LEAFWISES MEASURES

TAU SEMINAR ON HOMOGENEOUS DYNAMICS AND APPLICATIONS

1. CONDITIONAL MEASURES OF A PROBABILITY MEASURE

In this section, we review the notion of conditional measures. We will only state
definitions and properties that are going to be used and refer the readers to Chapter
5 in the book [EW11] for proofs.

We say a o-algebra A on a set X is countably generated, if it is generated as a
o-algebra by a countable subset A4y C A. Let A be countably generated o-algebra
on X and Ay a generating subset. The atom of a point x € X is the smallest
element of A containing x, that is

2la= () A= [) A

AcA:xeA A€Ap:z€A

A measurable space (X, B) is a called a (standard) Borel space if X can be
equipped with a locally compact second countable topology such that B is the
corresponding Borel o-algebra.

For a measurable space (X, B), £L>(X, B) denote the space of bounded measur-
able functions on X.

For a measured space (X, B, ), let £1(X, B, 1) denote the space of B-measurable
p-integrable functions on X. Let L'(X,B, u) denote the usual Banach space ob-
tained as the space of equivalence classes in £'(X, B, u) for the relation ”being
equal p-almost everywhere”. Most of the time, we can safely identify a function in
LY(X, B, i) and its equivalence class as an element in L'(X, B, ). (An execption
being in the definition of conditional measures, a few lines below.)

Now let (X, B, i) be a probability space. Let A be a sub-o-algebra of B. Let
f € LY(X, B, ). The conditional expectation of f knowing A is the unique function
E(¢ | A) € LY(X, A, u) satisfying the following property. For any A € A,

| EG1 0= [ fa

The conditional measure of p knowing A is a collection of probability measures
(1)) zex on the measured space (X, B) satisfying for all f € £1(X, B, u), for almost
allz € X,

E(f | A)(x) = /X f

The collection ('), x is unique up to a null set. Note that for any f € L(X, B),

for any A € A,
[ ran=[ [ rautanco)
A A

Hence, by the monotone convergence theorem, the same holds for B-measurable
non-negative function f: X — R,. In particular with A = X, we write

= /X gt dp().

Date: Notes prepared by Weikun He.
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In the case where A is countably generated, then for p-almost all x € X,
p2([z]4) = 1. The uniqueness can be reformulated as follows. Let (v;).cx be
a collection of probability measures on (X, B). Assume

(1) For any f € L>(X, B), the function z — [ fdv, is B-measurable.
(2) For p-almost all x and o/, If [x]4 = [2/] 4 then v, = vy
(3) For p-almost all z, v, ([z]4) = 1.
(4) For any f € L>(X,B), [ fdu= [y [ fdv.du(z).
Then for p-almost all z, v, = p.

A special situation is the following. Let (Y,C) be a Borel space and let 7: X — Y
be a measurable map. Let n = m.u be the pushforword of p on Y. Consider
A = 77Y(C), which is countably generated since C is. Atoms in A are fibers of the
map T, that is, for all € X, [z]4 = 71 ({n(x)}). For almost all z,2’ € X, if they
have the same atom, i.e. m(x) = 7(z'), then p7' = pA. If this is the case we define
ug(z) = . Thus py, is defined for n-almost all y € V' (we can complete arbitrarily
to make () a collection indexed by Y'). We have

(1) For any f € L>°(X, B), the function y — [ fdpuj is C-measurable.
(2) For n-almost all y, py (7~ '{y}) = 1.
(3) For any f € L>(X,B), [ fdu= [, [ fdujdn(y).
The collection (ug)yey is characterized up to a v-null set by these properties.

2. CONDITIONAL MEASURES OF A 0-FINITE MEASURE

Now assume no longer p is a probability measure. Instead only assume that
is o-finite.

Theorem 2.1. Let (X,B) and (Y,C) be a Borel spaces. Let m: X — Y be a
measurable map. Let p be a o-finite measure on (X,B). Then there is a finite
measure n on (Y,C) and a collection (uf)yecy of nonzero o-finite measures on (X, B)
such that

(1) For any B-measuralbe function f: X — Ry, the function y — ffd,u;T i

C-measurable.
(2) For n-almost all y, puy (X \ 7~ '{y}) = 0.
(3) For any B-measuralbe function f: X — Ry,

/fdu:/y/fdu;rdn(y)-

Moreover, these properties characterizes the collection (17 )yecy up to proportionality
and up to an n-null set. That is, if ' is a finite measure on (Y,C) and (vy)yey is
a collection of o-finite measures on (X, B) satisfying

(1) For any B-measuralbe function f: X — Ry, the function y — [ fdu, is
C-measurable.

(2) For n-almost all y, v, (X \ 7= {y}) = 0.

(3) For any B-measuralbe function f: X — Ry,

[ ran= /Y/fduy ' (y).

Then for n-almost ally € Y, there exists c(y) € (0, +00) such that v, = c(y)py-

Proof. Since p is sigma finite, there is an increasing sequence of measurable sets
K, € B,n > 1 such that

Vn > 1, p(K,) <+oo, and X = U K,.

n>1
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Set L
fo=> s
0 ; 27 pu(Kp,)

so that fou is a probability measure on (X, B) equivalent to p. Let n = m.(fou)
and let (fou), y € Y be the conditional measures of fou with respect to the sub-
o-algebra 7~ 1(C), constructed above. It is then straightforward to check that the
collection py := fy L for)y, y € Y satisfies the required properties. This proves the
existence.

To prove the uniqueness, assume 7’ and (v,)yecy are as in the statement. First
observe that from the second point, it follows that, for any or any B-measuralbe
function f: X — Ry, any B € C and n’-almost all y,

/,rl(B) Jdvy = IB(y)/fdyy.

By the Lebesgue decomposition theorem and the Radon-Nikodym theorem there
exists a function f1: Y — R, and a measure 7" singular to 7 such that

n=fin+n".

Let E € C be such that n”(E) = 0 and n(Y \ E) = 0. On the one hand, by the
third point, the observation above and the choice of B,

Ll(E)fdu=/Y/7rI(E)fduydn'(y)
:/ /fdvy dn’(y)
(o) s+ [ f rars
= /Y fi(y) / f vy, dn(y)

One the other hand, for the same reason

[ fde= [ [ ra = [ san

Therefore, for all B-measurable f: X — R4,

[ ran= /Y £i) [ v, dnto)

In particular, for all B-measurable f: X — R,

(2.1) [ #hodu= /Y 1) [ Fov, dnto)

In particular, for any B € C, using again the observation,
B = [ = [ [ fad(an) dw)
©—1(B) Yy Jx=1(B)

_ /B £1w) [ fodw, dnty

This implies that for n-almost all y € Y, the measure fi(y)fory is a probability
measure. Morevoer it gives full measure to 7~ '{y} by the second point and re-
member (2.1). Thus, by the uniqueness of conditional measures in the probability
case applied to fyu, we obtain, for n-almost all y € Y,

i) fovy = (for)y = fouy,
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and hence f1(y)vy = . To conclude, remark that f1(y) > 0 for n-almost all y € Y’
simply because fi(y)fovy is a probability measure. O

Below is a technical lemma about measurability.

Lemma 2.2. Let 7(X,B) — (Y,C) be a measurable map between Borel spaces. Let
(Z,D) be another Borel space. Let (v)ycy be a collection of measures on (X, B)
satisfying the first point in Theorem 2.1. Then for any non-negative measurable
function f on X X Z, the map Y x Z — R

:2) > [ F.2)dvy (o)
X
is measurable.

Proof. Let A be the set of all measurable subsets A C X x Z such that (y,z) —
Jx 1a(z,2z) dyy(x) is measurable. It is a monotone class, by linearity and the
monotone convergence theorem. It contains all subsets of the form B x D with
B € B and D € D, because

(4, 2) > /X ez, 2) dvy (2) = To(2)y (B)

is the product of two measurable functions, using the assumption. By the monotone
class theorem, A is equal to the product o-algebra B x D.

By linearity, for any simple function f on X x Z, (y,z) = [y f(z,2)dyy(z) is
measurable. Writing any non-negative measurable function as the increasing limit
of non-negative simple functions, we conclude the proof of the lemme with the
monotone convergence theorem. U

3. LEAFWISE MEASURES
Here we present the approach in [BQ11, Section 4], with more details.

3.1. Construction. Let R be a locally compact group acting measurably on a
Borel space Z. Let A be a Borel probability measure on Z.

Ezxample 3.1. Let G be a Lie group and I' a lattice in G. Let R be a subgroup of
G. Then R acts on Z = G/T.

A measurable subset ¥ C 7 is called a discrete section for the action of R if for
every z € X, there exists a neighbourhood U C R of the identity 1 in R such that
forr € U, r.z € ¥ if and only if r = 1. Note that this is equivalent to require that
for any z € Z, the set {r € R | r.z € ¥} is discrete and closed in R. A discrete
section is always equipped with the trace o-algebra from Z. A discrete section is
said to be complete if moreover R.X = Z

From now on assume that the stabiliser Stabgr(z) of each point z € Z is discrete
in R. By a result of Kechris [Ke92], complete discrete sections exist.

Ezample 3.2. In the setting of Example 3.1, for any gI' € Z, Stabgr(gT') = RNgl'g—!
is discrete. One can construct easily discrete sections using a linear complement of
the Lie algebra of R in the Lie algebra of G.
For a discrete section X, let a: R x ¥ — Z denote the map
a(r,z) =r.z.

Define a*A to be the measure on R X X satisfying for any measurable function
i RxX =Ry,

(31) [ = [ (

fr, w)) dA(z).

(ryw)€a—1{z}
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First remark that a*) is o-finite. Indeed, let (U,,)m>1 be a countable basis of
neighbourhoods of 1r in R. Consider the subsets

(3.2) L,={zeX|VreU,,rzeX=r=1x}.

These sets are measurable, by the assumption that ¥ is a discrete section and a
general fact from descriptive set theory [Ke95, Lemma 18.12]. Using again the
assumption that ¥ is a discrete section, we obtain

Y= ULm.

m>1

Take (K, )n>1 to be a sequence of compact sets in R such that the interiors of
K,,n > 1 cover R. Then for n,m > 1 and any z € Z, the intersection (K,, X L) N
a~{z} is finite and with cardinality bounded independently of z. (More precisely
the cardinality is less than the maximal cardinality of U,,-separated subsets in K,.)

It follows that a*A(K,, X L,,) is finite. Since Un7m21 K, x L,, = R x X, this shows W by et T
that a*\ is o-finite. mean for 7,7’ in the subset
Then, apply Theorem 2.1 to the coordinate projection 7s: R x ¥ — %. We = ° ! implies r =1’
obtain a finite measure n on ¥ and conditional measures (a*A\)7®, z € X. Note
that (a*A)7= is null outside R x {z}. Thus we can identify it with a Borel measure
written o, on R in the obvious way. Thus we have, for any non-negative measurable

function f on R x X,

(3.3) / Fda*h = /E /R F(r,2)do(r) dn(2).

In particular, using the notation from the previous paragraph,

a* MK, X L) :/ o (Ky) dn(z),

which, by the above, is finite for any n,m > 1. If follows that for n-almost all
z € 3, 0, is a Radon measure on R. By modifying o, for z in a n-null set, we may
safely assume that o, is a nonzero Radon measure for all z € X.

The following observation is going to be useful,

Lemma 3.3. Let N be measurable subset of ¥. If n(N) =0, then A(R.N) = 0.

Here RN =a(Rx N)={r.z|re€ R,z€ N }. Since themap a: Rx X — Z is
countable-to-1, by [Ke95, Exercise 18.14], R.N is indeed measurable.

Proof. This follows from (3.1) and (3.3),

AR.N) < (a*N)(R x N) = /N 0. (R) dn(z) = 0. O

The next step is to extend the definition of o, from X to the whole Z. For r € R,
let 7,.: R — R denote the right translation ¢ +— t.r. Note that

Vr,r' € R, T, 0 T = Tyrp.
For two measures o and ¢’ on R, we write o o< ¢’ if there exists ¢ > 0 such that
o' = co.
Lemma 3.4. For n-almost all z € ¥ and for all r € R such that r.z € X, we have
Oy X TpyOp s

Proof. Because Y. is a discrete section, we can find measurable subsets ¥; C ¥ and
measuralbe maps r;: X; — R, indexed by ¢ € N such that

{(rnz)eRxS|rzen}=J{(n2),2) | €% }.

ieN
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It is possible to do so such that for each ¢ € N, the map ¢;: ¥; — X defined by
pi(z) =71i(2).2

is injective and the inverse map qﬁi_l : ¢;(2;) — X; is measurable. For each i € N,
let 7/ be the image measure of the restriction of 1 to ¢;(X;) by ¢; '
We claim that for any non-negative measurable function f on R x ¥;,

Jr 1403 [, f 0200610, .

Here, we can use Lemma 2.2 to see that z — fR f(r,2) d(7r,(2),00,(2).2) (1) is mea-
surable on Y;. Then, an application of the uniqueness statment of Theorem 2.1 to
the restriction of a*A to R x ¥; yields

for p-almost all z € X, 0, X 7, (2), Or(2).25

which will finish the proof of the lemma.
The proof of the claim is straightforward:

[ [ 102400, om0 0 )

i JR

= [ [ 5m(e).2) a1 Al )2

- / / £ (i (67 (), 67 (1)) o (r) dp(aw)
$i(3:) /R

:/ < Z f(T?"z((ZSz_l(w/))aﬁb:l(w/))) dA(z)
4 (ryw’)ERX ¢ (X;):rw' =2

:/ < f(TTi(Z/)>Z/)> dA(z)
Z \(r,2")eRXZ;r.¢i () =2

:/ < > f(&Z’)) dA(2)
z (8,2 )ERXZ;:8.2"=2

= / fda* .
RxX;

The second equality is a change of variable w = ¢;(z). The third equality is (3.3)
and (3.1). The fourth equality is a change of vaiable w’ = ¢;(2’). The fifth equality
is a change of variable s = rr;(2’). O

With Lemma 3.4 at hand, we can extend the domain of definition of o, to Z.
Assume the section is complete (i.e. R.X = Z). Then we can choose (by the
Lusin-Novikov uniformization theorem [Ke95, Theorem 18.10]) a measurable map
r: Z — R such that ¢(z) = 1p if z € ¥ and that for all z € Z, ¢(z).z € £. Now
define for every z € Z,

Oz = Ti(2),0t(2).2-

The measurability of z — o, is going to be useful, when combined with Egorov’s

theorem or Lusin’s theorem.

Lemma 3.5. For any non-negative measurable function f on R, the map
Z — [0, +o0], Zl—>/ fdo,
R

1s measurable.
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Proof. This map is the composition of the measurable map
Z = RxX, zw(t(2),t(2).2)
and the map
Rx ¥ = RU{+o0}, (s,2) = / f(rs)do,(r)
which is also measurable thanks to Lemma 2.2. ) O
At this stage, note that in the construction of (o,) we made the following 3

choices:

(1) the complete discrete section 3,

(2) the conditional measures of the o-finite measure a*A,

(3) and the measurable map ¢ making the map z + #(2).z a measurable retract
from Z to X.

The next lemma shows that the proportionality class of o, up a null set is indepen-
dent of these choices.

Lemma 3.6. Let (0),).cz be a family of leafwise measures constructed in the same
way but subject to the choice of another discrete section X', the choice the condi-
tional measures, and the choice of measurable map t'. Then

for X-almost all z € Z, o, x o,.

Proof. Observe that ¥ U XY/ is also a discrete section. This allows us to reduce to
the case where ¥/ C X.
Write

D={z€Z|o, %ko,}.
and
N={zeX|IreRrzeXbuto, k7,0, }
By Lemma 3.4, n(N) = 0. Hence A(R.N) = 0 by Lemma 3.3. Write also
N ={ze¥|o, ko, }.
Let 1’ denote the finite measure on X’ in the construction of (¢7,). Using (3.1) and
(3.3) each twice, we have for any non-negative measurable function f on R x ¥,

/wadaA //frzdoz ) dn(z /,/frzda r)dn'(2)

By the uniquness in Theorem 2.1 applied to the restriction of a*\ to R x ¥/,
n'(N') =0.

By Lemma 3.3 again, A(R.N’") = 0.

For any z € Z, on the one hand,

Oz = Ti(2),,0t(2).2 X Te(2) T (2)t(2) 1,0 (2).2 = Tt/(2),, 0t/ (2).2
unless t'(z).z € N. On the other hand,
0L = T(2), 00 (2).2 X Te/(2),00(2).2

unless t'(z).z € N'. We have shown D C R.N UR.N'. Hence \(D) = 0. O

A consequence of (the proof of) the previous lemma is the following statement
which summarises the above construction.

Theorem 3.7. Given a measurable action of a locally compact second countable
group R on a Borel space Z with discrete stabilisers, given a Borel probability mea-
sure A on Z, there is a collection (0.),cz of nonzero Radon measures on R satis-
fying the following properties.
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(1) For any non-negative measurable function f on R, the map
Z — [0, 400], z|—>/ fdo,
R

is measurable.

(2) For any discrete section ¥ C Z for the action of R, there exists a finite
measure 11 on % such that for any non-negative measurable function f on
R x X,

oo [ ( 3 f(nw)> ) = [ [ 1o ante).

(r,w)ERXT:ir.w=z

Moreover, these properties characterise the measures (o,) up to proportionality class
and up to a null set.

We call the collection (0,).cz the leafwise measures of A along the action of R.
In particular, if ¥ C Z is a measurable subset and U is an open neighbourhood of
1r in R such that the map a: U x X, a(r, z) = r.z is injective. Then (3.4) becomes

Fdaz Na(es) = / /U F(r,2) do (r) dn(2),

Which is saying that (0|7).ex, up to renormalisations, is the conditional measure
of the finite measure a*_l)\|a(UXg) on U x 3 along the projection to 3. The approach
in [EL10, Chapter 6] to define the leafwise measures is to define o,y in this way
and then let U grow bigger and bigger and then patch they together.

UxZ

3.2. Further properties. Let R, Z, A and (0. ),cz be as in Theorem 3.7.
Lemma 3.8. For \-a.e. z € Z, for all r € R,
Oy X TryOr.z-

Proof. Let D denote the set of z € Z such that there exists »r € R, such that
0, K TpyOr,. In view of Lemma 3.4 and Lemma 3.3, it suffices to prove that
D C R.N, where

N={zeX|IreR,rzeX but 0, X 7,0, }
Indeed, if z € R.N then t(z).z ¢ N. Hence for any r € R,

Oz = Tt(2)  Ot(2).2 = Tt(2)  Tt(r.z)rt(z) =1, Ot(r.z).r.z = TrxTt(r.z) Ot(r.z).r.z = TrsOr.z-

Hence z ¢ D. O

Lemma 3.9. Let (Z',X') be another measured Borel space on which R acts mea-
surably. Let ¢: (Z,\) — (Z',N') be an isomorphism of measured spaces. Assume
that there is an automorphism « of R as topological group such that for all r € R,
forall z € Z,
r.(¢(2)) = d(a(r).2).
Let (0l,).rez denote the leafwise measures of A with respect to the action of R.
Then for A-a.e. z € Z,
0, X a*aé)(z).

Proof. The proof is straightforward. Let ¥ C Z’ be a discrete section. Then
Y = ¢(¥) is a discrete section in Z’. By the construction of ¢/, there is a finite
measure 1’ on ¥’ such that for any non-negative measurable function f on R x ¥/,

/Z< > f(r,w')> dN' () :///Rf(r, Z)dol, (r) dn' (2)).

(r,w’)ERX S rw'=z'
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For any non-negative measurable function f on R x X,

/ / Flalr), 2) oy, (r) (7 ) (= / / Flalr), (=) do (r) dif ()

-/ ( > f<a<r>,¢1<w’>>> ax()

(r,w’)ERX S raw' =2

-/ ( > f(&w)) aA(:)

(s,w)ERXZ:a™1(s).¢(w)=¢(2)

In the last equahty we did the changes of variables s = a(r), v’ = ¢(w) and
2 = ¢(2). But a~1(s).¢(w) = ¢(2) if only if s.w = z by the assumption. Hence

[ [ st w6 e = [ ( > f(s,w)> dz.

(s,w)ERXE:s.w=z
This concludes the proof of the lemma the in view of the uniqueness of (o,). O

Lemma 3.10. Let ¥ C Z be a discrete section. Let n be a measure on 3 for which
the property (3.4) holds. Let P(o) be a predicate on the set of proportionality class
of Radon measures on R that is invariant for the right translation, i.e. for any
Radon measures 0,0’ on R and any r € R, if o' « 7,0 then P(o) < P(d’). If
P(o,) holds for A-almost every z € Z, then it holds for n-almost every z € X.

Proof. Assume that P(o,) holds for A-almost every z € Z. Then together with

Lemma 3.8, there is a subset EF C Z of full measure such that for all z € E and all

r € R, P(o,) and moreover o, X 7,0, hence P(c,. ). Writing
Ni={ze€X|P(o,) is false }

From the above, R.N; is disjoint from E. By (3.4) applied to f = lgxn,, after
restricting the integral on Z to F,

/ o.(R)dn(z) = / #{(r,w) € Rx N1 | rw =z}dA(z) =0,
Ny E

Since o,(R) > 0 for all z € ¥, this implies n(Ny) = 0. O

Lemma 3.11. If for A-almost every z € Z, o, is left-invariant on R, then X is
invariant under the action of R.

Proof. Let ¥ C Z be a complete discrete section. Let 1 be a positive measure on
¥ for which the property (3.4) holds. First, observe that a right translate of a left-
invariant measure on R is also left-invariant. Thus by Lemma 3.10, for n-almost
every z € Z, o, is left-invariant.

Then, the property (3.4) implies that for all s € R and all non-negative measur-
able functions f on R x ¥,

/Z ( > f(r,w)) dA(z) = /Z < > f(r,w)) d(s,0)(2).

(r,w)ERXE:ir.w=z (ryw)ERXE:ir.w=z

Therefore, it is enough to show that for any measurable set A C Z, there is a
measurable set B on R x 3, such that for all z € Z,

1a(z)=#{(r,w) e B|rw==z}.
Let (Um)m>1 be a countable basis of neighbourhoods of 1z in R and let L,, be

defined as in (3.2). Let Ay = ANR.Ly and A1 = (A\ Ap) N R.Lyyy for
m > 1 so that (A,,)m>1 is a countable measurable partition of A. Thus, we may
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assume without loss of generality that A C R.L,, for some m > 1. Let V,, be open
neighbourhoods of 1 in R such that V,,;'V,, C U,,. Partition R into countably
many measurable subsets X;,¢ > 1 with the property that each X, is contained in
a left translate of V,,,. By these choices, we have that for each ¢ > 1, the map

Qim: X X Ly, = Z, (1,2) — 1.z

is injective. By [Ke95, Corollary 15.2] X;.L,, is measurable and the map a;, is
a Borel isomorphism from X; x L,, to X;.L,,. Without loss of generality we may
assume A C X,.L,, for some i. In this case, B = ai_’}n(A) satisfy trivially the

required property. U

We say A is R-recurrent if for every measurable set B C Z of positive measure,
for p-almost every z € B, the set of return times {r € R | r.z € B} is unbounded.

Lemma 3.12. In the setting of Theorem 3.7, if the probability measure \ is R-
recurrent then o, is infinite for A-almost every z € Z. The converse is true if we
assume moreover that

(1) Z has a locally compact second countable topology compatible with its struc-
ture of Borel space such that the action R X Z — Z is continuous; and

(2) for A-almost every z € Z, Stabr(z) = {1r} or

(2’) R does not have nontrivial compact subgroup.

Proof. Assume for a contradiction that A is R-recurrent but the set
Y={z€Z|0,(R) < +0}
satisfies A(Y') > 0. Taking a large enough compact set K C R, we have

Y = {ye ¥ oy(K) > Loy(R)}

also has A(Y’) > 0. Using Lemma 3.8 and restricting Y’ again, we may assume
that for all y € Y and all » € R, 0,  7,,.0.4. By the recurrence, there exists
r ¢ K~'K such that there exists y € Y’ such that r.y € Y’. Hence we have both
oy (K) > 1 and oy (KT) _ ory(K) > 1
oy(R) = 2 oy(R)  ory(R) = 2
This is impossible because Kr and K are disjoint.

As for the converse, assume for a contradiction that o, is infinite for A-almost
every z € Z but X is not R-recurrent. Note that the subset Z, = {z € Z |
Stabg(z) # {1g} } is R-invariant. In case of (2), Z is a null set. In case of (2’) the
restriction of A to Zj is obviously R-recurrent. Thus in both cases, we may further
assume that the action is free.

Being not R-recurrent implies the existence of a measurable subset B C Z of
positive measure and of a compact set Ky C R such that

Yye B,Vre R, rye B=r¢ckKj.

Let ¥ be a complete discrete section. Then there exists a compact subset K1 € R
such that A(BN K;.X) > 0. Shrinking B again, we may assume that B C K;.3.
Now apply the following lemma to K = KlKOKfl.

Lemma 3.13. Given any compact set K, there is a countable measurable cover of
Y =U,>1 Zm such that for each m > 1, the action map K x ¥, — Z is injective.

Proof. Using the countable cover ¥ by the sets (3.2), we may assume that there is
an open neighborhood U C R of 1 such that

VrelUVzedX, rzeX=r=I1g.
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Let z € X, we claim there is n > 1 such that X, ,, = ¥NB(z, %) satisfies K x %, , —
Z is injective. For otherwise, there would be sequences ky,, k|, € K and 2,2}, € £, ,,
such that (ky,z,) # (k,,2),) and ky.z, = ki,.z],. Since the action is free, we have
Zp # 20 Then k,1k! .2/ € X\ {2}, implying that k, k!, € K~1K \ U, which is a
compact set not containing 1r. Extracting a subsequence and using the continuity,
we find some k € KK \ U such that k.z = z, contradicting the freedom of the
action. This proves the claim.

Because Z is second countable, we can cover ¥ using countably many such sets
I O

)

Pick m > 1 such that A(BNK;.%,,) > 0 and shrink once more B to BN K1.%,,.
Consider D = {z € 3, | 3r € Ky, .z € B}, which is measurable by [Ke95, Lemma
18.12]. We claim that R x D — Z is injective. Indeed, if 71.21 = ro.22 and t1.21 =
b1 € B and tg.20 = by € B for some z1,20 € X,,, 71,72 € R and t1,t5 € Ky, then
by = tzrglrltl_l.bl, implying that t27”2_17’1t1_1 € Kj, hence 7'2_17’1 € KlKoKl_1 =K.
Then the construction of 3,, and the equality 75 Lyi.zy = 29 forces z; = 29 and
r1 = ry. This proves the claim.

Now let 1 be the finite measure on ¥ given by Theorem 3.7. Applying (3.4) to
f = 1grxp, we obtain

/ 0. (R)dn(z) = A(R.D) < 1.
D

By Lemma 3.10, o, (R) is infinite for n-almost every z € X. Therefore n(D) = 0
and
0<A(B) <XR.D) = / o.(R)dn(z) =0,
D
which is absurd. U
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