
Schmidt Games
"

On Badly Approximate Numbers and

certain Games
" (Wolfgang Schmidt , -1965)

Let R and M be sees and 4 :L→ Paul .

We say 5- :r→PCr) is a 4- ball -function

it is for every ✗er we have 4=15-1×7Cr

such that for every ye -51×7 we have cry)c9Cx) .



Lee F, G :D→PCM) be E- ball - functions and

Lee SEM .
We define the following alternating

to - player game between "Alire " and " Bob":

Steph : Bob chosen some year for rich)
.

Steps: Alive chores some ✗ no-Fly) .

Step} : Bob chooses some YrEG(✗n)

Tpj : Alice chases some ✗at Ffa)

etc
.

We now define for every iflvllo} :

Ai -- EM and Bi=4lYi)EM



We thus have :

Bn ? An > B- 3A-3 . -
.

Alice wins the game is

ÑAi=ÑBi C S
.

im in

Else, Bob
wins

.

We say
that S is an CF

,G) - winning
set is Alice can always win

.



Example of a Shmidt Game

Let Deana .
Denote :

R=1Rdx1R>o
,

/u=Kd
closed ball of radius 8>0 and

Y://T.HR>•→ PCH) y center xctd
.

( x,r) → Bar)

we define the following 4- ball -functions:
Let a

,
c- (or ) . Then

✗ :#☒→→ PERTH> o)

(x ,r) 1-7 {(Zier) / Blear) CBCX,r)}
B://T.HR>o → PARKA> o )

( xx) 1-7 {( 2-B7lB(zPr)cBC*rB



They are indeed 4- ball - functions !

By the definition

Note there in this setting me crust hare

ÑAi=ÑBi= 2×3 for some-1%-1/2?
it

i=e

If ✗
*
c- S then Alice wins

.

We call this game the H, - game .
We can take M to be any complete metrical
space , and R=M×K>o .

If M is a Banach space with positive
dimension,

then B-tx.rs← 6Cx,r1=BCxF) .



(a*b) -games identity

14=112
,
or - {[a.b) CK I act} , ✗ ([ a,b] ) = la, b]

For a,bECr,-) we define the 4-ball functions :

É:r→ Pcr)

It> {Hiv] Cal lw-4 __ 1¥ and Groin -2=10]

b*:r→ Pcr>
It> {Ere,w] CHI lw-4=1+-15 and Erwin -2=10]

Variant at a) -game : a-digit game .
14=[0/1] , D= ⑦ { on, . . ..az?5L1-- {on, -ya-13 .

h=1

F
,
G : R→ Pls) 5-Gas. . . >anD= {can - - inner ) an.it":-B

.

Exercise? Every fake) -winning see is a a-digit- winningsee.



strategies
Denote by HE all histories of length
2h-7 of "permissible

"

choices by the players .
Analogously , decree by HI all histories of
2h permissible choices of the two players .

A strategy for Alice in the gave is a

function 5- :OHen -752 such that
h=7

5-(Br , An .bz/tz.--.,Ak-nBk)c-F(Bk)
for every KEINYO} and (By .

. ,Bk> c- HE .
We will denote sometimes 5- (Be,R→ .

-



A strategy for Bob in the gave is a

function g :OHen -752 such that
h=7

9(Br , An .BZ/tz.--.,BkiAk)c-G(Bk)
for every KEINYO} and (By .

. ,Bk,Ak) c- HKB

Every two strategies generate a unique
" play?

(f.g) = (BHt.B-A-Bs.az,- . - )
we say

the sequence ( Betsy . . -13k ,- . . ) is

an f- Chin if the play (13%8047,13-15-431,14),Rz . .
. ?

is consistent with f. Finite chains too -
•winning skates> !



Lemma-1(exercise)
ee (Be,Ba,Bs . . . . . ) be a sequence such the

( Ba, Ba, -. ./ Be ) is a finite f-Chain for every

keno} . Then this sequence is an f- Chia .in
.

¥aH µ is Banach
space with positive

Let ✗EM and BCGR)ER dimension .

52=14×1%0
Then
e(× ,☒car)) = d ear)= Bcxr)

←

elx ,BGrD=o ⇒ ×=c

elvis> £7 ⇒ ✗ c- B.



Lemmas

Suppose XP C-Con ) such that 2×72+2.p .

Then the only Cx
,
- winning see is M .

Proof
Lee ✗EM . Suppose by contradiction that
SCM is an Cqp)-winning see such that
✗ ¢-5 . Suppose v. 1. o.g-tl.ae Bob closes

Be __ Bail ) .
Alice now need to choose a ball of radius

✗ inside that)
,
i. e. an element from ✗ (Ba)

.

Let An C- ✗CBD .



Then ei-ecx.AM __dc× E < I
c- iµ
, ×c

•
Now we have

% BE p+G&-e-aB) .I=
=p -12-2 -p

--2-3--1- El -Ee

Brb now can chose 132=13142 c- Bati] ,

since pete
⇒ xpsx-dlx.cn) .

Thus bub

can always ensure the ÑBi={×3¢s .
in



Lemmnli :(exercise)
Lee e=eCx,B) £1 and recon) .

Every ball B' c- HB) hns :

ma×{o, -}eecx.ms/e+L-HLemma6eea.pc-Con)suchtha-C2Pz1-aB
.

Then every dense see SCM is G , -mining .



Prout
Lee s be a dense see

,
and suppose

Bob picks a ball of radius p and center Cem
.

There is an ✗ ES such that dcxic)f G-a) -9 .

This Alice can choke the ball b c- ✗ (B) .
Then we apply 4h method from lemma I

Q_E



Lemma 8

Lee a. felon? and 2 ' c- Cosa].

Then every Cd
, B) -winning see is also

an G. %-)-winning see .

Proof Lee s be an can -wining see .

Lee h be an G. Bis) -winning strategy .

We define a strategy 5- for the (x:&)
-game

by : V-ne-xouozfs-CRn.tk, -→Ra) = An c- ¥(h(By .-434)
The strategy £ is well defined since :

h(Be) c-✗ CBD ⇒ ¥14Bn) C ✗
' (Bil ⇒



g- (Bn) c- ¥ Chan) ( ✗ ' (Ra) , and 5- (Bn )

Is indeed a ball of radius I. r2=&"r
included in Ba -

- Bar )
.

Suppose that f[Be, . .

> Bn,) is well defined
,

i. e. 5-( Be, - . .,Bm ) c- ✗
' (Bnr)

.

Lee Bu C- ✗£(fCB, Bad)
.

Then we also have BnEB(k(B: -13m)) , because

Ann is a ball inside Ran with radius I.r.

Thus Bu is a ball of radius ¥. -2
'

-r inside of An-7
.

So Bu has radius x.fr inside Anacker .
Also Ann Chase, - . -13mn )

.



Thus Bu is also in B( hcthi-isn.at) .
Thus we can indeed define

5- (Br, . . > Bn) c- ⇐ (h(Br. - . > Ba)) .

g- is clearly a winning strategy since

for every news ,

5- ⑥By . . >
Rn) ch(Bn, Bu)

and thus

?HB, .im CNhlihe.int CS
i" because his optimal.

QaF



Exercises
- Lemming: Every G-B) -winning see is

also a Kosa)
",M - winning see for

every KEN
.

.co#ary Lee ✗
'

B' =L " for some Kearn

and P' ZP . Then every can
-winning see

is also an Caspi ) -winning set.



✗- winning see

Lee ✗ c- 6,1) and or a complete metric

space . S is called an
"

✗ -winning
"

see is for

every @ c-Corp it
is an App -winning see .

Lemma 11
Lee 0<4×4

.
Then every d-winning see is

also an d-winning see

¥0¥scM be awinniny see and lee felon?
S is an x -winning see

,
thus it is also an G. ¥7-winning



See . By lemma 8
, s is also a- Cd, - tinning

set
.

Q.E.rs

Lemm art

If ✗ > I then the only ✗-winning see is M .

Proof

There is a BEAM suck the 22⇐tap .

The .

result is thus dear by lava 5.



Theorem (2)
The intersection of countably many a- winning
sets is itself an x-winning set.

Proof

Lee (G)% be
a sequence

of 2-winning sees .

Denote 5=7%6 .

We want to show the S is an

a-winning see. Let f- c-Cod) .

For every lens dance § to be a winning strategy
for Alice in the Cd,PHÑ¥se ) -game .
We now define a strategy for Alice:



Let (Be,Ar, Brits, - . . ,Bx) be a history of choices in

the Cd, -game . Lee learn and
team be

the unique positive integers suchtha-ck-2-1-l-C-r.az
We thus define :

f(ByAyB%,Bk)=

=§(Baer ,AÉ
, Bae;ae,A!a÷e,Bae:a.ae/....Bae-i+q#.ae)c-X(BD

for some sequence (Baer ,AÉ
, Bae:*,A ! Pae:a.ae/....Bae-i+g;-.ae) the



is consistent with f?

I 23 5 67 9,011 13,415 27,879 212223
4 12 20

8 24
76

This possible because

Bae-yj.ae c- ftp.%Aae-zcj.n.ae)
for every land OEJEE-1.
Azl- ^ + G- -1721 c- ✗ (1321-1+6^-13.21)
⇒ Bae -^+j .ae c- pKÑ%(Bae:*,.ae )

.



For every learn
we see thee the intersection

•

A Bantam.ae Cse
ten

since fl is a winning strategy in the G ,ecaÑ
"
)-gave .

•

Thus the intersection NBA C § for

¥-2

every Sevin ow> F.

This ie is in 5 ,

and 5 is an G, -ninny
set

.

So te is an ✗ -winning see
.

QD



Éise)

Lee m be a banach space
with positive dimension

.

Lee s be an x -winning see for ✗ EGF] .

Then S\{ Xi, - - -Ha, . . .} is also ✗ - winning /when

the see is countable ) .

Exercise

Prove that those are numbers the are

auormal according to every base,


