and
γ0 > 0. We shall say that the action of G on X is (μ,γ0)-contracting over F if one
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has
∫
G

Lip(g)γ0 dμ(g) <∞ (11.1)

and, for some n≥ 1,

sup
fx=fx′

∫

G

d(gx,gx′)γ0

d(x, x′)γ0
dμ∗n(g) < 1. (11.2)

We will say that the action is μ-contracting over F or, in short, that the G-space X
is μ-contracting over F if this action is (μ,γ0) contracting over F for some γ0 > 0.
In this case, the action is also (μ,γ )-contracting for any 0< γ ≤ γ0.

When F is trivial, we just say that the action is μ-contracting.

In other words, the action is μ-contracting over F when the action of G on
fibers of the G-equivariant fibration tends to contract on average. Note that, if the
definition holds, there exist 0 ≤ δ < 1 and C0 > 0 such that, for any n in N and x, x′
in X, with fx = fx′ one has

∫
G
d(gx,gx′)γ0 dμ∗n(g)≤ C0 δ

nd(x, x′)γ0 . (11.3)

We will often only use the definition in the form (11.3) but we will also sometimes
need the moment condition (11.1).

Example 11.2 The main example we will study in this book is the action of an
algebraic reductive S -adic Lie group G on a projective space or a flag variety. In
this case F is the group G/Gc (see Chap. 13).

Example 11.3 Here is a trivial example. Let X be a compact metric space, and,
for x in X, let cx be the constant map on X given by cx : y �→ x. Let G be the
semigroup of transformations of the compact space X which are either the identity
e or a constant map cx , and μ be a probability measure on X, viewed as a subset of
G. In this case, the limit theorems 12.1 and 16.1 that we will prove follow from the
classical limit theorems for random walks on R

d .

Example 11.4 Another enlightening example to keep in mind while reading this
text is the following. Let X be the compact space X = {0,1}N endowed with the
distance d(x, y) = 2−min{k≥0|xk �=yk}. Let si , i = 0,1, be the two prefix maps of X
defined, for x = (x1, x2, . . .) ∈ X, by si(x) = (i, x1, x2, . . .). Let G be the discrete
free semigroup spanned by s0 and s1, and μ := 1

2 (δs0 + δs1). This action of G on
X is μ-contracting (here the group F is trivial). In this case, the spectral properties
of the complex perturbations of the Markov operator Pμ that we will discuss in this
chapter also follow from [94].

The following lemma tells us roughly that, for a μ-contracting action, the behav-
ior of the random trajectories does not depend on the starting point except for an
exponentially small error term.
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Lemma 11.5 (Exponential convergence of orbits) Let G be a second countable
locally compact semigroup and s :G→ F be a continuous morphism onto a finite
group F . Let μ be a Borel probability measure on G such that μ spans F . Let X be
a compact metric G-space which is fibered over F and μ-contracting over F .

(a) There exist γ > 0 and C > 0 such that, for every x, x′ in X with fx = fx′ , for
every n≥ 1, one has

μ∗n({g ∈G | d(gx,gx′)≥ e−γ nd(x, x′)}) ≤ C e−γ n. (11.4)

(b) There exists a constant γ > 0 such that, for every x, x′ in X with fx = fx′ , for
β-almost every b in B , for all but finitely many n≥ 1, one has

d(bn · · ·b1x, bn · · ·b1x
′) ≤ e−γ nd(x, x′). (11.5)

(c) There exists a unique μ-stationary Borel probability measure ν on X. This μ-
stationary measure ν is μ-proximal over F .

Proof (a) Inequality (11.4) is a direct consequence of (11.3) with C = C0 and γ
small enough so that 0< γ ≤ | log δ|

1+γ0
.

(b) This follows from (11.4) and the Borel–Cantelli Lemma.
(c) For x, x′ in X, set d0(x, x

′) = d(x, x′)1fx=fx′ . Let ν and ν′ be two μ-
stationary measures on X. Using Lemma 2.17 and the Lebesgue convergence theo-
rem, one gets from (b),

0 = limn→∞
∫
X×X d0(b1 · · ·bnx, b1 · · ·bnx′)dν(x)dν′(x′)

= ∫
X×X d0(x, x

′)dνb(x)dν′b(x′).

Hence for (νb ⊗ ν′b)-almost all (x, x′) in X×X, one has d0(x, x
′)= 0. This proves

that the restriction of the limit measures νb and ν′b to each fiber is a multiple of the
same Dirac mass. Since μ spans F , the images of ν and ν′ in F are F -invariant.
The same is true for the images of the limit measures νb and ν′b . Hence for β-almost
every b in B and f in F , there exists an element ξb,f ∈X in the fiber over f such
that

νb = ν′b = 1
|F |
∑
f∈F δξb,f .

This proves that ν = ν′ and that ν is μ-proximal over F . �

11.2 The Transfer Operator for Finite Groups

We describe in this section a few basic spectral properties for the transfer
operator P of a random walk on a finite group.
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Let μ be a probability measure on a finite group F . Let P = Pμ be the averaging
operator on C

F = C 0(F ) given, for ϕ : F →C and f ∈ F , by

Pϕ(f )= ∫
F
ϕ(hf )dμ(h)=∑h∈F μ(h)ϕ(hf ). (11.6)

As for any Markov–Feller operator, the norm of P in C 0(F ) is at most 1, hence its
eigenvalues have modulus at most 1.

The following lemma describes the eigenvalues of modulus 1 of the averaging
operator P .

Lemma 11.6 Let μ be a probability measure on a finite group F whose support
spans F .

(a) There exists a smallest normal subgroup Fμ of F such that the quotient group
F/Fμ is cyclic and the image of μ in F/Fμ is a Dirac mass at some generator
fμ of this group.

Let pμ := |F/Fμ|.
(b) The eigenvalues ζ of modulus 1 of the operator P in C

F are the pth
μ -roots of 1.

These eigenvalues are simple and the associated eigenline is spanned by the
character χζ of F/Fμ for which χζ (fμFμ)= ζ .

(c) The probability measure μ∗pμ is aperiodic in Fμ.

In particular, when μ is aperiodic in F , the only eigenvalue of modulus 1 of the
transfer operator P is 1, and the corresponding eigenfunctions are constant.

Proof (a) We first check the existence of Fμ. Let Ξ be the set of characters of F
which are constant on the support of μ. This set Ξ is a subgroup of the group of
characters of F . In particular this group Ξ is abelian. We define now Fμ to be the
intersection of the kernels of the elements of Ξ . This subgroup Fμ is normal in
F and the quotient F/Fμ is also an abelian group and is the dual group of Ξ . As
the elements of Ξ are constant on the support of μ, the image of μ in F/Fμ is a
Dirac mass at some element fμ of F/Fμ. As the support of μ spans F , fμ spans
F/Fμ, which is therefore cyclic. Clearly, this group Fμ is the smallest one with
those properties.

(b) Let ϕ be a nonzero element of CF and ζ be a complex number of modulus 1
with Pϕ = ζϕ. We want to prove that ζ is a pthμ -root of unity. We have the inequality

P |ϕ| ≥ |Pϕ| = |ϕ| .

LetM be the set of f in F with |ϕ(f )| = maxF |ϕ|. By the maximum principle, for
any f in F with μ(f ) > 0, we have fM ⊂M , hence, as the support of μ spans F ,
we haveM = F , that is, |ϕ| is a constant r . Therefore, for any f in F , one has

r =
∣
∣
∣
∑
f ′∈F μ(f ′)ϕ(f ′f )

∣
∣
∣ ,
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thus for any f ′, f ′′ in F with μ(f ′) > 0 and μ(f ′′) > 0, one has

ϕ(f ′f )= ϕ(f ′′f ), hence

ϕ(f ′f )= ζϕ(f ). (11.7)

Let F ′ be the set of f in F such that the function ϕ(f.) is a multiple of ϕ. Then,
F ′ is a subgroup of F and there exists a unique character χ of F ′ such that, for
any f in F ′, ϕ(f.)= χ(f )ϕ. As, by (11.7), the group F ′ contains the support of μ,
one has F ′ = F , the function ϕ is a multiple of χ and, for any f in the support
of μ, one has χ(f )= ζ , hence χ belongs to Ξ , and ζ is a pthμ -root of unity and the
corresponding eigenspace is spanned by the character χζ .

Conversely, every character χζ is an eigenvector of P with eigenvalue ζ . Since,
moreover, ‖Pμ‖∞ = 1, this eigenvalue is simple.

(c) Let us prove that the only eigenvalue of modulus 1 of Ppμ in C
Fμ is 1 and

that the associated eigenspace is the space of constant functions, which implies the
result.

Indeed, let ϕ be a function on Fμ such that Ppμϕ = ζϕ, for some ζ with modu-
lus 1. Extend ϕ to a function on F by setting ϕ(f )= 0 for f /∈ Fμ. We still have

Ppμϕ = ζϕ.
Let E be the cyclic space for P spanned by ϕ. Since the polynomial tpμ − ζ has
simple roots, P is diagonalizable in E and its eigenvalues are pth

μ -roots of ζ . Since
the eigenvalues of P in C

F are the pμ-roots of 1 and the associated eigenfunctions
are constant on Fμ, our claim follows. �

The following corollary explains the probabilistic meaning of the spectral proper-
ties of the transfer operator: the equidistribution of the walk with exponential speed.

Corollary 11.7 Let μ be an aperiodic probability measure on a finite group F .
Then there exists a constant a < 1 such that, for all n≥ 1 and f in F , one has

∣
∣
∣μ∗n({f })− 1

|F |
∣
∣
∣≤ an.

11.3 The Transfer Operator

In this section we prove that, when the action is μ-contracting, 1 is an isolated
eigenvalue of the averaging operator P = Pμ in a suitable space of Hölder
continuous functions. This also gives another way to prove the uniqueness of
the μ-stationary measure on X.

Let G be a second countable locally compact semigroup and let s : G→ F be
a continuous morphism onto a finite group F . Let X be a compact metric G-space
which is fibered over F .
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We let C 0(X) be the space of continuous functions on X, equipped with its
natural Banach space norm ‖·‖∞, that is, for any ϕ in C 0(X),

‖ϕ‖∞ = max
x∈X

|ϕ(x)| .

Let γ be in (0,1] and Y be a closed subset of X (for example Y = X). For
ϕ : Y →C, we set

cγ (ϕ)= sup
fx=fx′

∣
∣ϕ(x)− ϕ(x′)∣∣
d(x, x′)γ

and |ϕ|γ = ‖ϕ‖∞ + cγ (ϕ),

where the supremum is taken over the pairs x, x′ in Y with fx = fx′ and x �= x′. We
let H γ (Y ) be the space of γ -Hölder continuous functions on Y , that is, the space
of functions ϕ on Y such that cγ (ϕ) <∞. The norm |·|γ induces a Banach space
structure on H γ (Y ). The following technical lemma will be useful in the proof of
Lemma 11.19(d).

Lemma 11.8 Let γ be in (0,1] and Y be a closed subset of X. Then the restriction
map H γ (X)→H γ (Y ) is an open surjection.

The fact that this map is open follows from the open mapping theorem, but will
also be a corollary of the proof.

Proof Let ϕ be in H γ (Y ) and let us build ψ in H γ (X) with ψ|Y = ϕ. We can
assume ϕ has real values. For x in X, we set

ψ(x)= inf
y∈Y
fy=fx

ϕ(y)+ cγ (ϕ)d(y, x)γ

if there exists a point y in Y with fy = fx and ψ(x)= 0 otherwise. By construction,
one has ψ|Y = ϕ. Now, let x, x′ be in X with fx = fx′ . If, for all y in Y , fy �= fx ,
we have ψ(x)=ψ(x′)= 0. Otherwise, for any y in Y with fy = fx , we have

ψ(x)≤ ϕ(y)+ cγ (ϕ)d(y, x)γ ≤ ϕ(y)+ cγ (ϕ)d(y, x′)γ + cγ (ϕ)d(x′, x)γ ,
hence,

ψ(x)≤ψ(x′)+ cγ (ϕ)d(x′, x)γ ,
so that ψ belongs to H γ (X) as required. �

Fix a Borel probability measure μ on G. As usual, we introduce the following
Markov–Feller operator P = Pμ which is called the transfer operator or the aver-
aging operator. It is given by, for any ϕ in C 0(X) and x in X,

Pϕ(x)= ∫
G
ϕ(gx)dμ(g). (11.8)
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The operator P is bounded on C 0(X), with norm 1. We will now study the eigen-
values of P in C 0(X) which have modulus 1.

In the sequel, we shall write Fμ and fμ for Fs∗μ and fs∗μ and, since X is fibered
over F , we will consider C 0(F/Fμ) and C 0(F ) as subspaces of H γ (X). Note that
the transfer operators (11.6) and (11.8) coincide on these subspaces.

The following lemma tells us that the averaging operator P preserves H γ (X)

and contracts the seminorm cγ .

Lemma 11.9 LetG be a second countable locally compact semigroup and s :G→
F be a continuous morphism onto a finite group F . Let μ be a Borel probability
measure on G such that μ spans F . Let 0< γ ≤ γ0 and let X be a compact metric
G-space which is fibered over F and which is (μ,γ0)-contracting over F .

(a) There exist 0 < δ < 1 and C ≥ 0 such that, for any ϕ ∈ H γ (X), n ∈ N, one
has,

cγ (P
nϕ)≤ Cδncγ (ϕ). (11.9)

(b) One has P(H γ (X))⊂ H γ (X) and P is a bounded operator in H γ (X) with
spectral radius 1.

Proof (a) As the action of G on X is (μ,γ )-contracting over F , one can suppose
γ = γ0. Fix 0< δ < 1 and C ≥ 0 such that (11.3) holds.

Then, for ϕ in C 0(X), x, x′ in X with fx = fx′ and n in N, one has

|Pnϕ(x)− Pnϕ(x′)| ≤ ∫
G
|ϕ(gx)− ϕ(gx′)| dμ∗n(g) (11.10)

≤ cγ (ϕ)
∫
G
d(gx,gx′)γ dμ∗n(g)

≤ Cδnd(x, x′)γ cγ (ϕ).
Hence Pϕ belongs to H γ (X) and Inequality (11.9) holds.

(b) In particular, for any n in N, one has
∣
∣Pnϕ
∣
∣
γ
≤ ‖ϕ‖∞ +Cδn |ϕ|γ ≤ max(1 +C) |ϕ|γ . (11.11)

This implies that the spectral radius of P in H γ (X) is ≤ 1, hence exactly equals 1,
since P1 = 1. �

The following proposition tells us that under the contraction hypothesis (11.3), all
the pth

μ root of 1 are simple eigenvalues of the averaging operator P in C
F and that,

on an invariant complementary subspace, the operator P has spectral radius < 1.

Proposition 11.10 Let G be a second countable locally compact semigroup and
s : G→ F be a continuous morphism onto a finite group F . Let μ be a Borel
probability measure on G such that μ spans F and pμ = |F/Fμ|. Let 0< γ ≤ γ0
and letX be a compact metricG-space which is fibered over F and which is (μ,γ0)-
contracting over F .
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(a) The eigenvalues ζ of modulus 1 of the operator P in C 0(X) are the pth
μ -roots

of 1. These eigenvalues are simple and the associated eigenline Lζ is spanned
by the character χζ of F/Fμ for which χζ (fμFμ)= ζ . The direct sum of these
eigenlines Lζ is equal to C 0(F/Fμ).

(b) There is a unique μ-stationary Borel probability measure ν on X.
(c) The operator N : C 0(X)→ C 0(F/Fμ) given by, for any ϕ in C 0(X) and f

in F ,

Nϕ(fFμ)= pμ
∫
{fx∈fFμ} ϕ(x)dν(x) (11.12)

is the unique P -equivariant projection onto C 0(F/Fμ).
(d) The restriction of P to H γ (X)∩ KerN has spectral radius < 1.

Note that this spectral radius is computed with respect to the norm |·|γ .

Corollary 11.11 Using tame notations as in Lemma 11.9, the essential spectral
radius of P in H γ (X) is < 1.

We recall that the essential spectral radius is the infimum of the spectral radii of
the restriction of P to a P -invariant finite codimensional subspace. In other words,
it is the supremum of the |λ|, where λ is a complex number such that P − λ1 is not
a Fredholm operator (see Appendix B.4).

Proof of Proposition 11.10 (a) Let ϕ be in C 0(X) and ζ be a complex number of
modulus 1 with Pϕ = ζϕ. According to formula (11.9), for any n in N, one has
cγ (ϕ) = cγ (P nϕ) −−−→

n→∞ 0. Thus cγ (ϕ) = 0 and the function ϕ is constant on the

fibers of the map x �→ fx . By Lemma 11.6, ζ is a pth
μ -root of unity and there exists

a character χζ of F/Fμ such that ϕ is proportional to the function x �→ χζ (fxFμ).
Since, moreover, ‖Pμ‖∞ ≤ 1, this eigenvalue is simple.

(b) We choose a μ-stationary Borel probability measure ν on X. As μ spans F ,
the image of ν in F is the normalized counting measure. We postpone the proof of
the uniqueness of ν until after the proof of (d).

(c) By construction, the operator N is a projection onto C 0(F/Fμ). We have to
prove that it commutes with P . We compute for ϕ in C 0(F ) and f in F ,

NPϕ(f )= pμ
∫
G×X ϕ(gx)1{fx∈fFμ} dμ(g)dν(x)

= pμ
∫
G×X ϕ(gx)1{fgx∈fμfFμ} dμ(g)dν(x)

= pμ
∫
X
ϕ(x)1{fx∈fμfFμ} dν(x)=Nϕ(fμfFμ),

where we used the equality s(g) = fμ mod Fμ, for μ-almost all g in G, to get
the second line and the μ-stationarity of ν to get the third one. This proves that
NP = PN as required. We postpone the proof of uniqueness of N until after the
proof of (d).

(d) By Lemma 11.9, the Banach space E :=H γ (X)∩KerN is stable under the
action of P , and the spectral radius of P inE for the norm | · |γ is at most 1. We want
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to prove that this spectral radius of P in E is < 1. Let E′ be the finite-dimensional
subspace of E,

E′ := C 0(F )∩ KerN.

According to Lemma 11.6, the spectral radius of P in E′ is < 1. Hence, by
Lemma 11.12 below, it is enough to show that the spectral radius of P in E/E′
is < 1. This quotient Banach space is equal to the space H γ (X)/C 0(F ). Since

C 0(F )= {ϕ ∈H γ (X) | cγ (ϕ)= 0},
the seminorm cγ defines a norm on this quotient Banach space. This norm is equiv-
alent to the norm induced by | · |γ . Indeed, choosing a point xf in each fiber of the
map x �→ fx , the closed subspace

E′′ := {ϕ ∈E | ϕ(xf )= 0 for all f in F }
satisfies H γ (X)= C 0(F )⊕E′′ and there exists a C′ > 0 such that one has

‖ϕ‖∞ ≤ C′ cγ (ϕ), for all ϕ in E′′.

Hence, according to (11.9), the spectral radius of P in E/E′ is < 1, as required.
(e) We prove now the uniqueness of both N and ν. By (d), for any ϕ in the

intersection H γ (X)∩ KerN , we have

Pnϕ −−−→
n→∞ 0 uniformly on X. (11.13)

Since the subspace H γ (X) is dense in C 0(X) and since the operator N is a projec-
tion onto a subspace of H γ (X), the intersection H γ (X)∩KerN is dense in KerN
with respect to the uniform topology. Since ‖P‖∞ = 1, the convergence (11.13)
holds for any continuous ϕ in KerN . This gives uniqueness of N .

Now, from (11.12), one gets, for every ϕ ∈ C 0(X),

ν(ϕ)= 1
pμ

∑
F/Fμ

Nϕ(fFμ)

and uniqueness of ν follows from the uniqueness of N . �

In this proof, we used the following lemma.

Lemma 11.12 Let E be a Banach space, E′ be a closed subspace and T be a
bounded operator of E preserving E′. Then, the spectrum of T is included in the
union of the spectra of the two operators TE′ and TE/E′ induced by T in E′ and in
E/E′.

Proof By the open mapping theorem, the spectrum of T is the set of complex num-
bers λ for which T − λ is not bijective. Hence our statement follows from the fol-
lowing elementary fact: if TE′ and TE/E′ are bijective, then T is also bijective. �
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Remark 11.13 The spectral radius of P in KerN with respect to the norm ‖ · ‖∞
may be equal to 1. Let, as in Example 11.4, X be the compact space X := {0,1}N,
G be the semigroup spanned by the two prefix maps si : x �→ ix, i = 0,1, and μ be
the measure μ := 1

2 (δs0 + δs1). In this case, the action of G on X is μ-contracting
and the only μ-stationary probability measure ν on X is the Bernoulli probability
measure ν = ( 1

2 (δ0 + δ1))⊗N, so that

KerN = {ϕ ∈ C 0(X) | ∫ ϕ dμ= 0}.

The averaging operator Pμ is given by, for ϕ in C 0(X) and x in X,

Pμϕ(x)= 1
2 (ϕ(s0x)+ ϕ(s1x)).

By Proposition 11.10, this operator Pμ has spectral radius smaller than 1 in
H γ (X) ∩ KerN . Nevertheless, it has spectral radius 1 in KerN . Indeed, let
S : X→ X be the shift map, ϕ : X→ C be the function given by ϕ(x) := (−1)x1 .
The continuous functions ϕk := ϕ ◦ Sk have zero average and satisfy P kμϕk = ϕ and
‖ϕk‖∞ = ‖ϕ‖∞ = 1, hence P kμ has norm 1, for all k ≥ 0. Similar examples can be
constructed with G := SL(2,K) and X := P

1(K), for any local field K. See Exam-
ple 13.21 when K=Qp .

11.4 Cocycles over μ-Contracting Actions

In this section, we introduce suitable moment conditions for cocycles over μ-
contracting actions. We prove that under these conditions the random trajec-
tories of this cocycle do not depend on the starting point except for a bounded
error term.

We also claim that these cocycles are special. The proof will be given in
Sects. 11.5 and 11.6.

Let E be a real finite-dimensional Euclidean vector space. We set E∗ to be the
dual vector space of E, EC =C⊗R E and E∗

C
=C⊗R E

∗. Let σ :G×X→E be
a continuous cocycle.

Recall that we defined the sup-norm σsup of σ as

σsup(g)= supx∈X ‖σ(g, x)‖.

We now define the fibered Lipschitz constant of the cocycle σLip onG by, for g inG,

σLip(g)= sup
fx=fx′

‖σ(g, x)− σ(g, x′)‖
d(x, x′)

,

where the supremum is taken over the pairs x, x′ in X with fx = fx′ and x �= x′.
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Definition 11.14 We shall say that the sup-norm of the cocycle σ has a finite expo-
nential moment if there exists an α > 0 such that

∫
G
eασsup(g) dμ(g) <∞. (11.14)

We shall say that the Lipschitz constant of the cocycle σ has a finite moment if there
exists an α > 0 such that

∫
G
σLip(g)

α dμ(g) <∞. (11.15)

We describe now how the behavior of these cocycles depends on the starting point.

Lemma 11.15 (Bounded dependence on the starting point) Let G be a second
countable locally compact semigroup, s : G→ F be a continuous morphism onto
a finite group F , and E be a finite-dimensional real vector space. Let μ be a Borel
probability measure onG such that μ spans F . Let X be a compact metricG-space
which is fibered over F and which is μ-contracting over F , and let σ :G×X→E

be a continuous cocycle whose Lipschitz constant has a finite moment.

(a) There exist γ > 0 and Iγ > 0 such that, for any x, x′ in X with fx = fx′ , for
any n≥ 1, one has

∫
G
‖σ(g, x)− σ(g, x′)‖γ dμ∗n(g)≤ Iγ . (11.16)

(b) For any x, x′ in X with fx = fx′ , for β-almost any b in B , one has

sup
n≥1

‖σ(bn · · ·b1, x)− σ(bn · · ·b1, x
′)‖<∞. (11.17)

(c) For any x, x′ in X with fx = fx′ , one has

lim
C→∞ inf

n≥1
μ∗n({g ∈G | ‖σ(g, x)− σ(g, x′)‖ ≤ C})= 1. (11.18)

Proof (a) Using the cocycle relation (3.6), one gets, for any g1, . . . , gn in G,

‖σ(gn · · ·g1, x)− σ(gn · · ·g1, x
′)‖

≤∑nk=1 σLip(gk)d(gk−1 · · ·g1x,gk−1 · · ·g1x
′).

This gives the following domination of the left-hand side L of (11.16)

L = ∫
Gn

‖σ(gn · · ·g1, x)− σ(gn · · ·g1, x
′)‖γ dμ(g1) · · · dμ(gn)

≤∑nk=1

∫
G
d(gx,gx′)γ dμ∗(k−1)(g)

∫
G
σ
γ

Lip dμ.

Using now the μ-contraction condition (11.3) and the moment condition (11.15), if
γ is small enough, one can find C0 > 0 and δ < 1 such that

L≤∑∞
k=1C0δ

k−1 d(x, x′)γ
∫
G
σ
γ

Lip dμ<∞.
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(b) Fix α > 0 such that, by the moment condition (11.15), the function σαLip is μ-
integrable. As a corollary of Birkhoff’s ergodic theorem for the Bernoulli dynamical
system (B,β,T ), for β-almost every b in B , the sequence σLip(bk)α/k converges
to 0. In particular, for k large, one has σLip(bk) ≤ k1/α . Hence using the cocycle
property as in (a) and the bound (11.5), one can find a constantM(b) > 0 such that
the left-hand side L′ of (11.17) is bounded by:

L′ ≤∑∞
k=1 σLip(bk)d(bk−1 · · ·b1x, bk−1 · · ·b1x

′)

≤M(b)+∑k≥1 k
1/αe−γ (k−1) <∞.

The constant M(b) > 0 in this computation takes into account the finitely many
terms we cannot control.

(c) Our statement follows either from the bound

μ∗n({g ∈G | ‖σ(g, x)− σ(g, x′)‖ ≥ C})≤C−γ Iγ

based on (a) or from the bound

lim
C→∞β({b ∈G | sup

n≥1
‖σ(bn..b1, x)− σ(bn..b1, x

′)‖ ≤C})= 1

that can be deduced from (b). �

The following proposition gives a sufficient condition for a cocycle to be special
(as in Sect. 3.4). This proposition will be applied to the Iwasawa cocycle.

Proposition 11.16 Let G be a second countable locally compact semigroup. Let
s : G→ F be a continuous morphism onto a finite group F , and E be a finite-
dimensional real vector space. Let μ be a Borel probability measure on G such that
μ spans F . Let X be a compact metric G-space which is fibered over F and which
is μ-contracting over F .

Let σ :G×X→ E be a continuous cocycle whose sup-norm has a finite expo-
nential moment (11.14) and whose Lipschitz constant has a finite moment (11.15).
Then the cocycle σ is special.

The proof of Proposition 11.16 will last up to the end of Sect. 11.6. It relies on the
study of the leading eigenvalue λθ of a family of linear operators Pθ called the com-
plex transfer operators. The tools that we will develop to prove Proposition 11.16
will be useful when proving the Central Limit Theorem 12.1.

11.5 The Complex Transfer Operator

In this section, we introduce the complex transfer operator Pθ . We prove that it
depends analytically on the parameter θ and deduce that, for θ small enough,
it has a leading eigenvalue λθ which also depends analytically on θ .
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We keep the notations of Sect. 11.3 and we assume that the action of G on X is
μ-contracting.. Let σ :G×X→E be a continuous cocycle as in Sect. 11.4.

According to the finite moment conditions (11.14) and (11.15), one can choose
α ∈ (0,1) such that the function κ0 on G

g �→ κ0(g) := max(σsup(g), logσLip(g)) (11.19)

has a finite exponential moment:

∫
G
eακ0(g) dμ(g) <∞. (11.20)

If one assumes α to be smaller than γ0 from Definition in 11.1, using the cocycle
property, one easily checks that κ0 also has a finite exponential moment for all the
measures μ∗n with n≥ 1:

∫
G
eακ0(g) dμ∗n(g) <∞. (11.21)

For θ in E∗
C

with ‖#θ‖< α, for ϕ in C 0(X) and x in X, we set

Pθϕ(x)=
∫
G
eθ(σ (g,x))ϕ(gx)dμ(g). (11.22)

Then, Pθ is a bounded operator of C 0(X) called the complex transfer operator.
Since σ is a cocycle, for any n≥ 1, we have

Pnθ ϕ(x)=
∫
G
eθ(σ (g,x))ϕ(gx)dμ∗n(g). (11.23)

We shall now fix γ with 0< γ <min(γ0, α)/2.

Lemma 11.17 We make the same assumptions as in Proposition 11.16. For any θ
in E∗

C
with ‖#θ‖ < min(α/2, α − γ ), one has PθH γ (X) ⊂ H γ (X) and Pθ is a

continuous operator of H γ (X), which depends analytically on θ .

Proof We fix θ in E∗
C

with ‖#θ‖ < min(α/2, α − γ ). We choose an orthogonal
basis e1, . . . , er of E and we decompose any element ε ∈ E∗

C
along the dual basis:

ε = ε1 + · · · + εr with εi ∈ E∗
C

and εi(ej )= δi,j ε(ej ) for all i, j . We will consider
elements ε ∈E∗

C
with

r‖ε‖< α/2 − γ − ‖#θ‖. (11.24)

We will use the standard notation for multiindices: for m= (m1, . . . ,mr) in N
r , we

set

|m| =m1 + · · · +mr , m! =m1! · · ·mr !, εm = εm1
1 · · · εmrr ∈ S|m|E∗

C

and we introduce the operator Pθ,ε,m on C 0(X) given by, for ϕ ∈ C 0(X) and x ∈X,

Pθ,ε,mϕ(x)=
∫
G
εm(σ (g, x)) eθ(σ (g,x))ϕ(gx)dμ(g).
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Note that for m= 0 this operator is equal to Pθ . Now, since, for any v in E,

e(θ+ε)(v) =∑m∈Nr 1
m!ε

m(v)eθ(v),

to get analyticity of P in the neighborhood of θ , it suffices to check, for ϕ ∈
H γ (X), the absolute convergence:

∑
m∈Nr 1

m! |Pθ,ε,mϕ|γ ≤M|ϕ|γ , (11.25)

for some finite constant M independent of ϕ and ε. We first bound the sup norm:
one has

‖Pθ,ε,mϕ‖∞ ≤ ∫
G
‖ε‖|m| κ0(g)

|m| e‖#(θ)‖κ0(g) ‖ϕ‖∞ dμ(g)

and hence, using (11.20) and (11.24),
∑

m∈Nr
1
m! ‖Pθ,ε,mϕ‖∞ ≤ ∫

G
e(r‖ε‖+‖#(θ)‖)κ0(g) ‖ϕ‖∞ dμ(g)≤Mα‖ϕ‖∞.

Now it remains to bound, for x �= x′ in X with fx = fx′ :
Pθ,ε,mϕ(x)−Pθ,ε,mϕ(x′)

d(x,x′)γ =Am +Bm +Cm, where

Am = ∫
G
εm(σ(g,x))−εm(σ (g,x′))

d(x,x′)γ eθ(σ (g,x)) ϕ(gx)dμ(g)

Bm = ∫
G
εm(σ (g, x′)) eθ(σ(g,x))−eθ(σ(g,x

′))
d(x,x′)γ ϕ(gx)dμ(g)

Cm = ∫
G
εm(σ (g, x′)) eθ(σ (g,x′)) ϕ(gx)−ϕ(gx

′)
d(x,x′)γ dμ(g).

Since

‖am − bm‖ ≤ 21−γ |m|max(‖a‖,‖b‖)|m|−γ ‖a − b‖γ
for all a, b ∈C

r , one gets

|Am| ≤ 2
∫
G
|m|‖ε‖|m|−γ κ0(g)

|m|−γ eγ κ0(g) e‖#(θ)‖κ0(g) ‖ϕ‖∞ dμ(g),

and, using the equality
∑
m∈Nr

|m|
m! x

|m|−1 = rerx for x > 0,

one gets
∑

m∈Nr
1
m! |Am| ≤ 2r‖ε‖1−γ ‖ϕ‖∞

∫
G
κ0(g)

1−γ e(r‖ε‖+‖#(θ)‖+γ )κ0(g) dμ(g).

This quantity is bounded by a uniform multiple of ‖ϕ‖∞.
Since

|ea − eb| ≤ 21−γ max(|a|, |b|)1−γ max(e#a, e#b)|a − b|γ
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for all a, b in C, one gets

|Bm| ≤ 2
∫
G
‖ε‖|m| κ0(g)

|m|+1−γ e‖#(θ)‖κ0(g)eγ κ0(g) ‖ϕ‖∞ dμ(g),

hence,
∑

m∈Nr
1
m! |Bm| ≤ 2‖ϕ‖∞

∫
G
κ0(g)

1−γ e(r‖ε‖+‖#(θ)‖+γ )κ0(g) dμ(g).

Again, this quantity is bounded by a uniform multiple of ‖ϕ‖∞.
Finally, one also has

|Cm| ≤
∫
G
‖ε‖|m| κ0(g)

|m| e‖#(θ)‖κ0(g) cγ (ϕ)
d(gx,gx′)γ
d(x,x′)γ dμ(g),

hence,
∑

m∈Nr
1
m! |Cm| ≤ cγ (ϕ)

∫
G
e(r‖ε‖+‖#(θ)‖)κ0(g) d(gx,gx

′)γ
d(x,x′)γ dμ(g)

≤ cγ (ϕ)
(∫
G
eακ0(g) dμ(g)

)1/2 (∫
G

Lip(g)γ0 dμ(g)
)1/2

,

where we used the Cauchy–Schwartz inequality, and we are done. �

As P0 = P , using elementary perturbation theory and the preceding analysis
of P , we can prove the following structure result for Pθ with small θ . For a pth

μ -
root of unity ζ in Upμ , we still denote by χζ the character of F which is constant
with value ζ on fμFμ.

Lemma 11.18 We make the same assumptions as in Proposition 11.16.

(a) There exist ε > 0, a convex bounded open neighborhood U of 0 in E∗
C

and
analytic maps on U

θ �→ λθ ∈C, θ �→ ϕθ ∈H γ (X) and θ �→Nθ ∈L (H γ (X))

such that, for any θ in U ,

(i) λ0 = 1, ϕ0 = 1 and N0 =N and |λθ − 1| ≤ ε,
(ii) Pθϕθ = λθϕθ and ν(ϕθ )= 1,

(iii) PθNθ = NθPθ , the map Nθ is a projection onto the pμ-dimensional sub-
space ⊕Cχζϕθ ⊂ H γ (X), where the direct sum is over the pth

μ -roots of
unity, and the restriction of Pθ to KerNθ has spectral radius ≤ 1 − ε.

(b) The functions χζϕθ are eigenvectors of Pθ with eigenvalues ζλθ .

Proof By construction, the function χζ satisfies the following equivariance prop-
erty: for every g in the support of μ and x ∈X

χζ (gx)= ζχζ (x).
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Hence for every θ in a small neighborhood U ⊂E∗
C

of 0 and any ϕ ∈H γ (X), one
has

Pθ(χζ ϕ)= ζχζPθ (ϕ). (11.26)

Now we use the functional calculus of operators. Thanks to Proposition 11.10,
the projection N has finite rank pμ and commutes with the transfer operator P , the
restriction of P to ImN has simple eigenvalues equal to the pth

μ -roots of unity, and
we can choose ε small enough so that the spectral radius of the restriction of the
transfer operator P to KerN ∩H γ (X) is ≤ 1− 2ε. For a in C, r ≥ 0, we denote by
C(a, r) the positively oriented circle with center a and radius r . When U is small
enough, the following expressions, with ζ a pth

μ -root of unity,

Qθ = 1
2iπ

∮
C(0,1−ε)(z− Pθ)−1 dz and Nζ,θ = 1

2iπ

∮
C(ζ,ε)

(z− Pθ)−1 dz

define disjoint projections of H γ (X), which commute with Pθ , whose sum is the
identity operator and which depend analytically on θ .

We claim that, if θ is small enough, each of the Nζ,θ has rank 1. Indeed, if θ is
small enough, the operator Q0Qθ is an automorphism of KerN . In particular, the
image of Qθ has codimension at most pμ, whereas, if θ is small enough, each of
the Nζ,θ is nonzero, and hence has rank ≥ 1. Therefore, they all have rank 1.

We set λθ to be the eigenvalue of Pθ in ImN1,θ . If θ is small enough we can
define a generator ϕθ of this line by requiring that ν(ϕθ )= 1. Because of the equiv-
ariance property (11.26), for each pth

μ -root of unity ζ , the function χζϕθ spans the
eigenline ImNζ,θ and the associated eigenvalue is ζλθ . We let Nθ be the projection

Nθ =∑ζ Nζ,θ
and we are done. �

Note that, since, for any ϕ in C 0(X), one has Pθ̄ ϕ̄ = Pθϕ, where ·̄ denotes com-
plex conjugation, for θ in E, one has λθ ∈R.

11.6 The Second Derivative of the Leading Eigenvalue

The proof of Proposition 11.16 now essentially relies on the local study near
θ = 0 of the leading eigenvalue λθ and the leading eigenfunction ϕθ of the
complex transfer operator Pθ in H γ (X).

We denote by λ̇θ ∈ EC the derivative of the function θ �→ λθ and by λ̈θ ∈ S2(EC)

its second derivative. One has λ̇0 ∈E and λ̈θ ∈ S2(E). We also denote by ϕ̇θ and ϕ̈θ
the first and second derivatives of the map θ �→ ϕθ . These are respectively Hölder
continuous functions on X with values in EC and S2EC. Similarly we will use the
notations Ṗθ and P̈θ .
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In the following lemma, we prove that the cocycle σ is special and we relate the
objects that have been introduced in Sects. 3.3 and 3.4 to the derivatives at θ = 0
of the functions θ �→ λθ and θ �→ ϕθ . We recall that ν is the unique μ-stationary
probability measure on X (see, for instance, Lemma 11.5).

Lemma 11.19 We make the same assumptions as in Proposition 11.16.

(a) The derivative of λθ at θ = 0 is the average of σ : λ̇0 = σμ. The cocycle σ is
special. More precisely, the cocycle σ0 :G×X→ E defined, for any (g, x) in
G×X, by

σ(g, x)= σ0(g, x)+ ϕ̇0(x)− ϕ̇0(gx) (11.27)

has constant drift.
(b) The recentered second derivative λ̈0 − λ̇2

0 ∈ S2E is a non-negative 2-tensor that
is equal to the covariance 2-tensor

Φμ =
∫
G×X(σ0(g, x)− σμ)2 dμ(g)dν(x). (11.28)

(c) Let Eμ ⊂ E be the linear span of Φμ (see Sect. 3.4). Then, for all g in Suppμ
and x in the support Sν of ν, one has

σ0(g, x)= σμ modEμ. (11.29)

(d) For any θ ∈U and θ ′ ∈E⊥
μ with θ + θ ′ ∈U , one has

λθ+θ ′ = eθ ′(σμ)λθ .

Conclusion (c) roughly means that the 2-tensor Φμ is non-degenerate except if
in some direction the cocycle is the sum of a constant and a coboundary. Conclu-
sion (d) means that the function θ �→ e−θ(σμ)λθ is invariant under translations in the
direction of the orthogonal E⊥

μ of Eμ in the dual space E∗. Recall that this space
E⊥
μ is also the kernel of Φμ, regarded as a quadratic form on E∗.

Proof Using the trick (3.9), we may assume that σμ = 0. This will simplify the
computations a little.

(a) Differentiating the equation

λθϕθ = Pθϕθ and ν(ϕθ )= 1 (θ ∈U),
one gets

λ̇θϕθ + λθ ϕ̇θ = Ṗθϕθ + Pθ ϕ̇θ and ν(ϕ̇θ )= 0. (11.30)

Substituting θ = 0, one gets

λ̇0 + ϕ̇0 = Ṗ01 + P0ϕ̇0. (11.31)
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Setting σ0(g, x) = σ(g, x)− ϕ̇0(x)+ ϕ̇0(gx), (11.31) can be rewritten as, for any
x ∈X,

λ̇0 =
∫
G
σ0(g, x)dμ(g). (11.32)

Hence the cocycle σ0 has constant drift and the cocycle σ is special. Applying ν to
(11.31), one gets, since ν is μ-stationary, the equality in E

λ̇0 =
∫
X

∫
G
σ(g, x)dμ(g)dν(x)= σμ = 0.

(b) Differentiating (11.30), one gets

λ̈θϕθ + 2λ̇θ ϕ̇θ + λθ ϕ̈θ = P̈θϕθ + 2Ṗθ ϕ̇θ + Pθ ϕ̈θ and ν(ϕ̈θ )= 0.

Substituting θ = 0 and applying ν, one gets the equalities in S2E

λ̈0 = ν(P̈01)+ 2ν(Ṗ0ϕ̇0)

= ∫
X

∫
G
(σ(g, x)2 + 2σ(g, x) ϕ̇0(gx)) dμ(g)dν(x)

= ∫
X

∫
G
(σ(g, x)+ ϕ̇0(gx))

2 dμ(g)dν(x)− ∫
X
ϕ̇0(x)

2 dν(x),

where the first equality follows from the μ-stationarity of ν applied to the function
ϕ̈0, and where the last equality follows from the μ-stationarity of ν applied to the
function ϕ̇2

0 . Now using (11.27), one gets the equalities in S2E

λ̈0 =
∫
X

∫
G
σ0(g, x)

2 dμ(g)dν(x)=Φμ.
Hence this quadratic form on E∗ is non-negative.

(c) By the above formula, since Eμ is the linear span of Φμ, for μ⊗ ν-almost
every (g, x) in G×X, σ0(g, x) belongs to Eμ.

(d) By (c), for any g in the support of μ and x in Sν , one has

θ ′(σ (g, x))= θ ′(σμ)+ θ ′(ϕ̇0(x))− θ ′(ϕ̇0(gx)). (11.33)

First, assume Sν =X. One has

Pθ+θ ′ = eθ ′(σμ)Meθ ′(ϕ̇0)PθMe−θ ′(ϕ̇0) ,

where Mψ denotes the operator of multiplication by a function ψ . In other words,
the operator Pθ+θ ′ is conjugate to a multiple of Pθ . By uniqueness of the eigenvalue
of Pθ that is close to one, one gets

λθ+θ ′ = eθ ′(σμ)λθ
if θ and θ ′ are small enough.

In general, let us prove that the operator Pθ+θ ′ is conjugate to a multiple of
Pθ in the Banach space H γ (Sν). Indeed, let F be the closed subspace of those
ψ in H γ (X) whose restriction to Sν is 0. By Lemma 11.8, the restriction map
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induces a topological isomorphism between the Banach spaces H γ (X)/F and
H γ (Sν). Since PθF ⊂ F (or since ΓμSν ⊂ Sν ), one may consider Pθ as a con-
tinuous operator on H γ (Sν). Besides, one has ϕθ /∈F since ν(ϕθ )= 1, and hence
λθ is also an eigenvalue of the operator Pθ acting on H γ (Sν)=H γ (X)/F . Now,
still by (11.33), the operator Pθ+θ ′ is conjugate to a multiple of Pθ in H γ (Sν).
By the uniqueness of the eigenvalue of Pθ that is close to one, one still gets
λθ+θ ′ = eθ ′(σμ)λθ if θ and θ ′ are small enough. �

The following corollary tells us that the asymptotic behavior of the cocycle σ is
controlled by its average and by its component on the vector space Eμ.

Corollary 11.20 We make the same assumptions as in Proposition 11.16. There
exists a constant C ≥ 0 such that, for any n in N, for any g in the support of μ∗n
and for any x in the support Sν of ν, one has

d(σ (g, x)− nσμ,Eμ)≤ C. (11.34)

Proof This follows from (11.27) and (11.29). �

Remark 11.21 The upper bound (11.34) cannot be extended beyond the support
of ν, i.e. to any x in X. For example, there exists a cocycle σ :G×X→ R which
satisfies the assumptions of Proposition 11.16 and such that σ = 0 on Γμ×Sν but σ
is unbounded on Γμ ×X. Such an example is obtained by applying the recentering
trick 3.9 to the Iwasawa cocycle for the compactly supported probability μ on G=
SL(2,Qp) described in Example 13.21 (see Remark 13.22).



Chapter 12
Limit Laws for Cocycles

In this chapter we prove three limit laws (CLT, LIL and LDP) for cocycles over
contracting actions that have suitable moments. The starting point of the proof is a
formula relating the Fourier transform of the law of the cocycle at time n with the
nth-power of the complex transfer operator Pθ (formula (1.25) or (12.4)). The proof
then relies on the spectral properties of Pθ proven in Chap. 11.

We will apply these limit laws to the Iwasawa cocycle in Chap. 13.

12.1 Statement of the Limit Laws

We now state the three limit laws that we will prove in this chapter.

We keep the notations of the preceding chapter. We set Nμ for the Gaussian law
on E whose covariance 2-tensor is Φμ. This law is supported by Eμ. It can also be
described by the formula

Nμ := (2π)−
eμ
2 e−

1
2Φ

∗
μ(v) dv, (12.1)

where eμ = dimEμ, Φ∗
μ is the positive quadratic form on Eμ that is dual to Φμ and

dv is the Lebesgue measure on Eμ that gives mass 1 to the unit cubes of Φ∗
μ, i.e. the

parallelepipeds of Eμ whose sides form an orthonormal basis of Φμ.
For every sequence (vn)n≥1 in E, we denote by C(vn) its set of cluster points,

that is, C(vn) := {v ∈E | ∃nk →∞ lim
k→∞vnk = v}.

Theorem 12.1 Let G be a second countable locally compact semigroup, s :G→
F be a continuous morphism onto a finite group F , and E be a finite-dimensional
real vector space. Let μ be a Borel probability measure on G which is aperiodic
in F . LetX be a compact metricG-space which is fibered over F and μ-contracting
over F and ν be the unique μ-stationary Borel probability measure on X.

Let σ :G×X→ E be a continuous cocycle whose sup-norm has a finite expo-
nential moment (11.14) and whose Lipschitz constant has a finite moment (11.15).
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Let σμ ∈ E be the average σμ := ∫
G×X σ dμ⊗ ν, Φμ be the covariance 2-tensor

Φμ := lim
n→∞

1
n

∫
G×X(σ − σμ)2 dμ∗n ⊗ dν, Eμ the linear span of Φμ and Nμ the

Gaussian law on E whose covariance 2-tensor is Φμ.

(i) Central limit theorem for σ with target. For any bounded continuous function
ψ on X×E, uniformly for x in X,
∫

G

ψ
(
gx,

σ(g,x)−nσμ√
n

)
dμ∗n(g)−−−→

n→∞

∫

X×E
ψ(y, v)dν(y)dNμ(v). (12.2)

(ii) Law of the iterated logarithm. Let Kμ := {v ∈ Eμ | v2 ≤ Φμ} be the unit ball
of Φμ (see (3.15)). For any x in X, for β-almost any b in B , the following set
of cluster point is equal to Kμ

C

(
σ(bn · · ·b1, x)− nσμ√

2n log logn

)

=Kμ. (12.3)

(iii) Large deviations. For any x in X and t0 > 0, one has

lim sup
n→∞

sup
x∈X

μ∗n(
{
g ∈G | ∥∥σ(g, x)− nσμ

∥
∥≥ nt0

}
)

1
n < 1.

Remark 12.2 The existence of the limit covariance 2-tensor Φμ follows from The-
orem 3.13 and Proposition 11.16. This limit Φμ can be computed using formula
(3.16), where σ0 is the unique cocycle (11.27) with constant drift which is equiva-
lent to σ .

Remark 12.3 We only made the assumption that μ is aperiodic in F to get a simpler
formulation of the Central Limit Theorem. The whole Theorem 12.1 can easily
be extended to probability measures μ that are not assumed to be aperiodic in F .
Indeed, one can replace F by the subgroup spanned by the image of μ and use the
fact that the random walk moves in a deterministic and cyclic way in the quotient
cyclic group F/Fμ. Note that the statement of the law of the iterated logarithm and
the large deviations principle would remain unchanged for μ non-aperiodic.

In Chap. 13 we will apply this abstract theorem to Iwasawa cocycles of reductive
groups. We will then need the following

Corollary 12.4 We make the same assumptions as in Theorem 12.1. We assume,
moreover, that E is equipped with a linear action of the finite group F and that X is
equipped with a continuous right action of F which commutes with the action ofG1

and that, for all f in F , the cocycles (g, x) �→ σ(g, xf ) and (g, x) �→ f−1σ(g, x)

are cohomologous. Then

1This amounts to saying that the G-action on X is isomorphic to the diagonal action on a product
F ×Xc of F =G/H with some other G-space Xc .
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(a) The average σμ ∈E is F -invariant.
(b) The covariance 2-tensor Φμ on E is F -invariant.
(c) The vector subspace Eμ ⊂E is stable under F .

Proof This follows from Lemmas 3.10 and 3.17. �

12.2 The Central Limit Theorem

We prove in this section the Central Limit Theorem. As in the case of the sum
of independent real random variables, the proof relies on the convergence of
the corresponding characteristic functions thanks to the continuity method.

Let ν be a finite Borel measure on E. For θ in E∗, we set

ν̂(θ)=
∫

E

eiθ(x) dν(x)

and we call ν̂ the characteristic function of ν. In particular, for the Gaussian law
Nμ, we have

N̂μ(θ)= exp(−1

2
Φμ(θ)).

The following classical lemma tells us that the weak convergence can be detected
thanks to the pointwise convergence of the characteristic functions.

Lemma 12.5 Lévy continuity method Let E = R
r . Let νn and ν∞ be finite Borel

measures on E such that the characteristic functions satisfy ν̂n(θ)−−−→
n→∞ ν̂∞(θ) for

all θ ∈E∗. Then one has

νn(ψ)−−−→
n→∞ ν∞(ψ)

for any bounded continuous function ψ on E.

Proof Equip once and for all E and E∗ with coherent Lebesgue measures (that is,
if the unit cube of a basis of E has volume 1, so has the unit cube of the dual basis).
If ψ is a Schwartz function on E and θ is in E∗, set

ψ̂(θ)=
∫

E

ψ(x)e−iθ(x) dx,

so that, by the Fourier inversion formula, we have, for any x in E,

ψ(x)= (2π)−r
∫

E∗
ψ̂(θ)eiθ(x) dθ.
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From this formula we get, for any n,

∫

E

ψ dνn = (2π)−r
∫

E∗
ψ̂(θ)ν̂n(θ)dθ.

Since sup |ν̂n| = νn(0)−−−→
n→∞ ν∞(0), we can apply the Lebesgue dominated conver-

gence theorem and we get

∫

E

ψ dνn −−−→
n→∞

∫

E

ψ dν∞.

The result follows by classical approximation arguments. �

Proof of Theorem 12.1(a) By the recentering trick (3.9), we may assume σμ = 0.
We want to understand the limit of the law of the random variables

(gn · · ·g1x,
σ(gn···g1,x)√

n
) ∈X×E.

By standard approximation arguments, it suffices to prove the convergence of (12.2)
for functions ψ of the form (y, v) �→ ϕ(y)ρ(v), where ϕ and ρ are bounded contin-
uous functions on X and E. We may also assume that ϕ is γ -Hölder continuous and
non-negative. For any n in N and x in X, we want to understand the limit as n→∞
of the measures μϕn,x given, for any bounded continuous function ρ on E, by

∫

E

ρ dμϕn,x =
∫

G

ϕ(gx)ρ
(
σ(g,x)√
n

)
dμ∗n(g).

Note that, when ϕ = 1, the measure μϕn,x is nothing but the law of the random
variable σ(gn···g1,x)√

n
.

We will determine the limit of these measures μϕn,x by computing their charater-
istic functions. By (11.23), for any θ in E∗, one has the following expression for the
characteristic function μ̂ϕn,x of μϕn,x :

μ̂ϕn,x(θ)=
∫

G

ϕ(gx)eiθ(σ (g,x)/
√
n) dμ∗n(g).

This formula can be rewritten as

μ̂ϕn,x(θ)= Pniθ√
n

ϕ(x). (12.4)

By Lévy’s continuity theorem (Lemma 12.5), we have to check that, for any
θ ∈E∗, the sequence of characteristic functions evaluated at θ converges uniformly
in x:

μ̂
ϕ
n,x(θ)−−−→

n→∞ e−
Φμ(θ)

2
∫
X
ϕ dν. (12.5)
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Let U be a small neighborhood of 0 in E∗
C

as in Lemma 11.18. For every θ ∈ E∗,
for large n, the element iθ√

n
belongs to U . Then, by this lemma, we can decompose

the function ϕ ∈H γ (X) as

ϕ =N iθ√
n

ϕ +Q iθ√
n

ϕ (12.6)

(where, as in the proof of Lemma 11.18, Qθ = Pθ −Nθ ).
On the one hand, since μ is aperiodic in F , by Lemma 11.18, for θ ∈ U , the

operator Nθ has rank one and λ−1
θ Pθ acts trivially on the line Im (Nθ ). Since the

function N0ϕ = (
∫
X
ϕ dν)1 is P0-invariant, one gets

λ−nθ P nθ Nθϕ −−→
θ→0

(
∫
X
ϕ dν)1 in H γ (X), uniformly for n≥ 1.

Hence, for every θ ∈E∗, one has

λ−niθ√
n

P niθ√
n

N iθ√
n

ϕ −−−→
n→∞ (

∫
X
ϕ dν)1 in H γ (X). (12.7)

We notice also that, according to the computation of the first two derivatives of
the analytic function θ → λθ in Lemma 11.19, by the Taylor–Young formula, one
has, since σμ = 0,

n logλ iθ√
n

+ 1
2Φμ(θ)−−−→n→∞ 0,

that is,

λniθ√
n

−−−→
n→∞ e−

Φμ(θ)

2 . (12.8)

On the other hand, by Lemma 11.18,

Pnθ Qθϕ −−−→n→∞ 0 in H γ (X), uniformly for θ ∈U .

Hence for every θ ∈E∗,

Pniθ√
n

Q iθ√
n

ϕ −−−→
n→∞ 0 in H γ (X). (12.9)

Putting together (12.6), (12.7), (12.8) and (12.9), one gets (12.5), as required. �

12.3 The Upper Law of the Iterated Logarithm

In this section, we prove the upper bound in the law of the iterated logarithm,
i.e. the fact that the cluster set is included in Kμ.
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We begin with two reductions

We can assume that σ has constant zero drift. (12.10)

We can assume that E =R and
∫

G×X
σ 2 dμdν = 1. (12.11)

Proof of (12.10) By the recentering trick (3.9), we can assume that σμ = 0. We
know by Lemma 11.19 that σ is special: we can write the cocycle σ as a sum
σ(g, x)= σ0(g, x)+ ϕ̇0(x)− ϕ̇0(gx), where the cocycle σ0 has constant zero drift
and ϕ̇0 is an α-Hölder continuous function on X for some α ∈ ]0,1]. In order to
apply Theorem 12.1(ii) to σ0, it remains to check that the sup norm of σ0 − σ has a
finite exponential moment and that its Lipschitz constant has a finite moment. The
control of the sup norm follows from the boundedness of the function ϕ̇0. To control
the Lipschitz constant, we replace the distance d by the distance dα . Now, we get
the required bound from the fact that ϕ̇0 is α-Hölder continuous and from (11.1). �

Proof of (12.11) First assume the covariance 2-tensor Φμ is zero. Since σ has
constant zero drift, by formula (3.16), one has σ = 0 on Γμ × Sν , so that Theo-
rem 12.1(ii) holds for x in Sν . Now, by Lemma 11.15(b), it holds for any x.

Hence we can assume that the covariance 2-tensor Φμ is nonzero. Then we can
find a countable set D of elements θ in E∗ with Φμ(θ)= 1 such that the unit ball
Kμ of Φμ is equal to

Kμ = {v ∈E | θ(v)≤ 1 for all θ ∈D}.
Still by (3.16), the real-valued cocycles σθ := θ ◦ σ satisfy

∫
G×X σ

2
θ dμdν = 1.

Thus, if Theorem 12.1(ii) holds for the cocycles σθ , for β-almost all b, for any θ
in D, one has

C

(
σθ (bn · · ·b1, x)√

2n log logn

)

⊂ [−1,1].

Hence one has C(vn)⊂Kμ. �

We write Sn for the random variable (b, x) �→ σ(bn · · ·b1, x), omitting the de-
pendence on (b, x) and we use the notation Px and Ex as in Sect. 3.2. This will
allow us to lighten our notations, for instance for x ∈X and t > 0, we will have

Px(|Sn|< t)= β({b ∈ B | |σ(bn · · ·b1, x)|< t})
= μ∗n({g ∈G | |σ(g, x)|< t}).

Let an > 0 be a non-decreasing sequence such that

lim
n→∞

a2
n

n
= lim
n→∞

n
an

=∞. (12.12)
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For instance, an =√
2n log logn for n≥ 3. We set S∗n = sup

1≤k≤n
Sk .

We will prove successively the four following lemmas in which we assume both
(12.10) and (12.11) to hold.

Lemma 12.6 For all ε > 0, there exists an n0 such that, for n≥ n0 and x in X,

min
k≤n Px(|Sk| ≤ ε an)≥

1
2 .

Lemma 12.7 For all ε, c > 0, there exists an n0 such that, for n≥ n0 and x in X,

Px(S
∗
n ≥ (c+ ε) an)≤ 2Px(Sn ≥ c an).

Lemma 12.8 For all c > 0 and c′ > 1, one has

sup
x∈X

Px(Sn ≥ can)=O(e−c2a2
n/(2c

′n)).

Lemma 12.9 For all x in X, one has

Px(lim sup
n→∞

Sn√
2n log logn

≤ 1)= 1.

We will often use the cocycle relation for these random variables Sn on the for-
ward dynamical system in the form

Sm+n = Sm ◦ (T X)n + Sn.

Proof of Lemma 12.6 According to the Central Limit Theorem 12.1(i), since
ak√
k
−−−→
k→∞ ∞, there exists an n1 ≥ 1 such that, for every n1 ≤ k ≤ n, for all x in X,

one has

Px(|Sk| ≤ ε an)≥ Px(
|Sk |√
k
≤ ε ak√

k
)≥ 1

2 .

Now, we choose a compact subset K of G such that, for any 0 ≤ k < n1, one has
μ∗k(K) ≥ 1

2 . Since an −−−→
n→∞ ∞ and supK×X |σ | <∞, one can find n0 ≥ 1 such

that, for all n≥ n0, for all x in X, one has

Px(|Sk| ≤ ε an)≥ 1
2 when k < n1.

This proves our claim. �

Proof of Lemma 12.7 We want to bound the probability Px(An), whereAn ⊂ B×X
is the union An =∪1≤k≤nAn,k with

An,k := {Sk ≥ (c+ ε) an and Sj < (c+ ε) an for 1 ≤ j < k}.
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We also introduce the sets

Bn,k = {|Sn − Sk| ≤ ε an} and Cn = {Sn ≥ c an}.
These sets Cn contain the disjoint union

Cn ⊃∪nk=1An,k ∩Bn,k.
According to the Markov property and to the cocycle property, one has

Px(Bn,k |An,k)≥ inf
y∈X Py(|Sn−k| ≤ ε an).

Hence, by Lemma 12.6, one can find n0 ≥ 1 such that, for all n ≥ n0, k ≤ n and x
in X, one has

Px(Bn,k |An,k)≥ 1
2 .

Thus one has

Px(An)≤∑nk=1 Px(An,k)≤ 2
∑n
k=1 Px(An,k ∩Bn,k)≤ 2P(Cn),

as required. �

Proof of Lemma 12.8 By Theorem 3.13 and (12.11), one can find n1 ≥ 1 such that

Ey(S
2
n1
)= ∫

G
σ(g, y)2 dμ∗n1(g)≤ n1

1
2 (c

′ + 1) for all y in X.

Now, by the Lebesgue convergence theorem, since σ depends continuously on x
and since X is compact, one can find α0 > 0 such that

∫
G
σ(g, y)2eα0σsup(g) dμ∗n1(g)≤ n1c

′ for all y in X.

Using the upper bound et ≤ 1 + t + t2

2 e
|t |, for all t in R, and using the zero drift

condition (12.10), one computes, for 0< t < α0 and y in X,

Ey(e
tSn1 )≤ 1 + t Ey(Sn1)+ t2

2 Ey(S
2
n1
et |Sn1 |)

≤ 1 + n1c
′t2

2 ≤ en1c
′t2/2.

We will denote by Iα0 the integral Iα0 =
∫
G
eα0σsup(g) dμ(g). Writing n= q1n1 + r1

with r1 < n1, using Chebyshev’s inequality, the Markov property and the cocycle
property, one gets for tn < α0,

Px(Sn > c an)≤ e−tncan Ex(etnSn)
≤ e−tncan sup

y∈X
Ey(e

tnSn1 )q1 I r1α0

≤ e−tncan+nc′t2n/2 I r1α0
.
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Since an
n
→ 0, for n large one has tn := c an

c′n < α0, so that

Px(Sn > c an)≤ e−c2a2
n/(2c

′n) I n1
α0
,

as required. �

Proof of Lemma 12.9 We now set an =√
2n log logn. We fix 1< α < c and set nk

to be the integral part nk := [α2k]. One has the inclusion of subsets of B × X, in
which i.o. stands for “infinitely often”,

{Sn ≥ c3 an i.o.} ⊂ {S∗nk ≥ c3 ank−1 i.o.}
⊂ {S∗nk ≥ c2 ank i.o.}.

We want to prove that this set has Px -measure zero. By the Borel–Cantelli Lemma,
it is enough to check that the series

∑
pk is convergent, where

pk := Px(S
∗
nk
≥ c2 ank ).

By Lemmas 12.7 and 12.8 with c′ = c, for k large enough, one has the upper bound

pk ≤ 2Px(Snk ≥ c ank )=O(k−c).
Hence this series

∑
pk is convergent. �

12.4 The Lower Law of the Iterated Logarithm

In this section, we prove the lower bound in the law of the iterated logarithm,
i.e. the fact that the cluster set contains Kμ.

We keep the notations of the previous paragraph. Because of the upper bound,
we can replace the cocycle σ by any projection of it on Eμ. Hence,

we can assume that Φμ is non-degenerate. (12.13)

We still denote by Φ∗
μ the quadratic form on E∗ that is dual to Φμ. We will prove

successively the following two lemmas for a sequence an which satisfies (12.12).

Lemma 12.10 For all v in E and R > 0, one has

lim inf
n→∞

2n
a2
n

inf
x∈X logPx(|Sn/an − v| ≤R) ≥ −Φ∗

μ(v).

Lemma 12.11 For all v in E with Φ∗
μ(v) < 1, for all R > 0 and x in X, one has

Px(| Sn√
2n log logn

− v| ≤R i.o.)= 1.
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Lemma 12.10 is a kind of converse to Lemma 12.8.

Proof of Lemma 12.10 We set r = R/2, Vr = B(v, r) and Br = B(0, r). Fix t > 0
and set

pn =
[
n2t2

a2
n

]
and qn =

[
a2
n

nt2

]
,

so that pn goes to ∞ and

pnqn ≤ n and n− pnqn =O(n2

a2
n
+ a2

n

n
).

Decomposing the interval [1, n] into qn intervals of length pn plus a remaining
interval of length at most pn, using the Markov property and the cocycle property,
one gets the lower bound

inf
x∈X Px(Sn ∈ an VR)≥ λqnn λ′n, where

λn = inf
x∈X Px(Spn ∈ an

qn
Vr) and λ′n = inf

x∈X Px(Sn−pnqn ∈ an Br).

According to Theorem 3.13, the following constantM0 is finite:

M0 = sup
n≥1

sup
x∈X

1
n
Ex(S

2
n) <∞.

Hence, since, by Chebyshev’s inequality, one has

Px(Sn−pnqn /∈ an Br)≤ a−2
n r

−2
Ex(S

2
n−pnqn),

one gets

1 − λ′n ≤ a−2
n r

−2(n− pnqn)M0 =O(n2

a4
n
+ 1
n
)−−−→
n→∞ 0.

We want a lower bound for the left-hand side

L := lim inf
n→∞

2n
a2
n

inf
x∈X logPx(Sn/an ∈ VR).

We have already proved that

L≥ lim inf
n→∞

2nqn
a2
n

inf
x∈X logPx(Spn ∈ an

qn
Vr).

Using the Central Limit Theorem 12.1(i), the fact (12.12) that pn goes to ∞ and the
equivalence

√
pn ∼ an

qnt
, one gets

L≥ 2
t2

logNμ(t Vr),

where Nμ is the limit normal law. According to Jensen’s inequality, one has

Nμ(t Vr)≥ e− t
2
2 Φ

∗
μ(v)Nμ(t Br).
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Hence one has, for all t > 0,

L≥−Φ∗
μ(v)+ 2

t2
logNμ(t Br).

Since lim
t→∞ Nμ(t Br)= 1, one gets L≥−Φ∗

μ(v). �

Proof of Lemma 12.11 We set an = √
2n log logn. We will prove that the event

Sn ∈ an VR occurs infinitely often along the sequence n= nk = kk . Because of the
upper bound and the choice of this sequence, one has

lim sup
k→∞

Snk−1/ank ≤ lim sup
k→∞

ank−1/ank lim sup
n→∞

Sn/an = 0.

Hence we only have to check that, Px -almost surely, the event

Ak := {Snk − Snk−1 ∈ ank VR}
occurs infinitely often. According to the Borel–Cantelli Lemma it is enough to check
that, for all k0 ≥ 1, the following series diverges:

∑
k≥k0

Px(Ak | ∩k−1
j=k0

Acj )=∞.
By the Markov property and the cocycle property, one has the lower bound

Px(Ak | ∩k−1
j=k0

Acj )≥ pk, where

pk = inf
y∈XPy(Snk−nk−1 ∈ ank VR).

We choose α with Φμ(v) < α < 1. By Lemma 12.10, for k large, one has

pk ≥ e−α log log(nk−nk−1) = log(nk − nk−1)
−α ∼ (k logk)−α,

and the series
∑
pk diverges as required. �

This proof of the law of the iterated logarithm also gives the following

Proposition 12.12 We make the same assumptions as in Theorem 12.1. Let an be a

non-decreasing sequence such that lim
n→∞

n
an

= lim
n→∞

a2
n

n
=∞. For every open convex

subset C ⊂E with C ∩Eμ �= ∅, one has the convergence

2n
a2
n

logPx(
Sn
an

∈ C)−−−→
n→∞ − inf

v∈C∩Eμ
Φ∗
μ(v), (12.14)

uniformly for x in X. For instance, one has the convergence

1
log logn logPx(

Sn√
2n log logn

∈ C)−−−→
n→∞ − inf

v∈C∩Eμ
Φ∗
μ(v), (12.15)

uniformly for x in X.

Proof This follows from Lemmas (12.8) and (12.10). �
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12.5 Large Deviations Estimates

This last section is devoted to the proof of the large deviations principle for
cocycles over a contracting action.

Proof of Theorem 12.1(iii) As for random walks on R, the proof relies on the
Laplace–Fourier transform of the law and on the Chebyshev’s inequality. The new
ingredient is again formula (1.25) expressing this Laplace–Fourier transform thanks
to the transfer operator.

We may assume σμ = 0. Fix t0 > 0 and introduce the following sets for x ∈ X,
n ∈N, t0 > 0 and θ ∈E∗,

Ht0x,n := {g ∈G | ‖σ(g, x)‖ ≥ nt0},
Kθx,n := {g ∈G | θ(σ (g, x))≥ n}.

We want to prove

lim sup
n→∞

sup
x∈X

1
n

logμ∗n(H t0x,n) < 0.

Notice that there exists a finite set Θt0 ⊂E∗ such that the set Ht0x,n is included in the
union of the sets Kθx,n for θ in Θt0 . Hence it is enough to check, for every θ in E∗,

lim sup
n→∞

sup
x∈X

1
n

logμ∗n(Kθx,n) < 0. (12.16)

Fix θ in E∗ and choose t > 0 small enough. Using Chebyshev’s inequality, one has
the bound

μ∗n(Kθx,n) ≤ e−tn
∫
G
etθ(σ (g,x)) dμ∗n(g).

This inequality can be rewritten as

μ∗n(Kθx,n) ≤ e−tnP ntθ1(x).
When t is small enough, the element tθ belongs to U and, by Lemma 11.18, one
has

lim sup
n→∞

1
n

log‖Pntθ1‖∞ ≤ logλtθ .

Hence one has

lim sup
n→∞

sup
x∈X

1
n

logμ∗n(Kθx,n)≤ logλtθ − t.

Since σμ = 0, according to Lemma 11.19 the derivative of the map t �→ logλtθ at
t = 0 is zero. Hence, when t is small enough, the right-hand side is negative. This
proves the bound (12.16) and ends the proof. �



Chapter 13
Limit Laws for Products of Random Matrices

Let G be an algebraic reductive S -adic Lie group. In this chapter, we continue the
study of random walks on G using freely the notations of Chap. 10. We will apply
Theorem 12.1 in order to prove limit laws both for the Iwasawa cocycle σ and for
the Cartan projection κ .

13.1 The Lipschitz Constant of the Cocycle

We first check that the partial Iwasawa cocycle σΘμ on the partial flag variety
PΘμ satisfies the finite moment conditions needed in Theorem 12.1.

With this aim, we need to introduce a distance on the partial flag varieties PΘ ,
Θ ⊂Π . Let us first deal with distances on projective spaces. Let K be a local field
and V be a finite-dimensional K-vector space.

If K is R or C, fix a Euclidean norm ‖·‖ on V . Then, there exists a unique
Euclidean norm on ∧2V such that, for any orthogonal decomposition V = V1 ⊕V2,
the decomposition ∧2V = ∧2V1 ⊕ V1 ∧ V2 ⊕ ∧2V2 is orthogonal and one has the
equality ‖v1 ∧ v2‖ = ‖v1‖‖v2‖, for any v1 in V1 and v2 in V2.

If K is non-Archimedean, fix an ultrametric norm ‖·‖ on V and say a decom-
position V =⊕1≤i≤k Vi is good if, for any v =∑1≤i≤k vi in V , one has ‖v‖ =
max1≤i≤k ‖vi‖. Then, there exists a unique ultrametric norm on ∧2V such that, for
any good decomposition V = V1⊕V2, the decomposition ∧2V =∧2V1⊕V1∧V2⊕
∧2V2 is good and that, for any v1 in V1 and v2 in V2, one has ‖v1 ∧ v2‖ = ‖v1‖‖v2‖.

In all cases, set, for any x =Kv, x′ =Kv′ in P(V ),

d(x, x′)= ‖v∧v′‖
‖v‖‖v′‖ . (13.1)

The function d is a distance which induces the usual compact topology on P(V ).
For any g in GL(V ) and x, x′ in P(V ), one has

d(gx,gx′)≤ ∥∥∧2g
∥
∥
∥
∥g−1
∥
∥2d(x, x′)≤ ‖g‖2

∥
∥g−1
∥
∥2d(x, x′). (13.2)
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Let Θ ⊂Π be an F -invariant subset. We recall, from Sects. 8.4 and 8.6, that the
G-equivariant map

PΘ →
∏

α∈Π

⋃

f∈F
P
(
Vα,f
)
, η �→ Vα,η

is a closed immersion. For any η,η′ in PΘ , set

d(η,η′)=
{

maxα∈Θ d(Vα,η,Vα,η′) if fη = fη′ ,
1 if fη �= fη′ .

(13.3)

Note that, by Lemma 8.18, Corollary 8.20 and (13.2), there exist constants C1,C2 >

0 such that, for any g in G and η,η′ in PΘ , one has

d(gη,gη′)≤ C1e
C2‖κ(g)‖d(η,η′). (13.4)

This inequality will be useful in Sect. 13.2 for checking the condition (11.1).
The following lemma gives an estimate for the Lipschitz constant of the Iwasawa

cocycle.

Lemma 13.1 Let G be an algebraic reductive S -adic Lie group. Let Θ be an F -
invariant subset of Π . There exist p,q > 0 such that, for any g in G, η,η′ in PΘ

with fη = fη′ , one has

‖σΘ(g,η)− σΘ(g,η′)‖ ≤ p eq ‖κ(g)‖d(η,η′). (13.5)

To prove this lemma, we will proceed to an analysis of the norm cocycle associ-
ated to a given representation.

Lemma 13.2 Let K be a local field and V be a normed finite-dimensional K-
vector space. There exists a constant C > 0 such that, for any g in GL(V ) and v, v′
in V � {0}, one has

∣
∣
∣log ‖gv‖

‖v‖ − log ‖gv′‖
‖v′‖
∣
∣
∣≤ C ‖g‖∥∥g−1

∥
∥d(Kv,Kv′). (13.6)

In this Lemma 13.2, we do not assume the norm to be Euclidean or ultrametric.

Remark 13.3 Note that one cannot bound the left-hand side of (13.6) by a linear
expression in log(N(g)) d(Kv,Kv′), uniformly in v and v′. For instance for V =
R

2, v = (1, ε), v′ = (1,0) and g = ( s 0
0 t

)
with ε, s, t > 0, the left-hand side of (13.6)

is | 1
2 log 1+(s−1tε)2

1+ε2 | which is not bounded uniformly in ε ∈ [0,1] by a multiple of
(| log s| + | log t |) ε.
Proof We first note that there exists a constant c ≥ 1 such that, for any x, x′ in
P(V ),

c−1d(x, x′)≤ min
v,v′
∥
∥v′−v∥∥≤ c d(x, x′), (13.7)
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where the minimum is taken over all the nonzero vectors v in x and v′ in x′ with
‖v‖ ≥ 1 and ‖v′‖ ≥ 1. Hence we can assume that the vectors v and v′ in (13.6)
satisfy

‖v‖ ≥ 1,
∥
∥v′
∥
∥≥ 1 and

∥
∥v′−v∥∥≤ c d(Kv,Kv′). (13.8)

Since Inequality (13.6) is symmetric in v and v′, we only have to prove the upper
bound

log ‖gv′‖
‖gv‖ + log ‖v‖

‖v′‖ ≤ C ‖g‖∥∥g−1
∥
∥
∥
∥v′−v∥∥ . (13.9)

We set L for the left-hand side of (13.9), w := v′−v and compute

L≤ log(1+ ‖gw‖
‖gv‖ )+ log(1+ ‖w‖

‖v′‖ )≤ ‖gw‖
‖gv‖ + ‖w‖

‖v′‖ ≤ 2‖g‖‖g−1‖‖w‖.

This proves the wanted inequality (13.9). �

Proof of Lemma 13.1 This follows from Lemmas 8.15, 8.18 and 13.2. �

This implies that the moment assumptions of Theorem 12.1 are satisfied. Recall
that if μ is a Zariski dense probability measure on G, we defined Θμ as the set of α
in Π such that the set αω(κ(Γμ))⊂R+ is unbounded.

Corollary 13.4 Let G be an algebraic reductive S -adic Lie group, F = G/Gc
and μ be a Zariski dense Borel probability measure on G with a finite exponential
moment. Then, the corresponding partial Iwasawa cocycle σΘμ :G×PΘμ → aΘμ
satisfies the finite moment conditions (11.14) and (11.15).

Proof Condition (11.14) follows from the bound (8.16) and from the finite expo-
nential moment assumption (10.3). Condition (11.15) follows from the bound (13.5)
with Θ =Θμ and from the same finite exponential moment assumption (10.3). �

13.2 Contraction Speed on the Flag Variety

In this section, we check the μ-contraction property on the partial flag variety
PΘμ also needed in Theorem 12.1.

Lemma 13.5 LetG be an algebraic reductive S -adic Lie group, F =G/Gc andμ
be a Zariski dense Borel probability measure onG with a finite exponential moment.
Then, there exists a constant γ0 > 0 such that the action of G on PΘμ is (μ,γ0)-
contracting over F .

The proof uses the following elementary
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Lemma 13.6 Let (X,X , χ) be a probability space, Φ be a set of real measurable
functions on (X,X ), and t0 > 0 such that

∫
X

supϕ∈Φ et0|ϕ| dχ <∞ and supϕ∈Φ
∫
X
ϕ dχ < 0.

Then there exists 0< t ≤ t0 with

supϕ∈Φ
∫
X
etϕ dχ < 1.

Proof The key ingredient in this proof is the Law of Large Numbers and the
regularity of the Lyapunov vector (Theorem 10.9). We set ψ = supϕ∈Φ |ϕ| and
ε = − supϕ∈Φ

∫
X
ϕ dχ > 0. For any a ∈ R, one has ea ≤ 1 + a + a2e|a|, thus, for

any t > 0, one has
∫
X
etϕ dχ ≤ 1 + t ∫

X
ϕ dχ + t2 ∫

X
ψ2etψ dχ.

The result follows by taking t > 0 such that t
∫
X
ψ2etψ dχ < ε. �

Proof of Lemma 13.5 First note that the moment assumption and Inequality (13.4)
imply that (11.1) holds for small enough γ0. Let us check that (11.2) is satisfied for
some n ≥ 1. Recall, for any η �= η′ in PΘμ with fη = fη′ , the distance d(η,η′) is
given by (13.3).

For g in G and α ∈Θμ, by Lemma 8.18 and formula (13.1), we have

d(gVα,η, gVα,η′)≤ eaα,η,η′ (g) d(Vα,η,Vα,η′), where

aα,η,η′(g) := (2χωα − αω)(κ(g τfη ))− χωα (σ (g, η)+ σ(g,η′)).
Thus,

log d(gη,gη
′)

d(η,η′) ≤ aη,η′(g), where aη,η′(g) := max
α∈Θμ

aα,η,η′(g).

We need to prove that there exist γ0 > 0 and n≥ 1 such that one has

sup
fη=fη′

∫
G
d(gη,gη′)γ0
d(η,η′)γ0 dμ∗n(g) < 1,

where the supremum is taken is over the pairs η, η′ in PΘμ with fη = fη′ and
η �= η′. According to Lemma 13.6, it suffices to check that

sup
fη=fη′

∫
G

log d(gη,gη
′)

d(η,η′) dμ∗n(g) < 0 for some integer n. (13.10)

We will use once again the one-sided Bernoulli space (B,β) with alphabet (G,μ),
and denote by b = (b1, . . . , bn, . . .) its elements. According to Theorem 10.9, one
has

1
n
κ(bn · · ·b1)−−−→

n→∞ σμ in L1(B,β,a),
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and the limit σμ belongs to a
++
Θμ

. By Corollary 8.20.c), one also gets

1
n
κ(bn · · ·b1τf )−−−→

n→∞ σμ in L1(B,β,a),

for any f in F . The same Theorem 10.9 tells us that, uniformly for η in P , one has
the convergence

1
n
σ (bn · · ·b1, η)−−−→

n→∞ σμ in L1(B,β,a).

As a consequence, for every α in Θμ, uniformly for η �= η′ ∈ PΘμ with fη = fη′ ,
one has

1
n
aα,η,η′(bn · · ·b1)−−−→

n→∞ −αω(σμ) in L1(B,β,a),

and hence, one also has

1
n
aη,η′(bn · · ·b1)−−−→

n→∞ − min
α∈Θμ

αω(σμ) in L1(B,β,a)

and, using the regularity of the Lyapunov vector (Theorem 10.9(e)),

1
n

∫
G
aη,η′(g)dμ∗n(g)−−−→

n→∞ − min
α∈Θμ

αω(σμ) < 0.

Thus, for n large enough, one has

sup
fη=fη′

∫
G
aη,η′(g)dμ∗n(g) < 0.

This proves (13.10) and ends the proof. �

Corollary 13.7 Let G be an algebraic reductive S -adic Lie group, and μ be a
Zariski dense Borel probability measure on G with a finite exponential moment.
Then, the corresponding partial Iwasawa cocycle σΘμ :G×PΘμ → aΘμ is special.

Proof This follows from Proposition 11.16. Indeed, the contraction assumption has
been checked in Lemma 13.5, and the moment assumptions (11.14) and (11.15)
have been checked in Corollary 13.4. �

13.3 Comparing the Iwasawa Cocycle with Its Projection

In this section, we compare the behavior of the Iwasawa cocycle σ with the
behavior of its projection on aΘμ .

The reader who is interested only in real Lie groups G can skip this section
because, by (9.1), when S = {R}, for any Zariski dense subsemigroup Γ of G, one
has ΘΓ =Π and aΘΓ = a.
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The first lemma is similar to Corollary 11.20.
Recall that the limit set ΛΓ in PΘΓ of a Zariski dense subsemigroup Γ of G is

the smallest non-empty Γ -invariant closed subset of PΘΓ (see Sect. 13.7).

Lemma 13.8 Let G be an algebraic reductive S -adic Lie group, Γ be a Zariski
dense subsemigroup of G and SΓ ⊂P be the pullback of the limit set ΛΓ ⊂PΘΓ .
There exists a constant C ≥ 0 such that, for any n in N, for any g in Γ and for any
η in SΓ , one has

d(σ (g,η),aΘΓ )≤ C. (13.11)

Even though this lemma is similar to Corollary 11.20, it cannot be seen as a
consequence of Corollary 11.20 applied to a probability measure μ on G such
that Γμ = Γ because the action of G on the full flag variety P might not be μ-
contracting over F when G is not a real Lie group.

Proof First note that, since σ is a continuous cocycle, for any g0 in G, one has

sup
g∈G,η∈P

‖σ(g,η)− σ(g0g,η)‖<∞.

Hence, we can assume thatG=Gc is connected. Now, fix α in ΘcΓ and let us prove
that

sup
g∈Γμ,η∈SΓ

|αω(σ (g, η))|<∞.

We will apply Lemma 4.2 to the representation (ρα,Vα) ofG from Lemma 8.15.
By definition, the proximal dimension r of ρα(Γ ) is the dimension of the space V Γα
that is the sum of weight spaces of Vα that are associated to weights of the form
χα − ρ, where ρ is a positive combination of elements of ΘcΓ . The map g �→ gV Γα
factors as a map

PΘΓ →Gr (Vα);η �→ V Γα,η.

Now, by definition, the image of SΓ in PΘΓ is the limit setΛΓ which is included in
the limit set Λrρα(Γ ) from Lemma 4.2. Thus, from this lemma, we get the existence

of C ≥ 1 such that, for any g in Γ , η in SΓ and v, v′ �= 0 in V Γα,η, one has

1
C

‖ρα(g)v′‖
‖v′‖ ≤ ‖ρα(g)v‖

‖v‖ ≤ C ‖ρα(g)v′‖
‖v′‖ . (13.12)

To conclude, we will make the same computation as in the proof of Lemma 8.17.
Let k be in Kc such that η = kξΠ and k′ be in Kc , z in Z and u in U with gk =

k′zu. We have ω(z)= σ(g,η). Let v and v′ be nonzero vectors in Vα,χα and Vα,χα−α
and set v′′ = ρα(u)−1v′. By construction, we have ρα(k)v,ρα(k)v′, ρα(k)v′′ ∈ V μα,η
and

‖ρα(gk)v‖ = ‖ρα(z)v‖ = eχωα (ω(z))‖v‖.
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Furthermore, on the one hand,

‖ρα(gk)v′‖ = ‖ρα(zu)v′‖ ≥ e(χωα −αω)(ω(z))‖v′‖,
where the latter inequality follows from the fact that

ρα(zu)v
′ ∈ ρα(z)v′ + Vα,χα .

By (13.12), this gives

αω(σ (g, η))≥− logC.

On the other hand, since v′′ ∈ v′ + Vα,χα , we have
∥
∥v′′
∥
∥≥ ∥∥v′∥∥ and

‖ρα(gk)v′′‖ = ‖ρα(zu)v′′‖ = ‖ρα(z)v′‖
= e(χωα −αω)(ω(z))‖v′‖ ≤ e(χ

ω
α −αω)(ω(z))‖v′′‖,

which, again by (13.12), gives

αω(σ (g, η))≤ logC.

Together, we get |αω(σ (g, η))| ≤ logC, as required. �

The upper bound (13.11) cannot be extended beyond the set SΓ , i.e. to any η
in P . Here is an example.

Example 13.9 There exists a finitely generated and Zariski dense subsemigroup Γ
of a simple algebraic p-adic Lie group G such that

sup
g∈Γ

sup
η∈P

d(σ (g,η),aΘΓ )=∞.

Proof Here is an example with G= SL(3,Qp): choose Γ to be spanned by finitely
many elements in a small compact open neighborhood of the matrix

g0 =
⎛

⎝
p−1 0 0

0 p−1 0
0 0 p2

⎞

⎠

so that the simple root α := e∗1 − e∗2 is not in ΘΓ . One chooses η0 to be the flag
〈e2〉 ⊂ 〈e2, e3〉 in Q

3
p and one computes, for n≥ 1,

α(σ(gn0 , η0))= 2 log‖gn0 |〈e2〉‖ − log‖gn0 |〈e2∧e3〉‖ = n logp,

which is not bounded. �

Despite this remark, one has the following lemma which is similar to Lem-
ma 11.15. In this lemma, we do not assume the starting point η to belong to the
set SΓ .
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Lemma 13.10 Let G be an algebraic reductive S -adic Lie group, and μ be a
Zariski dense Borel probability measure on G with a finite exponential moment. Let
α ∈Π �Θμ and η ∈P .

(a) For β-almost every b in B , the sequence n �→ α(σ(bn · · ·b1, η)) is bounded.
(b) One has lim

C→∞ inf
n≥1
μ∗n({g ∈G | |α(σ(g, η))| ≤ C})= 1.

Proof (a) By Lemma 8.6, we may assume that η belongs to Pc . By Theorem 10.9,
for β-almost any b in B , the sequence

n �→ ‖σ(bn · · ·b1, η)− κ(bn · · ·b1)‖
is bounded and, by the definition (9.1) of Θμ, the set α(κ(Γμ)) is also bounded.

(b) This follows from the bound

lim
C→∞β({b ∈ B | sup

n≥1
|α(σ(bn..b1, η))| ≤ C})= 1

based on (a). �

13.4 Limit Laws for the Iwasawa Cocycle

We can now state and prove the limit laws (CLT, LIL, LDP) for the Iwasawa
cocycle on the full flag variety P . Remember that, when K=R, the action of
G on P is μ-contracting.

From Lemmas 13.1 and 13.5, we deduce that, if μ is a Zariski dense Borel proba-
bility measure on G with a finite exponential moment, then the Iwasawa cocycle

σΘμ :G×PΘμ → aΘμ

satisfies the assumptions of Theorem 12.1 (note that, in this case, the uniqueness
of the μ-stationary Borel probability measure on PΘμ is already warranted by
Lemma 2.24 and Proposition 4.18).

We let σμ ∈ a
+
Θμ

be the average of σΘμ ,Φμ ∈ S2(aΘμ) be the covariance 2-tensor
(3.16) of the cocycle with constant drift which is cohomologous to σΘμ , aμ ⊂ aΘμ
be the linear span of this 2-tensor and Nμ be the Gaussian law on a with covari-
ance 2-tensor Φμ. By definition, the support of the Gaussian law Nμ is the vector
subspace aμ.

We now reformulate Theorem 12.1 for the Iwasawa cocycle σ on the full flag
variety P .

Theorem 13.11 Let G be an algebraic reductive S -adic Lie group, F :=G/Gc
and μ be a Zariski dense Borel probability measure on G with a finite exponential
moment which is aperiodic in F . Let ν be the μ-stationary measure on the partial
flag variety PΘμ .
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Then the average σμ, the covariance 2-tensor Φμ, the linear span aμ and the
Gaussian law Nμ are F -invariant and one has the following asymptotic estimates
for the Iwasawa cocycle σ on the full flag variety P .

(i) Central limit theorem for σ with target. For any bounded continuous function
ψ on PΘμ × a, uniformly for η in P ,

∫
G
ψ
(
gη,

σ(g,η)−nσμ√
n

)
dμ∗n(g)−−−→

n→∞
∫
PΘμ×a

ψ dν dNμ. (13.13)

(ii) Law of the iterated logarithm. Let Kμ ⊂ aμ be the unit ball of Φμ. For any
η in P , for β-almost any b in B , the following set of cluster points is equal
to Kμ

C

(
σ(bn · · ·b1, η)− nσμ√

2n log logn

)

=Kμ. (13.14)

(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

sup
η∈P

μ∗n
({
g ∈G | ∥∥σ(g,η)− nσμ

∥
∥≥ nt0

}) 1
n < 1. (13.15)

In the left-hand side of equality (13.13), the function ψ is viewed as a function
on P × a via the natural projection P →PΘμ .

Remark 13.12 When, moreover, G is a real Lie group, we have already seen that
the flag variety is the full flag variety PΘμ = P , the Lyapunov vector σμ belongs
to the open Weyl chamber a++ and we will see soon that the support aμ of the limit
Gaussian law Nμ is equal to a.

Proof (i) and (ii) The limit laws follow from Theorem 12.1 applied to the cocy-
cle σΘμ on the partial flag variety PΘμ . We know that the contraction and the
moment assumptions in Theorem 12.1 are satisfied because of Corollary 13.4 and
Lemma 13.5. To deduce the conclusions of Theorem 12.1(i) and 12.1(ii) for the
Iwasawa cocycle σ on the full flag variety P , from the same results for σΘμ , we
use the comparison Lemma 13.10. The F -invariance follows from Lemma 8.22 and
Corollary 12.4.

(iii) Theorem 12.1(iii) gives a similar conclusion with σΘμ in place of σ : for any
t0 > 0, one has

lim sup
n→∞

sup
η∈P

μ∗n
({
g ∈G | ∥∥σΘμ(g, η)− nσμ

∥
∥≥ nt0

}) 1
n < 1. (13.16)

When G is a real Lie group this finishes the proof since Θμ =Π . In general, our
conclusion follows from Proposition 13.13 below whose proof uses both the large
deviations inequality (13.16) for σΘμ and the large deviations inequality (13.29) for
κ that we will prove in the next section. �
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Proposition 13.13 (Large deviations away from aΘμ ) Let G be an algebraic re-
ductive S -adic Lie group and μ be a Zariski dense Borel probability measure on
G with a finite exponential moment. Let σ be the Iwasawa cocycle on the full flag
variety P . Then, for any α0 ∈Π �Θμ, and t0 > 0, one has

lim sup
n→∞

sup
η∈P

μ∗n({g ∈G | |α0(σ (g, η))| ≥ nt0}) 1
n < 1. (13.17)

In the proof of Proposition 13.13, we will also need the following Lemma 13.14
which gives a property valid for any root system. In order to lighten notations, we
forget in this lemma the superscript ω, identifyingΣ with the root systemΣω ⊂ a∗.
For a subset Θ ⊂Π of the set Π of simple roots, we set Θc =Π �Θ , ΣΘ to be
the root subsystem generated by Θ , Σ+

Θ the corresponding set of positive roots and
δΘ =∑α∈Σ+

Θ
α the sum of these positive roots. For α in Π , we set �α ∈ a∗ for the

corresponding fundamental weight (by definition, χα is an integer multiple of �α).

Lemma 13.14 Let a be a Euclidean real vector space, Σ ⊂ a∗ a root system, Π a
set of simple roots, and Θ a subset of Π .

(a) Then there exist integers nΘ,α ≥ 0, α ∈Θ , such that

δΘc = 2
∑
α∈Θc(2mα − 1)πα − ∑α∈Θ nΘ,α πα (13.18)

(where mα = %(Σ+ ∩Rα) ∈ {1,2}).
(b) There exists a constant c > 0 such that, for any α0 ∈ Θc , any point p ∈ a+ in

the Weyl chamber and any point q ∈ Conv(Wp) in the convex hull of the Weyl
orbit of p, one has the upper bound

|α0(q)| ≤ c∑α∈Θc α(p)+ c
∑
α∈Θ πα(p− q). (13.19)

Proof (a) If α is inΠ , β is inΣ+ and sα is the orthogonal symmetry associated to α,
one has sα(β)= β − 2 (α,β)

(α,α)
α. Since sα(β) belongs Σ+ ∪−Σ+, either β ∈ {α,2α}

or sα(β) ∈Σ+. If, moreover, β is simple and �= α, one gets (α,β)≤ 0.
Therefore, if α belongs to Θc , sα preserves the set Σ+

Θc � {α,2α} and sends
the root α to −α. This proves that sα(δΘc) = δΘc − 2(2mα − 1)α. Hence one has
2 (α,δΘc )
(α,α)

= 2(2mα − 1).

If α belongs to Θ , one has (α,β)≤ 0 for any β in Σ+
Θc , hence (α, δΘc)≤ 0.

Since (πα)α∈Π is the dual basis of ( 2α
(α,α)

)α∈Π with respect to the scalar product,
this proves (13.18).

(b) According to (8.22) one has the bound πα(q)≤ πα(p) for all α inΠ . Apply-
ing equality (13.18) to the point p− q , one then gets

δΘc(q)≤ δΘc(p)+ c∑α∈Θ πα(p− q), (13.20)

as soon as c ≥ maxα∈Θ nΘ,α .
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Applying this bound (13.20) to the point q ′ = w−1q with w in the Weyl group
WΘc of ΣΘc such that

α(q ′)≥ 0, for all α in Θc,

one gets,

|α0(q)| ≤ δΘc(q ′)≤ δΘc(p)+ c∑α∈Θ πα(p− q). (13.21)

Inequality (13.19) follows. �

Proof of Proposition 13.13 From Lemma 8.22, we may assume that the η’s which
occur in formula (13.17) belong to Pc. By Corollary 8.20, for such an η, the point
q := σ(g,η) is in the convex hull of the W -orbit of the point p := κ(g). Then
(13.19) tells us that, for any α0 in Θcμ, one has

|αω0 (σ (g, η)| ≤
∑

α∈Θcμ
αω(κ(g))+ c

∑

α∈Θμ
πωα (κ(g)− σ(g,η)),

for some constant c > 0 depending only on G. Now, (13.17) follows from the fol-
lowing three bounds,

sup
g∈Γμ

αω(κ(g)) <∞ for all α in Θcμ, (13.22)

and, for all α in Θμ and t0 > 0,

lim sup
n→∞

μ∗n
({
g ∈G | |πωα (κ(g)− nσμ)| ≥ nt0

}) 1
n < 1 and (13.23)

lim sup
n→∞

sup
η∈P

μ∗n
({
g ∈G | |πωα (σ (g, η)− nσμ)| ≥ nt0

}) 1
n < 1. (13.24)

The bound (13.22) follows from the Definition (9.1) of Θμ.
The bound (13.23) follows from the large deviations estimate (13.29) for κ from

Theorem 13.17 below (note that the proof of (13.29) only relies on the large devia-
tions estimates for σΘμ ).

The bound (13.24) follows from the large deviations estimate (13.16) for σΘμ ,
if one notes that, for α ∈Θμ, since πα is sβ -invariant for any β �= α in Π , one has
πα ◦ σ = πα ◦ σΘμ . �

When the point η ∈P belongs to the support of a μ-stationary measure one has
a much stronger control than the one given in Proposition 13.13:

Lemma 13.15 We make the same assumptions as in Theorem 13.11. Let ν be a μ-
stationary measure on P . There exists a constant C ≥ 0 such that, for any n in N,
for any g in the support of μ∗n and for any η in the support Sν of ν, one has

d(σ (g,η)−nσμ,aμ)≤C. (13.25)
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Proof This follows from Corollary 11.20 applied to the cocycle σΘμ and from
Lemma 13.8. �

As we have already noted in Remark 11.21 and Example 13.9, one cannot extend
the bound (13.25) to any η in P .

13.5 The Iwasawa Cocycle and Cartan Projection

Now, for g in G, we will define a subset QΘ,g of PΘ,c outside of which we
will be able to control the difference between the Cartan projection and the
Iwasawa cocycle.

We need more notations. Recall, from Sect. 8.7, that, for any p in S , we fixed
a good maximal compact subgroup Kc =∏p∈S Kp,c of Gc and a Cartan decom-
position Gc =KcZ+Kc. We also defined a section τ : F →G of the quotient map
s : G→ F which takes values in P . For any g in Gc, we fix once and for all el-
ements kg and lg of Kc and zg ∈ Z+ such that g = kgzglg . We can also suppose
kg−1 = l−1

g . For g in G, we set kg = kτ−1
s(g)
g

and lg = lτ−1
s(g)
g
.

Fix Θ ⊂Π and set Θ∨ = ι(Θ) to be the image of Θ by the opposition involu-
tion. We let ξΘ be the fixed point of PΘ,c in PΘ,c and QΘ be the set of those η in
PΘ,c such that, for some α inΘ , in the representation space Vα given in Sect. 8.4.5,
the line Vα,η is contained in the A-invariant hyperplane

⊕
χ �=χα V

χ
α that is comple-

mentary to V χαα . For g in G, we set

ξMΘ,g = kgξΘ and Qm
Θ,g = l−1

g QΘ. (13.26)

Note that, when minα∈Θ αω(κ(g)) > 0, the point ξMΘ,g and the subset Qm
Θ,g do not

depend on the choice of kg and lg .
We let P∨

Θ,c be the parabolic subgroup of type Θ∨ of Gc which is opposite to
PΘ,c with respect to A. One checks that QΘ is the complement of the open P∨

Θ,c-
orbit in PΘ,c and hence that the map from G into the subsets of PΘ , g �→ gQΘ

factors as a map from PΘ∨ �G/P∨
Θ,c into the subsets of PΘ ,

ζ �→QΘ,ζ . (13.27)

These subsets QΘ,ζ are called the maximal Schubert cells of PΘ . By construction,
for any g in G, Qm

Θ,g is equal to a maximal Schubert cell of PΘ,c . For instance, if
g belongs to Gc , one has

Qm
Θ,g =QΘ,ξM

Θ∨,g−1
.

Lemma 13.16 For any ε > 0, there exists a constantM ≥ 0 such that, for any g in
G and η in PΘ,c with d(η,Qm

Θ,g)≥ ε, one has

‖σΘ(g,η)− pΘ(κ(g))‖ ≤M.
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The distance on PΘ is defined in (13.3) by using the map (8.26) constructed
with the family of representations Vα with α in Θ , where the Vα were defined in
Sect. 8.4.5.

Proof The proof relies on the interpretation, in Sect. 8.5, of the Iwasawa cocycle
and the Cartan projection via representations of G.

By construction, one can assume that g belongs to Gc and it suffices to prove the
result for the elements g of Z+. Let α be in Θ and (ρα,Vα) be the representation
introduced in 8.4.5. Equip Vα with a (ρα,A,Kc)-good norm. Let V ′ := V χαα be the
dominant eigenline and let V ′′ be its A-stable complementary subspace. For any
nonzero vector v �= 0 in Vα , writing v = v′ + v′′ with v′ ∈ V ′ and v′′ in V ′′, we have

d(Kv,P
(
V ′′))= ‖v′‖

‖v‖ . For g in Z+ and η in PΘ,c , picking a vector v in Vα,η , using
Lemma 8.17, one gets

eχ
ω
α (κ(g)) = ‖ρα(g)‖ ≥ eχωα (σ (g,η)) = ‖ρα(g)v‖

‖v‖

≥ ‖ρα(g)v′‖
‖v‖ = eχωα (κ(g)) ‖v

′‖
‖v‖ = eχωα (κ(g))d(Vα,η,W ′).

Hence one has

χωα (κ(g))+ logd(η,QΘ,g)≤ χωα (σ (g, η))≤ χωα (κ(g)).
Our lemma follows. �

13.6 Limit Laws for the Cartan Projection

We can now extend the three limit laws to the Cartan projection under the
same assumptions as in Theorem 13.11.

Theorem 13.17 (Limit laws for κ(g)) LetG be an algebraic reductive S -adic Lie
group, F :=G/Gc and μ be a Zariski dense Borel probability measure onG with a
finite exponential moment which is aperiodic in F . One has the following asymptotic
estimates for the Cartan projection κ :G→ a.

(i) Central limit theorem. For any bounded continuous function ψ on a,

∫
G
ψ
(
κ(g)−nσμ√

n

)
dμ∗n(g)−−−→

n→∞
∫
a
ψ dNμ,

where Nμ is the Gaussian law on aμ whose covariance 2-tensor is Φμ.
(ii) Law of the iterated logarithm. Let Kμ be the unit ball of Φμ. For β-almost any

b in B , the following set of cluster points is equal to Kμ

C

(
κ(bn · · ·b1)− nσμ√

2n log logn

)

=Kμ. (13.28)
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(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

μ∗n
({
g ∈G | ∥∥κ(g)− nσμ

∥
∥≥ nt0

}) 1
n < 1. (13.29)

The same argument below also gives a Central Limit Theorem for κ with target
similar to (13.13). We leave the details to the reader.

Proof (i) Central limit estimate. By usual approximation arguments, it suffices to
prove the result for compactly supported functions on a. Let ψ be such a function
and η be in Pc . According to Theorem 13.11, it is enough to prove that the follow-
ing integral

In :=
∫
G

∣
∣
∣ψ(

σ(g,η)−nσμ√
n

)−ψ(κ(g)−nσμ√
n

)

∣
∣
∣ dμ∗n(g) (13.30)

converges to 0. Fix ε > 0. By uniform continuity of ψ , there exists a constant δ > 0
such that, for any v,w in a with ‖v −w‖ ≤ δ, one has |ψ(v)−ψ(w)| ≤ ε. Since η
belongs to Pc, by Theorem 10.9, for β-almost any b in B , the sequence

‖σ(bn · · ·b1, η)− κ(bn · · ·b1)‖

is bounded. Hence, there existM > 0 and n0 ≥ 1 such that, for all n≥ n0,

μ∗n({g ∈G | ‖σ(g,η)− κ(g)‖ ≥M})≤ ε.

Choosing n≥ max(n0,
M2

δ2 ) and splitting the integral In as the sum of the integrals
over this set and its complement, one gets

In ≤ 2ε‖ψ‖∞ + ε.

This proves that In −−−→
n→∞ 0 as required.

(ii) The law of the iterated logarithm is proved in the same way.
(iii) In what concerns the large deviations estimate, it is important to notice that

the following proof relies only on (13.16) and not on (13.15) whose proof used
(13.29).

By compactness, there exist ε > 0 and η1, . . . , ηr in PΘμ,c such that, for any ζ
in PΘ∨

μ ,c
, there exists 1 ≤ i ≤ r with d(ηi,QΘ,ζ ) > ε. Thus, by Lemma 13.16 and

as supg∈Γμ d(κ(g),aΘμ) <∞, there exists M ≥ 0 such that, for any g in Γμ, there
exists 1 ≤ i ≤ r with

∥
∥σΘμ(g, ηi)− κ(g)

∥
∥≤M. (13.31)

Now, by (13.16), for any t0 > 0, there exist α > 0 and n0 in N such that, for any
1 ≤ i ≤ r , for any n≥ n0, one has

μ∗n
({
g ∈G | ∥∥σΘμ(g, ηi)− nσμ

∥
∥≥ nt0

})≤ e−αn.
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Thus, for any n≥ max(n0,
M
t0
), we get

μ∗n
({
g ∈G | ∥∥κ(g)− nσμ

∥
∥≥ 2nt0

})≤ re−αn.
The result follows. �

One also has the following control analogous to Lemma 13.15.

Lemma 13.18 We make the same assumptions as in Theorem 13.11. There exists a
constant C ≥ 0 such that, for any n in N, for any g in the support of μ∗n, one has

d(κ(g)−nσμ,aμ)≤C. (13.32)

Proof Let ν be the μ-stationary probability measure on the partial flag variety PΘμ .
According to Proposition 10.1, one can find points η1, . . . , ηr in the support Sν of
ν such that (13.31) is satisfied. Our statement then follows from Corollary 11.20
applied to the Iwasawa cocycle σΘμ and the points ηi . �

13.7 The Support of the Covariance 2-Tensor

In order to complete this chapter, we give some results concerning the linear
span aμ of the covariance 2-tensor Φμ.

Let G be an algebraic reductive S -adic Lie group. As in Sect. 9.4, for any s
in S , we set bs to be the orthogonal in as of the subspace of a∗s spanned by the
algebraic characters of the center of Gs . We set bR to be this subspace bs when the
local field is Ks =R.

Proposition 13.19 Let G be an algebraic reductive S -adic Lie group and μ be
a Zariski dense Borel probability measure on G with a finite exponential moment.
Then the vector space aμ contains bR.

In particular, whenG is an algebraic semisimple real Lie group, one has aμ = a,
that is, the Gaussian law Nμ is non-degenerate.

This result is proved in Goldsheid–Guivarc’h [55] when G is SL(n,R) and in
[60] when G is real semisimple.

Proof Recall, from Proposition 10.2, that there exists a unique μ-stationary Borel
probability measure ν on PΘμ and, from Lemma 10.3, that the support of ν isΛΓμ .

By Lemmas 13.1 and 13.5, we know that the assumptions of Lemma 11.19 are
satisfied. Therefore, by this lemma, there exists a Hölder continuous function

ϕ̇0 :PΘμ → a
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such that, for μ⊗ ν-almost any (g, η) in G×PΘμ , one has

σΘμ(g, η)− ϕ̇0(η)+ ϕ̇0(gη) ∈ σμ + aμ.

Since the function ϕ̇0 is continuous, by Lemma 10.3, we get, for any n ≥ 1, any g
in Suppμ∗n ∩Gc and η in ΛΓμ ,

σΘμ(g, η)− ϕ̇0(η)+ ϕ̇0(gη) ∈ nσμ + aμ.

In particular, when g is Θμ-proximal and η= ξ+ΘΓ ,g , this gives

λ(g)= σΘμ(g, ξ+Θμ,g) ∈ nσμ + aμ. (13.33)

Now, by Proposition 9.8, the closed subgroup of a spanned by the elements

λ(gh)− λ(g)− λ(h),
when g, h and gh are ΘΓ -proximal elements of Γ , contains bR. Combining this
Proposition 9.8 with (13.33), one gets the inclusion aμ ⊃ bR, which completes the
proof. �

Remark 13.20 From (13.33), one always has

λ(Γ )⊂Nσμ + aμ.

By using the Central Limit Theorem 13.17 and elementary properties of Zariski
dense subsemigroups, one can prove that the subspace of a spanned by λ(Γ ) is

〈λ(Γ )〉 =Rσμ + aμ.

13.8 A p-Adic Example

The aim of this section is to construct an example where the Gaussian law in
the Central Limit Theorem does not have full support.

Example 13.21 LetG= SL(2,Qp)with p <∞. There exists a Zariski dense prob-
ability measure μ on G with finite support such that aμ = 0 and Γμ is not bounded.

In other words, in this example, the Gaussian measure which appears in the Cen-
tral Limit Theorem is a Dirac mass, whereas the set λ(Γμ) is not bounded.

Proof In this example we choose μ= 1
2 (δg1 + δg2) with

g1 =
(
p 0
1 p−1

)

and g2 =
(
p 1
0 p−1

)

. (13.34)
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The semigroup Γ of G = SL(2,Qp) generated by g1 and g2 is Zariski dense and
unbounded. Now, the flag manifold of SL(2,Qp) is the projective line P

1(Qp).
As usual, we identify P

1(Qp) with Qp ∪ {∞} by sending any x �= ∞ to the line
Qp(x,1) and ∞ to the line Qp(1,0). Then, the action of g1 and g2 read as the
homographies

x �→ 1

px + 1
p2x and x �→ p2x + p,

so that one has

g1Zp ⊂ p2
Zp and g2Zp ⊂ p+ p2

Zp.

In particular, Γ is the free semigroup with generators g1 and g2. For g in Γ , we
denote by |g| its length as a word in g1 and g2.

The limit set of Γ , which, by Lemma 10.3 is the support of the μ-stationary
probability measure, is contained in the closed Γ -invariant set Zp .

LetKc be the maximal compact subgroup SL(2,Zp) and A be the group of diag-
onal matrices. Then the usual norm on Q

2
p is good for the standard representation.

Identify a with R by setting

ω

(
p−1 0

0 p

)

= logp.

Then, by Lemma 8.17, for any g in SL(2,Qp) and v �= 0 in Q
2
p , one has

σ(g,Qpv)= log ‖gv‖
‖v‖ .

If g is g1 or g2 and v = (x,1) with x in Zp , this gives

σ(g1, x)= σ(g2, x)= logp

and hence by the cocycle property, for g in Γ ,

σ(g, x)= |g| logp.

Therefore, for β-almost every b in B , for all x in Sν and n≥ 1, one has

σ(bn · · ·b1, x)= n logp.

Hence this random sequence is deterministic with speed σμ = logp and one has
aμ = 0. �

Remark 13.22 Note that, in this example, one has g2∞ = ∞ and σ(g2,∞) =
− logp, so that, for any n, σ(gn2 ,∞) = −n logp = −nσμ. This validates Re-
mark 11.21. One could also easily give explicit formulae for the functions σ(g1, .)

and σ(g2, .) on Qp ∪ {∞}.
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13.9 A Non-connected Example

The aim of this section is to construct an enlightening example of a probability
measure μ which illustrates the asymptotic behavior of the random product
when the reductive group G is not connected, and, more precisely, when one
deals with irreducible representations that are not strongly irreducible.

Over the field R, this example will be similar to the one in Remark 4.10 but with
a semisimple group G. Over the field Qp , it will give the example for Remark 4.19.

13.9.1 Construction of the Example

Let Gc = SL(3,K) and G be the group generated by Gc and an element s of order
two such that, for every g in Gc, sgs = t g−1. Let (ρ,V ) be the 6-dimensional
representation of G given by

ρ(g)=
(
g 0
0 t g−1

)

and ρ(gs)=
(

0 g
tg−1 0

)

. (13.35)

We decompose V as a direct sum V = V1 ⊕V2 of irreducible representations ofGc .
Let μ be a Zariski dense probability measure on G with a finite exponential

moment and (B,β) be the Bernoulli shift with alphabet (G,μ).

13.9.2 Comparing Various Norms in Example (13.35)

We claimed in Remarks 4.10 and 4.22 that, when K=R, for β-almost every b in B ,

the set of cluster points in P(End(V )) of the sequence
Rρ(bn · · ·b1) contains both rank 1 and rank 2 matrices,

(13.36)

sup
n≥1

‖ρ(bn···b1)|V1‖‖ρ(bn···b1)|V2‖ =∞ and inf
n≥1

‖ρ(bn···b1)|V1‖‖ρ(bn···b1)|V2‖ = 0. (13.37)

Proof of claims (13.36) and (13.37) This follows from the results that we proved
in the preceding chapters. We introduced the induced probability measure μc on
Gc and proved that it has an exponential moment (Corollary 5.6). We can only
consider subsequences associated to μc, i.e. setting (Bc,βc) for the Bernoulli space
with alphabet (Gc,μc), we only have to prove that (13.36) and (13.37) are true for
βc-almost every b in Bc. According to Proposition 4.7, all nonzero limit points of
sequences λnbn · · ·b1 and λ′n tb−1

n · · · t b−1
1 , with λn, λ′n in R, have rank one.

We introduce the sequences

Sn := log‖bn · · ·b1‖ and S′n := log‖t b−1
n · · · t b−1

1 ‖.
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We have to prove that, for βc-almost every b in Bc, the sequence Sn − S′n does not
go to ∞, is not bounded above and is not bounded below.

On the one hand, according to Theorem 10.9 the limits lim
n→∞

1
n
Sn and lim

n→∞
1
n
S′n

exist and are equal. Let ν be the unique μ-stationary probability measure on the
flag variety Pc of Gc . By Lemma 3.18, for β ⊗ ν-almost every (b, η) in Bc ×
Pc , denoting by Rv and Rf the corresponding lines in R

3 and its dual space, the
sequence

log‖bn · · ·b1v‖ − log‖t b−1
n · · · t b−1

1 f ‖ does not go to ∞.

By Theorem 4.28, this sequence remains at bounded distance from the sequence
Sn − S′n, hence Sn − S′n cannot go to ∞.

On the other hand, according to the Law of the Iterated Logarithm (Theo-

rem 13.17) the upper limit lim sup Sn−S′n√
2n log logn

is finite and positive. This proves that

the sequence Sn − S′n is not bounded above. Similarly the sequence Sn − S′n is not
bounded below. �

13.9.3 Stationary Measures for Example (13.35)

We note also that in this example,

when K=R there exists only one μ-stationary probability
on P(V ).

(13.38)

when K=Qp, for suitable μ, there exist infinitely many
μ-stationary probability on P(V ).

(13.39)

These claims (13.38) and (13.39) are special cases of more general results in
[17]. The second claim (13.39) was announced in Remark 4.19.

Sketch of proof of (13.38) and (13.39) See [17] for more details.
Assume K=R. The only μ-stationary probability on P(V ) is the one supported

by P(V1) ∪ P(V2). Indeed, there are no other μ-stationary probability since, by the
Central Limit Theorem, for every x in P(V )� (P(V1) ∪ P(V2)) for every compact
K ⊂ P(V )� (P(V1)∪ P(V2)) one has lim

n→∞μ
∗n ∗ δx(K)= 0.

Assume K = Qp . Let e1 = (1,0,0) ∈ V1 and e2 = (0,0,1) ∈ V2. One can con-
struct a probability measure μ on G such that, for every integer �≥ 1 the compact
sets

K� :=
{
x =K(v1, v2) ∈ P(V ) | ‖v2‖ = p�‖v1‖,
d(Kv1,Ke1)≤ p−10, d(Kv2,Ke2)≤ p−10

}

are invariant under the semigroup Γμ. Hence each of these compact sets supports at
least one μ-stationary probability. �
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13.9.4 The Central Limit Theorem for Example (13.35)

The assumption of “strong irreducibility” in the Central Limit Theorem 1.7 cannot
be weakened to an “irreducibility” assumption. Indeed, let σμ be the first Lyapunov

exponent of μ. One can check that the laws of the above sequence log‖ρ(bn···b1)‖−nσμ√
n

converge to a law which is not Gaussian but which is the maximum of two indepen-
dent Gaussian laws (see [18, Ex. 4.15] for details).



Chapter 14
Regularity of the Stationary Measure

In this chapter, we prove a Hölder regularity property for stationary measures due to
Guivarc’h [58]. We use a different method inspired by [27]. We will use this method
throughout this chapter.

We will first prove the Law of Large Numbers for the coefficients and for the
spectral radius in Sects. 14.4 and 14.5.

We will then give a new formula for the variance of the limit Gaussian Law in
Sect. 14.6.

We will also prove the CLT, LIL and GDP for the norm of matrices, the norm of
vectors, the coefficients and the spectral radius in Sects. 14.7, 14.8 and 14.9.

14.1 Regularity on the Projective Space

We first prove a Hölder regularity property for stationary measures on projec-
tive spaces.

We recall quickly the notations from Sect. 4.1. Let K be a local field and V be a
finite-dimensional K-vector space endowed with a good norm. This means that we
fix a basis e1, . . . , ed of V and the following norm on V . For v =∑viei ∈ V one
has ‖v‖2 =∑ |vi |2 when K is Archimedean and ‖v‖ = max(|vi |) when K is non-
Archimedean. We denote by e∗1, . . . , e∗d the dual basis of V ∗ and we use the same
symbol ‖ · ‖ for the norms induced on V ∗, End(V ), ∧2V , etc. We equip P(V ) with
the distance d given, for x =Kv, x′ =Kv′ in P(V ), by

d(x, x′)= ‖v∧v′‖
‖v‖‖v′‖ .

For x =Kv in P(V ) and y =Kf in P(V ∗), we set y⊥ = P(Kerf )⊂ P(V ) and

δ(x, y)= |f (v)|
‖f ‖‖v‖ . (14.1)
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This quantity is also equal to the distance

δ(x, y)= d(x, y⊥) := min
x′∈y⊥

d(x, x′)

in P(V ) and to the distance d(y, x⊥) in P(V ∗).

Theorem 14.1 Let μ be a Borel probability measure on the groupG= GL(V ) with
a finite exponential moment and such that Γμ is proximal and strongly irreducible.
Let ν be the unique μ-stationary Borel probability measure on X = P(V ). Then
there exists a constant t > 0 such that

supy∈P(V ∗)
∫
X
δ(x, y)−t dν(x) <∞. (14.2)

In particular, there exists C > 0 and t > 0 such that, for any x in P(V ) and r > 0,
one has

ν(B(x, r))≤ C rt . (14.3)

A positive measure ν satisfying this condition (14.3) is sometimes called a Frostman
measure.

As usual, we introduce the group K of isometries of (V ,‖.‖), and the semigroup

A+ := {diag(a1, . . . , ad) | |a1| ≥ · · · ≥ |ad |}
(where, by a diagonal endomorphism, we mean an endomorphism that is diagonal
in the basis e1, . . . , ed ). For every element g in GL(V), we choose a decomposition

g = kgag�g (14.4)

with kg , �g in K and ag in A+. We denote by xMg ∈ P(V ) the density point of g,
that is,

xMg :=Kkge1,

and by ymg ∈ P(V ∗) the density point of tg, that is,

ymg :=K
t�ge

∗
1 .

We denote by γ1,2(g) the gap of g, that is,

γ1,2(g) := ‖ ∧2 g‖
‖g‖2

.

The proof of Theorem 14.1 relies on the following Lemma 14.2 and Proposi-
tion 14.3. This Proposition 14.3 will be even more useful in the applications than
Theorem 14.1.
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Lemma 14.2 Let K be a local field and V =K
d . For every g in GL(V ), x =Kv

in P(V ) and y =Kf in P(V ∗), one has

(i) δ(x, ymg )≤ ‖gv‖
‖g‖‖v‖ ≤ δ(x, ymg )+ γ1,2(g)

(ii) δ(xMg , y)≤ ‖t gf ‖
‖g‖‖f ‖ ≤ δ(xMg , y)+ γ1,2(g)

(iii) d(gx, xMg ) δ(x, y
m
g )≤ γ1,2(g).

Proof For all these inequalities, we can assume that g belongs to A+, i.e. g =
diag(a1, . . . , ad) with |a1| ≥ · · · ≥ |ad |. We write v = v1 + v2 with v1 in Ke1 and v2
in Kere∗1 . One then has

‖g‖ = |a1|, γ1,2(g)= |a2||a1| , and δ(x, ymg )= ‖v1‖‖v‖ .

(i) follows from ‖g‖‖v1‖ ≤ ‖gv‖ ≤ ‖g‖‖v1‖ + |a2| ‖v2‖.
(ii) follows from (i) by replacing V by V ∗ and g by t g.
(iii) follows from d(gx, xMg ) δ(x, y

m
g )= ‖gv2‖‖gv‖

‖v1‖‖v‖ ≤ |a2||a1| . �

Let σμ = (λ1, . . . , λd) ∈ R
d be the Lyapunov vector of μ given by the Law of

Large Numbers for reductive groups (Theorem 10.9). Since Γμ is proximal, accord-
ing to Corollary 10.15, one has

λ1 > λ2.

Proposition 14.3 Let μ be a Borel probability measure on the group G= GL(V )
with a finite exponential moment and such that Γμ is proximal and strongly irre-
ducible. For any ε > 0, there exists c > 0 and n0 ∈ N such that, for n ≥ n0, x in
P(V ) and y in P(V ∗), one has

μ∗n({g ∈G | δ(x, ymg )≥ e−εn})≥ 1 − e−cn, (14.5)

μ∗n({g ∈G | d(gx, xMg )≤ e−(λ1−λ2−ε)n})≥ 1 − e−cn, (14.6)

μ∗n({g ∈G | δ(xMg , y)≥ e−εn})≥ 1 − e−cn, (14.7)

μ∗n({g ∈G | δ(gx, y)≥ e−εn})≥ 1 − e−cn. (14.8)

Proof We can assume ε < 1
2 (λ1 − λ2). According to the large deviations princi-

ples for the Iwasawa cocycle (Theorem 13.11) and for the Cartan projection (Theo-
rem 13.17), there exist c > 0 and n0 ∈N such that, for n≥ n0, x =Kv in P(V ) and
y =Kf in P(V ∗) with ‖v‖ = ‖f ‖ = 1, there exists a subset Gn,x,y ⊂G with

μ∗n(Gn,x,y)≥ 1 − e−cn,
such that for g in Gn,x,y , the four quantities

∣
∣
∣λ1 − log‖g‖

n

∣
∣
∣ ,
∣
∣
∣λ1 − log‖gv‖

n

∣
∣
∣ ,
∣
∣
∣λ1 − log‖tgf ‖

n

∣
∣
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∣
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∣λ1−λ2− logγ1,2(g)

n

∣
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are bounded by ε
8 . We will check that, provided n0 is large enough, for any g in

Gn,x,y , one has

δ(x, ymg )≥ e−εn, d(gx, xMg )≤ e−(λ1−λ2−ε)n,

δ(xMg , y)≥ e−εn and δ(gx, y)≥ e−εn.
We first notice that, according to Lemma 14.2(i), one has

δ(x, ymg )≥ e−
ε
4n − e−(λ1−λ2− ε

8 )n,

hence, if n0 is large enough,

δ(x, ymg )≥ e−
ε
2n. (14.9)

This proves (14.5).
Now, using Lemma 14.2(iii) one gets, for n0 large enough,

d(gx, xMg )≤ e−(λ1−λ2− ε
8 )ne

ε
3n ≤ e−(λ1−λ2−ε)n. (14.10)

This proves (14.6).
Applying the same argument as above to tg acting on P(V ∗), Inequality (14.9)

becomes

δ(xMg , y)≥ e−
ε
2n. (14.11)

This proves (14.7).
Hence, combining (14.11) with (14.10), one gets, for n0 large enough,

δ(gx, y)≥ δ(xMg , y)− d(gx, xMg )
≥ e− ε

2n − e−(λ1−λ2−ε)n ≥ e−εn.
This proves (14.8). �

Proof of Theorem 14.1 We choose ε, c, n0 as in Proposition 14.3. We first check
that, for n≥ n0 and y in P(V ∗), one has

ν({x ∈X | δ(x, y)≥ e−εn})≥ 1 − e−cn. (14.12)

Indeed, since ν = μ∗n ∗ ν, by using (14.8) one computes

ν({x ∈X|δ(x, y)≥ e−εn})= ∫
X
μ∗n({g∈G|δ(gx, y)≥ e−εn})dν(x)

≥ ∫
X
(1 − e−cn)dν(x)= 1 − e−cn.

Then, choosing t < c
ε

and cutting the integral (14.2) along the subsets

An,y := {x ∈X | e−ε(n+1) ≤ δ(x, y) < e−εn},



14.2 Regularity on the Flag Variety 227

one gets the upper bound

∫
X
δ(x, y)−t dν(x)≤ etcεn0 +∑n≥n0

etε(n+1)ν(An,y)

≤ etεn0 +∑n≥n0
etεe−(c−tε)n <∞.

This proves (14.2). �

14.2 Regularity on the Flag Variety

In this section, we deduce from Theorem 14.1 a Hölder regularity property for
the stationary measure on the flag variety.

Let G be an algebraic reductive S -adic Lie group. Let Θ be a subset of the set
of simple restricted roots Π . Recall that we defined a Gc-equivariant embedding
(8.26) using the family of representations Vα defined in Sect. 8.4.5

PΘ,c→
∏

α∈Θ
P (Vα) , η �→ (Vα,η)α∈Θ.

In the same way, one has a Gc-equivariant embedding

PΘ∨,c→
∏

α∈Θ
P
(
V ∗
α

)
, η �→ (V ∗

α,η)α∈Θ.

For any η in PΘ,c and ζ in PΘ∨,c , we set

δ(η, ζ )= min
α∈Θ δ(Vα,η,V

∗
α,ζ ). (14.13)

One then has the equivalence, using Notation (13.27),

δ(η, ζ )= 0 ⇐⇒ η ∈QΘ,ζ .

Let μ be a Zariski dense Borel probability measure onG. From Proposition 10.1, we
know that there exists a unique μ-stationary Borel probability measure ν on PΘμ,c

and that, for any ζ in PΘ∨
μ ,c

, one has ν(QΘ,ζ )= 0. We deduce from Theorem 14.1
the following

Theorem 14.4 Let G be an algebraic reductive S -adic Lie group and μ be a
Zariski dense Borel probability measure on G with a finite exponential moment.

Let ν be the unique μ-stationary Borel probability measure on PΘμ,c . There
exists a constant t > 0 such that

supζ∈PΘ∨
μ ,c

∫
PΘμ,c

δ(η, ζ )−t dν(η) <∞.
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Proof Let μc be the measure induced by μ on the finite index subgroup Gc of
G defined in Sect. 8.23. From Lemma 5.7, we know that ν is μc-stationary and,
from Lemma 10.8, that μc has a finite exponential moment. Hence, the proof of
Theorem 14.4 is reduced to the case where G=Gc.

Then, we just notice that, for t > 0, η ∈PΘ and ζ ∈PΘ∨ , one has

δ(η, ζ )−t ≤
∑

α∈Θ
δ(Vα,η,V

∗
α,ζ )

−t .

Since Vα is a strongly irreducible proximal representation of Γμ, our claim follows
from Theorem 14.1. �

14.3 Regularity on the Grassmann Variety

In this section, we deduce from Theorem 14.1 a Hölder regularity property for
the stationary measure on the limit set ΛrΓ in the Grassmann variety Gr (V ),
where r is the proximal dimension of Γ .

We will use the notations of Lemma 4.38.

Theorem 14.5 Let K be a local field and V = K
d . Let μ be a Borel probability

measure on GL(V ) such that μ has a finite exponential moment and Γ := Γμ is
strongly irreducible. Let r ≥ 1 be the proximal dimension of Γ in V and νr be
the unique μ-stationary probability measure on the limit set ΛrΓ in the Grassmann
variety Gr (V ). Then, there exists a constant t > 0 such that

supy∈P(V ∗)
∫
X

d(z, y)−t dνr(z) <∞. (14.14)

Here, the “distance” d(z, y) is defined as the maximum

d(z, y) := maxx∈z δ(x, y), (14.15)

where δ(x, y) is as in (14.1).
The bound (14.14) does not depend on the choice of the norm on V . Hence we

may assume that the norm on V is good, i.e. it is a Euclidean norm when K is
Archimedean and a sup-norm when K is non-Archimedean. We assume also that
V ∗ and ∧rV are endowed with compatible good norms. Now there are two other
equivalent definitions of the quantity (14.15).

First, let z⊥ be the subspace z⊥ := {y′ =Rf ′ such that f ′|z = 0} orthogonal to z
in P(V ∗). One has the equality

d(z, y)= d(y, z⊥) := miny′∈z⊥ d(y, y′). (14.16)

Second, let ir :Gr (V )→ P(∧rV ) be the natural embedding. For any hyperplane
y ∈ P(V ∗) we denote by yr the subspace yr := P(∧ry) of P(∧rV ). One has the
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equality

d(z, y)= d(ir (z), yr ) := minz′∈yr d(ir (z), z′). (14.17)

The proofs of (14.16) and (14.17) are left to the reader. Note that if the norms
are not assumed to be good, the equalities (14.16) and (14.17) are true only up to a
uniformly bounded multiplicative factor.

Proof of Theorem 14.5 According to Lemma 4.36, there exists a strongly irre-
ducible and proximal representation ρ ′ : Γ → GL(V ′

r ) in a K-vector space V ′
r

and a Γ -equivariant embedding i′r : ΛrΓ → P(V ′
r ). This representation is con-

structed as a quotient V ′
r = Vr/Ur , where Vr and Ur are Γ -invariant subspaces

of ∧rV and the embedding i′r is induced by the natural Γ -equivariant embedding
ir :ΛrΓ → P(∧rV ) whose image is included in P(Vr) and does not meet P(Ur) (see
Lemma 4.36).

Since Γ acts irreducibly on V , the subspace yr never contains P(Vr) and is never
included in P(Ur). Hence it defines a non-trivial proper subspace y′r of P(V ′

r ). Using
(14.17), for any z in ΛrΓ , one gets the bound

d(i′r (z), y′r )≤ d(ir (z), yr )= d(z, y). (14.18)

The image of νr by i′r is the unique μ-stationary probability measure on P(V ′
r ).

The bound (14.14) follows from (14.18) and from the bound (14.2) applied to this
representation V ′

r . �

Using the same method we can also prove the following Proposition 14.6.

Proposition 14.6 Let K be a local field and V =K
d . Let μ be a Borel probability

measure on GL(V ) with a finite exponential moment and such that Γμ is strongly
irreducible. For any ε > 0, there exist c > 0 and n0 ∈ N such that, for all n ≥ n0
and v in V � {0}, one has

μ∗n({g ∈G | ‖gv‖
‖g‖‖v‖ ≥ e−nε})≥ 1 − e−cn. (14.19)

Remark 14.7 When Γμ is proximal, we obtained a formula similar to (14.19) in
the proof of Proposition 14.3 as a consequence of the Large Deviation Principle for
the Iwasawa cocycle. When Γμ is not assumed to be proximal, we will first prove
formula (14.19) and we will use it in the proof of the Large Deviation Principle for
the norm cocycle in Theorem 14.20.

Before starting the proof of Proposition 14.6, we introduce some notation. Fix
1 ≤ r ≤ d . Let e1, . . . , ed be the standard basis of V =K

d . For every element g in
GL(V ), we fix a Cartan decomposition g = kgag�g as in (14.4). We set zMg ∈Gr (V )

to be the density r-dimensional subspace of g

zMg = kg(Ke1 ⊕ · · · ⊕Ker) (14.20)



230 14 Regularity of the Stationary Measure

i.e. zMg is the r-dimensional subspace given by the density point of ∧rg. Similarly,
we set zmg ∈Gd−r (V ) to be the density (d−r)-dimensional subspace of t g

zmg = �−1
g (Ker+1 ⊕ · · · ⊕Ked) (14.21)

i.e. zmg is the (d−r)-dimensional subspace of V that is orthogonal to the density

r-dimensional subspace zMtg of t g in V ∗. Once r is fixed, these density subspaces

zMg and zmg are uniquely defined when the r th-singular value κr(g) is larger than
κr+1(g). In general they depend on the choice of the decomposition (14.4).

Proof of Proposition 14.6 This follows from Lemma 14.8(b) below, where r
is the proximal dimension of Γμ, and from Proposition 14.9(b). Note that, by
Lemma 10.16, the ratios of singular values κ1(g)

κr (g)
for g in Γμ are uniformly

bounded. �

We used the following lemma, which is a variation of Lemma 14.2.

Lemma 14.8 Let K be a local field, V =K
d and x =Kv be a point in P(V ). Fix

1 ≤ r ≤ d and let c0 > 0 and g be an element of GL(V ).

(a) Assume that the r first singular values are equal κ1(g)= · · · = κr(g). Then one
has the inequality

‖gv‖
‖g‖‖v‖ ≥ d(x, zmg ). (14.22)

(b) More generally, assuming that κr(g)≥ c0 κ1(g), one has

‖gv‖
‖g‖‖v‖ ≥ c0 d(x, z

m
g ). (14.23)

Proof The proof is the same as for Lemma 14.2. �

We also used the following Proposition 14.9, which is a variation of Proposi-
tion 14.3.

Proposition 14.9 Let K be a local field and V =K
d . Let μ be a Borel probability

measure on GL(V ) with a finite exponential moment such that Γμ is strongly irre-
ducible. Let r be the proximal dimension of Γμ. For any ε > 0, there exist c > 0 and
n0 ∈N satisfying the following.

(a) For all n≥ n0 and y in P(V ∗), one has

μ∗n({g ∈G | d(zMg , y)≥ e−nε})≥ 1 − e−cn. (14.24)

(b) For all n≥ n0 and x in P(V ), one has

μ∗n({g ∈G | d(x, zmg )≥ e−nε})≥ 1 − e−cn. (14.25)
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Proof (a) We recall that the distance d(z, y) has been defined in (14.15). According
to (14.18) and its notations, one has the inequality d(zMg , y)≥ d(i′r (zMg ), yr). Since
the point i′r (zMg ) is the density point of ρ′(g) in the proximal representation V ′

r , our
assertion follows from (14.7).

(b) This follows from (a) applied to the dual representation and from (14.16). �

14.4 The Law of Large Numbers for the Coefficients

We use the regularity properties of the Furstenberg measure from Sect. 14.1
to prove the Law of Large Numbers for the coefficients.

Let K be a local field, V =K
d and μ be a Borel probability measure on GL(V ).

We recall that Γμ is the closed subsemigroup of GL(V ) spanned by the support of
μ and that B := {b= (b1, . . . , bn, . . .)} = Γ N

∗
μ is the Bernoulli space endowed with

the Bernoulli probability measure β := μ⊗N
∗
. We fix a norm ‖.‖ on V . We recall

that the limit

λ1 = λ1,μ := lim
n→∞

1

n

∫

G

log‖g‖dμ∗n(g) (14.26)

exists and is called the first Lyapunov exponent of μ.

Theorem 14.10 Let K be a local field, V = K
d , and μ be a Borel probability

measure on GL(V ) such that μ has a finite exponential moment and Γμ is proximal
and strongly irreducible. For v in V �{0}, f in V ∗

�{0}, for β-almost all b in B ,
one has

lim
n→∞

1
n

log |f (bn · · ·b1v)| = λ1,μ, (14.27)

lim
n→∞

1
n

log |f (b1 · · ·bnv)| = λ1,μ, (14.28)

lim
n→∞

1
n

log‖b1 · · ·bnv‖ = λ1,μ. (14.29)

Moreover, these sequences converge in L1(B,β).

It is plausible that the assumption that Γμ is proximal in Theorem 14.10 can be
weakened to the assumption that Γμ is absolutely strongly irreducible, i.e. that, for
any field extension L⊃K, the action of Γμ in L

d is still strongly irreducible. It is
also plausible that the finite exponential moment assumption can be weakened to a
finite first moment assumption.

The main new difficulty when one compares statement (14.27) with the Law of
Large Numbers for the norm (1.15) is that one has to control the relative position
of the vector bn · · ·b1v and of the hyperplane Kerf . This is done in the following
lemma, which will also be useful in Sect. 14.8. We recall the notation

δ(x, y)= |f (v)|
‖f ‖‖v‖
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as in (14.1), when x =Kv ∈ P(V ) and y =Kf ∈ P(V ∗).

Lemma 14.11 Let K be a local field, V =K
d , and μ be a Borel probability mea-

sure on GL(V ) such that μ has a finite exponential moment and that Γμ is proximal
and strongly irreducible.

For all ε > 0, there exists c > 0, �0 > 0 such that for all n≥ �≥ �0, one has, for
all x in P(V ), y in P(V ∗),

μ∗n({g ∈G | δ(gx, y)≥ e−ε�}) ≥ 1 − e−c�. (14.30)

Proof When n= �, this is (14.8) in Proposition 14.3. Since

μ∗n({g | δ(gx, y)≥ e−ε�})=
∫

G

μ∗�({g | δ(ghx, y)≥ e−ε�})dμ∗(n−�)(h),

the case n≥ � follows. �

Proof of Theorem 14.10 Write x =Kv and y =Kf . According to the Law of Large
Numbers in Theorem 4.28.b, for β-almost all b in B , one has

lim
n→∞

1
n

log ‖bn···b1v‖‖v‖ = λ1,μ. (14.31)

According to Lemma 14.11 with n= �, there exists c > 0 and �0 ∈N such that, for
n≥ �0, one has

β({b ∈ B | δ(bn · · ·b1x, y)≤ e−εn})≤ e−cn.
Hence, by the Borel–Cantelli Lemma, for β-almost all b in B , one has

lim inf
n→∞

1
n

log δ(bn · · ·b1x, y) ≥ −ε, i.e.

lim
n→∞

1
n

log
|f (bn · · ·b1v)|
‖f ‖‖bn · · ·b1v‖ = 0.

Combined with (14.31), this proves (14.27).
One deduces (14.28) from (14.27) by exchanging the roles of V and V ∗.
Finally, according to Lemma 4.27, for β-almost all b in B , one also has

lim
n→∞

1
n

log‖b1 · · ·bn‖ = λ1,μ.

One deduces (14.29) from (14.28), and from the above limit since one has the lower
and upper bounds:

|f (b1 · · ·bnv)| ≤ ‖f ‖‖b1 · · ·bnv‖ ≤ ‖f ‖‖b1 · · ·bn‖‖v‖.
The convergence in L1(B,β) follows from the almost sure convergence and from

Lemma A.2, since the three sequences in (14.27), (14.28) and (14.29) are uniformly
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integrable. Indeed, they are bounded above by the sequence 1
n

∑
1≤i≤n log‖bi‖,

which converges in L1(B,β) according to the classical Law of Large Numbers in
Theorem A.5. �

14.5 The Law of Large Numbers for the Spectral Radius

We now prove the Law of Large Numbers for the spectral radius. As in
Sect. 14.4, this relies on the regularity properties of the Furstenberg measure
from Sect. 14.1.

We recall that K is a local field, that V = K
d , that λ1(g) denotes the spectral

radius of an element g in GL(V ) and that λ1,μ denotes the first Lyapunov exponent
of a probability measure μ on GL(V ).

Theorem 14.12 Let K be a local field and V = K
d . Let μ be a Borel probability

measure on GL(V ) such that μ has a finite exponential moment and that Γμ is
strongly irreducible. For β-almost all b in B , one has

lim
n→∞

1
n

logλ1(bn · · ·b1) = λ1,μ. (14.32)

Moreover, this sequence converges in L1(B,β).

When Γμ is proximal, the main new difficulty when one compares statement
(14.32) with the Law of Large Numbers for the coefficients (14.27) is that one has to
ensure that bn · · ·b1 is proximal and to control the relative position of the attractive
fixed point x+bn···b1

and of the repulsing hyperplane y<bn···b1
. This is done in the proof

of the following lemma.

Lemma 14.13 Let K be a local field and V = K
d . Let μ be a Borel probability

measure on GL(V ) such that μ has a finite exponential moment and that Γμ is
strongly irreducible. Then for all ε > 0, there exist c > 0 and �0 ≥ 1 such that, for
all n≥ �≥ �0, one has

μ∗n
({

g ∈G
∣
∣
∣
∣
λ1(g)

‖g‖ ≥ e−ε�
})

≥ 1 − e−c�, (14.33)

and, when Γμ is proximal,

μ∗n({g ∈G | g is proximal }) ≥ 1 − e−cn. (14.34)

In this section we will only need Lemma 14.13 with n = �. This more general
formulation with n≥ � will be needed in Sect. 14.9.

We will say that a property Pn(�, b) is true except on an exponentially small set
if there exist c > 0 and �0 ≥ 1 such that, for all n≥ �≥ �0, one has

β({b ∈ B | Pn(�, b) is true}) ≥ 1 − e−c�. (14.35)
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Proof of Lemma 14.13 Let r be the proximal dimension of Γμ. According to
Lemma 4.36, there exists a proximal and strongly irreducible representation ρ′ of
Γμ in a vector space V ′

r such that, for all g in Γμ, one has λ1(ρ(g))= λ1(g)
r and

‖ρ(g)‖ ≤ ‖g‖r . Hence with no loss of generality, one can assume Γμ to be proxi-
mal.

We want to prove that, for all ε > 0, the property

bn · · ·b1 is proximal and
λ1(bn · · ·b1)

‖bn · · ·b1‖ ≥ e−ε� (14.36)

is true except on an exponentially small set.
We keep the notations d(x, x′), δ(x, y), xMg , ymg , γ12(g) from Sect. 14.1. We fix

x0 in P(V ), y0 in P(V ∗) and a very small ε > 0 to be determined later.

We first notice that, by the Large Deviation Principle in Theorem 13.17, the fol-
lowing property (14.37) is true except on an exponentially small set:

γ1,2(bn · · ·b1) ≤ e−(λ1,μ−λ2,μ−ε)�, (14.37)

where λ1,μ and λ2,μ are the two first Lyapunov exponents of μ. Since Γμ is proxi-
mal, according to Corollary 10.15, one has λ1 > λ2.

We claim now that the following property (14.38) is true except on an exponen-
tially small set:

δ(xMbn···b1
, ymbn···b1

) ≥ e−ε�. (14.38)

Here is a sketch of the proof of (14.38): we decompose the product g = bn · · ·b1
as g = g2g1 with

g2 = bn · · ·b[n/2]+1 and g1 = b[n/2] · · ·b1,

where [n/2] denotes the floor integer of n/2. We want to check that the density point
xMg2g1

is not too close to the density hyperplane ymg2g1
. We will check successively

that the density points xMg2g1
and xMg2

are very close ((14.39) and (14.40)), that the
density hyperplanes ymg2g1

and ymg1
are very close ((14.41) and (14.42)), and that the

density point xMg2
is not too close to the density hyperplane ymg1

(14.43). This last
assertion is easier to check than Claim (14.38) since xMg2

and ymg1
are independent

variables.
Now, here is the precise proof of (14.38). Applying (14.6) twice, the following

properties (14.39) and (14.40) are true except on an exponentially small set:

d(xMbn···b1
, bn · · ·b1x0) ≤ e−(λ1,μ−λ2,μ−ε)�, (14.39)

d(xMbn···b[n/2]+1
, bn · · ·b1x0) ≤ e−(λ1,μ−λ2,μ−ε)�/2. (14.40)

By the same arguments in the dual space V ∗, the following properties (14.41) and
(14.42) are true except on an exponentially small set:

d(ymbn···b1
, t (bn · · ·b1)y0) ≤ e−(λ1,μ−λ2,μ−ε)�, (14.41)
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d(ymb[n/2]···b1
, t (bn · · ·b1)y0) ≤ e−(λ1,μ−λ2,μ−ε)�/2. (14.42)

According to (14.7), the following property (14.43) is also true except on an expo-
nentially small set:

δ(xMbn···b[n/2]+1
, ymb[n/2]···b1

) ≥ e−ε�. (14.43)

These five equations imply our claim (14.38).
Finally, when ε is small enough, the two assertions (14.37) and (14.38) imply

(14.34) and (14.33) because of Lemma 14.14 below. �

When g is a proximal element in GL(V ), we will denote by x+g , as in Sect. 4.1,
the attractive fixed point of g in P(V ) and by y<g the attractive fixed point of t g in
P(V ∗).

Lemma 14.14 Let K be a local field and V =K
d . Let g ∈ GL(V ). Set γ0 = γ1,2(g)

and δ0 := δ(xMg , ymg )/2. Assume that γ0 < δ
2
0 . Then g is proximal and one has

d(x+g , xMg )≤ γ0
δ0
, d(y<g , y

m
g )≤ γ0

δ0
and (14.44)

λ1(g)‖g‖ ≥ δ0. (14.45)

Proof For r > 0, let

bMg (r) := {x ∈ P(V ) | d(x, xMg )≤ r },
Bmg (r) := {x ∈ P(V ) | δ(x, ymg )≥ r }.

By definition, one has bMg (δ0)⊂ Bmg (δ0). Moreover, using the decomposition (14.4),
one checks that, for any x = Kv and x′ = Kv′ in Bmg (δ0), the images gx and gx′
belong to bMg (

γ0
δ0
), one has

‖gv‖
‖g‖‖v‖ ≥ δ0 and (14.46)

d(gx,gx′)≤ γ0 δ
−2
0 d(x, x′) (14.47)

(the distance estimate (14.47) relies on the norm estimate (14.46) and the definition
of the distance (13.1)).

The contraction property (14.47) implies that g has an attractive fixed point x+g
in the ball bMg (

γ0
δ0
). Arguing in the same way for the action on P(V ∗), this proves

(14.44). The norm estimate (14.46) then implies the lower bound (14.45) for the
spectral radius. �

Proof of Theorem 14.12 According to the Law of Large Numbers in Theo-
rem 4.28(a), for β-almost all b in B , one has

lim
n→∞

1
n

log‖bn · · ·b1‖ = λ1,μ.
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Using Lemma 14.13 with n= � and using the Borel–Cantelli Lemma, one also has,
for β-almost all b in B ,

lim
n→∞

1
n

log
λ1(bn · · ·b1)

‖bn · · ·b1‖ = 0.

The limit (14.32) is a direct consequence of these two equalities.
The convergence of the sequence (14.32) in L1(B,β) follows from Lemma A.2.

Indeed this sequence is uniformly integrable since it is dominated by the sequence
1
n

∑
1≤i≤n log‖bi‖, which converges in L1(B,β). �

We give now a reformulation of Theorem 14.12 in the language of reductive
groups. We use the notations of Sects. 10.4 and 13.4.

Theorem 14.15 (Law of Large Numbers for the Jordan projection) Let G be a
connected algebraic reductive S -adic Lie group and μ be a Zariski dense Borel
probability measure on G with a finite exponential moment. Denote by λ :G→ a+
the Jordan projection and by σμ be the Lyapunov vector of μ. For β-almost all b
in B , one has

lim
n→∞

1
n
λ(bn · · ·b1) = σμ. (14.48)

Moreover, this sequence converges in L1(B,β,a).

Proof Let (V ,ρ) be an irreducible representation of G and χ be its highest weight.
According to Lemma 8.17, one has the equality, for all g in G, logλ1(ρ(g)) =
χω(λ(g)). Hence, by Theorem 14.12 and Corollary 10.12, for β-almost all b in B ,
one has

lim
n→∞

1
n
χω(λ(bn · · ·b1)) = χω(σμ). (14.49)

By Lemma 8.15, the dual space a∗ is spanned by the highest weights χω of the
irreducible representations of G. This proves (14.48). �

We conclude this section with a corollary of Lemma 14.13, which tells us roughly
that a random walk on a real semisimple Lie group with a Zariski dense law is
loxodromic except on an exponentially small set.

Corollary 14.16 Let G be an algebraic semisimple real Lie group and μ be a
Zariski dense Borel probability measure on G with a finite exponential moment.
Then there exist c > 0 and n0 ≥ 1 such that, for all n≥ n0, one has

μ∗n({g ∈G | g is loxodromic}) ≥ 1 − e−cn. (14.50)

Proof This follows from Lemma 14.13 using sufficiently many proximal irreducible
representations ofG as in the proof of Theorem 14.15. The assumption that the local
field is R tells us that Γ is also proximal in these representations. �
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14.6 A Formula for the Variance

In this section, we give a formula for the variance of the limit Gaussian law
in the Central Limit Theorem.

First, we give the formula for the variance in the language of matrices as it will
occur in the Central Limit Theorem 14.19.

Proposition 14.17 Let K be a local field and V =K
d . Let μ be a Borel probability

measure on GL(V ) such that μ has a finite exponential moment and that Γμ is
strongly irreducible. Let λ1,μ be its first Lyapunov exponent. Then the following
limit exists

Φ1,μ := lim
n→∞

1

n

∫

G

(log‖g‖ − nλ1,μ)
2 dμ∗n(g). (14.51)

Moreover, when Γμ is proximal, the norm cocycle (g,Kv) �→ log ‖gv‖
‖v‖ onG×P(V )

is special and its covariance 2-tensor (3.17) is equal to Φ1,μ.

The main difference between formula (14.51) and formula (3.17) applied to the
norm cocycle is that the quantity log ‖gv‖

‖v‖ has been replaced by log‖g‖. The key

point in the proof of Proposition 14.17 is to dominate the L2-norm of the difference
of these two quantities.

Proof Using Lemma 4.36, one can assume Γμ to be proximal. The fact that the norm
cocycle (4.10) on G× P(V ) is special follows from Proposition 11.16 applied with
F = {1}. Indeed, the contraction assumption can be checked as in Lemma 13.5, and
the moment assumptions (11.14) and (11.15) can be checked as in Corollary 13.4.

Let dx be a Borel probability measure on P(V ) that is invariant under a maximal
compact subgroup of GL(V ). We introduce the following integrals

In :=
∫

G

(log‖g‖ − nλ1,μ)
2 dμ∗n(g),

Jn :=
∫

G×P(V )

(log ‖gv‖
‖v‖ − nλ1,μ)

2 dμ∗n(g)dx,

where x =Kv sits in P(V ). Since Γμ is proximal, Proposition 4.7 and Theorem 3.13
imply that the limit

Φ1,μ := lim
n→∞

1
n
Jn

exists. On the other hand, using Lemma 14.2(i) and Minkowski’s inequality, one has
the bound

(
√
In −
√
Jn)

2 ≤
∫

G×P(V )

(log ‖gv‖
‖g‖‖v‖ )

2 dμ∗n(g)dx
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≤
∫

G×P(V )

(log δ(x, ymg ))
2 dμ∗n(g)dx

≤ C := sup
y∈P(V ∗)

∫

P(V )

(log δ(x, y))2 dx.

Since the function t �→ (log |t |)2 is locally integrable on K, this constant C, which
does not depend on μ, is finite. In particular, one has

|In − Jn| ≤ (
√
C + 2
√
Jn)

√
C =O(√n)

and lim
n→∞

1
n
In =Φ1,μ. �

We now give the formula for the variance in the language of reductive groups.
We use the notations of Sects. 10.4 and 13.4.

Proposition 14.18 Let G be a connected algebraic reductive S -adic Lie group,
κ : G→ a+ be the Cartan projection, and μ be a Zariski dense Borel probability
measure on G with a finite exponential moment. Let σμ be the Lyapunov vector
of μ. Then the variance Φμ ∈ S2(a) of the Gaussian law in the Central Limit Theo-
rem 13.11 is given by

Φμ := lim
n→∞

1

n

∫

G

(κ(g)− nσμ)2 dμ∗n(g). (14.52)

Proof Let (V ,ρ) be an irreducible representation of G and χ be its highest weight.
According to Lemma 8.17, one has the equality, for all g in G, log‖ρ(g)‖ =
χω(κ(g)). Hence, by Corollary 10.12 and Proposition 14.17, the limit

lim
n→∞

1

n

∫

G

(χω(κ(g))− nχω(σμ))2 dμ∗n(g)

exists and is the variance of the Gaussian law for the central limit theorem for the
variables log‖ρ(bn · · ·b1)‖. Hence this limit is equal to Φμ(χω), where the covari-
ance tensor Φμ is seen as a quadratic form on a∗. According to Lemma 8.15, the
space S2a∗ is spanned by the square (χω)2 of the highest weights of the irreducible
representations of G. This proves (14.52). �

14.7 Limit Laws for the Norms

We now give corollaries of the limit laws stated in Theorems 13.11 and 13.17.
These corollaries are concrete formulations of the limit laws as in Introduc-
tion 1.5. We quote them here over any local field, allowing as always positive
characteristic.
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For Φ ≥ 0, we denote by NΦ the centered Gaussian probability measure on R

with variance Φ , i.e.

NΦ := 1√
2πΦ

e
− t2

2Φ dt whenΦ > 0,

NΦ := δ0 whenΦ = 0.

(14.53)

Let K be a local field and V = K
d . Let μ be a Borel probability measure on

GL(V ). We fix a norm ‖ · ‖ on V . We recall that Γμ is the closed subsemigroup of
G spanned by the support of μ and that B := Γ N

∗
μ is the Bernoulli space endowed

with the Bernoulli probability measure β := μ⊗N
∗
.

We recall that the limit

λ1,μ := lim
n→∞

1
n

∫
G

log‖g‖dμ∗n(g)

exists and is called the first Lyapunov exponent of μ. We recall also from (14.51)
that the limit

Φ1,μ := lim
n→∞

1
n

∫
G
(log‖g‖ − nλ1,μ)

2 dμ∗n(g)

exists when Γμ is strongly proximal.

Theorem 14.19 (Limit laws for log‖g‖) Let K be a local field and V = K
d . Let

μ be a Borel probability measure on GL(V ) with a finite exponential moment such
that Γμ is strongly irreducible.

(i) Central limit theorem. For any bounded continuous function ψ on R, one has

∫
G
ψ
(

log‖g‖−nλ1,μ√
n

)
dμ∗n(g)−−−→

n→∞
∫
R
ψ dNΦ1,μ .

(ii) Law of the iterated logarithm. For β-almost all b in B , the set of cluster points
of the sequence

log‖bn · · ·b1‖ − nλ1,μ√
2n log logn

is equal to the interval [−√Φ1,μ,
√
Φ1,μ].

(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

μ∗n
({
g ∈G | | log‖g‖ − nλ1,μ| ≥ nt0

}) 1
n < 1.

Moreover, when Γμ is an unbounded subsemigroup of SL(V ) and when K= R,
one has λ1,μ > 0 and Φ1,μ > 0.

The assumption that Γμ is strongly irreducible is crucial in Theorem 14.19, as
we explained in Example 13.9.4.
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Proof These statements do not depend on the choice of the norm on V . Hence we
can assume that this norm is good and we can use Lemma 8.17. The statements then
follow from Theorem 13.17, and, for the last statement, from Corollary 4.32 and
Proposition 13.19. �

Theorem 14.20 (Limit laws for log‖gv‖) Let K be a local field and V =K
d . Let

μ be a Borel probability measure on GL(Kd) with a finite exponential moment such
that Γμ is strongly irreducible. Let v ∈ V � {0} be a nonzero vector.

(i) Central limit theorem. For any bounded continuous function ψ on R, one has

∫
G
ψ
(

log‖gv‖−nλ1,μ√
n

)
dμ∗n(g)−−−→

n→∞
∫
R
ψ dNΦ1,μ .

(ii) Law of the iterated logarithm. For β-almost all b in B , the set of cluster points
of the sequence

log‖bn · · ·b1v‖ − nλ1,μ√
2n log logn

is equal to the interval [−√Φ1,μ,
√
Φ1,μ].

(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

μ∗n
({
g ∈G | | log‖gv‖ − nλ1,μ| ≥ nt0

}) 1
n < 1.

When Γμ is proximal this Theorem 14.20 may be seen as a direct consequence
of the general Limit Laws in Theorem 12.1 for a cocycle over a μ-contracting ac-
tion. The main issue in the proof is to explain how to get rid of the proximality
assumption.

Proof These statements can be deduced from those in Theorem 14.19.
For (i) and (ii), this follows from Proposition 4.21.
For (iii), this follows from Proposition 14.6. �

14.8 Limit Laws for the Coefficients

We explain how to deduce the Central Limit Theorem, Law of Iterated Loga-
rithms and Large Deviation Principle for the coefficients from the analogous
results for the norms.

We keep the notations λ1,μ, Φ1,μ, NΦ1,μ from Sect. 14.7.

Theorem 14.21 (Limit laws for log |f (gv)|) Let K be a local field, V =K
d , and

μ be a Borel probability measure on GL(V ) such that Γμ is proximal and strongly
irreducible and μ has a finite exponential moment. Let v ∈ V � {0} be a nonzero
vector and f ∈ V ∗

� {0} be a nonzero linear form.
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(i) Central limit theorem. For any bounded continuous function ψ on R, one has

∫
G
ψ
(

log |f (gv)|−nλ1,μ√
n

)
dμ∗n(g)−−−→

n→∞
∫
R
ψ dNΦ1,μ .

(ii) Law of the iterated logarithm. For β-almost all b in B , the set of cluster points
of the sequence

log |f (bn · · ·b1v)| − nλ1,μ√
2n log logn

is equal to the interval [−√Φ1,μ,
√
Φ1,μ].

(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

μ∗n
({
g ∈G | | |f (gv)| − nλ1,μ| ≥ nt0

}) 1
n < 1. (14.54)

It is plausible that the assumption that Γμ is proximal in Theorem 14.21 can be
weakened to the assumption that Γμ is absolutely strongly irreducible.

Proof We deduce these statements from Theorem 14.20 and Lemma 14.11.
For (i) we apply Lemma 14.11 with �= [√n], and we obtain

μ∗n
({
g ∈G | log |f (gv)|

‖f ‖‖gv‖ ≤ −ε√n})−−−→
n→∞ 0.

Hence the random variables
log‖bn···b1v‖−nλ1,μ√

n
and

log |f (bn···b1v)|−nλ1,μ√
n

have the
same limit in law.

For (ii), we apply Lemma 14.11 with �= [√n log logn], and we obtain

∑

n≥1

μ∗n
({
g ∈G | log |f (gv)|

‖f ‖‖gv‖ ≤ −ε√n log logn
})
<∞,

and we apply the Borel–Cantelli Lemma.
For (iii) we apply Lemma 14.11 with �= n, and we obtain

μ∗n
({
g ∈G | log |f (gv)|

‖f ‖‖gv‖ ≤ −εn})≤ e−cn.
This proves (14.54). �

14.9 Limit Laws for the Spectral Radius

We explain how to deduce the Central Limit Theorem, Law of Iterated Loga-
rithms and Large Deviation Principle for the spectral radius from the analo-
gous results for the norms.

We keep the notations λ1,μ, Φ1,μ, NΦ1,μ from Sect. 14.7.
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Theorem 14.22 (Limit laws for logλ1(g)) Let K be a local field, V =K
d , and μ

be a Borel probability measure on GL(V ) such that Γμ is strongly irreducible and
μ has a finite exponential moment.

(i) Central limit theorem. For any bounded continuous function ψ on R, one has

∫
G
ψ
(

logλ1(g)−nλ1,μ√
n

)
dμ∗n(g)−−−→

n→∞
∫
R
ψ dNΦ1,μ .

(ii) Law of the iterated logarithm. For β-almost all b in B , the set of cluster points
of the sequence

logλ1(bn · · ·b1)− nλ1,μ√
2n log logn

is equal to the interval [−√Φ1,μ,
√
Φ1,μ].

(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

μ∗n
({
g ∈G | |λ1(g)− nλ1,μ| ≥ nt0

}) 1
n < 1. (14.55)

Proof Using Lemma 4.36, one can assume Γμ to be proximal. We deduce these
statements from Theorem 14.19 and Lemma 14.13.

For (i) we apply Lemma 14.13 with �= [√n], and we obtain

μ∗n
({
g ∈G | log λ1(g)‖g‖ ≤ −ε√n})−−−→

n→∞ 0.

Hence the random variables
log‖bn···b1‖−nλ1,μ√

n
and

logλ1(bn···b1)−nλ1,μ√
n

have the same
limit in law.

For (ii), we apply Lemma 14.13 with �= [√n log logn], and we obtain

∑

n≥1

μ∗n
({
g ∈G | log λ1(g)‖g‖ ≤ −ε√n log logn

})
<∞,

and we apply the Borel–Cantelli Lemma.
For (iii) we apply Lemma 14.13 with �= n, and we obtain

μ∗n
({
g ∈G | log λ1(g)‖g‖ ≤ −εn})≤ e−cn.

This proves (14.55). �

When we reformulate Theorem 14.22 in the language of reductive groups we
obtain the following limit laws for the Jordan projection. We keep the notations σμ,
Φμ, Nμ, Kμ of Sects. 13.6.

Theorem 14.23 (Limit laws for λ(g)) Let G be a connected algebraic reductive
S -adic Lie group, λ :G→ a+ be the Jordan projection, and μ be a Zariski dense
Borel probability measure on G with a finite exponential moment.
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(i) Central limit theorem. For any bounded continuous function ψ on a,

∫
G
ψ
(
λ(g)−nσμ√

n

)
dμ∗n(g)−−−→

n→∞
∫
a
ψ dNμ.

(ii) Law of the iterated logarithm. Let Kμ be the unit ball of Φμ. For β-almost any
b in B , the following set of cluster points is equal to Kμ

C

(
λ(bn · · ·b1)− nσμ√

2n log logn

)

=Kμ. (14.56)

(iii) Large deviations. For any t0 > 0, one has

lim sup
n→∞

μ∗n
({
g ∈G | ∥∥λ(g)− nσμ

∥
∥≥ nt0

}) 1
n < 1. (14.57)

Proof This follows from the limit laws for the Cartan projection in Theorem 13.17
and the following comparison Lemma 14.24, in the same way as we deduced The-
orem 14.22 from the limit laws for the norm in Theorem 14.19 and the comparison
Lemma 14.13. �

Lemma 14.24 Let G be a connected algebraic reductive S -adic Lie group, κ and
λ be the Cartan and Jordan projection, and μ be a Zariski dense Borel probability
measure onG with a finite exponential moment. Then for all ε > 0, there exist c > 0
and �0 ≥ 1 such that for all n≥ �≥ �0, one has

μ∗n({g ∈G | ‖κ(g)− λ(g)‖ ≥ ε�}) ≤ e−c�. (14.58)

Proof This follows from Lemma 14.13 using sufficiently many irreducible repre-
sentations of G as in the proof of Theorem 14.15. �

14.10 A Simple Example (3)

We end the third part of the book by explaining in concrete and simplified
terms what we have learned therein on the explicit example of the introduc-
tion.

We have already discussed this example in Sect. 10.6. In this explicit example,
the law μ is the probability measure

μ := 1
2 (δa0 + δa1),

where a0 and a1 are the real d × d-matrices given by formulae (1.13). These for-
mulae have just been chosen so that the semigroup Γμ spanned by a0 and a1 is
Zariski dense in the group G := SL(Rd). Recall that we want to study the statistical
behavior of products of these matrices

pn := ain · · ·ai1 with i� = 0 or 1.
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The first main conclusion of Part III is a control of the statistics of the recentered
logarithm of the norm of these product matrices

log‖pn‖ − nλ1,μ at scale
√
n

and more generally a control of the statistics of the recentered Cartan projections

κ(pn)− nλμ at scale
√
n.

Recall that the Cartan projection κ(g) of a matrix g ∈G is the element of the vector
space

a := {(x1, . . . , xd) ∈R
d | x1 + · · · + xd = 0}

given by

κ(g) := (logκ1(g), . . . , logκd(g)),

where κk(g) is the kth-singular value of g. Recall also that λμ is the element of a,
called the Lyapunov vector of μ, whose components λk,μ are the Lyapunov expo-
nents of μ,

λμ := (λ1,μ, . . . , λd,μ).

The Central Limit Theorem (Theorem 14.19) tells us the following:
Consider the 2n n-tuples (i1, . . . , in) with i� = 0 or 1. Then the 2n real numbers

1√
n
(log‖pn‖ − nλ1,μ)

are distributed in R according to a law that converges, when n→ ∞, to a non-
degenerate Gaussian distribution law on R.

The multidimensional version of the Central Limit Theorem (Theorem 13.17 and
Proposition 13.19) tells us the following:

Consider the 2n n-tuples (i1, . . . , in) with i� = 0 or 1. Then the 2n elements of a

1√
n
(κ(pn)− nλμ)

are distributed in a according to a law that converges, when n→ ∞, to a non-
degenerate Gaussian distribution law on a.

The Law of the Iterated Logarithm (Theorem 14.19) tells us the following:
Choose, independently with equal probability, a sequence i1, . . . , in, . . . of 0 or 1.

Then, almost surely, one has

lim sup
n→∞

±1√
n log logn

(log‖pn‖ − nλ1,μ)= cμ,

where the limit is a positive real number cμ > 0 which depends only on μ.
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The multidimensional version of the Law of the Iterated Logarithm (Theo-
rem 13.17 and Proposition 13.19) tells us the following:

Choose, independently with equal probability, a sequence i1, . . . , in, . . . of 0 or 1.
Then, almost surely, the set of limit points of the sequence in a

1√
n log logn

(κ(pn)− nλμ)

is a centered and non-degenerate ellipsoid of a which depends only on μ.

The second main conclusion on Part III is an exponential control of the size of
the set of exceptions in the Law of Large Number.

The Large Deviation Principle (Theorem 14.19) tells us the following:
For all ε > 0 there exists α > 0 such that, when one consider the 2n n-tuples

(i1, . . . , in) with i� = 0 or 1, then, for n large, one has

| 1
n

log‖pn‖ − λ1,μ| ≤ ε

except for at most 2(1−α)n n-tuples.

The multidimensional version of the Large Deviation Principle (Theorem 13.17)
tells us the following:

For all ε > 0 there exists α > 0 such that, when one consider the 2n n-tuples
(i1, . . . , in) with i� = 0 or 1, then, for n large, one has

‖ 1
n
κ(pn)− λμ‖ ≤ ε

except for at most 2(1−α)n n-tuples.

A consequence (Corollary 14.16) of the Large Deviation Principle tells us the
following:

Fix ε > 0 small enough. Consider the 2n n-tuples (i1, . . . , in) with i� = 0 or 1.
Then, for n large,

the matrices pn are diagonalizable with real eigenvalues

except for at most 2(1−ε)n n-tuples.

What has been said above for the norm ‖pn‖ of the matrices pn has also been
proven in Part III for

– the norm ‖pnv‖ of the image of a vector v by these matrices (Theorem 14.20),
– the absolute value |f (pnv)| of a coefficient of these matrices (Theorem 14.21),
– the spectral radius λ1(pn) of these matrices (Theorem 14.22).

We will say more on this example in Sect. 17.6.



Part IV
The Local Limit Theorem



Chapter 15
The Spectrum of the Complex Transfer
Operator

We come back in this chapter and the next one to the abstract framework of
Chaps. 11 and 12, studying the cocycles over a μ-contracting action. The proofs
of the three limit theorems discussed in Chap. 12 were based on spectral properties
of the complex transfer operator Pθ for small values of the parameter θ discussed in
Chap. 11.

We study in this chapter the spectral properties of Pθ for all pure imaginary
values of the parameter θ . We will use these properties in Chap. 16 to prove a local
limit theorem for cocycles.

15.1 The Essential Spectral Radius of Piθ

We first show that the spectral radius of the transfer operator Piθ is strictly
less than 1 except if Piθ has eigenvalues of modulus 1.

The following lemma is an extension of Corollary 11.11. In this lemma, the as-
sumptions are the same as in Proposition 11.16.

Lemma 15.1 Let G be a second countable locally compact semigroup, s :G→ F

be a continuous morphism onto a finite group F , and μ be a Borel probability
measure on G such that μ spans F . Let 0< γ ≤ γ0 and let X be a compact metric
G-space which is fibered over F and (μ,γ0)-contracting over F .

Let σ :G×X→ E be a continuous cocycle whose sup-norm has a finite expo-
nential moment (11.14) and whose Lipschitz constant has a finite moment (11.15).

Then, there exists a constant γ0 in (0,1] such that, for 0< γ ≤ γ0, there exists a
constant δ in (0,1) such that, for any θ in E∗, the operator Piθ has spectral radius
≤ 1 and essential spectral radius ≤ δ in H γ (X).

Proof We fix 0 < γ ≤ γ0, where γ0 is as in Definition 11.1. According to the
Ionescu-Tulcea–Marinescu Theorem B.26 and to Lemma B.13 in Appendix B, it
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is enough to check that there exists δ ∈ (0,1), C > 0 such that for any n≥ 1, there
exists Cn > 0 with, for every ϕ ∈H γ (X),

‖Pniθϕ‖γ ≤Cδn‖ϕ‖γ +Cn‖ϕ‖∞. (15.1)

We recall that the complex transfer operator Piθ is defined by

Piθϕ(x)=
∫
G
eiθ(σ (g,x))ϕ(gx)dμ(g) (15.2)

and that its powers are given by

Pniθϕ(x)=
∫

G

eiθ(σ (g,x))ϕ(gx)dμ∗n(g).

In particular, one has

‖Pniθϕ‖∞ ≤ ‖ϕ‖∞.
It remains to bound, for x �= x′ in X with fx = fx′ :

Pniθϕ(x)− Pniθϕ(x′)
d(x, x′)γ

=An +Bn, where

An =
∫
H
eiθ(σ (g,x))−eiθ(σ (g,x′))

d(x,x′)γ ϕ(gx)dμ∗n(g)

Bn =
∫
H
eiθ(σ (g,x

′)) ϕ(gx)−ϕ(gx′)
d(x,x′)γ dμ∗n(g).

In order to bound An, we compute, using (11.19), for g in G and x �= x′ in X
with fx = fx′ ,

∣
∣
∣eiθ(σ (g,x)) − eiθ(σ (g,x′))

∣
∣
∣≤ 21−γ

∣
∣
∣eiθ(σ (g,x)) − eiθ(σ (g,x′))

∣
∣
∣
γ

≤ 21−γ ‖θ‖γ ‖σ(g, x)− σ(g, x′)‖γ

≤ 21−γ ‖θ‖γ eγ κ0(g)d(x, x′)γ .

Hence one gets, using (11.21),

|An| ≤C′
n‖ϕ‖∞ with C′

n = 21−γ ‖θ‖γ ∫
G
eγκ0(g) dμ∗n(g) <∞.

In order to bound Bn, we use the contraction property in the form (11.3), and we
get, for some δ ∈ (0,1) and C > 0,

|Bn| ≤ cγ (ϕ)
∫
G
d(gx,gx′)γ
d(x,x′)γ dμ∗n(g)≤ Cδncγ (ϕ).

This proves (15.1) with Cn = C′
n + 1. �

As a direct corollary of Lemma 15.1, we get the following.
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Corollary 15.2 We keep the assumptions as in Lemma 15.1 For any θ in E∗, the
complex transfer operator Piθ has spectral radius 1 in H γ (X) if and only if it has
an eigenvalue of modulus 1.

15.2 Eigenvalues of Modulus 1 of Piθ

We now study the eigenspaces in H γ (X) of the transfer operator Piθ associ-
ated to the eigenvalues of modulus 1.

The following lemma tells us that these eigenspaces are obtained by solving a
cohomological equation on Sν and that the measurable and integrable solutions of
this cohomological equation are automatically Hölder regular.

Let Sν ⊂X denote the support of the unique μ-stationary Borel probability mea-
sure ν on X (see Proposition 11.10). Let pμ = |F/Fμ|.

Lemma 15.3 We keep the assumptions as in Lemma 15.1. Let θ ∈ E∗ and u ∈ C

with |u| = 1.

(a) Let ϕ ∈ H γ (X) be an eigenfunction of Piθ with eigenvalue u, i.e. a function
satisfying Piθϕ = uϕ. Then the function |ϕ| is constant on Sν with value ‖ϕ‖∞
and, for any (g, x) in supp(μ)× Sν , one has

ϕ(gx)= ue−iθ(σ (g,x))ϕ(x). (15.3)

Moreover, for any pth
μ -root of unity ζ , the function χζϕ is an eigenfunction of

Piθ with eigenvalue ζu.
(b) Conversely, if there exists a nonzero function ϕ in L1(X, ν) satisfying (15.3) for

μ⊗ ν-almost any (g, x) in G×X, then u is an eigenvalue of Piθ in H γ (X)

and ϕ is ν-almost surely equal to an eigenfunction of Piθ in H γ (X).
(c) In this case, the eigenvalues of Piθ of modulus 1 are exactly the ζu, where ζ is

a pth
μ root of 1. For any such ζ , the corresponding eigenspace has dimension 1

and is generated by χζϕ.
(d) In particular, if μ is aperiodic in F , Piθ has at most one eigenvalue of modu-

lus 1.

Remark 15.4 When G is an algebraic semisimple real Lie group, μ a Zariski dense
probability measure onG,X the flag variety and σ the Iwasawa cocycle, we will see
in Proposition 17.1 that, for every nonzero θ ∈ a∗, the operator Piθ has no eigenvalue
of modulus 1.

When G is an algebraic semisimple p-adic Lie group, X the flag variety and σ
the Iwasawa cocycle, there always exists a Zariski dense probability measure μ on
G with finite support such that, for every θ ∈ a∗, the operator Piθ has an eigenvalue
λiθ of modulus 1. For instance, when G = SL(2,Qp) and μ= 1

2 (δg1 + δg2) is the
probability given in Example 13.21.
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Note that in Example 13.21, when θ(σμ) /∈ 2πZ, the eigenfunction associated
to the eigenvalue of modulus 1 of Piθ in H γ (X) does not have constant modulus
and does not satisfy (15.3) on the whole variety X = P

1(Qp). The reason is that the
functions x �→ eiθ(σ (g1,x)) and x �→ eiθ(σ (g2,x)) are equal on the support Sν but not
on the whole variety X.

Proof of Lemma 15.3 (a) By assumption, for any x ∈X, one has

uϕ(x)= ∫
G
eiθ(σ (g,x))ϕ(gx)dμ(g). (15.4)

Taking moduli in this equation, we get

|ϕ| ≤ P |ϕ| , (15.5)

thus, for any n in N, one has |ϕ| ≤ Pn |ϕ|. By Proposition 11.10, we have the con-
vergence in H γ (X), Pnpμ |ϕ| −−−→

n→∞ N |ϕ|, and therefore

|ϕ| ≤N |ϕ| ,
i.e. for any x in X,

|ϕ(x)| ≤ pμ
∫
{fx′ ∈fxFμ} |ϕ(x′)|dν(x′).

Hence, for any f in F , the function |ϕ| is constant on the set

{x ∈ Sν | fx ∈ fFμ}.
Denoting by CfFμ the value of this constant, (15.5) becomes

CfFμ ≤ CfμfFμ, for any f in F .

Therefore this inequality is an equality and the function |ϕ| is equal to a constant C
on Sν . As, everywhere on X, one has |ϕ| ≤N |ϕ| = C, this constant value is

C = ‖ϕ‖∞ .
Moreover, if x belongs to Sν , the left-hand side of (15.4) has modulus ‖ϕ‖∞, so
that, for μ-almost any g in G,

uϕ(x)= eiθ(σ (g,x))ϕ(gx),
which proves (15.3).

Finally, since one has

χζ (gx)= ζ χζ (x), for μ-almost all g in G and all x in X,

one gets Piθ (χζ ϕ)= ζχζ ϕ as required.



15.2 Eigenvalues of Modulus 1 of Piθ 253

(b) We first remark that, since ν is μ-stationary, formula (15.2) defines a contin-
uous operator Piθ of L1(X, ν) with norm at most 1. By (15.3), the function ϕ is an
eigenvector in L1(X, ν) for this operator Piθ .

We claim that, then, the operator Piθ has spectral radius 1 in H γ (X). Indeed, if
this is not the case, for any ψ in H γ (X), one has

Pniθψ −−−→
n→∞ 0 in H γ (X),

therefore, by density, for any ψ in L1(X, ν), one has

Pniθψ −−−→
n→∞ 0 in L1(X, ν),

which contradicts the existence of the eigenvector ϕ. Thus, Piθ has spectral radius
1 in H γ (X) and hence, by Lemma 15.1, it admits an eigenvector ϕ′ associated to
an eigenvalue u′ with modulus 1.

We claim that the ratio ζ := u/u′ is a pth
μ root of unity. Indeed, since ϕ′ has

constant modulus on Sν , the function ϕ′′ = ϕ/ϕ′ is in L1(X, ν) and, by (15.3), for
(μ⊗ ν)-almost any (g, x) in G×X, one has

ϕ′′(gx)= ζ ϕ′′(x).
This means that ϕ′′ is an eigenvector of P in L1(X, ν) with eigenvalue ζ . Now,
formula (11.12) defines a continuous operator N of the space L1(X, ν). By Propo-
sition 11.10, for any ψ in H γ (X), one has

Pnpμψ −−−→
n→∞ Nψ in H γ (X),

therefore, by density, for any ψ in L1(X, ν), one has

Pnpμψ −−−→
n→∞ Nψ in L1(X, ν).

Since Pnϕ′′ = ζ nϕ′′, we get ζpμ = 1, ϕ′′ =Nϕ′′ and ϕ′′ is ν-almost surely equal to
a multiple of χζ , which was to be shown.

(c) and (d) follow from the previous discussion. �

Remark 15.5 The operator Piθ is also a bounded operator in the space L∞(X, ν)
with norm at most 1. As a consequence of this proof Piθ has the same eigenvalues
of modulus 1 in each of the Banach spaces H γ (X), C 0(X), H γ (Sν), C 0(Sν),
L∞(X, ν) and L1(X, ν).

The following corollary tells us that, when θ is in E⊥
μ , the associated eigenfunc-

tions can easily been described.

Corollary 15.6 We keep the assumptions as in Lemma 15.1 and we let σμ ∈ E,
Eμ ⊂ E and ϕ̇0 ∈ H γ (X) be as in Lemma 11.19. For any θ in E⊥

μ , the operator
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Piθ has spectral radius 1 in H γ (X). Its eigenvalues of modulus 1 are the ζeiθ(σμ),
where ζ is a pth

μ root of 1, and the restriction of the associated eigenfunctions to Sν
are multiples of the function x �→ χζ (x)e

iθ(ϕ̇0(x)).

Proof According to formula (11.29), for (μ⊗ ν)-almost any (g, x) in G×X, one
has

σ(g, x)= σμ − ϕ̇0(gx)+ ϕ̇0(x) modEμ.

Hence, when θ ∈ E∗ is orthogonal to Eμ, the function ϕ : x �→ eiθ(ϕ̇0(x)) satisfies,
for (μ⊗ ν)-almost any (g, x) in G×X,

ϕ(gx)= eiθ(σμ)e−iθ(σ (g,x))ϕ(x).
which is (15.3) with u= eiθ(σμ). Our claim follows from Lemma 15.3. �

For technical reasons, when studying the Iwasawa cocycle of reductive S -adic
Lie groups that have both real and non-Archimedean components, in the proof of
Proposition 17.4, we will need the following.

Corollary 15.7 We keep the assumptions as in Lemma 15.1. Assume, moreover, that
Y is another compact metric G-space, which is fibered over F and μ-contracting
over F , and that π : Y →X is aG-equivariant continuous map such that fπ(y) = fy
for any y in Y . We also denote by σ the lifted cocycle on G× Y . Then, for any θ in
E∗, the operator Piθ has spectral radius 1 in H γ (Y ) if and only if it has spectral
radius 1 in H γ (X).

Proof Assume Piθ has spectral radius 1 in H γ (X). By Lemma 15.1, it has an
eigenfunction ϕ ∈H γ (X) associated to an eigenvalue of modulus 1. Then the func-
tion ψ = ϕ ◦ π ∈ C 0(Y ) is an eigenfunction of Piθ for the same eigenvalue. Hence
by Lemma 15.3, Piθ has spectral radius 1 in H γ (Y ).

Conversely, assume Piθ has spectral radius 1 in H γ (Y ). For any ψ in Hγ (Y ),
set

p(ψ)= sup
π(y)=π(y′)

∣
∣ψ(y)−ψ(y′)∣∣ ,

where the supremum is taken over the pairs y, y′ in Y with π(y)= π(y′). Since σ
is constant on the fibers of π , using the contraction property as in (11.10), for any n,
one has

p(P niθψ)≤ δncγ (ψ)C, (15.6)

for some fixed C > 0.
According to Lemma 15.1, Piθ has an eigenfunction ψ ∈ H γ (Y ) associated to

an eigenvalue of modulus 1. Hence, by (15.6), one has

p(ψ)= lim
n→∞p(P

n
iθψ)= 0.
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This means that there exists a function ϕ in C 0(X) such that ψ = ϕ ◦ π . This func-
tion ϕ is an eigenfunction of Piθ for the same eigenvalue. Hence by Lemma 15.3,
Piθ has spectral radius 1 in H γ (X). �

15.3 The Residual Image Δμ of the Cocycle

We introduce in this section a subgroup Δμ of E called the μ-residual image
of the cocycle σ . This group is important since it preserves the limit measure
that will occur in the Local Limit Theorem 16.1.

We will give two definitions of Δμ. The first one in Proposition 15.8 describes
Δμ as the orthogonal of the set of parameters θ for which the complex transfer
operator Piθ has spectral radius 1 in H γ (X). The second one in Corollary 15.10
describes Δμ as the smallest subgroup for which one can find a cocycle cohomolo-
gous to σ with values in a translate of Δμ.

We keep the notations that have been introduced in Chap. 11 and Sect. 15.1. We
also keep the assumptions of Lemma 15.1. As the cocycle σ may be cohomologous
to a cocycle taking values in a coset of a proper subgroup of Eμ, before stating the
main result of this chapter, we must proceed to some reductions of σ .

When Δ is a closed subgroup of E, we let Δ⊥ be the subgroup of E∗ consisting
of those θ in E∗ with θ(v) ∈ 2πZ, for any v in Δ. Here are a few basic properties
of Δ⊥.

(i) One has Δ⊥⊥ =Δ.
(ii) Δ is connected ⇐⇒ Δ⊥ is connected. In this case both Δ and Δ⊥ are vector

spaces and Δ⊥ is the usual orthogonal subspace of Δ in E∗.
(iii) Δ is discrete ⇐⇒ Δ⊥ is compact.
(iv) The map that sends some θ in E∗ to the character v �→ eiθ(v) of Δ identifies

E∗/Δ⊥ with the dual group of Δ.

According to Lemma 15.1, for θ in E∗, the operator Piθ has spectral radius ≤ 1
in H γ (X). The next lemma describes the set of θ such that Piθ has spectral radius
exactly 1.

Proposition 15.8 We keep the assumptions as in Lemma 15.1.

(a) The set

Λμ := {θ ∈E∗ | Piθ has spectral radius 1 in H γ (X)}
is a closed subgroup of E∗ whose connected component is E⊥

μ .
(b) Its dual group Δμ :=Λ⊥

μ is a closed cocompact subgroup of Eμ.
(c) If, moreover, μ is aperiodic in F , i.e. pμ = 1, then there exists an element vμ of
Eμ and a Hölder continuous function ϕ0 : Sν →E/Δμ such that, for any (g, x)
in Suppμ× Sν , we have

σ(g, x)= σμ + vμ − ϕ0(gx)+ ϕ0(x) modΔμ. (15.7)
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The group Δμ is called the μ-residual image of the cocycle σ . This notion is
different from the essential image of a cocycle in [113]. The cocycle σ is said to be
non-degenerate if Eμ =E. It is said to be aperiodic if

Δμ =E. (15.8)

Remark 15.9 Equation (15.7) gives a reduction of the cocycle σ to a smaller sub-
group than (11.29).

Proof (a) According to Lemma 15.3, an element θ ∈E∗ belongs to Λμ if and only
if there exist a function ϕiθ ∈ H γ (Sν) of modulus 1 and λiθ ∈ C with |λiθ | = 1
such that for any (g, x) in supp(μ)× Sν , one has

ϕiθ (gx)= λiθ e−iθ(σ (g,x))ϕiθ (x).
Now, take θ, θ ′ in Λμ and set θ ′′ = θ − θ ′. The ratio λiθ ′′ := λiθ /λiθ ′ of the eigen-
values and the ratio ϕiθ ′′ := ϕiθ /ϕiθ ′ of the corresponding eigenfunctions satisfy

ϕiθ ′′(gx)= λiθ ′′e−iθ ′′(σ (g,x))ϕiθ ′′(x),
for any (g, x) in supp(μ)×Sν . Hence θ − θ ′ also belongs to Λμ and Λμ is a group.
According to Corollary 15.6 and Lemma 11.19, the group Λμ contains the vector
space E⊥

μ as an open subgroup. In particular the quotient group Λμ/E⊥
μ is discrete

in E∗/E⊥
μ . This proves that the group Λμ is closed in E∗ and that its connected

component is E⊥
μ .

(b) By duality, sinceΔ⊥
μ containsE⊥

μ , the groupΔμ is included inEμ. Moreover,
since Δ⊥

μ/E
⊥
μ is discrete, the quotient Eμ/Δμ is compact.

(c) We assume now that μ is aperiodic in F , i.e. pμ = 1. By Lemma 15.3, for
any θ in Λμ, the eigenvalue λiθ of modulus 1 of Piθ is uniquely determined by θ .
By the above construction, for any θ, θ ′ in Λμ, one has

λiθ+iθ ′ = λiθλiθ ′
and θ �→ λiθ is a character of the group Λμ whose restriction to E⊥

μ is, according to

Corollary 15.6, given by θ �→ eiθ(σμ). Hence there exists an element vμ of Eμ such
that

λiθ = eiθ(σμ+vμ) for any θ in Λμ.

Fix x0 in Sν . By Lemma 15.3, for any θ inΛμ, there exists a unique eigenfunction
ϕiθ ∈H γ (X) of Piθ such that ϕiθ (x0)= 1. For any (g, x) in supp(μ)×Sν , one has

ϕiθ (gx)= eiθ(σμ+vμ)e−iθ(σ (g,x))ϕiθ (x) and |ϕiθ (x)| = 1. (15.9)

By the above construction, for any θ , θ ′ in Λμ and x in Sν , one has

ϕiθ+iθ ′(x)= ϕiθ (x)ϕiθ ′(x).
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Hence, for any x in Sν , there exists a unique element ϕ0(x) in E/Δμ such that

ϕiθ (x)= eiθ(ϕ0(x)).

Using (15.9), one gets, for any (g, x) in supp(μ)× Sν ,
ϕ0(gx)= σμ + vμ − σ(g, x)+ ϕ0(x) inE/Δμ

as required. �

The following corollary explains why this group Δμ is called the μ-residual im-
age of σ : it tells us that Δμ, is the smallest closed subgroup Δ of E for which there
exists a cocycle cohomologous to σ taking almost surely its values in a translate
of Δ. It also tells us that the decomposition (15.7) is unique.

Corollary 15.10 We keep the assumptions as in Lemma 15.1. Suppose μ is ape-
riodic in F . Let Δ be a closed subgroup of E, v be an element of E/Δ and
ϕ : Sν →E/Δ be a continuous function such that, for μ⊗ ν every (g, x) in G×X,
one has

σ(g, x)= σμ + v− ϕ(gx)+ ϕ(x) modΔ.

Then, one has Δ⊃Δμ, v ∈ vμ +Δ and the function ϕ is equal to ϕ0 +Δ up to a
constant.

Proof Let θ be in Δ⊥. By construction, for μ⊗ ν every (g, x) in G×X, one has

eiθ(ϕ(gx)) = eiθ(σμ+v)e−iθ(σ (g,x))eiθ(ϕ(x)),
so that, by Lemma 15.3, θ belongs to Λμ. We get Λμ ⊃ Δ⊥, which amounts to
Δμ ⊂Δ.

We combine our assumption with (15.7). To simplify notations, we still denote
by v, vμ and ϕ0 the images of these quantities in E/Δ. For every x in Sν , for any
n≥ 1, for μ∗n-every g in G, we get, in E/Δ,

(ϕ0 − ϕ)(gx)= n(vμ − v)+ (ϕ0 − ϕ)(x), (15.10)

hence, if y is another point of Sν ,

(ϕ0 − ϕ)(gx)− (ϕ0 − ϕ)(gy)= (ϕ0 − ϕ)(x)− (ϕ0 − ϕ)(y). (15.11)

Now, by Lemma 11.5, if fx = fy , for β-almost any b in B , one has

d(bn · · ·b1x, bn · · ·b1y)−−−→
n→∞ 0

and hence, in E/Δ, by (15.11),

ϕ0(x)− ϕ(x)= ϕ0(y)− ϕ(y),
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that is, there exists a map ψ : F →E/Δ such that, for x in Sν ,

ϕ0(x)− ϕ(x)=ψ(fx).
Now, (15.10) gives, for μ-almost any g in G, for all f in F ,

ψ(s(g)f )= vμ − v+ψ(f ).
Thus, if θ belongs to Δ⊥, the function f �→ eiθ(ψ(f )) is an eigenvector of P in
C
F associated to the eigenvalue eiθ(vμ−v) of modulus 1. Since we assumed μ to be

aperiodic, by Lemma 11.6, θ ◦ ψ is constant and θ(v − vμ) ∈ 2πZ. As this is true
for any θ , we get that ϕ − ϕ0 is constant mod Δ and v = vμ mod Δ as required. �

Remark 15.11 By Corollary 15.6, when θ belongs to E⊥
μ , the eigenfunction ϕiθ of

Piθ is given by, for any x in Sν ,

ϕiθ (x)= eiθ(ϕ̇0(x)−ϕ̇0(x0)).

Hence, by Corollary 15.10, one has

ϕ0(x)= ϕ̇0(x)− ϕ̇0(x0) mod Eμ.

In the application in Chap. 17 where X is the flag variety of a reductive group,
the following consequence of Corollary 15.10, which is similar to Corollary 12.4,
will be useful.

Corollary 15.12 (F -invariance) We keep the assumptions as in Lemma 15.1. We
assume moreover that E is equipped with a linear action of the finite group F and
that X is equipped with a continuous right action of F which commutes with the
action of G and that, for all f in F , the cocycles (g, x) �→ σ(g, xf ) and (g, x) �→
f−1σ(g, x) are cohomologous. Then

(a) The subgroups Λμ and Δμ are stable under F .
(b) The image of vμ in Eμ/Δμ is F -invariant.

Remark 15.13 The element vμ ∈Eμ cannot always be chosen to be F -invariant.
For example, let F be a finite group which acts on a finite-dimensional real vector

space E. We setG= F �E and X =G/E = F . We define a function σ :G×F →
E by setting, for g = f v in G and x in F , σ(g, x) = x−1v, where x is viewed as
an element of F which acts on E. One easily checks that σ is an F -equivariant
cocycle. Now assume, for example, that E = R and F = Z/2Z = {1, ε} acts on
R by multiplication by −1. We let μ be the probability measure on G given by
μ= 1

2 (δ 1
2
+ δ

ε 1
2
). Then one checks that σμ = 0, Δμ = Z and vμ = 1

2 + Z whereas

R does not admit any nonzero F -invariant element.



Chapter 16
The Local Limit Theorem for Cocycles

Using the spectral properties of the complex transfer operator proven in Chap. 15,
we prove a local limit theorem with moderate deviations for cocycles over a μ-
contracting action. This theorem is an extension of the local limit theorem of Breuil-
lard in [30, Théorème 4.2] for classical random walks on the line.

16.1 The Local Limit Theorem

In this section we state the local limit theorem (Theorem 16.1) for the co-
cycle σ . It will be deduced from a local limit theorem with target (Proposi-
tion 16.6) for a cocycle σ̃ taking values in a translate of the μ-residual image
Δμ of σ .

We keep the assumptions and notations of Proposition 15.8. Let ν be the unique
μ-stationary Borel probability measure on X (see Proposition 11.10). Let σμ be the
average of σ given by formula (3.14). Since by Proposition 11.16 the cocycle σ is
special, we can introduce the covariance 2-tensor Φμ which is given by formulae
(3.16) and (3.17). Let Eμ ⊂E be the linear span of Φμ.

For n ≥ 1 and x ∈ Sν , we want to understand the behavior of the measure μn,x
on E given by, for every ψ ∈ Cc(E),

μn,x(ψ)=
∫

G

ψ(σ(g, x)− nσμ)dμ∗n(g), (16.1)

i.e. we want to compute the rate of decay of the probability that the recentered
variable σ(gn · · ·g1, x) − nσμ belongs to a fixed convex set C. To emphasize its
role, this convex set C is often called a window.

We first define precisely the renormalization factorGn and the limit measureΠμ
that occur in the statement of the Local Limit Theorem 16.1.

As in (12.1) we introduce the Lebesgue measure dv on Eμ that gives mass one
to the unit cubes of Φ∗

μ. For n≥ 1, we denote byGn the density of the Gaussian law
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N∗n
μ on Eμ with respect to dv,

Gn(v)= (2πn)−
eμ
2 e−

1
2nΦ

∗
μ(v), for all v in Eμ, (16.2)

where eμ := dimEμ and Φ∗
μ is the positive definite quadratic form on Eμ that is

dual to Φμ.
Let Λμ be the group of elements θ in E∗ such that Piθ has spectral radius 1 and

Δμ =Λ⊥
μ (see Proposition 15.8). According to Proposition 15.8, there exist vμ in

Eμ and a Hölder continuous function ϕ0 : Sν →E/Δμ such that (15.7) holds.
We now assume that the cocycle σ has the lifting property: this means that the

function ϕ0 admits a continuous lift ϕ̃0 : Sν → E. Equivalently, we assume that
there exist an element vμ of Eμ and a Hölder continuous function ϕ̃0 : Sν →E such
that, for any (g, x) in Suppμ× Sν , one has

σ(g, x)= σμ + vμ − ϕ̃0(gx)+ ϕ̃0(x) modΔμ. (16.3)

The group Δμ is cocompact in Eμ. We let πμ be the Haar measure of Δμ that
gives mass one to the intersection of the unit cubes of Φ∗

μ with the connected com-
ponent Δ◦

μ of Δμ. We let Πμ be the average measure on E such that, for any Borel
subset C of E, one has

Πμ(C)=
∫

X

πμ(C + ϕ̃0(x
′))dν(x′). (16.4)

Here is our first version of the local limit theorem for σ .

Theorem 16.1 (Local limit theorem for σ ) Let G be a second countable locally
compact semigroup and s :G→ F be a continuous morphism onto a finite group F .
Let μ be a Borel probability measure on G which is aperiodic in F . Let X be a
compact metric G-space which is fibered over F and μ-contracting over F .

Let σ :G×X→ E be a continuous cocycle whose sup-norm has a finite expo-
nential moment (11.14) and whose Lipschitz constant has a finite moment (11.15).
We also assume the existence (16.3) of a lift ϕ̃0. We fix a bounded convex subset
C ⊂E and R > 0. Then one has the limit

lim
n→∞

1
Gn(vn)

μn,x(C + vn)−Πμ(C + vn − nvμ − ϕ̃0(x)) = 0. (16.5)

This limit is uniform for x ∈ Sν and vn ∈Eμ with ‖vn‖ ≤√
Rn logn.

Remark 16.2 In this theorem we allow moderate deviations, i.e. we allow the win-
dow C + vn to jiggle moderately, since our result is uniform for

‖vn‖ ≤R
√
n logn. (16.6)

These moderate deviations are crucial for the concrete applications in Sects. 17.4
and 17.5. They are also used in [15].
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Remark 16.3 When the deviation satisfies the condition (16.6), we get the follow-
ing lower bound for the denominator (16.2) of the left-hand side of (16.5)

Gn(vn)≥A0 n
−R− eμ2 , (16.7)

where the constant A0 depends only on μ and R. This lower bound will allow us
to neglect in the calculation of μn,x(C + vn) any term that decays faster than this
power of n.

Theorem 16.1 is a special case of the local limit theorem with target (Theo-
rem 16.15) that we will state and prove in Sect. 16.4.

Remark 16.4 We could give a general version of this theorem without the assump-
tion that μ is aperiodic in F , but this would make the statement heavy, since we
would have to restrict our attention to integers n in arithmetic sequences k +Zpμ.

Theorem 16.1 may be true without the assumption (16.3) that a lift ϕ̃0 exists.
This condition is satisfied in our main application in Chap. 17, but this is not always
the case, as shown by the following example.

Example 16.5 There exists a cocycle σ : G × X → E which satisfies the as-
sumptions of Proposition 11.16 but for which there does not exist any function
ϕ̃0 : Sν →E which fulfills (16.3).

Proof We choose the group G to be a free group on two generators g1 and g2, μ to
be μ= 1

4 (δg1 + δg2 + δg−1
1

+ δ
g−1

2
) and X = P(R2). We let G act faithfully on X via

a dense subgroup of SL(2,R), so that Sν =X. We identify the universal cover of X
with R by setting, for any t ∈ R, xt := R(cos t, sin t) ∈ X. For i = 1,2, we choose
a continuous lift g̃i : R→ R of gi : it satisfies xg̃i t = gi(xt ). For any g ∈G, we set
g̃ :R→R for the corresponding word in g̃1, g̃2.

We let σ :G×X→E =R be the cocycle given by, for g ∈G,

σ(g, xt )= g̃ t − t for all t ∈R. (16.8)

For θ in 2Z, the function ϕθ on X such that ϕ(xt )= eiθt , t ∈ R, satisfies, for any g
in G and x in X,

eiθσ (g,x) = ϕ(gx)ϕ(x)−1,

so that, by Corollary 15.10, one has πZ⊃Δμ. However, we claim that one cannot
write σ under the form (16.3) with a continuous ϕ̃0 :X→R. Indeed, if this was the
case, since the space X is connected, for any g in G, the function

x �→ σ(g, x)− ϕ̃0(x)+ ϕ̃0(gx)

would be constant with a value c(g). By the cocycle property, the map c would be
a morphism G→ R. In particular, c would be trivial on the derived group [G,G]
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of G. Now, since SL(2,R) is equal to its derived group, [G,G] has dense image in
SL(2,R) and one can find g in [G,G] that acts on P(R2) as a non-trivial rotation,
so that |σ(gn, x)| −−−→

n→∞ ∞ uniformly in X. This contradicts the fact that, since

c(g)= 0, one has

σ(g, x)= ϕ̃0(x)− ϕ̃0(gx) for all x ∈X. �

We now begin the proof of Theorem 16.1 and of its extension: Theorem 16.15.
We introduce the cocycle

σ̃ :G× Sν →E;
(g, x) �→ σ̃ (g, x) := σ(g, x)+ ϕ̃0(gx)− ϕ̃0(x).

(16.9)

It satisfies

σ̃ (g, x) ∈ σμ + vμ +Δμ for all (g, x) in Suppμ× Sν . (16.10)

We first need a notation similar to (16.1) for the cocycle σ̃ . For ϕ ∈ H γ (X),
n ≥ 1 and x ∈ Sν , we introduce the measure μ̃ϕn,x on Eμ given by, for every ψ ∈
Cc(Eμ),

μ̃ϕn,x(ψ)=
∫

G

ψ(̃σ (g, x)− nσμ)ϕ(gx)dμ∗n(g). (16.11)

The main advantage in first considering this measure μ̃ϕn,x is that it is concentrated
on nvμ +Δμ ⊂Eμ.

We will first prove an analogous local limit theorem for the cocycle σ̃ . For any v
in Eμ, we denote by πvμ the image of πμ under the translation by v.

Proposition 16.6 (Local limit theorem for σ̃ with target) We keep the assumptions
as in Theorem 16.1. We fix ϕ ∈ H γ (X), a bounded convex subset C ⊂ E, and
R > 0. Then one has the limit

lim
n→∞

1
Gn(vn)

μ̃
ϕ
n,x(C + vn) − ν(ϕ) π

nvμ
μ (C + vn) = 0.

This limit is uniform for x ∈ Sν and vn ∈Eμ with ‖vn‖ ≤√
Rn logn.

The proof of Proposition 16.6 will occupy the main part of this chapter. Note
that, in the course of the proof, the assumption that x belongs to Sν is only used
in relation to the construction of ϕ0, so that we can drop it when the cocycle σ is
aperiodic, i.e. satisfies (15.8):

Corollary 16.7 (Local limit theorem for aperiodic cocycles) Let G be a second
countable locally compact semigroup, μ be a Borel probability measure on G. Let
X be a compact metric G-space which is μ-contracting. Let σ : G × X→ E be
a continuous cocycle whose sup-norm has a finite exponential moment (11.14) and
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whose Lipschitz constant has a finite moment (11.15). We assume that σ is aperi-
odic. Let πμ be the Lebesgue measure of E which gives mass one to the unit cubes
of Φ∗

μ.
We fix a bounded convex subset C ⊂E and R > 0. Then, the sequence

1
Gn(vn)

μ∗n({g ∈G | σ(g, x)− nσμ ∈C + vn})
converges uniformly to πμ(C) when n goes to ∞, as soon as x ∈X and vn ∈E with
‖vn‖ ≤√

Rn logn.

16.2 The Local Limit Theorem for Smooth Functions

We will first prove a smoothened variation (Lemma 16.11) of the local limit
theorem with target (Proposition 16.6) for σ̃ where we replace the convex set
C by an adequate smooth function ψ on Eμ.

Let ψ be a Borel function on Eμ such that

supv∈Eμ
∫
E
|ψ | dπvμ <∞. (16.12)

For any v in Eμ, we introduce the partial Fourier transform ψ̂v given by, for θ in E∗,

ψ̂v(θ)=
∫
Eμ
ψ(w)e−iθ(w) dπvμ(w).

Note that, for θ in E∗ and θ ′ in Λμ, we have

ψ̂v(θ + θ ′)= e−iθ ′(v)ψ̂v(θ)
and hence ψ̂v may be seen as a function on E∗

μ �E∗/E⊥
μ and

∣
∣ψ̂v
∣
∣ may be seen as

a function on E∗/Λμ.

Definition 16.8 A Borel function ψ on Eμ is called Δμ-admissible if

– For any k in N, one has sup
v∈Eμ

(1 + ‖v‖)k |ψ(v)|<∞.

– There exist compact subsets K of Eμ and K∗ of E∗ such that ψ has support in
K +Δ◦

μ and, for any v in Eμ, ψ̂v has support in K∗ + (Δ◦
μ)

⊥.

See the beginning of Sect. 16.3 for examples of such functions.

Remark 16.9 When Δμ = E, i.e. when the cocycle is aperiodic (which is the case
for the Iwasawa cocycle of an algebraic semisimple real Lie group), an admissible
function on E is a Schwartz function whose Fourier transform has compact support.

When Δμ is a discrete subgroup of E, an admissible function is a compactly
supported bounded Borel function on Eμ.
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The general case is a mixture of those two cases since one has the following dual
sequences of injections

0 −→Δ◦
μ

codiscrete−−−−−→Δμ
cocompact−−−−−→Eμ −→E,

0 −→Λ◦
μ =E⊥

μ

codiscrete−−−−−→Λμ =Δ⊥
μ

cocompact−−−−−→ (Δ◦
μ)

⊥ −→E∗.

Remark 16.10 When ψ is an admissible function and ρ is a finite Borel measure on
Eμ supported by v +Δμ for some v in Eμ, to compute ρ(ψ) = ∫

v+Δμ ψ dρ, we
will use the following Fourier inversion formula

∫
v+Δμ ψ dρ = (2π)−eμ ∫

E∗/Λμ ψ̂v(θ)ρ̂(θ)dθ. (16.13)

Note that the right-hand side of (16.13) is well defined. Indeed, the characteristic
function ρ̂ : θ �→ ρ(eiθ ) satisfies, for θ in E∗ and θ ′ in Λμ,

ρ̂(θ + θ ′)= eiθ ′(v)ρ̂(θ),
hence ψ̂v ρ̂ may be seen as a function on E∗/Λμ.

We will apply formula (16.13) to the measure ρ = μ̃ϕn,x from (16.11). This is
allowed since this measure is concentrated on nvμ +Δμ.

Here is the smoothened variation of the Local Limit Theorem for σ̃ where the
convex set C has been replaced by a smooth function.

Lemma 16.11 We keep the assumptions as in Theorem 16.1. Let ϕ ∈H γ (X) and
r ≥ 2. There exists a sequence εn −−−→

n→∞ 0 such that, for any non-negative Δμ-

admissible function ψ on Eμ, n≥ 1 and x in Sν , one has
∣
∣
∣μ̃
ϕ
n,x(ψ)− ν(ϕ)πnvμμ (ψ Gn)

∣
∣
∣≤ εn πnvμμ (ψ Gn)+Oψ

(
1
nr/2

)
,

where the Oψ is uniform in x and over the translates of the function ψ by elements
of Eμ.

We recall that Gn is the Gaussian function given by (16.2).
The proof of this lemma relies on the following asymptotic expansion of the

quantities appearing in Lemma 11.18 (compare with [30, p. 48]).

Lemma 16.12 We keep the assumptions as in Theorem 16.1. Fix r ≥ 2. There ex-
ist polynomial functions Ak on E∗, 0 ≤ k ≤ r − 1, with degree at most 3k and no
constant term for k > 0, with values in the space L (H γ (X)) of bounded endo-
morphisms of H γ (X) and such that, for any M > 0, uniformly for θ in E∗ with
‖θ‖ ≤√

M logn and ϕ in H γ (X), one has, in H γ (X), A0(θ)ϕ =Nϕ and

e
Φμ(θ)

2 e−i
√
nθ(σμ)λniθ√

n

N iθ√
n

ϕ =∑r−1
k=0

Ak(θ)ϕ

nk/2
+O
(
(logn)3r/2|ϕ|γ

nr/2

)

.
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Proof Using the trick (3.9), we may assume σμ = 0.
Now, on one hand, by Lemmas 11.18, 11.19 and Taylor-Young Formula, there

exists a polynomial function P on E∗, with degree ≤ r + 1 and whose homoge-
neous components of degree 0, 1 and 2 are equal to 0, and there exists an analytic
function ρ1, defined in a neighborhood of zero in E∗

C
with

ρ1(θ)=O(‖θ‖r+2),

such that, for any θ close enough to zero, one has

logλθ − 1
2Φμ(θ)= P(θ)+ ρ1(θ).

Thus, when n is large enough and θ ∈E∗ with ‖θ‖ ≤√
M logn, we get

e
1
2Φμ(θ)λniθ√

n

= enP
(
iθ√
n

)
+nρ1

(
iθ√
n

)

= 1 +∑r−1
k=1

nk

k! P
(
iθ√
n

)k +O
(
(logn)3r/2

nr/2

)
.

On the other hand, by Lemma 11.18 and Taylor-Young Formula, there exist a
polynomial function Q on E∗, with degree ≤ r − 1 and no constant term, with
values in L (H γ (X)) and an analytic function ρ2, defined in a neighborhood U of
zero in E∗

C
, with values in L (H γ (X)), such that, uniformly for ϕ ∈ H γ (X), for

θ in U , one has

ρ2(θ)ϕ =O(‖θ‖r )|ϕ|γ and

Niθϕ =Nϕ +Q(θ)ϕ + ρ2(θ)ϕ.

The proof follows by writing, for 1 ≤ k ≤ r − 1,

nkP
(
iθ√
n

)k
Q
(
iθ√
n

)
and nkP

(
iθ√
n

)k
N

as the sum of homogeneous terms of degree at least 3k in θ and only keeping the
ones that have degree ≤ r−1

2 in n−1. �

Proof of Lemma 16.11 We may again assume σμ = 0. We may also assume that
Eμ has dimension eμ ≥ 1. We fix ϕ in H γ (X) and x in X. For any θ in E∗, the
characteristic function of μϕn,x is given by

̂̃μϕn,x(θ)=
∫
G
eiθ(σ (g,x))ϕ(gx)dμ∗n(g)= Pniθϕ(x). (16.14)

Let s ≤ eμ be the rank of the free abelian groupΛμ/E⊥
μ . Choose a basis θ1, . . . , θeμ

of a complementary subspace to E⊥
μ in E∗ such that θ1, . . . , θs span Λμ mod E⊥

μ .
The quadratic form Φμ induces a norm on this complementary subspace which we
denote by ‖·‖. Define

L := {θ =∑eμ�=1 t� θ� ∈E∗ such that |t�| ≤ 1
2 when 1 ≤ �≤ s},
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so that L is a fundamental domain for the projection E∗ → E∗/Λμ. If ψ is a Δμ-
admissible function on E, we compute, from formulae (16.13) and (16.14), the in-
tegral

In := (2π)eμμ̃ϕn,x(ψ)=
∫
L
ψ̂nvμ(θ)P

n
iθϕ(x)dθ.

We decompose this integral as the sum of four terms

In = I 1
n + I 2

n + I 3
n + I 4

n .

We now bound these four terms individually. Each time we will implicitly use
the fact that the function θ→ ψ̂nvμ(θ) is uniformly bounded by (16.12).

First, we keep the notations from Lemma 11.18 and we choose some large
enough T > 0. On the one hand, since ψ is admissible and since Λμ is cocom-
pact in (Δ◦

μ)
⊥, there exists a compact subset K∗ of E∗ such that, for any v in

Eμ, ψ̂v has support in K∗ + Λμ. On the other hand, by definition of L and Λμ,
for any neighborhood V of 0 in L, there exists 0 ≤ ω < 1 such that for any θ in
((K∗ +Λμ)∩L)� V , Piθ has spectral radius <ω. Hence, for n large enough, for
any θ in ((K∗ +Λμ)∩L)� V , Pniθ has norm ≤ ωn and

I 1
n :=
∫
L�V

ψ̂nvμ(θ)P
n
iθϕ(x)dθ =Oψ(ωn)

(note that this Oψ is uniform over the translates of ψ by elements of Eμ).
Second, by Lemma 11.19, one can choose V small enough so that, for n large

enough, for any θ in V , Piθ has spectral radius < e− 1
4Φμ(θ). Hence, for n large

enough, for any θ in V , Pniθ has norm ≤ e− n4Φμ(θ) and one has,

I 2
n :=
∫

θ∈V
‖θ‖2≥T logn

n

ψ̂nvμ(θ)P
n
iθϕ(x)dθ =Oψ(n−

T
4 ).

Third, by Lemma 11.18, there exists 0< δ < 1 such that, for any θ in V , Piθ −
λiθNiθ has spectral radius < δ. Hence, for n large enough, one has,

I 3
n :=
∫

θ∈V
‖θ‖2≤T logn

n

ψ̂nvμ(θ)(P
n
iθ − λniθNiθ )ϕ(x)dθ =Oψ(δn).

It remains to control the fourth term:

I 4
n :=
∫

θ∈V
‖θ‖2≤T logn

n

ψ̂nvμ(θ)λ
n
iθ Niθϕ(x)dθ.

By Lemma 16.12, since σμ = 0, one has

I 4
n =
∫

θ∈V
‖θ‖2≤T logn

n

ψ̂nvμ(θ)
∑r−1
k=0

Ĝn(θ)Ak(
√
nθ)ϕ(x)

nk/2
dθ +Oψ

(
(

log3 n
n
)
r+eμ

2

)
,
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where the Fourier transform Ĝn of the Gaussian function Gn is given, for θ ∈ E∗
μ,

by

Ĝn(θ)= e− n2Φμ(θ).
Since, for any 0 ≤ k ≤ r − 1, Ak has degree at most 3k, we get

∫

θ∈E∗
μ

‖θ‖2≥T logn
n

ψ̂nvμ(θ)
Ĝn(θ)Ak(

√
nθ)ϕ(x)

nk/2
dθ =Oψ

(
logn(3k+eμ)/2
n(T+k+eμ)/2

)
.

Thus, since eμ ≥ 1, choosing T large enough, we have established that

In =
∫

E∗
μ

ψ̂nvμ(θ)
∑r−1
k=0

Ĝn(θ)Ak(
√
nθ)ϕ(x)

nk/2
dθ +Oψ

(
1
nr/2

)
. (16.15)

Now, for 0 ≤ k ≤ r−1, there exists a polynomial function Bk on Eμ, with values
in H γ (X), such that Bk has degree at most 3k and, for any x in Sν , the function on

E∗
μ given by θ �→ e− 1

2Φμ(θ)Ak(θ)ϕ(x) is the Fourier transform of the function on
Eμ given by v �→G1(v)Bk(v)(x). Therefore, we get, from (16.15) and the Fourier
inversion formula (16.13),

In = (2π)eμ
∫

Eμ

ψ(v)Gn(v)
∑r−1
k=0

Bk(
v√
n
)(x)

nk/2
dπ
nvμ
μ (v)+Oψ

(
1
nr/2

)
. (16.16)

For any 0 ≤ k ≤ r − 1, on the one hand one has
∫

v∈Eμ
‖v‖2≥T n logn

ψ(v)Gn(v)
Bk(

v√
n
)(x)

nk/2
dπ
nvμ
μ (v)=O

(
logn(3k+eμ)/2
n(T−k)/2

)
‖ψ‖∞ ,

and on the other hand, since ψ is nonnegative, one has
∫

v∈Eμ
‖v‖2≤T n logn

ψ(v)Gn(v)
Bk(

v√
n
)(x)

nk/2
dπ
nvμ
μ (v)=O( logn3k/2

nk/2
)π
nvμ
μ (ψ Gn).

In particular, choosing T large enough, the leading term in (16.16) is the one with
k = 0. Since one has A0(θ)=N and Nϕ = ν(ϕ), one gets B0(v)(x)= ν(ϕ) and, if
T is large enough,

In = (2π)eμν(ϕ)πnvμμ (ψ Gn)+ o(πnvμμ (ψ Gn))+Oψ
(

1
nr/2

)
.

Our claim follows. �

16.3 Approximation of Convex Sets

We explain in this section how to deduce the local limit theorem with target
(Proposition 16.6) for σ̃ from its smoothened version (Lemma 16.11). The key
point is a regularization procedure for a convex set C of E.
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We fix a nonnegative Schwartz function α on Δ◦
μ with

∫
Δ◦
μ
α dπμ = 1 and whose

Fourier transform has compact support and, for any ε > 0 and v in Λ◦
μ, we set

αε(v)= 1
εr
α( v
ε
), where r is the dimension of Δ◦

μ. If C is a bounded Borel subset of
Eμ, the convolution product

ψε,C := (αεπμ) ∗ 1C

is given by the formula, for all v in Eμ,

ψε,C(v)=
∫
Δ◦
μ
αε(w)1C(v−w)dπμ(w).

This function ψε,C is a Δμ-admissible function on Eμ.
The following lemma tells us that the functions ψε,C are good approximations of

the function 1C .

Lemma 16.13 We keep the assumptions as in Theorem 16.1. Let C be a bounded
Borel subset of Eμ and let R ≥ 0 be a real number. One has

1
Gn(v)

πuμ(ψε,C+vGn)− πuμ(C + v)−−−→
n→∞ 0 (16.17)

uniformly for u ∈Eμ, v ∈Eμ, ‖v‖ ≤√
Rn logn and ε ∈ (0,1].

Proof Let us compute, for n≥ 1, u,v in Eμ with ‖v‖ ≤ √
Rn logn and ε ∈ (0,1],

the left-hand side of formula (16.17)

Jn := 1
Gn(v)

πuμ(ψε,C+vGn)− πuμ(C + v).
As the measure πuμ is invariant under the translations by the elements of Δ◦

μ and as∫
Δ◦
μ
αε dπμ = 1, one has

Jn =
∫
Δ◦
μ×Eμ αε(w)1C+v(w

′ −w)(Gn(w′)
Gn(v)

− 1)d(πμ ⊗ πuμ)(w,w′).

We decompose this integral as a sum Jn = J 1
n + J 2

n with

J 1
n =
∫
‖w‖≤n1/4 αε(w)1C+v(w′ −w)(Gn(w′)

Gn(v)
− 1)d(πμ ⊗ πuμ)(w,w′),

J 2
n =
∫
‖w‖≥n1/4 αε(w)1C+v(w′ −w)(Gn(w′)

Gn(v)
− 1)d(πμ ⊗ πuμ)(w,w′).

In order to control J 1
n , we use the fact that

Gn(w
′)

Gn(v)
= e 1

2n 〈v+w′,v−w′〉 −−−→
n→∞ 1

uniformly for v −w′ ∈C +w, ‖w‖ ≤ n 1
4 and ‖v‖ ≤√

Rn logn. We get

J 1
n −−−→n→∞ 0 uniformly.
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In order to control J 2
n , we use the bound

Gn(w
′)

Gn(v)
≤ e Φ

∗
μ(v)

2n ≤ nR/2

for ‖v‖ ≤√
Rn logn. Setting z= ε−1w, we get, uniformly for ε ∈ (0,1],
J 2
n ≤ nR/2 πuμ(C + v) ∫‖w‖≥n1/4 αε(w)dπμ(w)−−−→

n→∞ 0

since α is a Schwartz function. �

To approximate open convex sets in measure, we shall also need the following

Lemma 16.14 Let E be a Euclidean space and π be a Lebesgue measure on E.
Then, for any ρ > 0, the map C �→ π(C) is uniformly continuous on the set of open
convex subsets C of E with diameter ≤ ρ, equipped with the Hausdorff distance.

Proof Let d be the dimension of E. By Steiner’s formula (see [111, III.13.3]), for
any bounded convex subset C ⊂E and any integer i ∈ [0, d], there exists a constant
wi(C) > 0 such that, for ε > 0, the volume of the ε-neighborhood Cε of C is given
by

π(Cε)=∑di=0wi(C)ε
i,

and the wi ’s are non-decreasing functions of C. The result follows. �

We can now conclude the

Proof of Proposition 16.6 Roughly speaking, the main idea is to use the equality

μ̃ϕn,x(ψε,C)=
∫

Δ◦
μ

αε(w) μ̃
ϕ
n,x(C +w)dπμ(w), (16.18)

where C is a bounded open convex subset of Eμ and ε > 0 is small. Using
(16.18), we will get upper and lower bounds for the quantity μ̃ϕn,x(C) by means
of μ̃ϕn,x(ψε,C′), where C′ is a convex set that is very close to C and then we will
apply the estimates of Lemmas 16.11, 16.13 and 16.14. The main technical issue
which weighs the proof is the fact that the test function α does not have compact
support, since its Fourier transform has compact support. Let us proceed precisely.

We set B(ε) for the open ball with radius ε and center 0 in Δ◦
μ and

Cε = C +B(ε) and Cε =⋂w∈B(ε) C −w. (16.19)

For ρ > 0 and ε > 0, we set

Vρ = sup{πμ(C) | C ⊂Eμ convex, diamC ≤ 2ρ}.
θρ(ε)= sup{πμ(Cε)− πμ(Cε) | C ⊂Eμ convex, diamC ≤ 2ρ},
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By Lemma 16.14, for every ρ > 0, one has

θρ(ε)−−→
ε→0

0. (16.20)

Finally, we assume that ϕ is real and non-negative and ‖ϕ‖∞ ≤ 1.

First step: We will first prove the upper bound: for every positive R, ρ, ε0, there
exists an integer n0 such that for n≥ n0, x ∈ Sν , v ∈Eμ with ‖v‖ ≤√

Rn logn and
C a convex subset included in the ball B(ρ), one has

1
Gn(v)

μ̃ϕn,x(C + v)≤ ν(ϕ) πnvμμ (C + v)+ ε0. (16.21)

We can choose ε ∈ (0,1] small enough so that
∫
‖w‖≥ 1√

ε

α(w)dπμ(w)≤ ε. We note

that, for w in Δ◦
μ with ‖w‖ ≤ √

ε, we have C ⊂ C√
ε + w and we deduce from

(16.18) the inequality

(1 − ε) μ̃ϕn,x(C + v)≤ μ̃ϕn,x(ψε,C√
ε+v). (16.22)

We also keep in mind the bound

Gn(v)
−1 ≤ (2π) eμ2 n 1

2 (eμ+R).

Using successively (16.22), Lemma 16.11, Lemma 16.13 and (16.20), choosing first
ε small enough and then n large enough, we get

Gn(v)
−1 μ̃ϕn,x(C + v)≤ 1

1−εGn(v)
−1 μ̃ϕn,x(ψε,C

√
ε+v)

≤ ν(ϕ)+ε0
1−ε Gn(v)

−1 π
nvμ
μ (ψ

ε,C
√
ε+vGn)+ ε0

≤ ν(ϕ)+ε0
1−ε π

nvμ
μ (C

√
ε + v)+ 2ε0

≤ ν(ϕ)πnvμμ (C + v)+ 3ε0 + 2Vρ ε0.

Letting ε0 go to 0, this proves the upper bound (16.21).

Second step: We will now prove the lower bound: for every positive R, ρ, ε0,
there exists an integer n0 such that for n≥ n0, x ∈ Sν , v ∈Eμ with ‖v‖ ≤√

Rn logn
and C a convex subset included in the ball B(ρ), one has

1
Gn(v)

μ̃ϕn,x(C + v)≥ ν(ϕ) πnvμμ (C + v)− ε0. (16.23)

Again, we will first choose ε ∈ (0,1] very small and then n very large. As above,
we can assume that

∫
‖w‖≥ 1√

ε

α(w)dπμ(w) ≤ ε. We notice that, for w in Eμ with

‖w‖ ≤√
ε, we have C√ε +w ⊂ C and we deduce from (16.18)

μ̃ϕn,x(C + v)≥ ∫‖w‖≤√ε αε(w) μ̃ϕn,x(C√ε + v +w)dπμ(w) (16.24)
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≥ μ̃ϕn,x(ψε,C√ε+v)−K1
n −K2

n,

where

K1
n =
∫

√
ε≤‖w‖≤n1/4

αε(w) μ̃
ϕ
n,x(C

√
ε + v +w)dπμ(w),

K2
n =
∫

‖w‖≥n1/4
αε(w) μ̃

ϕ
n,x(C

√
ε + v +w)dπμ(w).

First, using the upper bound (16.21), we have, reasoning as in the proof of Lem-
ma 16.13, for n large,

K1
n

Gn(v)
≤ ∫√

ε≤‖w‖≤n 1
4
αε(w)

Gn(v+w)
Gn(v)

(π
nvμ
μ (C + v +w)+ ε0)dπμ(w)

≤ ε(1 + ε0)(V2ρ + ε0)≤ ε0.

Second, using the bound ‖v‖ ≤√
Rn logn and the fact that α is a Schwartz function,

one gets, for n large,

K2
n

Gn(v)
≤ nR2 ∫‖w‖≥n 1

4
αε(w)dπμ(w)≤ ε0.

Now, using successively inequality (16.24), Lemma 16.11, Lemma 16.13 and the
limit (16.20), we get,

Gn(v)
−1 μ̃ϕn,x(C + v)≥Gn(v)−1 (μ̃ϕn,x(ψε,C√ε+v)−K1

n −K2
n)

≥ (ν(ϕ)− ε0)Gn(v)
−1 π

nvμ
μ (ψε,C√ε+v)− 3ε0

≥ (ν(ϕ)− ε0) π
nvμ
μ (C√ε + v)− 4ε0

≥ ν(ϕ)πnvμμ (C + v)− 5ε0 − Vρ ε0.

Letting ε0 go to 0, this proves the lower bound (16.23) and ends the proof of Propo-
sition 16.6. �

16.4 The Local Limit Theorem with Target for Cocycles

We will now state and prove the Local Limit Theorem with target for the co-
cycle σ (Theorem 16.15) which generalizes the Local Limit Theorem for σ
(Theorem 16.1).

For ϕ in H γ (X), n ≥ 1 and x ∈ Sν , we want to describe the behavior of the
measure μϕn,x on E analogous to (16.1), given by, for every ψ ∈ Cc(E),

μϕn,x(ψ)=
∫

G

ψ(σ(g, x)− nσμ)ϕ(gx)dμ∗n(g). (16.25)
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We let Πϕμ be the average measure on E analogous to (16.4), given, for C ⊂ E,
by

Πϕμ(C)=
∫

X

πμ(C + ϕ̃0(x
′))ϕ(x′)dν(x′), (16.26)

where ϕ̃0 is as in (16.3).
Here is our final version of the local limit theorem with moderate deviations.

Theorem 16.15 (Local limit theorem for σ with target) We keep the assumptions
as in Theorem 16.1. We fix ϕ ∈H γ (X), a bounded convex subset C ⊂E andR > 0.
Then one has the limit

lim
n→∞

1
Gn(vn)

μ
ϕ
n,x(C + vn)−Πϕμ(C + vn − nvμ − ϕ̃0(x))= 0.

This limit is uniform for x ∈ Sν and vn ∈Eμ with ‖vn‖ ≤√
Rn logn.

Proof Roughly speaking, this follows from (16.9) and from Proposition 16.6. Here
are more details.

We can assume ϕ to be real-valued. We fix ε0 > 0 and, using (16.20), choose ε >
0 such that θ2ρ(2ε) < ε0. We write ϕ =∑�i=1 ϕi , where ϕi ∈ H γ (X) has support
contained in a ball Bi ⊂X with center xi such that supy,z∈Bi ‖ϕ̃0(y)− ϕ̃0(z)‖ ≤ ε.

Now, we get, for n large enough, using Proposition 16.6,

1
Gn(vn)

μϕn,x(C + vn)≤∑�i=1
1

Gn(vn)
μ̃
ϕi
n,x(C

ε + vn − ϕ̃0(x)+ ϕ̃0(xi))

≤∑�i=1 ν(ϕi)π
nvμ
μ (Cε + vn − ϕ̃0(x)+ ϕ̃0(xi))+ ε0

≤ ∫
X
π
nvμ
μ (C2ε + vn − ϕ̃0(x)+ ϕ̃0(y))ϕ(y)dν(y)+ ε0

≤Πϕμ(C + vn − nvμ − ϕ̃0(x))+ 2ε0.

The result follows by replacing ϕ with −ϕ. �



Chapter 17
The Local Limit Theorem for Products
of Random Matrices

We come back to the notations of Chap. 13. The first two sections deal with S -adic
Lie groups. Starting from the third section, we will deal only with real Lie groups.

The aim of this chapter is to prove, using the results of Chap. 16, the Local Limit
Theorem 17.6 with target and with moderate deviations for products of random
matrices, and to give various applications of this theorem. These applications are
the Local Limit Theorems for the random variables given by the Cartan projection
in Sect. 17.4, by the norms of matrices and the norms of vectors in Sect. 17.5.

The moderate deviations in Theorem 17.6 will be crucial in these applications.

17.1 Lifting the Coboundary

In this section, we give more information on the μ-residual imageΔμ, and we
prove the lifting property (16.3) for the Iwasawa cocycle.

Let G be an algebraic reductive S -adic Lie group, F := G/Gc and μ be a
Zariski dense Borel probability measure on G with a finite exponential moment
and which is aperiodic in F . In order to apply Theorem 16.1 to the Iwasawa cocycle
σΘμ :G×PΘμ → aΘμ , we will need the following Proposition 17.1 which refines
Proposition 13.19 and which tells us that, when S = {R}, the complex transfer op-
erator Piθ , with θ �= 0, does not have eigenvalues of modulus 1. Equivalently, the
cohomological equation (15.3) has no solutions. We will use the vector subspace bR
of a introduced in Sects. 9.4 and 13.7.

Proposition 17.1 Let G be an algebraic reductive S -adic Lie group and μ be a
Zariski dense Borel probability measure on G with a finite exponential moment. Let
Δμ ⊂ aμ be the μ-residual image of the Iwasawa cocycle σΘμ . Then this subgroup
Δμ contains bR.

In particular, when S = {R} andG is semisimple, the Iwasawa cocycle σ on the
full flag variety P is aperiodic, i.e. Δμ = aμ = a.
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Proof We first assume that the finite set S does not contain the local field C. Keep
the notations of Sects. 16.1. Recall that, by definition, Δμ is the orthogonal in a of
the group

Λμ := {θ ∈ a
∗ | Piθ has spectral radius 1}.

We also keep the notations of the proof of Proposition 13.19. We know from (15.7)
that, for any n ∈N, g ∈ Supp(μ∗n)∩Gc,

λ(g)= σΘμ(g, ξ+Θμ,g) ∈ n(vμ + σμ)+Δμ. (17.1)

For any s in S , the image of Γμ in Gs is a Zariski dense subsemigroup of Gs . We
write

λ(g)= (λs(g))s∈S ∈ a=∏s∈S as .

Now, by Proposition 9.8, the closed subgroup of a spanned by the elements

λ(gh)− λ(g)− λ(h),
when g, h and gh are ΘΓ -proximal elements of Γ , contains bR. Combining this
Proposition 9.8 with (17.1), one gets the inclusion Δμ ⊃ bR, as required.

The general case reduces to the case where the finite set S does not contain the
local field C, because every complex algebraic Lie group G can be seen as a real
algebraic Lie group. Indeed one just has to use Lemmas 17.2 and 17.3, which tell
us that the “real Zariski closure” H of a “complex Zariski dense” subgroup of G is
still a real algebraic reductive group, and that the flag variety of H can be seen as a
closed H -orbit in the flag variety PΘΓ =PΘH of G. �

The following lemma compares the closure of a subgroup for the real and for the
complex Zariski topology.

Lemma 17.2 LetG be an algebraic simple complex Lie group, let Γ be a subgroup
of G which is dense in the complex Zariski topology, and let H be the closure of Γ
in the real Zariski topology. Then H is an algebraic simple real Lie group. More
precisely, either one has H =G, or there exists a simple algebraic group H defined
over R such that H = H(R) and G= H(C).

Proof By assumption G is the group of complex points G= G(C) of an algebraic
group G defined over C. The Lie algebra h ofH is a Γ -invariant real Lie subalgebra
of the complex Lie algebra g of G. Since Γ is dense in G in the complex Zariski
topology, the complex Lie subalgebras h+ i h and h∩ i h are ideals of g. Since g is
simple, one has h+ i h= g and one has h∩ i h= g or {0}. In the first case, one has
H =G. In the second case, h is a real form of g, and H is the group of real points
of an algebraic group H defined over R which is isomorphic to G over C. �

The following lemma embeds the full flag variety P of an algebraic simple real
Lie groupH as a closed orbit in the partial flag variety PΘH of the complexification
G of H .
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Lemma 17.3 Let H be a simple algebraic group defined over R, let H = H(R)
and G= H(C), let h⊂ g be their Lie algebras and let ah ⊂ a be Cartan subspaces
of h and g. Choose a system of simple roots Πh of ah in h and a compatible system
of simple roots Π of a in g, i.e. such that the restriction to ah of the simple roots
α ∈Π belong to Πh ∪ {0}.
(a) Using the notation (9.1), one has ΘH = {α ∈Π | αω(ah) �= 0 }.
(b) Let PΘH be the parabolic subgroup of G as in Sect. 8.6. Then the intersection

PH :=H ∩ PΘH is a minimal parabolic subgroup of H .
(c) One has a H -equivariant embedding H/PH ↪→G/PΘH .

Proof of Lemma 17.3 (a) One can choose a Cartan involution ofG that preservesH .
The corresponding Cartan projection κ ofG satisfies κ(H)= κ(exp(ah)) and hence
αω(κ(H)) is bounded if and only if αω(ah)= 0.

(b) Let pΘH be the parabolic Lie subalgebra of h associated to the subset ΘH
of Π . According to (a), the Lie algebra pΘH is defined over R and the intersection
pH = h∩pΘH is the minimal parabolic Lie subalgebra of h associated toΠh. Hence
its normalizer PH = H ∩ PΘH is the minimal parabolic subgroup of H associated
to Π .

(c) This follows from point (b). �

Now, we still let Sν ⊂ PΘμ denote the support of the μ-stationary measure ν,
σμ ∈ a the average of σ , Φμ the covariance 2-tensor of σΘμ and aμ its linear span.
Let Δμ, ϕ0 : Sν → aμ/Δμ, vμ ∈ aμ be as in Proposition 15.8.

Proposition 17.4 We keep the assumptions as in Proposition 17.1.

(a) The subgroup Δμ is F -stable and the image of the vector vμ in aμ/Δμ is F -
invariant.

(b) The lifting property (16.3) holds. More precisely, there exists a Hölder continu-
ous function ϕ̃0 : Sν → a such that, for all (g, η) in Suppμ× Sν ,

σΘμ(g, η) ∈ σμ + vμ − ϕ̃0(gη)+ ϕ̃0(η)+Δμ.

Proof (a) The F -invariance follows from Corollaries 12.4 and 15.12.
(b) As in the proof of Proposition 17.1, we can assume, using Lemmas 17.2 and

17.3, that the finite set S does not contain the local field C. Let, for any s in S , cs
be the subspace of as spanned by the image under ω of the center of Gs,c, so that
one has

as = bs ⊕ cs .

Set c=⊕s∈S cs and bf =⊕bs , where the sum is over the non-Archimedean local
fields Ks . Since the set S does not contain C, one has

a= bR ⊕ bf ⊕ c.
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By Proposition 15.8, we already know that there exist an element vμ of Eμ and a
Hölder continuous function ϕ0 : Sν → E/Δμ such that, for any (g, η) in Suppμ×
Sν , one has

σ(g,η)= σμ + vμ − ϕ0(gη)+ ϕ0(η) modΔμ. (17.2)

Let σ ′ be the projection of σΘμ on bf ⊕ c in this direct sum. By construction, the
cocycle σ ′ is invariant under G∞,c , that is, σ ′(g,hη)= σ ′(g, η) for any g in G, h
in G∞,c and η in PΘμ . Let X′ be the compact metric G-space

X′ :=GR,c\PΘμ and π :PΘμ →X′

be the natural map. Note that X′ is totally discontinuous. We can consider σ ′ as
a cocycle G× X′ → bf ⊕ c. By Proposition 17.1, the group Δμ contains bR. By
Corollary 15.7, the μ-residual imageΔ′

μ of the cocycle σ ′ on X′ is equal toΔμ/bR.
Now (15.7) reads as

σ ′(g,π(η))= σμ + vμ − ϕ0(gη)+ ϕ0(η) mod Δμ,

for g in G and η in Sν . By Corollary 15.10, for any η,η′ in Sν with π(η)= π(η′),
one has ϕ0(η) = ϕ0(η

′). In particular, ϕ0 factors as a Hölder continuous function
from a totally discontinuous space to a/Δμ. Hence, it can be lifted as a Hölder
continuous function ϕ̃0 : Sν → a. This ends the proof when S does not contain the
local field C. �

17.2 The Local Limit Theorem for S -Adic Lie Groups

We can now state and prove the local limit theorem for products of random
matrices in S -adic Lie groups.

For n ≥ 1 and η in the support Sν of ν, we will describe the behavior of the
measure μn,η on a given by, for every ψ ∈ Cc(a),

μn,η(ψ)=
∫
G
ψ(σΘμ(g, η)− nσμ)dμ∗n(g). (17.3)

If S = {R} andG is semisimple, we set Δμ = bμ = a, vμ = 0 and we denote by
πμ the Lebesgue measure on a defined above.

In general, because of the non-Archimedean factors of G, and the eventual peri-
odicity phenomena in the center of Gc, the group Δμ is only cocompact in aμ. We
let πμ be the Haar measure of Δμ which gives mass one to the unit cubes of Φ∗

μ in
the connected component of Δμ.

Let Πμ be the average measure, given, for C ⊂ a, by

Πμ(C)=
∫
PΘμ

πμ(ϕ̃0(η
′)+C)dν(η′).
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Theorem 17.5 (Local limit theorem for σΘμ(g)) Let G be an algebraic reductive
S -adic Lie group, F :=G/Gc and μ be a Zariski dense Borel probability measure
on G with a finite exponential moment and which is aperiodic in F .

We fix a bounded convex subset C ⊂ a and R > 0. Then one has the limit

lim
n→∞

1
Gn(vn)

μn,η(C + vn) − Πμ(vn − nvμ + ϕ̃0(η)+C) = 0.

This limit is uniform for η ∈ Sν and vn ∈ aμ with ‖vn‖ ≤√
Rn logn.

In an analogous way, we leave to the reader the task to translate the local limit
theorem with target (Theorem 16.15) in this case.

Proof Theorem 17.5 follows from Theorem 16.1 applied to the cocycle σΘμ . The
contraction condition and the moment condition were checked in Lemmas 13.1 and
13.5. The lifting condition of this cocycle over the limit set Sν was checked in Propo-
sition 17.4. �

17.3 The Local Limit Theorem for the Iwasawa Cocycle

From now on in this chapter, the base field is K=R, and we will state various
versions of the Local Limit Theorem. In this section we will state the Local
Limit Theorem for the Iwasawa cocycle. We will allow a target and a moderate
deviation.

In this section and the next one, we keep the following notations from Sects. 6.7
and 8.2. The group G is an algebraic semisimple real Lie group, its Iwasawa de-
composition is G = K expaN and its Cartan decomposition is G = K expa+Kc .
The space P = G/P is the flag variety, σ : G× P → a is the Iwasawa cocycle,
and κ :G→ a+ is the Cartan projection.

We also keep the following notations from Sects. 10.4 and 13.4. We let μ be
a Borel probability measure on G which is Zariski dense in G and has a finite
exponential moment. We set ν for the μ-stationary probability measure on P , σμ ∈
a++ for its Lyapunov vector, Nμ for the Gaussian probability measure with full
support on a which occurs in the Central Limit Theorem 13.11 and Φμ ∈ S2(a) for
its covariance 2-tensor.

In the following version of the Local Limit Theorem for the Iwasawa cocycle,
we allow a target ϕ and a moderate deviation vn.

Theorem 17.6 (Local Limit Theorem for σ(g)) Let G be an algebraic semisimple
real Lie group, μ be a Zariski dense Borel probability measure on G with a finite
exponential moment and ν be the μ-stationary probability measure on P . We fix a
continuous function ϕ ∈ C 0(P), an open bounded convex subset C ⊂ a and R > 0.
Then, one has

lim
n→∞

1
N∗n
μ (C+vn)

∫
{σ(g,η)−nσμ∈C+vn} ϕ(gη)dμ

∗n(g)= ν(ϕ). (17.4)
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This limit is uniform for η in P and vn ∈ a with ‖vn‖ ≤√
Rn logn.

In particular, when vn = o(√n), one has,

lim
n→∞
√
(2πn)r detΦμ μ∗n({g | σ(g,η)− nσμ ∈C + vn})= |C|.

Here, |C| denotes the volume of C for a Lebesgue measure on a, and the deter-
minant detΦμ is computed with respect to the same Lebesgue measure.

It will be crucial for the applications in the next three sections to have allowed a
target ϕ and a moderate deviation vn.

The main reason we deal only with the field K= R is that in this case the state-
ments are much simpler.

Proof We begin by assuming that the measure μ is aperiodic in F :=G/Gc . In this
case these claims follow from Theorem 17.5 and the following two remarks.

First, the limit measure πμ is a Lebesgue measure on the whole Cartan subspace
a because of the aperiodicity of the Iwasawa cocycle (Proposition 17.1).

Second, the fact that the convergence is uniform for η in the whole flag variety P
and not just the limit set Sν follows from Corollary 16.7. Indeed, since the Iwasawa
cocycle is aperiodic, the function ϕ0 can be defined on the whole flag variety as the
zero function ϕ0 := 0.

We now deal with a measure μ which is not aperiodic. We will deduce our claims
from the first case. We recall that Fμ is the normal subgroup of the finite group
F = G/Gc introduced in Lemma 11.6 and that pμ is the cardinality of the cyclic
group F/Fμ. Let G′ be the algebraic subgroup of G containing Gc whose image
in F is Fμ. The probability measure μ′ := μ∗pμ is Zariski dense in G′ and, by
Lemma 11.6, the measure μ′ is aperiodic in Fμ. We decompose n= n′pμ + r with
0 ≤ r < pμ and we rewrite the integral In in the left-hand side of (17.4) as

∫

{‖κ(g1)‖≤(logn)2}

⎛

⎝
∫
{
σ(g2,g1η)−n′pμσμ∈
C+vn−σ(g1,η)−rσμ

} ϕ(g2g1η)dμ
′∗n′(g2)

⎞

⎠ dμ∗r (g1)+Rn.

We claim that, uniformly in η and vn, the error terms Rn satisfy, Rn = o(n−A) for
all A> 0.

Indeed, we choose a small t0 > 0 and we compute, using Chebyshev’s inequality,

|Rn| ≤ μ∗r ({g1 ∈G | ‖κ(g1)‖ ≥ (logn)2})‖ϕ‖∞
≤ e−t0(logn)2 ‖ϕ‖∞

∫
G
et0‖κ(g1)‖ dμ∗r (g1).

Since, thanks to the bound (8.17), the measure μ∗r also has a finite exponential
moment (10.3), we deduce that |Rn| = o(n−A), for all A> 0.

In view of Remark 16.3, we can neglect the error term Rn and apply the first case
to the measure μ′ in order to estimate the integral in-between the parentheses. �
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17.4 The Local Limit Theorem for the Cartan Projection

We explain in this section how one can deduce the Local Limit Theorem for
the Cartan projection from the Local Limit Theorem for the Iwasawa cocycle.

We keep the notations of Sect. 17.3.

Theorem 17.7 (Local Limit Theorem for κ(g)) Let G be an algebraic semisimple
real Lie group and μ be a Zariski dense Borel probability measure on G with a
finite exponential moment. We fix an open bounded convex subset C ⊂ a and R > 0.
Then, one has

lim
n→∞

μ∗n({g ∈G | κ(g)− nσμ ∈C + vn})
N∗n
μ (C + vn) = 1. (17.5)

This limit is uniform for all vn ∈ a with ‖vn‖ ≤√
Rn logn.

In particular, when vn = o(√n), one has

lim
n→∞
√
(2πn)r detΦμ μ∗n({g | κ(g)− nσμ ∈C + vn})= |C|.

The main idea in the proof of Theorem 17.7 is to write the variable κ(bn · · ·b1)

as the sum of three variables

σ(bn · · ·b�+1, x�)+ κ(b� · · ·b1)+ rn,
where x� = b� · · ·b1x and �= [(logn)2] and where the error term rn decays to zero
outside a set whose probability decays faster than any power of n. We will deal
with the first term thanks to the Local Limit Theorem for the Iwasawa cocycle. The
second term will be seen as a moderate deviation.

Again, a key ingredient in the proof of Theorem 17.7 will be the following lower
bound for the denominator of the left-hand side of (17.5) (see Remark 16.3)

N∗n
μ (C + vn)≥A0 n

−R− r2 , (17.6)

where the constant A0 depends only on μ, R and C. This lower bound will allow
us to neglect subsets Sn of G whose measure μ∗n(Sn) decays faster than any power
of n.

The proof will also rely on the following lemma which gives a very precise esti-
mate of the Cartan projection in terms of the Iwasawa cocycle.

Lemma 17.8 Let G be an algebraic semisimple real Lie group and μ be a Zariski
dense Borel probability measure on G with a finite exponential moment. For all
ε > 0, there exists c > 0 and �0 > 0 such that, for all n ≥ � ≥ �0, for all η in P ,
there exists a subset Sn,�,η ⊂G×G with

μ∗(n−�) ⊗μ∗�(Sn,�,η)≥ 1 − e−c�
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and for all (g2, g1) in Sn,�,η , one has

‖κ(g2g1)− σ(g2, g1η)− κ(g1)‖ ≤ e−ε�. (17.7)

Using the phrasing of (14.35), Lemma 17.8 tells us that, uniformly for η in P ,
the following property is true except on an exponentially small set

‖κ(bn · · ·b1)− σ(bn · · ·b�+1, b� · · ·b1η)− κ(b� · · ·b1)‖ ≤ e−ε�. (17.8)

Proof In this proof we will assumeG to be connected. The general case is left to the
reader. Using the interpretation of the Iwasawa cocycle and the Cartan projection in
terms of norms in various representations of G given in Lemmas 6.32 and 6.33, we
only have to check the following claim.

Let V = R
d and μ be a probability measure on GL(V ) with a finite exponen-

tial moment such that Γμ is proximal and strongly irreducible. Then, uniformly for
nonzero v in V , the following property is true except on an exponentially small set

| log‖bn · · ·b1‖ − log ‖bn···b1v‖‖b�···b1v‖ − log‖b� · · ·b1‖ | ≤ e−ε�. (17.9)

Indeed, we will prove successively that, uniformly for x = Rv in P(V ), the fol-
lowing properties (17.10) to (17.15) are true except on an exponentially small set.

First, according to the simplicity of the first Lyapunov exponent (Corol-
lary 10.15) and to the Large Deviation Principle (Theorem 13.17), the property

γ1,2(b� · · ·b1)≤ e−ε� (17.10)

is true except on an exponentially small set. Hence, using Lemma 14.2 and its nota-
tions, the properties

| log‖bn · · ·b1‖ − log ‖bn···b1v‖‖v‖ − log δ(x, ymbn···b1
) | ≤ e−ε� and (17.11)

| log‖b� · · ·b1‖ − log ‖b�···b1v‖‖v‖ − log δ(x, ymb�···b1
) | ≤ e−ε� (17.12)

are true except on an exponentially small set.
Second, let λ1,μ > λ2,μ be the two first Lyapunov exponents of μ. According to

(14.5) and (14.6), the properties

δ(x, ymbn···b1
)≥ e−ε� and (17.13)

d(ymb�···b1
, ymbn···b1

)≤ e−(λ1,μ−λ2,μ−ε)� (17.14)

(with x = Rv) are true except on an exponentially small set. These two bounds
(17.13) and (17.14) imply that the property

| log δ(x, ymbn···b1
)− log δ(x, ymb�···b1

)| ≤ e−(λ1,μ−λ2,μ−2ε)� (17.15)

is true except on an exponentially small set.
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Now, the bounds (17.11), (17.12), (17.15) imply the claim (17.9). �

Proof of Theorem 17.7 Our claims follow from the Local Limit Theorem 17.6 for
the Iwasawa cocycle and from Lemma 17.8.

We write n=m+ � with �= [(logn)2], and g = g2g1 with

g2 = bn · · ·b�+1 and g1 = b� · · ·b1.

We first prove the upper bound in (17.5). We fix ε > 0 and introduce the ε-
neighborhood Cε of C.

Let M = 2‖σμ‖. According to the Large Deviation Principle (Theorem 13.17),
the following property is true except on an exponentially small set

‖κ(b� · · ·b1)‖ ≤M�. (17.16)

Combining (17.8) with (17.16), one gets the following upper bound for the numer-
ator Nn of the left-hand side of (17.5)
∫

{‖κ(g1)‖≤M�}
μ∗(n−�)({g2 | σ(g2, g1x)+ κ(g1)− nσμ ∈Cε + vn})dμ∗�(g1)+Rn,

where, uniformly in vn, the error term Rn decays exponentially in � and hence de-
cays faster than any power of n.

Hence the left-hand side of (17.5) is bounded, uniformly in vn, by

lim sup
n→∞

sup
‖w‖≤M(logn)2

‖v‖2≤Rn logn

N
∗(n−�)
μ (Cε + v +w)
N∗n
μ (C + v) = |Cε|

|C| −−→
ε→0

1.

This proves the upper bound in (17.5). The lower bound is proved in the same way
using the convex sets Cε introduced in (16.19). �

17.5 The Local Limit Theorem for the Norm

We explain in this section how one can prove the Local Limit Theorem both
for the norm of the matrices and for the norm of vectors using the Local Limit
Theorem for the Iwasawa cocycle.

In this section and the next one we come back to the assumptions and keep the no-
tation λ1,μ,Φ1,μ andNΦ1,μ from Sect. 14.7. We assume, moreover, that K=R, that
the Borel probability measure μ is supported by SL(V ) and that Γμ is unbounded.
These conditions ensure that the Zariski closureG of Γμ is a non-compact reductive
group with compact center, that λ1,μ > 0 and that Φ1,μ > 0. We also assume that
the Euclidean norm ‖.‖ in V is good for G as defined in Lemma 6.33. Note that the
construction given in this Lemma 6.33 proves the existence of such a good norm for
any strongly irreducible representation of a reductive algebraic real Lie group.
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Theorem 17.9 (Local Limit Theorem for log‖g‖) Let V = R
d and μ be a Borel

probability measure on SL(V ) with a finite exponential moment such that Γμ is
unbounded and strongly irreducible. Let a1 < a2 and R > 0. Then, one has

lim
n→∞

μ∗n({g ∈G | log‖g‖ − nλ1,μ ∈ [a1, a2] + tn})
N∗n
Φ1,μ
([a1, a2] + tn) = 1.

This limit is uniform for all tn ∈R with |tn| ≤ √
Rn logn.

In particular when tn = o(√n), one has

lim
n→∞
√

2πΦ1,μ n μ
∗n({g ∈G | log‖g‖ − nλ1,μ ∈ [a1, a2] + tn})= a2 − a1.

Proof This is a straightforward application of the Local Limit Theorem for the Car-
tan projection (Theorem 17.7) combined with the interpretation of the Cartan pro-
jection in terms of representations (Lemmas 6.32, 6.33 and Sect. 8.2). �

Theorem 17.10 (Local Limit Theorem for log‖gv‖) Let V =R
d and μ be a Borel

probability measure on SL(V ) with a finite exponential moment such that Γμ is
unbounded and strongly irreducible. Let a1 < a2 and R > 0. Then, one has

lim
n→∞

μ∗n({g ∈G | log‖gv‖ − nλ1,μ ∈ [a1, a2] + tn})
N∗n
Φ1,μ
([a1, a2] + tn) = 1. (17.17)

This limit is uniform for all v in V with ‖v‖ = 1 and all tn ∈ R with |tn| ≤√
Rn logn. In particular, when tn = o(√n), one has

lim
n→∞
√

2πΦ1,μ n μ
∗n({g ∈G | log‖gv‖ − nλ1,μ ∈ [a1, a2] + tn})= a2 − a1.

When Γμ is proximal this Theorem 17.10 may be seen as a direct consequence
of the general Local Limit Theorem 16.1 for a cocycle over a μ-contracting action
applied to the norm cocycle

σ1(g, x)= log ‖gv‖
‖v‖ , where x =Rv.

The main issue in the proof of Theorem 17.10 is to control the norm cocycle σ1
without this proximality assumption. Roughly speaking, the idea is to write the vari-
able σ1(bn · · ·b1, x) as the sum of two variables σ1(bn · · ·b�+1, x�)+σ1(b� · · ·b1, x)

with x� = b� · · ·b1x and �= [(logn)2]. The point x� will be very quickly approxi-
mated by another point x′� living on an r-dimensional subspace z′� which belongs to
the limit set ΛrΓ , where r is the proximal dimension of Γμ. For this point, the norm
cocycle can be computed thanks to the Iwasawa cocycle. The second term will be
seen as a moderate deviation.

We will need the following Lemma 17.11 in which we keep the notations
zmg ∈ Gd−r (V ) for the density (d − r)-dimensional subspace of t g introduced in
Lemma 14.8.
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Lemma 17.11 Let V = R
d , x = Rv, x′ = Rv′ in P(V ) and g be an element of

GL(V ) whose r first singular values are equal. Then one has the bound

∣
∣
∣
∣log

‖gv‖
‖v‖ − log

‖gv′‖
‖v′‖
∣
∣
∣
∣≤

√
2 d(x, x′)

min(d(x, zmg ), d(x
′, zmg ))

. (17.18)

Proof With no loss of generality, we can choose the vectors such that ‖v‖ = 1 and
‖v′‖ = 1, such that ‖v − v′‖ ≤ √

2 d(x, x′) and such that ‖gv′‖ ≥ ‖gv‖. Using the
bound log(1 + t)≤ t for all t ≥ 0, and using Lemma 14.8, one computes

log
‖gv′‖
‖gv‖ ≤ ‖g‖‖v− v′‖

‖gv‖ ≤
√

2 d(x, x′)
d(x, zmg )

.

This proves (17.18). �

We will also need a few facts and notations from the previous chapters. Since
the local field K is equal to R, by Lemma 6.23, the proximal dimension r of Γμ is
also the proximal dimension of G. Since V is strongly irreducible, V has a highest
weight χ . The corresponding weight space V χ ⊂ V has dimension r . For any η =
gPc in the flag variety P = G/Pc , we denote by Vη the space Vη := gV χ as in
(6.10). The map η �→ Vη is aG-equivariant map from P to Gr (V ). By construction,
the image of this map is the limit set ΛrG defined in Lemma 4.2. We introduce the
closed subset of P(V ),

ZG := {x ∈ P(V ) | ∃η ∈P, x ∈ P(Vη)} =⋃z∈ΛrG z.

Since the norm on V is good, according to Lemma 6.33, for g in G, η in P and v
nonzero in Vη , one has

log ‖gv‖
‖v‖ = χ(σ(g, η)), (17.19)

where σ is the Iwasawa cocycle.
Let λ1,μ ≥ · · · ≥ λd,μ be the Lyapunov exponents of μ. We recall that, according

to Corollary 10.15, one has λ1,μ = · · · = λr,μ > λr+1,μ, where r is the proximal
dimension of Γμ. The following Lemma 17.12 tells us that, uniformly in x ∈ P(V ),
the property

d(b� · · ·b1x,ZG)≤ e−(λ1,μ−λr+1,μ+ε)�

is true except on an exponentially small set.

Lemma 17.12 Let V = R
d and μ be a Borel probability measure on SL(V ) such

that Γμ is unbounded, strongly irreducible and μ has a finite exponential moment.
For all ε > 0, there exists c > 0 and �0 > 0 such that, for all � ≥ �0, for all x in
P(V ), there exists a subset S�,x ⊂G with

μ∗�(S�,x)≥ 1 − e−c�
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and for all g1 in S�,x , there exists a point x′g1x
in ZG such that

d(g1x, x
′
g1x
)≤ e−(λ1,μ−λr+1,μ+ε)�. (17.20)

Proof The proof is similar to that of (14.6). The point x′g1x
is (a measurable choice

of) a point on ZG whose distance to g1x is minimal. �

Proof of Theorem 17.10 We set n=m+ � with �= [(logn)2], and g = g2g1 with
g2 = bn · · ·b�+1 and g1 = b� · · ·b1. We first prove the upper bound in (17.17). We
fix ε > 0 and introduce the ε-neighborhood I ε of the interval I := [a1, a2].

Let M = 2λ1,μ. According to the Large Deviation Principle (Theorem 13.17),
the following property is true except on an exponentially small set

‖b� · · ·b1‖ ≤M�. (17.21)

According to (14.25), uniformly for x′ in P(V ), the following property is true except
on an exponentially small set

d(x′, zmbn···b�+1
)≥ e−ε�. (17.22)

Combining (17.18), (17.20), (17.21) and (17.22), one gets the following upper
bound for the numerator Nn of the left-hand side of (17.17)
∫

{
g1∈S�,x

log‖g1‖≤M�
}μ

∗m
({

g2 | σ1(g2,x
′
g1x
)+σ1(g1,x)−nλ1,μ∈I ε+tn
δ(g1x,y

m
g2
)≥e−ε�

})

dμ∗�(g1)+Rn,

where, uniformly in tn, the error termRn decays exponentially in � and hence decays
faster than any power of n.

Hence, using (17.19) and the Local Limit Theorem 17.6 for the Iwasawa cocycle,
one can bound, uniformly in tn, the left-hand side of (17.17) by

lim sup
n→∞

sup
s ≤M(logn)2

t2 ≤Rn logn

N
∗(n−�)
Φ1,μ

(I ε + t + s)
N∗n
Φ1,μ
(I + t) = |I ε|

|I | −−→
ε→0

1.

This proves the upper bound in (17.17). The lower bound is proved in the same way
using smaller intervals Iε . �

It is plausible that the assumption that the Euclidean norm is good in Theo-
rem 17.9 and 17.10 can be removed when Γμ is absolutely strongly irreducible.

17.6 A Simple Example (4)

We end the fourth part of the book by explaining in concrete and simplified
terms what we have learned therein on the explicit example of the introduc-
tion.
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We have already discussed this example in Sect. 14.10. In this explicit example,
the law μ is the probability measure

μ := 1
2 (δa0 + δa1),

where a0 and a1 are the real d × d-matrices given by formulae (1.13). These for-
mulae have just been chosen so that the semigroup Γμ spanned by a0 and a1 is
Zariski dense in the group G := SL(Rd). Recall that we want to study the statistical
behavior of products of these matrices

pn := ain · · ·ai1 with i� = 0 or 1.

The main conclusion of Part IV is a control of the statistics of the recentered
logarithm of the norm of these product matrices

log‖pn‖ − nλ1,μ at scale 1

and more generally a simultaneous control of the statistics of the recentered loga-
rithm of the kth-singular values

logκk(pn)− nλk,μ at scale 1.

Recall that λk,μ denotes the kth-Lyapunov exponent of μ.

The Local Limit Theorem (Theorem 17.9) tells us the following:
Fix two real numbers a < b. Consider the 2n n-tuples (i1, . . . , in) with i� = 0

or 1. Then, when n→∞, the number of n-tuples for which

(log‖pn‖ − nλ1,μ) belongs to [a, b]
is equivalent to

C
2n√
n
(b− a)

for some positive constant C > 0 which depends only on μ.

The multidimensional version of the Local Limit Theorem (Theorem 17.7) tells
us the following, if one keeps in mind that the sum

∑
1≤k≤d logκk(g) is equal to 0

for all g in G:
For k = 1, . . . , d − 1, fix two real numbers ak < bk . Consider the 2n n-tuples

(i1, . . . , in) with i� = 0 or 1. Then, when n→∞, the number of n-tuples for which

(logκk(pn)− nλk,μ) belongs to [ak, bk], for all k = 1, . . . , d − 1,

is equivalent to

C1 2n n
1−d

2
∏

k≤d−1

(bk − ak)

for some positive constant C1 > 0 which depends only on μ.



Appendix A
Convergence of Sequences of Random Variables

In this appendix, we establish more or less classical, purely probabilistic results
about convergence of sequences of random variables.

A.1 Uniform Integrability

The concept of uniform integrability is a tool which is useful for proving con-
vergence of integrals when one cannot directly apply the Lebesgue Conver-
gence Theorem.

We first recall a lemma that we used in Sect. 4.5.
Let (Ω,B,P) be a probability space. A subset A ∈ B is sometimes called an

event. A measurable function ψ :Ω→R on (Ω,B) is sometimes called a random
variable. The law of ψ is the probability measure on R which is the image of P
by ψ . We will write E|ψ | := ∫

Ω
|ψ |dP for the L1-norm of ψ and, when this norm

is finite, we will write E(ψ) := ∫
Ω
ψ dP for the expectation or space average of this

random variable ψ .
A subset I of L1(Ω,B,P) is said to be uniformly integrable if it is bounded and

if, for any sequenceAn in B with P(An)−−−→
n→∞ 0, one has sup

ψ∈I
E(|ψ |1An)−−−→n→∞ 0.

Example A.1 Let p > 1. A bounded sequence ψn of functions in Lp(Ω,B,P), i.e.
such that supn≥1 E(|ψn|p) <∞ is always uniformly integrable. Indeed this follows
from Hölder’s inequality

E(|ψn|1An)≤ E(|ψn|p)
1
p P(An)

1− 1
p −−−→
n→∞ 0.

By the Dunford–Pettis Theorem, a subset of L1(Ω,B,P) is uniformly integrable
if and only if it is relatively compact in the weak topology. See [38, Chap. II,
Thm. T25]. We will only use the following Lemma A.2 which is an easy conse-
quence of the Dunford–Pettis Theorem.
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Lemma A.2 (Uniform integrability) Let ψn be a sequence of integrable func-
tions on Ω which converges P-almost surely. Then this sequence converges in
L1(Ω,B,P) if and only if it is uniformly integrable.

Proof We just sketch the proof of this classical result. See [91, Chap. II-5].
=⇒ Set ψ for the limit. Since by assumption lim

n→∞E(|ψn − ψ |) = 0, we may

assume ψn = ψ for all n ≥ 1. Since, by Lebesgue’s convergence theorem, one has
lim
N→∞E(|ψ |1|ψ |≥N)= 0, our assertion follows from the bound

E(|ψ |1An)≤NP(An)+E(|ψ |1|ψ |≥N).

⇐= By assumption one has supn≥1 E(|ψn|) <∞. By Fatou’s Lemma the limit
ψ is integrable. Hence using the first implication, we can assume ψ = 0. Since
the sequence ψn converges almost surely to 0, the sets An := {|ψn| ≥ 1} sat-
isfy lim

n→∞P(An) = 0. Hence by assumption one has lim
n→∞E(|ψn|1An) = 0, and by

Lebesgue’s convergence theorem one has lim
n→∞E(|ψn|1Acn)= 0. Adding these equa-

tions proves that ψn converges to 0 in L1. �

A.2 The Martingale Convergence Theorem

We begin by recalling Doob’s martingale convergence theorem that we use
both in Sects. 2.5 and A.3.

Let (Ω,B,P) be a probability space. When B′ is a sub-σ -algebra of B, we
write E(ψ | B′) for the conditional expectation of a random variable ψ and we
write P(A |B′) := E(1A |B′) for the conditional probability of an event A.

Let (Bn)n≥1 be an increasing sequence of sub-σ -algebras of B. We recall that
a martingale with respect to Bn is a sequence ψn of P-integrable functions on Ω
such that, for all n≥ 1, ψn is the conditional expection of ψn+1 with respect to Bn,
that is,

ψn = E(ψn+1 |Bn).

Theorem A.3 (Doob’s martingale theorem) Let (Ω,B,P) be a probability space,
Bn an increasing sequence of sub-σ -algebras of B and ψn a martingale with re-
spect to Bn.

(a) If supn≥1E|ψn|<∞, then there exists a P-integrable function ψ∞ on Ω such
that ψn −−−→

n→∞ ψ∞ P-almost surely.

(b) If the ψn are uniformly integrable, then one has E|ψn −ψ∞| −−−→
n→∞ 0.

The proof of Theorem A.3 will use the following maximal inequality



A.3 Kolmogorov’s Law of Large Numbers 289

Lemma A.4 Let ψn be a martingale and ε > 0. Then

P(sup1≤k≤n|ψk| ≥ ε)≤ ε−1
E(|ψn|).

Proof We want to bound P(A) for A=∪1≤k≤nAk , where

Ak = {|ψ1|< ε, . . . , |ψk−1|< ε, |ψk| ≥ ε} ∈Bk.

We compute, using Chebyshev’s inequality and the martingale property,

P(A)=∑nk=1 P(Ak)≤ ε−1∑n
k=1 E(|ψk|1Ak )≤ ε−1∑n

k=1 E(|ψn|1Ak )
≤ ε−1

E(|ψn|),

which is the required inequality. �

Proof of Theorem A.3 for L2-bounded martingales Since we will only use this the-
orem in this case we will give the proof under the assumption: supn≥1E(ψ

2
n) <∞.

Using the martingale property, one has for m≤ n,

E((ψn −ψm)2)= E((ψn)
2)−E((ψm)

2).

Hence the sequence E((ψn)
2) is non-decreasing, hence it is convergent, hence the

sequence ψn is a Cauchy sequence in L2, and hence ψn converges in L2-norm to
some function ψ∞ ∈ L2. Note that ψn also converges to ψ∞ in L1-norm.

According to Lemma A.4, for ε > 0 and m≥ 1, one has

P(supn≥m|ψn −ψm| ≥ ε)≤ ε−1
E(|ψ∞ −ψm|)−−−−→

m→∞ 0.

This proves that the sequence ψn also converges P-almost surely towards ψ∞. �

For a general proof see, for example, [62].

A.3 Kolmogorov’s Law of Large Numbers

We now briefly recall Kolmogorov’s law of large numbers and we explain how
it can be deduced from Doob’s martingale convergence theorem.

Let (Ω,B,P) be a probability space. Two sub-σ -algebras B′ and B′′ of B
are said to be independent if for every B ′ ∈B′ and B ′′ ∈B′′ one has P(B ′ ∩B ′′)=
P(B ′)P(B ′′). A sequence of functions ϕn on B is said to be independent if, for every
n≥ 1, the sub-σ -algebra generated by ϕn+1 is independent from the sub-σ -algebra
Bn generated by ϕ1, . . . , ϕn.

We have the classical
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Theorem A.5 (Kolmogorov’s Law of Large Numbers) Let (ϕn)n≥1 be a sequence
of integrable random variables which are independent and have the same law. Then
one has P-almost surely

1
n
(ϕ1 + · · · + ϕn)−−−→

n→∞ E(ϕ1).

This sequence also converges in L1, i.e.

E| 1
n
(ϕ1 + · · · + ϕn)−E(ϕ1)| −−−→

n→∞ 0.

We will need a stronger version of Theorem A.5 where the same conclusion
is obtained under much weaker assumptions: the assumption that the variables have
the same law is replaced by a domination by an integrable law and the independence
assumption is replaced by a conditional recentering.

Theorem A.6 (Kolmogorov’s Law of Large Numbers bis) Let (ϕn)n≥1 be a se-
quence of random variables and Bn be an increasing sequence of sub-σ -algebras
such that ϕn is Bn-measurable. Assume that there exists an integrable random vari-
able ϕ such that, for every t ≥ 0, n≥ 1, one has almost surely

P({|ϕn|> t} |Bn−1)≤ P(ϕ > t). (A.1)

Then one has almost surely

1
n

∑n
k=1(ϕk −E(ϕk |Bk−1))−−−→

n→∞ 0.

This sequence also converges in L1 with a speed depending only on ϕ, i.e. there
exists a sequence cn = cn(ϕ)−−−→

n→∞ 0 such that

E| 1
n

∑n
k=1(ϕk −E(ϕk |Bk−1))| ≤ cn(ϕ). (A.2)

We note that Condition (A.1) implies that for every t ≥ 0, n≥ 1, one has

P(|ϕn|> t)≤ P(ϕ > t). (A.3)

We will need the following elementary trick:

Lemma A.7 (Kronecker) Let (vn)n≥1 be a sequence in a normed vector space such
that the series

∑∞
k=1

1
k
vk converges. Then the sequence 1

n

∑n
k=1 vk converges to 0.

Proof By assumption, the sequence ψn :=∑nk=1
1
k
vk converges. Hence, its Cesàro

average converges to the same limit. Now, we have

1
n

∑n
k=1ψk = 1

n

∑n
k=1
∑k
�=1

1
�
v� = 1

n

∑n
�=1

n−�+1
�
v� = n+1

n
ψn − 1

n

∑n
�=1 v�.

The result follows. �
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Proof of Theorem A.6 First step: We introduce the truncated random variables

ϕn := ϕn min(1, n
|ϕn| ).

These functions ϕn are equal to ϕn when |ϕn| ≤ n, to n when ϕn ≥ n and to −n
when ϕn ≤−n. We check that almost surely ϕn−ϕn is equal to 0 except for finitely
many n. We also check that ϕn − ϕn converges to 0 in L1.

The first statement follows from the Borel–Cantelli Lemma since one computes
using (A.3)

∑
n≥1 P(ϕn �= ϕn)=

∑
n≥1 P(|ϕn|> n)≤

∑
n≥1 P(ϕ > n)≤ E(ϕ),

which is finite since ϕ is integrable. The second statement follows from a similar
computation using (A.3)

E(|ϕn − ϕn|)=
∫∞
n

P(|ϕn|> t)dt
≤ ∫∞

n
P(ϕ > t)dt ≤ E(ϕ1{ϕ>n}),

which goes to 0 for n→∞ by Lebesgue’s convergence theorem.
Second step: We introduce the random variables

Φn := E(ϕn |Bn−1) and Φn := E(ϕn |Bn−1)

and we check that outside a null subset, the sequence Φn−Φn converges uniformly
to 0. Indeed this follows from a similar computation outside a null subset using
(A.1)

|Φn −Φn| =
∫∞
n

P({|ϕn|> t} |Bn−1)dt

≤ ∫∞
n

P(ϕ > t)dt ≤ E(ϕ1{ϕ>n}),

which goes to 0 for n→∞.
Third step: We introduce the random variables

ψn =∑nk=1
1
k
(ϕk −Φk)

and we check that this sequence ψn converges almost surely and in L1 towards a
function ψ∞. This follows from Doob’s martingale convergence theorem A.3: by
construction ψn is a martingale with respect to Bn. We only have to check that the
sequence ψn is bounded in L2 and hence uniformly integrable. Hence we compute
using orthogonality properties of the conditional expectation

E(ψ2
n)=
∑n
k=1

1
k2 E((ϕk −Φk)2)≤R :=∑∞

k=1
1
k2 E(ϕ

2
k).

It remains to check that this right-hand side R is finite. For t > 0, we set

Fk(t)= P(|ϕk|> t) and F(t) := P(ϕ > t).
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As in the first steps, but in a more tricky way, using integration by parts and (A.1),
we get

R =∑∞
k=1

1
k2

∫ k
0 2t Fk(t)dt ≤∑∞

k=1
1
k2

∫ k
0 2t F (t)dt

≤∑∞
m=1(
∑∞
k=m 1

k2 )
∫ m
m−1 2t F (t)dt ≤∑∞

m=1
4
m

∫ m
m−1 t F (t)dt

≤ 8
∫∞

0 F(t)dt = 8E(ϕ) <∞.
Fourth step: We just combine the three first steps:
Set c1,n := E(ϕ1{ϕ>n}). By taking a Cesàro average in the first step, the sequence

1
n

∑n
k=1(ϕk − ϕk) converges to 0 almost surely and one has the L1-bound

E| 1
n

∑n
k=1(ϕk − ϕk)| ≤ 1

n

∑n
k=1 c1,k.

Using the second step in the same way, the sequence

1
n

∑n
k=1(Φk −Φk)

converges to 0 almost surely and one also has the L1-bound

E| 1
n

∑n
k=1(Φk −Φk)| ≤ 1

n

∑n
k=1 c1,k.

By Lemma A.7, we deduce from the third step that the sequence 1
n

∑n
k=1(ϕk −

Φk) converges to 0 almost surely. Using the same computation as in the proof of
Lemma A.7, one gets the equality

1
n

∑n
k=1(ϕk −Φk) = ψn − 1

n

∑n−1
k=1 ψk

= 1
n
ψ∞ + (ψn −ψ∞)− 1

n

∑n−1
k=1(ψk −ψ∞),

and the L1-bound

E| 1
n

∑n
k=1(ϕk −Φk)| ≤ 1

n
E|ψ∞|+E|ψ∞ −ψn| + 1

n

∑n−1
k=1 E|ψ∞ −ψk|.

Now, reasoning as in the third step, one gets

E((ψ∞ −ψn)2) ≤∑∞
k=n+1

1
k2 E(ϕ

2
k)

≤ dn :=∑∞
k=n+1

2
k2

∫ k
0 t F (t)dt.

This sequence dn = dn(ϕ) converges to 0 for n→∞, since the following series is
convergent:

∑∞
k=1

2
k2

∫ k
0 t F (t)dt ≤

∑∞
m=1

8
m

∫ m
m−1 t F (t)dt

≤ 8
∫∞

0 F(t)dt ≤ 8E(ϕ) <∞.
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Furthermore, still by the third step and the Cauchy–Schwarz inequality, one also has

E|ψ∞| ≤ 2E(ϕ)1/2.

Now, (A.2) follows with

cn = 2
n

∑n
k=1 c1,k + 2

n
E(ϕ)1/2 + d1/2

n + 1
n

∑n
k=1 d

1/2
k . �

The following statement is not a direct consequence of Theorem A.6 but its proof
is similar and much simpler since no truncation step is needed.

Corollary A.8 Let (ϕn)n≥1 be a sequence of random variables which are bounded
in L2 and such that

E(ϕn | ϕ1, . . . , ϕn−1)= 0 for all n≥ 1.

Then the sequence 1
n

∑n
k=1 ϕk converges to 0 almost surely and in L2.

Proof By assumption, the sequence of random variables

ψn =∑nk=1
1
k
ϕk

is a martingale with respect to Bn. This martingale is bounded in L2 since

E(ψ2
n)=
∑n
k=1

1
k2 E(ϕ

2
k )≤ (
∑∞
k=1

1
k2 ) supk≥1 E(ϕ

2
k ) <∞.

Hence by Doob’s martingale convergence theorem, ψn converges almost surely and
in L2. We conclude thanks to Lemma A.7 that 1

n

∑n
k=1 ϕk converges to 0 almost

surely and in L2 when n→∞. �



Appendix B
The Essential Spectrum of Bounded Operators

LetE be a (complex) Banach space and T be a bounded endomorphism ofE. In this
chapter, we will introduce a non-empty closed subset σe(T ) of the spectrum σ(T )
of T , called the essential spectrum of T . The essential spectral radius ρe(T ) of T
will be defined as the largest modulus of an element of the essential spectrum. If λ
is a spectral value of T whose modulus is larger than ρe(T ), then λ is an eigenvalue
of T . Now, the essential spectral radius may be computed by using a formula, due to
Nussbaum. We will then apply this formula to dominate the essential spectral radius
under certain assumptions which are natural in a dynamical setting. This result was
used in Chaps. 15 and 16 in the proof of the Local Limit Theorem.

In this appendix, we will freely use the basic results of Functional Analysis as in
Rudin’s books [107] and [108] .

B.1 Compact Operators

In this section, we recall the definition of compact operators and some ele-
mentary properties.

Let E be a complex Banach space. For any x in E and r > 0, we let BE(x, r) (or
B(x, r) when there is no ambiguity) denote the closed ball with center x and radius
r in E.

Let E,F be Banach spaces. We let B(E,F ) denote the space of bounded linear
operators from E to F , equipped with its natural Banach space structure. When
E = F , we write B(E) for B(E,E). It carries a natural structure of a Banach
algebra.

A bounded operator T :E→ F is said to be compact if the set T B(0,1) is rela-
tively compact in F (in the norm topology). This amounts to saying that the image
under T of any bounded subset of E is relatively compact in F . We let K (E,F )

(or K (E) when E = F ) denote the set of compact operators from E to F .
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Lemma B.1 Let E,F,G be Banach spaces. The set K (E,F ) of compact opera-
tors from E to F is a closed subspace of B(E,F ). One has

B(F,G)K (E,F )⊂K (E,G) and K (F,G)B(E,F )⊂K (E,G).

In particular, the space K (E) is an ideal in the Banach algebra B(E).

The proof of closedness of the space of compact operators (such as several other
proofs below) uses the following classical characterization of relatively compact
subsets of complete metric spaces: a subset Y of a complete metric space (X,d) is
relatively compact if and only if, for every ε > 0, Y is contained in a finite union of
balls of X with radius ε.

Proof of Lemma B.1 Any scalar multiple of a compact operator is clearly compact.
If S and T are compact operators from E to F , S+T is compact since the sum map
F × F → F is continuous.

Assume T is a compact operator from E to F and S is any operator in B(F,G).
Then, since S is continuous and T B(0,1) is relatively compact in F , ST B(0,1) is
relatively compact, hence ST is compact. Now, assume T is in K (F,G) and S is
in B(E,F ). Since SB(0,1) is bounded and T is compact, T SB(0,1) is compact.
Hence T S is compact.

It remains to check that K (E,F ) is closed in B(E,F ). Let (Tn) be a sequence
in K (E,F ) that converges in the norm topology towards an operator T and let
us prove that T is compact. We will use the characterization above of relatively
compact subsets of F . Fix ε > 0. Chose n such that ‖T − Tn‖ ≤ ε. Then, since
TnB(0,1) is relatively compact in F , there exist y1, . . . , yp in F with

TnB(0,1)⊂ B(y1, ε)∪ · · · ∪B(yp, ε).
As ‖T − Tn‖ ≤ ε, we get

T B(0,1)⊂ B(y1,2ε)∪ · · · ∪B(yp,2ε).
Since this holds for any ε, T B(0,1) is compact, which completes the proof. �

Let E and F be Banach spaces and E∗ and F ∗ be their topological dual spaces.
For any T in B(E,F ), we let T ∗ denote its adjoint operator: this is the bounded
operator

F ∗ →E∗

f �→ f ◦ T .
We will sometimes use duality arguments which rely on the following lemma.

Lemma B.2 A bounded operator T : E→ F is compact if and only if T ∗ is com-
pact.
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Proof Assume T is compact. Fix ε > 0 and y1, . . . , yp in F with

T BE(0,1)⊂ BF (y1, ε)∪ · · · ∪BF (yp, ε).
Consider the finite-dimensional subspace G of F spanned by y1, . . . , yp . Since the
dual space of G is also finite-dimensional, its unit ball is compact and there exist
linear functionals f1, . . . , fq in BG∗(0,1) such that

BG∗(0,1)⊂ BG∗(f1, ε/M)∪ · · · ∪BG∗(fq, ε/M),

where M = max1≤i≤p ‖yi‖. By the Hahn–Banach theorem, f1, . . . , fq may be ex-
tended as linear functionals on F which have norm ≤ 1 (which we still denote by
f1, . . . , fq ).

Now, pick f in BF ∗(0,1). By construction, there exists 1 ≤ j ≤ q with
∣
∣〈f − fj , y〉

∣
∣≤ ε ‖y‖

for any y in G. We claim that we have
∥
∥T ∗f − T ∗fj

∥
∥≤ 3ε in E∗. Indeed, for any

x in BE(0,1), there exists 1 ≤ i ≤ p with ‖T x − yi‖ ≤ ε. We then have

〈T ∗f − T ∗fj , x〉 = 〈f,T x − yi〉 + 〈f − fj , yi〉 − 〈fj , T x − yi〉,
hence

∣
∣〈T ∗f − T ∗fj , x〉

∣
∣≤ 3ε. Thus, we have

T BF ∗(0,1)⊂ BE∗(T ∗f1,3ε)∪ · · · ∪BE∗(T ∗fq,3ε),

and T ∗ is compact since this holds for any ε > 0.
Conversely, assume T ∗ is compact. By the result above, the bounded operator

T ∗∗ between the bidual spaces E∗∗ and F ∗∗ is compact. If E and F are reflexive,
we are done. In general, E and F embed isometrically as closed subspaces in E∗∗
and F ∗∗ and T BE(0,1) is contained in the intersection of T ∗∗BE∗∗(0,1) with the
image of F in F ∗∗. As T ∗∗BE∗∗(0,1) is relatively compact in F ∗∗, so is T BE(0,1)
in F , which completes the proof. �

B.2 Bounded Operators and Their Adjoints

We recall classical properties of the adjoint operators of bounded operators.

Let E be a Banach space and E∗ be the topological dual space of E. If F is a
closed subspace of E, we let F⊥ denote the orthogonal subspace of F in E∗, that
is, the space of linear functionals f on E such that f is 0 on F . We recall that the
weak-∗ topology on E∗ is the topology of locally convex vector space defined by
the family of seminorms on E∗ given by f �→ |f (x)|, where x varies in E.

To be able to describe the spectral structure of compact operators, we shall need
elementary properties of adjoint operators, which are summarized in the following
lemma.
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Lemma B.3 Let E,F be Banach spaces and T : E → F be a bounded linear
operator.

(a) We have (ImT )⊥ = KerT ∗ and ImT ∗ is weak-∗ dense in (KerT )⊥.
(b) In particular, the operator T has closed image if and only if T ∗ has closed

image. In this case, one has (KerT )⊥ = ImT ∗.

The proof of this lemma uses quotients of Banach spaces. Throughout the sequel,
when E is a Banach space and F is a closed subspace of E, we equip the quotient
space E/F with the norm defined by, for any x in E,

‖x + F‖ = inf
y∈F ‖x + y‖ . (B.1)

This induces a Banach space structure on E/F . Since formula (B.1) defines a norm,
there exists a vector x ∈E with ‖x‖ = 2 and such that ‖x − y‖ ≥ 1 for any y in F .
Such a vector x will be useful in the following sections. Indeed, it will play the role
of an almost-normal direction to F even though E is not assumed to be a Hilbert
space. Note that the natural maps F⊥ → (E/F)∗ and E∗/F⊥ → F ∗ are isometries
(in the second case, this follows by the Hahn–Banach Theorem).

Proof (a) For any f in E∗, we have

T ∗f = 0 ⇔∀x ∈E 〈f,T x〉 = 0 ⇔ f|ImT = 0,

hence one has the equality (ImT )⊥ = KerT ∗.
Now, observe that one has ImT ∗ ⊂ (KerT )⊥: indeed, if f is in F ∗ and x is in

KerT , one has

〈T ∗f,x〉 = 〈f,T x〉 = 0.

Hence by the Hahn–Banach theorem applied in F , one has

KerT = {x ∈E|∀f ∈ F ∗ 〈T ∗f,x〉 = 0}.
Then by the Hahn–Banach theorem applied to the weak-∗ topology onE∗, the space
(KerT )⊥ is the weak-∗ closure of ImT ∗.

(b) Assume now T has closed image. Then T factors as a composition

E→E/KerT → F,

where, by the open mapping Theorem, the second map is an isomorphism with its
image. We thus have a factorization of T ∗ as

F ∗ → (E/KerT )∗ →E∗,

where the first map is an isomorphism. Therefore, the space ImT ∗ is closed in E∗
and equal to (KerT )⊥.

It remains to prove that if ImT ∗ is closed in E∗, ImT is closed in F .
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Assume first that T has dense image, so that, since KerT = (ImT )⊥, T ∗ is in-
jective. Then, since we assumed that T ∗ has a closed image, by the open mapping
Theorem, there exists an ε > 0 such that, for every f in F ∗, one has ‖T ∗f ‖ ≥ ε ‖f ‖.
We claim that one has

T BE(0,1)⊃ BF (0, ε). (B.2)

We argue as in the proof of the open mapping Theorem. Indeed, as T BE(0,1) is
convex, by the Hahn–Banach Theorem, for every y in F � T BE(0,1), there exists
an f in F ∗ with

|〈f,y〉|> sup
x∈BE(0,1)

|〈f,T x〉| = ∥∥T ∗f
∥
∥≥ ε ‖f ‖ .

We get ‖y‖> ε, hence the claim (B.2). This implies that one has

T BE(0,2)⊃ BF (0, ε). (B.3)

For any y = y0 in BF (0, ε), one can find x0 in BE(0,1) such that

y1 = y0 − T x0

has norm ≤ ε/2. Iterating this process, one construct a sequence (xn) such that, for
any n, ‖xn‖ ≤ 2−n and

yn+1 = y0 − T (x0 + · · · + xn)
has norm ≤ ε2−n−1. As

∑
n≥0 ‖xn‖ ≤ 2, x =∑n≥0 ‖xn‖ belongs to BE(0,2) and

by construction, T x = y. This proves (B.3). In particular, T is surjective and we are
done with the result under the assumption that T has dense image.

In general, we set G= ImT , so that T may be written as a composition of maps

E
T−→G ↪→ F,

where the first one has dense image. The corresponding decomposition for T ∗ is of
the form

F ∗ →G∗ T ∗−→E∗.

In this decomposition, the first map is surjective and the second one has closed im-
age. In other words, the adjoint of the operator E→G,x �→ T x has closed image.
Hence, by the first part of the proof, this operator is surjective, which completes the
proof. �

B.3 The Spectrum of Compact Operators

In this section, we describe the structure of the spectrum of compact operators.
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We will now assume E = F . If T is a bounded operator of E, we let σE(T ) (or
σ(T ) when there is no ambiguity) denote its spectrum, that is, the set of λ in C such
that T − λ is not invertible, and we let ρ(T ) denote the spectral radius of T , that is,
the radius of the smallest disc centered at 0 in C which contains σ(T ). We assume
that E is infinite-dimensional (otherwise, every operator is compact and the spectral
result below is trivial).

Proposition B.4 Let T be a compact bounded operator of E. Then σ(T ) is the
union of 0 and an at most countable subset of C with 0 as its unique cluster point.
For every λ �= 0 in σ(T ), the space E splits uniquely as a direct sum E =Eλ ⊕ Fλ,
where Eλ and Fλ are T -stable closed subspaces of E, Eλ has finite dimension,
σEλ(T )= {λ} and σFλ(T )= σ(T )� {λ}.

The proof relies on a succession of lemmas where we will prove that the spaces
Eλ =⋃r Ker (T − λ)r and Fλ =⋂r Im (T − λ)r have the required properties.

First, we study eigenspaces of T .

Lemma B.5 Let T be a compact bounded operator of E and λ be a nonzero com-
plex number. For any r ≥ 1, the space Ker (T − λ)r is finite-dimensional.

Proof First assume we have r = 1. Set F = Ker(T − λ). We have the equal-
ity T BF (0,1) = BF (0, |λ|). Therefore, BF (0, |λ|) is relatively compact in F . As
|λ| �= 0, Riesz’s Theorem implies that F is finite-dimensional.

Now, in general, introduce the operator

S := (T − λ)r − (−λ)r

so that (T −λ)r = S+ (−λ)r . By Lemma B.1, the operator S is compact, hence the
space Ker(T − λ)r is finite-dimensional. �

Now duality allows us to recover information on Im(T − λ).

Lemma B.6 Let T be a compact bounded operator of E and λ be a nonzero com-
plex number. For any r ≥ 1, the space Im (T −λ)r is closed with finite codimension.

Proof Again, as in the proof of Lemma B.5, it suffices to deal with the case r = 1.
First, let us prove that Im(T − λ) is closed. Let F =E/Ker(T − λ) and S : F →

E be the bounded injective operator induced by (T − λ). We claim that there exists
an ε > 0 with ‖Sy‖ ≥ ε ‖y‖ for any y in F (which implies the result). Indeed, if this
is not the case, there exists a sequence (yn) of unit vectors in F with ‖Syn‖ −−−→

n→∞ 0.

Let π : E→ F be the quotient map. For any n, pick xn in E with π(xn)= yn and
1 ≤ ‖xn‖ ≤ 2. By the definition of S, we have

T xn − λxn −−−→
n→∞ 0.
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As (xn) is bounded in E and T is compact, after having extracted a subsequence,
we can assume that there exists a vector z in E with

T xn −−−→
n→∞ z.

We also get

λxn −−−→
n→∞ z.

Hence, if we set t = 1
λ
z, we have xn −−−→

n→∞ t and T t = λt , that is, t ∈ Ker(T − λ).
Applying π gives

yn = π(xn)−−−→
n→∞ π(t)= 0,

a contradiction. Therefore S has closed image and Im(T − λ) is closed.
Set G = Im(T − λ). By Lemma B.3, we have G⊥ = Ker(T ∗ − λ). Since, by

Lemma B.2, the operator T ∗ is compact, Lemma B.5 implies that G⊥ is finite-
dimensional. As G⊥ may be seen as the topological dual space of E/G, the codi-
mension of Im(T − λ) is finite. �

Now, we prove that the non-increasing sequence of subspaces from Lemma B.7
eventually becomes stationary.

Lemma B.7 Let T be a compact bounded operator of E and λ be a nonzero com-
plex number.

Then there exists an integer r ≥ 0 such that Im (T − λ)r = Im (T − λ)r+1.

Proof Assume this is not the case and set, for any r , Gr = Im (T − λ)r , which is a
closed subspace of E by Lemma B.6. By assumption, we have Gr+1 �Gr . Since
formula (B.1) defines a norm, there exists xr ∈Gr with ‖xr‖ = 2 and ‖xr − y‖ ≥ 1
for any y in Gr+1.

For r < s, we have

T xr − T xs = λxr + (T xr − λxr − T xs),
hence, as T xr − λxr − T xs belongs to Gr+1, ‖T xr − T xs‖ ≥ |λ|. In particular, the
sequence (T xr) has no converging subsequence, which contradicts the compactness
of T . �

Finally, we prove the dual statement to that of Lemma B.7:

Lemma B.8 Let T be a compact bounded operator of E and λ be a nonzero com-
plex number.

Then there exists an integer r ≥ 0 such that Ker (T − λ)r = Ker (T − λ)r+1.

Proof We prove this statement by duality. Indeed, let r ≥ 0. By Lemma B.6 the
operator (T −λ)r has closed image. Hence, by Lemma B.3, the orthogonal subspace
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of Ker(T − λ)r in E∗ is Im(T ∗ − λ)r . Now, by Lemma B.2, T ∗ is compact, so that,
by Lemma B.7, there exists an integer r ≥ 0 with Im (T ∗ − λ)r = Im (T ∗ − λ)r+1

and we are done. �

We now have all the tools at hand to establish the

Proof of Proposition B.4 Let λ be a nonzero complex number. By Lemmas B.7 and
B.8, we can fix r ≥ 0 so that, for all s ≥ r ,

Ker (T − λ)r = Ker (T − λ)s and Im (T − λ)r = Im (T − λ)s.

We set

Eλ = Ker (T − λ)r and Fλ = Im (T − λ)r .
By Lemma B.5, Eλ has finite dimension and, by Lemma B.6, Fλ is closed with
finite codimension.

We claim that Eλ ∩ Fλ = {0}. Indeed, if x belongs to this intersection, we may
write x = (T − λ)ry for some y. As (T − λ)rx = 0, we get (T − λ)2ry = 0, hence,
by the choice of r , (T − λ)ry = 0, that is, x = 0, which was to be proved.

We claim that Eλ ⊕ Fλ = E. Indeed, let x be in E and let us prove that x may
be written as a sum of an element of Eλ and of one of Fλ. By definition, (T − λ)rx
belongs to Fλ. Since (T − λ)Fλ = Fλ, there exists a vector y in Fλ with

(T − λ)rx = (T − λ)ry.

We get x − y ∈Eλ and we are done.
By definition the only spectral value of T on Eλ is λ. We claim that λ is not a

spectral value of T on Fλ. Indeed, by definition this operator T − λ is surjective on
Fλ and we have just seen that this operator T − λ is injective on Fλ. Hence T − λ
is an automorphism of Fλ, as required.

Now, assume λ is a nonzero spectral value of T . To complete the proof of Propo-
sition B.4, it only remains to prove that λ is an isolated point of the spectrum. Indeed,
if μ �= λ is a complex number that is close enough to λ, since T − λ is invertible
on Fλ, T −μ is invertible on Fλ. As μ �= λ, T −μ is also invertible on Eλ and the
result follows. �

B.4 Fredholm Operators and the Essential Spectrum

We now introduce Fredholm operators: these are the operators which are in-
vertible modulo the ideal of compact operators. In the same spirit, we define
the essential spectral radius of an operator: this is the spectral radius of the
image of the operator in the Calkin algebra.
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Definition B.9 Let E be a Banach space. The quotient of the Banach algebra of
bounded operators on E by the ideal of compact operators

C (E) :=B(E)/K (E)

is a Banach algebra called the Calkin algebra.

Let T be a bounded linear operator in E. We say that T is Fredholm if there
exists a bounded operator S such that T S− 1 and ST − 1 are compact operators. In
other words, T is Fredholm if and only if its image in the Calkin algebra C (E) is
invertible.

Lemma B.10 The product T1T2 of two Fredholm operators T1 and T2 of E is also
Fredholm.

Proof As in any ring, the product x1x2 of two invertible elements x1 and x2 of the
Calkin algebra is also invertible. �

Proposition B.11 Let T be a bounded linear operator in E. Then T is Fredholm if
and only if KerT is finite-dimensional and ImT is closed with finite codimension.

Proof Assume KerT is finite-dimensional and ImT is closed with finite codimen-
sion. Choose closed subspaces F and G of E such that

E = F ⊕ KerT =G⊕ ImT .

The action of T induces an isomorphism from F onto ImT . We define R as the
inverse operator ImT → F . For any x in E, if x = y+ z with y in ImT and z in G,
we set Sx = Ry. Let us check that ST − 1 and T S − 1 are compact; we will even
prove that they have finite rank. Indeed, for any x in F , we have ST x = x. Therefore
Ker(ST − 1)⊃ F and ST − 1 has finite rank since F has finite codimension. In the
same way, for any x in ImT , T Sx = x and T S − 1 has finite rank. Thus T is
Fredholm.

Conversely, assume that T is Fredholm and let S be such that K = ST − 1
and L = T S − 1 are compact operators. Then we have KerT ⊂ Ker(K + 1),
hence, by Lemma B.5, KerT is finite-dimensional. In the same way, we have
ImT ⊃ Im(L+ 1), hence, by Lemma B.6, ImT is closed with finite codimension. �

Corollary B.12 A bounded linear operator T of E is Fredholm if and only if T ∗
is.

Proof Assume T is Fredholm and let S be an inverse of T modulo compact opera-
tors. By Lemma B.2, the operators S∗T ∗−1 = (T S−1)∗ and T ∗S∗−1 = (ST −1)∗
are compact. Thus, T ∗ is Fredholm.

Conversely, assume T ∗ is Fredholm. By Proposition B.11, ImT ∗ is closed, so
that by Lemma B.3, ImT is closed, (ImT )⊥ = KerT ∗ and (KerT )⊥ = ImT ∗. As,
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again by Proposition B.11, KerT ∗ is finite-dimensional and ImT ∗ has finite codi-
mension, ImT has finite codimension and KerT is finite-dimensional. Now Propo-
sition B.11 tells us that the operator T is Fredholm. �

Let T be a bounded operator of E. We define the essential spectrum σe(T ) of T
as the set of complex numbers λ such that T − λ is not Fredholm. In other words,
σe(T ) is the spectrum of the image of T in the Calkin algebra C (E). In particular
σe(T ) is a non-empty closed subset of σ(T ). By Corollary B.12, we have σe(T ∗)=
σe(T ).

We also define the essential spectral radius ρe(T ) of T as the radius of the small-
est disc centered at 0 in C which contains σe(T ): in other words ρe(T ) is the spectral
radius of the image of T in the Calkin algebra C (E).

Lemma B.13 Let T be a bounded operator in E. For all n≥ 1, the essential spec-
tral radius of T n is given by ρe(T n)= ρe(T )n.

Proof As in any Banach algebra, the spectral radius ρ(x) of an element x of the
Calkin algebra C (E) is given by ρ(x)= lim

n→∞‖xn‖1/n and hence satisfies the equal-

ity ρ(xn)= ρ(x)n, for all positive integers n. �

If T is a compact operator, its essential spectrum is {0}. Thus, Proposition B.4
may be seen as a description of the spectral values of T whose modulus is > ρe(T ).
This description may be extended in general:

Proposition B.14 Let T be a bounded operator of E. Then the set of spectral
values of T with modulus> ρe(T ) is at most countable and all its cluster points have
modulus ρe(T ). For every λ in σ(T ) with |λ|> ρe(T ), the space E splits uniquely
as a direct sum E =Eλ⊕Fλ, where Eλ and Fλ are T -stable closed subspaces of E,
Eλ has finite dimension, σEλ(T )= {λ} and σFλ(T )= σ(T )� {λ}.

The following example is important to keep in mind while reading the proof
of Proposition B.14. The reader is strongly encouraged to check the details of this
example.

Example B.15 Let E = �2(N) be the Hilbert space of square-integrable complex
sequences and T :E→E be the shift operator given by, for any x = (xk)k∈N in E,
T x = (xk+1)k∈N. The spectrum σ(T ) of T is the unit disc in C. Its essential spec-
trum is the unit circle in C.

The proof of Proposition B.14 is completely analogous to that of Proposition B.4.
We easily extend Lemmas B.5 and B.6.

Lemma B.16 Let T be a compact bounded operator of E and λ be a nonzero
complex number. For any r ≥ 1, the space Ker (T − λ)r is finite-dimensional and
the space Im (T − λ)r is closed with finite codimension.
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Proof This follows from Proposition B.11 since, by Lemma B.10, the operator
(T − λ)r is Fredholm. �

The only difficulty is to extend Lemma B.7. This is done by

Lemma B.17 Let T be a bounded operator of E and λ be a complex number with
|λ|> ρe(T ).

Then there exists an integer r ≥ 0 such that Im(T − λ)r = Im(T − λ)r+1.

Proof This proof is a refinement of that of Lemma B.7, which uses the spectral
radius formula in the Calkin algebra C (E).

We again assume that the conclusion is false, and we introduce, for any r ≥ 0,
Gr = Im(T − λ)r . Since λ is not an essential spectral value of T , by Lemma B.10
and Proposition B.11, for any r ≥ 0, the space Gr = Im(T − λ)r is closed in E. For
any r , we fix a vector xr in Gr with ‖xr‖ = 2 and ‖xr − y‖ ≥ 1 for any y in Gr+1.

We pick θ with ρe(T ) < θ < |λ|. By the spectral radius formula in the Calkin
algebra C (E), for any large enough n, there exists a compact operator Sn of E such
that

∥
∥T n − Sn

∥
∥≤ θn.

Let us prove that, if n is sufficiently large, the sequence (Snxr)r≥0 has no converging
subsequence: the result follows from this contradiction. Indeed, for any r < s, we
have

Snxr − Snxs = T nxr − T nxs + (Sn − T n)(xr − xs)
= λnxr + (T nxr − λnxr − T nxs)+ (Sn − T n)(xr − xs).

As T n − λn = (T − λ)(T n−1 + · · · + λn−1), the element

y := T nxr − λnxr − T nxs
belongs to Gr+1. Hence, one has ‖λnxr + y‖ ≥ |λ|n and

‖Snxr − Snxs‖ ≥ |λ|n − ∥∥Sn − T n
∥
∥‖xr − xs‖ ≥ |λ|n − 4θn.

Since θ < |λ|, for large n, we have |λ|n − 4θn > 0 and we are done. �

As above, the dual result is

Lemma B.18 Let T be a bounded operator of E and λ be a complex number with
|λ|> ρe(T ).

Then there exists an integer r ≥ 0 such that Ker(T − λ)r = Ker(T − λ)r+1.

Proof Again, as, by Proposition B.11, (T − λ)r has closed image, we have

(Ker(T − λ)r)⊥ = Im(T ∗ − λ)r
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by Lemma B.3. The result follows since T ∗ − λ is Fredholm by Corollary B.12. �

Proof of Proposition B.14 This follows from Lemmas B.16, B.17, B.18 as Proposi-
tion B.4 followed from Lemmas B.5, B.6, B.7 and B.8. �

The following corollary extends the conclusion of Proposition B.14 to a larger
set of complex numbers λ.

Corollary B.19 Let T be a bounded operator ofE and denote byΩ the unbounded
connected component of C� σe(T ). Then the set of spectral values of T belonging
toΩ is at most countable and is discrete inΩ . For every λ in σ(T )∩Ω , the spaceE
splits uniquely as a direct sum E =Eλ⊕Fλ, where Eλ and Fλ are T -stable closed
subspaces of E, Eλ has finite dimension, σEλ(T )= {λ} and σFλ(T )= σ(T )� {λ}.

Since we will not use this Corollary we just sketch its proof.

Proof Let K be the compact set K :=C�Ω . Fix a complex value λ in σ(T )∩Ω .
According to Mergelyan’s Theorem (see [107]), there exists a polynomial function
P with complex coefficients such that

|P(λ)|> sup
z∈K

|P(z)|.

The corollary now follows by applying Proposition B.14 to the operator P(T ) and
its spectral value P(λ). �

B.5 The Measure of Non-compactness

We introduce the seminorm γ on operators which measures how far they are
from being compact. This seminorm allows us to give an analogue of the spec-
tral radius formula for the essential spectral radius: this is Nussbaum’s for-
mula.

Let T be a bounded operator of the Banach space E. We let γ (T ) be the infimum
of the set of r ≥ 0 such that T B(0,1) is contained in a finite union of balls with
radius r . This infimum γ (T ) is called the measure of non-compactness of T . By
definition, one has γ (T )≤ ‖T ‖.

Lemma B.20 The function γ is a seminorm on B(E) which cancels exactly on
K (E). For any S,T in B(E), we have γ (ST )≤ γ (S)γ (T ).

Remark B.21 The seminorm γ factors as a norm on the Calkin algebra C (E), but
it is not clear whether this norm is complete, hence it is not clear whether this norm
is equivalent to the quotient norm on C (E).
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Proof By definition, if T is a bounded operator, γ (T )= 0 if and only if T is com-
pact. Furthermore, γ is clearly homogeneous.

Let S,T be in B(E) and let s > γ (S) and t > γ (T ). We want to prove that

γ (S + T ) < s + t and γ (S T ) < s t.

We can find x1, . . . , xm and y1, . . . , yn in E with

SB(0,1)⊂
m⋃

i=1

B(xi, s) and T B(0,1)⊂
n⋃

j=1

B(yj , t).

On one hand, we have

(S + T )B(0,1)⊂
⋃

i,j

(B(xi, s)+B(yj , t))=
⋃

i,j

B(xi + yj , s + t).

On the other hand, we have

ST B(0,1)⊂
⋃

j

(Syj + tSB(0,1))⊂
⋃

i,j

B(txi + Syj , st).

The result follows. �

Even though the seminorm γ does not factor as the usual norm on the Calkin
algebra C (E), it may be used to compute the essential spectral radius:

Theorem B.22 (Nussbaum) Let T be a bounded operator of E. We have

ρe(T )= lim
n→∞γ (T

n)
1
n .

Note that the limit exists from Lemma B.20 and a classical subadditivity argu-
ment.

The remainder of the section will be devoted to the proof of Theorem B.22. We
temporarily set

η(T )= lim
n→∞γ (T

n)
1
n .

Since γ (T ) ≤ ‖T ‖, we clearly have η(T ) ≤ ρ(T ). The more precise inequality
η(T ) ≤ ρe(T ) will essentially follow from Proposition B.14. We will first focus
on the reverse inequality.

We need to prove that, if λ is a complex number with |λ|> η(T ), then T − λ is
Fredholm. The main step in this proof is

Lemma B.23 Let T be a bounded operator of E and λ be a complex number with
|λ|> η(T ). The operator T − λ is proper on bounded subsets of E. More precisely,
for any compact subsetK ofE, the set of x in B(0,1) with (T −λ)x ∈K is compact.
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Proof By replacing T with λ−1T , we can assume λ= 1.
We set L= B(0,1)∩ (T − 1)−1K . For x in L we set y = T x − x so that y ∈K .

For any n≥ 1, we have

T nx − x = y + · · · + T n−1y,

that is,

x =−y − · · · − T n−1y + T nx.
We get

L⊂−K − · · · − T n−1K + T nB(0,1).
Fix ε > 0. As η(T ) < 1, we have γ (T n) −−−→

n→∞ 0 and we can find n ≥ 1 with

γ (T n) < ε. As −K − · · ·− T n−1K is a compact subset of E, it can be covered by a
finite number of balls with radius ε. Therefore, L can be covered by a finite number
of balls with radius 2ε. As this is true for any ε and as L is clearly closed, L is
compact. �

Now, operators which are proper on bounded subsets may be easily described:

Lemma B.24 Let T be a bounded operator of E. Then T is proper on bounded
subsets if and only if KerT is finite-dimensional and ImT is closed.

Proof Assume KerT is finite-dimensional and ImT is closed. Then the projection
map E→E/KerT is proper on bounded subsets and, as T factors as a composition
of this map with an isomorphism from E/KerT onto a closed subspace of E, T is
proper on bounded subsets.

Conversely, assume that T is proper on bounded subsets. As we have the equality
BKerT (0,1)= BE(0,1) ∩ T −1{0}, the ball BKerT (0,1) is compact and, by Riesz’s
Theorem, KerT is finite-dimensional. Let F be a closed subspace of E such that
E = F ⊕ KerT . We have ImT = T F , hence it suffices to prove that T F is closed
in E. We claim that there exists an ε > 0 such that ‖T x‖ ≥ ε ‖x‖ for any x in F :
this implies that T F is closed. Indeed, if this is not the case, there exists a sequence
(xn) of unit vectors in F with

‖T xn‖ −−−→
n→∞ 0.

Then, the set K = {0}⋃{xn|n ≥ 0} is compact in E. As (xn) is bounded and T is
proper on bounded subsets, (xn) admits a subsequence which converges to some y
in F . Since the (xn) are unit vectors, we have ‖y‖ = 1. Since ‖T xn‖ −−−→

n→∞ 0, we

have Ty = 0, which contradicts the fact that F ∩ KerT = {0}. �

To conclude from Lemmas B.23 and B.24, we again need to apply a duality
argument. This relies on
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Lemma B.25 Let T be a bounded operator of E. Then we have γ (T ∗)≤ 2γ (T ).

Proof We prove this by taking care of the constants in the proof of Lemma B.2.
Fix r > γ (T ) and y1, . . . , yp in E with

T BE(0,1)⊂ BE(y1, r)∪ · · · ∪BE(yp, r).
Consider the finite-dimensional subspace F ofE spanned by y1, . . . , yp . Pick ε > 0.
Since the dual space of F is also finite-dimensional, its unit ball is compact and there
exist linear functionals f1, . . . , fq in BF ∗(0,1) such that

BF ∗(0,1)⊂ BF ∗(f1, ε/M)∪ · · · ∪BF ∗(fq, ε/M),

where M = max1≤i≤p ‖yi‖. By the Hahn–Banach theorem, f1, . . . , fq may be ex-
tended as linear functionals on E which have norm ≤ 1 (which we still denote by
f1, . . . , fq ).

Now, pick f in BE∗(0,1). By construction, there exists 1 ≤ j ≤ q with
∣
∣〈f − fj , y〉

∣
∣≤ ε ‖y‖

for any y in F . We claim that we have
∥
∥T ∗f − T ∗fj

∥
∥≤ 2r + ε in E∗. Indeed, for

any x in BE(0,1), there exists 1 ≤ i ≤ p with ‖T x − yi‖ ≤ r . We then have

〈T ∗f − T ∗fj , x〉 = 〈f,T x − yi〉 + 〈f − fj , yi〉 − 〈fj , T x − yi〉,
hence

∣
∣〈T ∗f − T ∗fj , x〉

∣
∣≤ 2r + ε. Thus, we have

BE∗(0,1)⊂ BE∗(T ∗f1,2r + ε)∪ · · · ∪BE∗(T ∗fq,2r + ε).
Since this holds for any ε > 0 and r > γ (T ), the result follows. �

We now can conclude the

Proof of Theorem B.22 We first prove that η(T ) ≤ ρe(T ). Pick θ > ρe(T ). By
Proposition B.14, we may find a splitting of E as a direct sum F ⊕G, where F and
G are closed, T -stable subspaces, F is finite-dimensional and all the spectral values
of T in G have modulus ≤ θ . We clearly have ηE(T ) = max(ηF (T ), ηG(T )). As
F is finite-dimensional, we have ηF (T )= 0. As ηG(T )≤ ρG(T ), we get η(T )≤ θ .
As this is true for any θ > ρe(T ), we get η(T )≤ ρe(T ).

Conversely, let us prove that η(T ) ≥ ρe(T ). We fix λ in C with |λ|> η(T ) and
we will prove that T −λ is Fredholm. By Lemma B.23, T −λ is proper on bounded
subsets. By Lemma B.24, T − λ has finite-dimensional kernel and closed image.
Now, by Lemma B.25, we have η(T ∗)≤ η(T ), hence |λ|> η(T ∗). Therefore, again
by Lemmas B.23 and B.24, T ∗ − λ has finite-dimensional kernel. As one has

Ker(T ∗ − λ)= Im(T − λ)⊥,
the vector subspace Im(T − λ) has finite codimension. By Proposition B.11, T − λ
is Fredholm and the theorem follows. �
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B.6 A Result of Ionescu-Tulcea and Marinescu

We will now use Nussbaum’s formula to give a proof of a result due to Ionescu-
Tulcea and Marinescu, which we used in our proof of the local limit theorem.
This proof is due to Hennion in [66] (see also [68]).

LetE and F be Banach spaces. A compact embedding fromE to F is an injective
bounded operator E→ F which is compact. Given such an embedding, we identify
E with its image in F .

Theorem B.26 (Ionescu-Tulcea and Marinescu) Let E ↪→ F be a compact embed-
ding of Banach spaces. Let T be a bounded operator in F . We assume that T E ⊂E
and that there exist θ > 0 andM > 0 such that, for any x in E, one has

‖T x‖E ≤ θ ‖x‖E +M ‖x‖F .
Then T has essential spectral radius ≤ θ inE. In particular, if T has spectral radius
ρ > θ , it admits an eigenvalue with modulus ρ.

Proof We will apply Nussbaum’s Formula to the operator T in E. To this end, we
need to control the action of the powers of T . For any n≥ 1, set

Mn =M
n−1∑

k=0

θk ‖T ‖n−1−k
F .

An easy induction argument gives, for any x in E,
∥
∥T nx
∥
∥
E
≤ θn ‖x‖E +Mn ‖x‖F .

As the embedding of E in F is compact, there exist x1, . . . , xr in BE(0,1) such that,
for any x in BE(0,1), one can find 1 ≤ i ≤ r with ‖x − xi‖F ≤ θn/Mn. One then
gets

∥
∥T nx − T nxi

∥
∥
E
≤ 3 θn,

hence γ (T n) ≤ 3 θn. By Nussbaum’s Formula Theorem B.22, we get ρe(T ) ≤ θ
in E.

The last statement follows from Proposition B.14. �



Appendix C
Bibliographical Comments

We want to cite here our sources. This is not an easy task since we have mixed in
this text ideas coming from various old fashioned books, inaccessible articles, lost
preprints, drowsy seminars, endless discussions and silly reflections. An excellent
general reference is the monograph [25] by Bougerol and Lacroix.

Chapter 2. Markov chains is a very classical topic in Probability theory (see
the book of Dynkin [42], Neveu [91], Meyn and Tweedie [89] or the survey of
Kaimanovich and Vershik [74]). They have been introduced by Markov for count-
able state spaces X, and have been generalized since then to any standard state
spaces. The relation between P -invariant functions and P -invariant subsets in
Lemma 2.3 is proved in Foguel’s book [46]. The construction of the dynamical sys-
tems of forward trajectories is classical (see, for instance, Neveu’s book [91]). The
various characterizations of P -ergodicity in Proposition 2.8 and their interpretation
in terms of ergodicity of the forward dynamical system in Proposition 2.9 are well-
known by specialists. The Markov–Kakutani argument in the proof of existence of
stationary measures in Lemma 2.10 finds its roots in the theorem of Bogoliubov
and Krylov in [21]. The construction and the properties of the limit measures νb in
Lemmas 2.17, 2.19, 2.21 are due to Furstenberg in [49]. Corollary 2.22 is the famous
Choquet–Deny Theorem in [33] or [40]. For another proof using the Hewitt–Savage
zero-one law, see [14]. The backward dynamical system is a crucial tool in [13].

Chapter 3. The Law of Large Numbers for functions over a Markov chain
(Corollaries 3.4, 3.6, 3.7) is due to Breiman in [28]. The Law of Large Numbers
for cocycles over a semigroup action (Theorem 3.9) is due to Furstenberg in [49,
Lemme 7.3]. The convergence of the covariance 2-tensor (Theorem 3.13) is due to
Raugi in [105]. The divergence of Birkhoff sums (Lemma 3.18) goes back to Kesten
in [77] and Atkinson in [3] and can also be found in [113].

Chapter 4. The existence of proximal elements (Lemma 4.1) can be found in [2]
and the technical but useful Lemma 4.2 is proved in [17]. The Law of Large Num-
bers for the norm (Theorem 4.28) and the positivity of the first Lyapunov exponent
(Theorem 4.31) are due to Furstenberg in [49]. The uniqueness of the stationary
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measure on the projective space for proximal groups (Proposition 4.7) is also due to
Furstenberg in [50]. When the representation is not irreducible, related results are
proved by Furstenberg and Kifer in [53]. See also Ledrappier’s course [83].

The concept of Lyapunov exponents was first introduced by Lyapunov as a tool to
understand the stability of a dynamical system. These Lyapunov exponents exist for
any integrable matrix cocycle over a dynamical system that preserves a probability
measure. This is the celebrated multiplicative ergodic theorem due to Oseledets in
[93]. Unfortunately we do not discuss this theorem in this book.

Chapter 5. The main input of this chapter is a comparison of averages in Lem-
mas 5.1 and 5.4 due to Kac in [73]. The first hitting times and the induced Markov
chains are well known and useful tools to study Markov chains (see, for instance,
[89]).

Chapter 6. The existence of loxodromic elements in Proposition 6.11 and The-
orem 6.36 is due to Benoist and Labourie in [12]. The original proof relied on the
previous works of Goldsheid, Margulis in [56] and Guivarc’h, Raugi in [61]. Later
a much simpler proof was given by Prasad in [98]. The proof given here is slightly
different since it relies on the simultaneous proximality Lemma 6.25 which is due
to Abels, Margulis and Soifer in [2, Lemma 5.15]. The short proof of Lemma 6.25
given here is in [10, Lemma 3.1].

The structure theory of semisimple Lie groups over R is due to E. Cartan (see
for instance [64]). The Iwasawa decomposition was developed later by Iwasawa in
[71]. The classification of the finite-dimensional representations of a real or complex
semisimple Lie group is due to E. Cartan.

Chapter 7. The convexity and non-degeneracy of the limit cone LΓ (Theo-
rem 7.2) are due to Benoist in [10]. The density of the group spanned by the Jordan
projection (Theorem 7.4) is due to Benoist in [11]. Both original proofs relied on
Hardy fields. We give here simpler proofs due to Quint in [103]. These proofs re-
place the use of Hardy fields by suitable asymptotic expansions of the Jordan pro-
jection of well-chosen words.

Chapter 8. The theory of algebraic reductive groups over a general field was
developed by Borel and Tits in [23]. The Cartan and Iwasawa decomposition for
connected algebraic reductive groups over a non-Archimedean local field is due to
Bruhat and Tits in [32]. The classification of the algebraic representations ofG over
an arbitrary base field is due to Tits in [122]. The use of these representations in
order to control the Cartan projection, the Iwasawa cocycle, and also the Jordan
decomposition, as in Lemma 8.17, was introduced in [10].

Chapter 10. For a product of random matrices with irreducible Γμ, the “maximal
simplicity” of the Lyapunov exponents (as in Corollary 10.15) is due to Guivarc’h in
[57] and Guivarc’h–Raugi in [61] under the assumption that there exists a “contract-
ing sequence” in Γμ. Goldsheid and Margulis found out in [56] that this condition
depends only on the Zariski closure of the group Γμ.
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Chapter 11. The content of this Chapter can be seen as a general strategy for
proving limit theorems (CLT, LIL and LDP) for Hölder continuous observables
over Markov–Feller chains with strong contraction properties. The relevance of the
Hölder continuity condition and of the spectral theory of the transfer operator in
similar contexts was already noticed by Fortet for the doubling map on the circle in
[47], and by Sinai for geodesic flows in [117]. The method presented here follows
the lines of the one introduced for hyperbolic dynamical systems by Ruelle in [109]
(see also Parry and Pollicott’s book [94]). The adaptation of this method in the con-
text of products of random matrices is due to Le Page in [82], Guivarc’h, Goldsheid
in [55] and Guivarc’h in [60]. The perturbation theory of quasicompact operators
(Lemma 11.18) is a classical result from functional analysis (see [75]).

Chapter 12. Thanks to the tools of Chap. 11, the proof of the limit theorems for
cocycles now follows the lines of the classical proof for sums of random variables.
The classical Central Limit Theorem has a very long and well documented history
(see [45]). The proof of the Central Limit Theorem in Sect. 12.2 follows this classi-
cal approach using Fourier analysis and the Lévy continuity method. The classical
Law of the Iterated Logarithm goes back to Khinchin in [78] and Kolmogorov in
[79]. It was developed later by Hartman and Wintner in [63] and many other math-
ematicians. The proof of the Law of the Iterated Logarithm given in Sects. 12.3
and 12.4 does not follow the approach via Fourier analysis and the Berry–Esseen
inequality as in [82]. It follows instead the strategy of Kolmogorov in [79] (see also
Wittman in [125] or de Acosta in [37]). The classical Large Deviations Principle is
due to Cramér in [36] (see [39] for a modern account of the LDP). The very short
proof of the upper bound given in Sect. 12.5 follows this classical approach.

Chapter 13. The search for Central Limit Theorems for products of random
matrices (Theorems 13.11 and 13.17) started in the early fifties. The existence of
a “non-commutative CLT” was guessed by Bellman in [8]. Such a CLT was first
proved by Furstenberg and Kesten in [52] for the norm of products of random pos-
itive matrices. This CLT was then extended by Le Page in [82] to more general
semigroups. The general central limit theorem for the Iwasawa cocycle was proved
by Goldsheid and Guivarc’h in [55].

The nondegeneracy of the Gaussian limit law Nμ is proved in [55] for G =
SL(n,R) and in [60] when G is a real semisimple linear group. One key ingredient
is the fact from [10] that the so-called limit cone of a Zariski dense subsemigroup
of a semisimple real Lie group is convex with non-empty interior. The new feature
in the Central Limit Theorems 13.11 and 13.17 is that they are valid over any local
field even in positive characteristic and for any Zariski dense probability measure μ.

In these Central Limit Theorems 13.11 and 13.17 there remains an unnecessary
assumption, namely, that μ has a finite exponential moment (10.3). Recently in
[18], the authors have replaced this assumption by the optimal assumption that μ
has a finite second moment. Unfortunately we do not discuss this improvement in
this book since the tools used in [18] (complete convergence of martingales and the
Brown central limit theorem for martingales) are quite different from the tools used
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in this book (the spectral theory of transfer operators). The irreducible example 13.9
where the limit law is not Gaussian is borrowed from [18].

Chapter 14. The Hölder regularity of the stationary measure on projective spaces
(Theorem 14.1) is due to Guivarc’h in [58]. The new proof given here borrows ideas
from [27].

Chapter 15. Here we continue the general strategy we began in Chap. 11 in
view of the last limit theorem (LLT), and the comments of Chap. 11 are also valid
for this chapter. Inequality (15.1) already appears in the context of Markov chains
in Doeblin–Fortet [41].

Chapter 16. The classical Local Limit Theorem is due to Gnedenko in the lattice
case (see [54] or [95]) and is due to Stone in the aperiodic case in [121]. Recently
Breuillard in [30] extended this theorem by allowing moderate deviations. The first
version of the Local Limit Theorem for the norm cocycle over products of ran-
dom matrices is due to Le Page in [82] under an aperiodicity assumption similar to
(15.8). The new features in our local limit theorems 16.1, 16.15 and Corollary 16.7
for cocycles, are that we deal with multidimensional cocycles, we allow moderate
deviations and the choice of a target in the base space. All these improvements are
crucial for the applications. The proof is a mixture of the arguments of Le Page
based on spectral gap properties for the complex transfer operator Piθ and the ar-
guments of Breuillard based on the Edgeworth asymptotic expansion of the Fourier
transform in Lemma 16.12.

Chapter 17. In order to apply the local limit theorem for the Iwasawa cocycle,
it only remains to describe the essential image of the cocycle. In particular, for real
semisimple groups, one has to check that this cocycle is aperiodic. This was the aim
of Chap. 9.

Appendix A The ubiquitous Martingale Theorem A.3 is due to Doob. The very
general version, Theorem A.5, of the law of large numbers presented here is due to
Kolmogorov.

Appendix B Fredholm operators first occurred in the context of integral func-
tional equations as a nice class of bounded linear operators which generalizes both
compact operators and contracting operators. A good reference for the spectral
Theory of Fredholm operators is [110]. The main result of this appendix is The-
orem B.26 which is due to Ionescu-Tulcea and Marinescu. The proof of Theo-
rem B.22 is due to Nussbaum in [92]. The application of Nussbaum’s formula to
the Ionescu-Tulcea and Marinescu Theorem is due to Hennion in [66] (see also
[68]).
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