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If you are interested in a deeper dive on these topics i recommend the fol-
lowing texts:

1. Measure theory - Cohn - Chapter 7 (Measures on locally compact spaces)

2. Ergodic Theory with a view towards Number Theory - Chapters 2, 4.
Appendix B.5.

1 The weak™* topology

In this section, we will go over some basic definitions and results from functional
analysis.

Definition 1. A topological vector space (TVS) V is a vector space over some
field K, to avoid complications we will assume that K is R or C, that is en-
dowed with some topology such that vector addition and scalar multiplication
are continuous. We will assume that V' is a normed space.

The examples that will interest us most are:

1. C(X) when X is compact and hausdorff, with the sup-norm. In this case,
C(X) is complete with the sup norm.

2. Co(X) when X is locally compact and hausdorff, with the sup-norm. In
this case, C.(X) is not complete, and it’s completion is Cy(X) (continuous
functions that vanish at infinity).

Notice that C(X) is not a TV.S with this norm when X is not compact,
as the sup-norm of an unbounded function is undefined.

Definition 2. Given a TVS, V. Define the continuous dual space V' made up
of continuous linear functionals, I :' V — K. And the dual space V* made up of
all linear functionals (not necessarily continuous).

Notice that V' C V* and that V' is the subset of V* containing all the bounded
linear functionals.

The dual space, can be endowed with various topologies. We will be focusing
on is the weak* topology.
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Definition 3. The weak™* topology is defined as the weakest topology such that
for everyv e V:
F,:V*—>K, F,()=1I(v)

18 a continuous map.

We can also explicitly define a basis for this topology. Given open sets
Ui,..,.Ux C Kand vy,...,v5 € V:

U{ji’,""'.f{};’ ={IeV*:I(v;) € U;}

Furthermore, it’s easy to see that convergence in this topology is pointwise.
Hence, the weak™ convergence is defined by:

YoeV,I,(v) > IWw) < I, —1
One important result from functional analysis about the weak* topology is the
Banach-Alaoglu theorem.

Theorem 1. For any TVS V with continuous dual V' or dual V*. The unit
ball:
B=A{TeV'||[Illop <1} ={T € V"|[I||op <1}

is compact in the weak* topology.

2 The Riesz Representation Theorem and the
space of measures
The Riesz representation theorem is a very important result in measure theory

which ties the set of radon, regular, borel measures to the set of positive linear
operators on C.(X).

Definition 4. A linear operator I € V*, when V is over R, is considered
positive if for all v € V such that v > 0, I(v) > 0. The order relation > must
be a partial order such that:

lL.LvSu=v+z<u+z
2. v<u=rv<ru whenr>0.

Usually we think of the order defined by the ”coordinates” of v, such as, for
fel(X), fi < f2if filz) < fa(@).

Theorem 2. Let X be a locally compact Hausdorff space, and let I be a positive
linear functional on C.(X). Then there exists a unique regular, radon, Borel
measure p such that for any f € Co(X):

1) = [ fan

Furthermore, this map C*(X) — M(X) is a bijection. It’s inverse take a
measure  to the linear operator I(f) = [ fdpu.



We can also make the observation that u is a finite measure if and only if
the linear operator [ fdu is bounded. Hence, we also get a bijection between
the space of finite regular measures and positive continuous linear functionals.
The following useful corollaries arise:

Corollary 1. If two regular, radon, borel measures pu,v on a locally compact

hausdorff space X satisfy u(f) = v(f) for all f € C.(X), then p=v.

Furthermore, if we combine this with the fact that all measures that are finite
on compact sets on a locally compact hausdorff space that has a countable base
are regular. We get that this result applies to all reasonable measures in such
spaces.

Corollary 2. If two measures u,v that are finite on compact sets on a locally
compact Hausdorff second-countable space X satisfy u(f) = v(f) for all f €
Ce(X), then p=v.

Since Riesz’s theorem gives us a bijection between the space of regular, radon,
borel measures and the space of positive linear functionals, we can borrow the
weak* topology from C*(X). And define it on the space of regular, radon, borel
measures M (X).

Definition 5. The weak™* topology is defined as the weakest topology such that
for every f € C.(X):

Fr: M(X) =R, Fr(p) = u(f)
18 a continuous map.

Obviously, the bijection given by Riesz Theorem is a homeomorphism. Hence,
the properties of weak™ topology from before, apply:

1. convergence in the weak* topology is equivalent to w,(f) — wu(f) for all
feCC.(X).
2. The following is a basis for the weak* topology Uy, .., Uy, C Kand f1, ..., fx €
C.(X):
Uboth = € Mlu(f) € Ui}

3 Metrization of measure spaces

Another important fact about the weak* topology on the space M(X) is that it
is metrizable when X is locally compact and second countable. Recall Urysohn’s
metrization theorem.

Theorem 3. (Urysohn) Fvery hausdorff second-countable reqular space is metriz-
able.



It is an easy exercise to show that M(X) is regular and hausdorff. To con-
struct a countable base, we use the fact that X is o-compact (locally compact,
second countable spaces are o-compact) and hence C.(X) is separable as it is
essentially the union of C'(K,,) with K, being compact sets.

Now, denoting the countable base U,, for X and the countable dense set f, in
C¢(X) we construct the following countable sub-basis:

Ul = {n € MX)|u(f) € Ui}

4 Compactness of the space of probability mea-
sures

We will begin with the simpler case where X is compact. In this case we can
show that the space of probability measures is compact as well.

Theorem 4. Let X be compact and hausdorff. Then the space P(X) is compact.

The proof stems from the fact that we can identify P(X) with the set {I €
CHX)MHNlop <1IN{I € CHX)|I > 0}N{I € C}(X)|I(1x) = 1}. The first set
is is compact due to Banach-Alaoglu and the second and third sets are closed.
On the other hand, when taking a space that is not compact this is not true,

since 1x ¢ C.(X).

Example 1. X = R, let u denote the lebesqgue measure. We can define the
probability measures vy, (A) = p(AN (n,n+1)). It’s obvious that for any com-
pactly supported function f, v, (f) — 0 (since it’s support is bounded). Hence
fn — 0 ¢ P(R), meaning P(R) is not closed.

5 Measure preserving transformations and er-
godicity

Definition 6. A measurable map ¢ : (X, pu) — (Y,v) is called measure preserv-
ing if it satisfies: u(p~1B) = v(B) for all measurable B C Y. If a measurable
map T : (X, n) — (X, 1) is measure preserving, then the measure i is said to be
T-invariant, (u, X,T) a measure preserving system, and T a measure preserving
transformation.

Lemma 1. A measure p on X is T-invariant if and only if:

/fd,u:/fonu (5.1)

For all f € L>®. Moreover, if u is T-invariant then (5.1) holds for f € Et.
When X is locally compact and hausdorff, it is enough to for (5.1) to hold only
for f € C.(X) for u to be T-invariant.



Proof. Tf (5.1) holds. For any measurable set B we may take f = 1. And see
that

w(B) = /]leu: /nBonu = /]quBdu:u(T’lB)

Now, assuming that p is T-invariant, then (5.1) hold for any indicator and hence
for any simple function. Given a non-negative real valued function f € Ei there
is a rising sequence of simple functions f,, — f. And this means that f,, o T is
a rising sequence of simple functions f,, oT — f oT. Hence:

/fOTdM: lim /anTdMZ lim /fnduz/fdﬂ
n— oo n— oo

When X second countable, locally compact and hausdorf and p a finite (or finite
on all compact subsets of X) by Riesz Theorem and Corrolary 2, we get that if
we define pr(A) = p(T~LA):

u(f) = /fdu= /fonu=uT(f)

Hence the measures p and pr agree on all compactly supported continuous
functions which implies that they are the same measure. O

Definition 7. A measure preserving transformation T of a probability space
(X, B, u) is ergodic if for any B € B:

T'B=B= u(B)=0oruB)=1

Proposition 1. The following are equivalent properties for a measure preserv-
ing transformation T on (X, B, u):

1. T is ergodic.
2. For any B € B, p(T"'BAB) = 0 implies that u(B) =0 or u(B) = 1.

3. For A € B, u(A) > 0 implies that u( |J T-"A) = 1.
=1

n=

4. For A, B € B, u(A)u(B) > 0 implies that there exists n > 1 with

uw((T"ANB)>0

5. For f : X — Y measurable with Y being a locally compact and second
countable hausdorff space, foT = f implies that f is equal to a constant
a.e

almost everywhere.

This proposition gives us some more intuition as to why ergodic transforma-
tions have a ”mixing” effect. For example, (3) shows that an ergodic transfor-
mation eventually fills the entire space if applied enough times on a set of any
positive size.



6 Birkhoff’s Pointwise Ergodic Theorem

Theorem 5. Let (X,B,u,T) be a measure preserving system. If f € E}L then

|
—
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converges almost everywhere and in EL to a T-invariant function f* € £}L, and

[ #rin= [ su

£@) = [ san

If T is ergodic, then

almost everywhere.

The proof assumes two theorems, the mean ergodic theorem and the maximal
ergodic theorem. The mean ergodic theorem looks at the action of a measure
preserving T as a unitary operator Ur(f) = f o T on the hilbert space Ei.

Theorem 6. Let (X, B, 1, T) be a measure preserving system, and let Pr denote
the orthogonal projection onto the closed subspace

I={g€L;|Urg =g}

Then for any f € L>

w2

N-1
1 n
Ay =a D URf 2 Prf

n=0

Proof. The idea of the proof is:

1. Showing that B = {Urg—glg € Li}7 and that B+ = I, hence Ei =Bal
and f = Prf + h for some h € B.

_ . N-1
2. Showing that for h € B, % > URh ?2 0
n=0

m

O

Corollary 3. In a measure preserving system like before, and f € E}L the

averages A{V converge in ﬁlll to a T-invariant function f' € E}L.

Theorem 7. Given a measure preserving system like before and a real valued
function g € ,C}L. Define:

n—1

1 ,
E,={x € X|sup — T'2) > «
(o & Xlsup 3 g(T's) > o)



fro any o € R. Then:

ap(E,) < / gdu < gl

Moreover, au(E, N A) < fEaﬂA gdp whenever A =T71A.

The proof of this theorem is a bit technical, so we will not cover it.

Now, we can begin the proof of the pointwise ergodic theorem.

Proof. 1t is enough to prove the result for real valued functions f € ﬁ}, Define
for any = € X,

n—1

f*(x) = limsup % Z_; f(T') = limsup A7 ()
1=
fu(w) =Timinf ~ Z; f(T'z) = lim inf Al (x)
Notice that:
n n—1
ML) = (i > f(Tix>> = LI ) = AL

Hence, for any sequence nj for which Afl 41(x) converges to the limsup, the
sequence ny, — 1 for Af o T'(z) converges to the same value. Hence, f* < f*oT.
On the other had, if ny, is a sequence for which Af (T'r) converges to the limsup.
We get that A{Lk 41() converges to the same value as well. Finally we get that
f*=f*oT. A similar argument shows that f, = f, oT.

Let «, 8 > 0 be rational numbers. Define

Ef = {z € X|f.(x) < B and f*(z) > a}

Since f*, f. are T invariant, T-'E? = E? and notice that E,, (with g = f) as
defined in the maximal ergodic theorem contains E? (as if the limsup is greater
than « then the sup is also greater than a). Hence by the maximal ergodic
theorem:

/B fdu > ap(ER)
E.

Similarly, by considering — f instead of f we get that:
[ fau < sued)
BL
Putting these two inequalities together:

Bu(E) > [ fau> an(2)



For a > f3 this means that u(E?) = 0. Since,
{elf@) < ff@y= |J Bl
a,B€Q,a>p
We get that p({z|f.(z) < f*(z)}) = 0. And thus f. = f*. And:

Al(z) = f*(x)

a.e
By Corollary 3, we know that there is some g € Eb such that A E) g. This
w

means that there must be some sub-sequence ny such that Aka_ — ¢g. Hence,
a.e
f*=gand f* € Ei and finally:
a.e

/fdu:/Aﬁdu=/f*du

If T is ergodic, Since f* is a T-invariant function, we get that f* is equal to a
constant almost everywhere. Hence, in this case:

£@ = [ fn

7 Generic points

Definition 8. A sequence of elements x,, € X is equidistributed with respect to
a probability measure p if for any f € C.(X),

R
Jim =% f() —/fdu
j=1
Equivalently, (x,,) is equidistributed if
1 n
20
j=1
Definition 9. A point x € X is generic in a measure preserving system, if the

sequence x, = T"x is equidistributed with respect to p.

Notice that if x is generic with respect to a regular, radon, borel measure
. Then p is defined uniquely by the averages (according to Riesz’s theorem).
Hence, = cannot be generic for two different measures.
Furthermore, the limit of the averages along the orbit of x in a dynamical system
is T invariant, hence if x is generic with respect to u, then p is also T invariant.



Corollary 4. Let (X,B,u,T) be a locally compact, second countable, hous-
dorf space equipped with an ergodic, reqular, radon measure, with continuous T .
Then, i almost every point is generic with respect to T, .

Proof. Since C.(X) is a seperable metric space with respect to the || - || norm.
We can take a dense sequence f, C C.(X). Using brikhoff’s pointwise ergodic
theorem we get a set X’ of full measure such that all € X’ satisfy for all i:

N-1

1 n A
¥ X AT = [

n=0

Given an f € C.(X), for any € > 0 there is an ¢ such that || f — fi|lcc < € hence
|AL, — Afi|loo < e and | [ fdu — [ fidu| < € from which we conclude that for
all z € X":

/fd,u -2 < 1}\?3?3‘4{\7(56) < limsup A% () < /fd,u + 2¢

N—oc0

This, concludes the proof that for all z € X', A}gnoo A{V (z) = [ fdp. O
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