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Definition: Given Pelo, e) and 9>0 we define the

8-dimensional Hausdorff B-game:
( Packing )

a 3%-separated setOthstep m ¥:*

Alice plays first and chooses go >0 and some Hoek?

Bob responds by choosing 130=131×0,9) such that Kotto
. B⇐EB⇐,

closed bÑ it

=#
"

A-ftp.kthstlp/*c-1NKoD,)z3iy×yEA±,
Alice chooses a non-empty finite 3%, - separated see A,EB(¥.
and Bob responds by choosing a ball B⇐=B(✗a.%) such
that XKEAK and g-É%.
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we define

It#t.la#1--lE.ni.nl ñ=&÷É;¥;T
J(lAn¥r)=l÷÷g¥Éi%n=&÷%÷Y"
Agoal : ✗£-5 ants score above 8. i.e.JGA.it#)ZJ.
( we can this of it as if Xoo-45--31=0. É((Aa),⇐)Z&



The set S is a 8 -dimensional Hausdorff winning see
packing

if it is a 8 -dimensional Hausdorff B-gave winning see for
packing

all PECO,E) for some Eso
.

Theorem 28.2 in ☐ FSU )
Let SEAD be a Borel see .

Then :

H (5) = sup {JER>• IS is a 8 -dimensional Hausdorff winning see}
PCs) =

" " "
" " " packing " "

True also for :

Doubling space:
A metric space is

"

doubting
"

if there exists constants

C. ro such that every ball of radius ocrsro can be

covered by at most C balls of radios I .



Preliminaries
Reminder
e define the outer-measure on a metric space :

•

Ffs (A) =f÷gµf{?¥(d.im/ti)s/AE.Y.,A;anddiamAjsE})
and

dim,y(A) = in 5- { 53011-40+7=0 }=sop{5=011-1,6+1--0}

Ps /A) =inf{ÉPs(Ail / A C- 0A:} where
it

in

ÑA) = in
>
f. sup {¥?( diamig.IS/CB;) is a disjoint collection

of balls with centers in A

such that diam BJFE for
dim
,>
(A) =Ihf{Sto / Psat )=O}= . . .

a" ion "} .



For each ☒END we define the lower and the upper
pointwise dimensions of a measurement ✗ by :

dim-fut-liminfhlme.IE#--liniwg-uaeaiDp-70 h -sao han)

where pn→o and f÷ is bounded.

and

din-n.lu)=baph%"¥=haph%¥
e->0

him

By Rogers -Taylor - Tricot density theorem
for the Hausdorff and packing dimension we get:



Theorem (27.1 in DFSU )
Let Deano} and µ a locally finite Borel
measure on IR? Then for every Borel set AEIAD we

have :
• If dm×(µ ) >s for all ✗c-A andiron> o then

dim,+(A) 75 .

• If Email Is for all XEA then dingy (A) es .

• If dTm×(µ ) > s for all ✗c-A andiron> o then

dim
,> (A) 75 .

• If Email Is for all XEA then din
, (A) es .



Proof (for Hausdorff dimension case )
Lee Scad be a Borel set

.

Suppose that s is a J - dimensional Hausdorff

winning set . (⇒ dimness or)

Let p >o such that s is a 8 -dimensional Hausdorff

B-game winning set . Let JI be a winning strategy
for Alice in this 8-dimensional Hausdorff G-gave .

For each Kelly devote by Ek the union of all
sets AK that alice might choose according to her

strategy in response to some possible sequence
of moves that Bob could play .



Ek is 3Pa - separated for every Kev, since

every Axis 3g,- Separated, and every A+, lies in a

ball Bakr
,%) , and the centers of these balls are

3pm separated .

Thus
,
the see

[ = MU Bakir )
tear ✗KEEK

is the see of all possible outcomes of the

game
when Alice plays T#f . It is closed and

totally disconnected , and of course contained in S
.



consider the following scenario : on the Kth turn,
Bob chooses the point ✗k uniformly at random

,

independent of all previous choices .

This yields a random game whose outcome is

distributed according to some probability µ over C .

Let ✗ c- C. Let Hal,% be a sequence such three

✗ c- B / ✗k.PK ) and ✗
a C- Ek for every KEN.

Since Ek is 3Pa - separated , if Bob plays such
that the final outcome is in 13%1

,
then on the

Kth turn he must choose the ball Bar .pay .



Thus BCxpalncc-BCXn.pk ) and therefore :

µ (Blanc) £91BHair )nc) =/FTIA =

1--0

- ¥i¥i¥i:¥i
The lower pointwise dimension ofµ at ✗ is :

dim-t.ut-liminfhwi.IE#--b;.e:yhlHeIy;HY-s,p→o

2 lining hlM(BH*%D i-0

←• h-E-IE.iy.ie#-i-ii.,--
'N? I
*•

= ICA) >81¥: )



Because ✗ c- C was arbitrary and Mcc ) --1,
we get by the Rogers - Taylor - Tricot
theorem (2%1) that dim

,, (5) 28.

Suppose run that S is not a 8-dimensional ×

Hausdorff winniy set. (⇒ dirges)±d ) .

Let p c- ( 0,12] small enough such that s is not

a J - dimensional Hausdorff G-game winniy set.
Then Alice does not have a winniy strategy in that

p -game , and since S is Borel
, by Martin ( est 5) and

( Fishman and Simmons ) , Bob must have a winning strategy.
Let off be a winnig strategy for Bob.
Fix Po > 0 .



Let Ek be a maximal Espn - separated subset of K?
and let Eri"

, EI
"

, EI
"

, .
. .EE " be disjoint P

3pm - separated subsets of F- +, such that Ek=¥EÉ
"

.

Since H" is doubling , it is possible to choose p to be

independent of K and of B.
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We define a family of strategies
.

for Alice. Denote :

µ ,
= { BIQL -1%1 K=0 Where Lso

is a large
BHK.rs/1-PHm)kzI constant

.

Denote :

*
" =Enñ⇐ , ,

Will ' I and A,%i"=¥?
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We now define the moves A'É" and 13¥ 's > by
backward (because it depends on Bob 's strategy) recursion: Bob's response
• if Ali:D is defined for some j>1 , then B D='BlxÉ .

•
if Alain and BÉi > = 131×+4%9×7 are both - defined for some

j >1 , then A ""=AÉ"iY{ ✗iii.it} . /what would have been Brb 's

-Note that / A is) /=j for all o⇐j< is
.

choice is- ¥:D
wasn't an option .)

consider nor the scenario where Bob plays according
to Tpp and Alice plays randomly : on the Kth torn,

Alice chooses a more Anti"ik) where the integers
ik and ja are chosen independently of previous turns
with respect to a probability distribution satisfying

|P(ik=i,jr=j ) > c.
"") where Eso is fixed and cap

depends on & and on p.



By Kolmogorov extension theorem , this yields a
random sequence of plays whose outcome is
distributed according to some probabilityµ.

Let ✗ c- 511310,4 .

For each KEN there exists ✗KEEK such that

dfxxklfYI-p.pk (because since 8<12 we have }<^¥p )
.

Note that ✗oeB(qL+po ) and ✗k+nEB(Xxii -0%1
for all KEIN. It follows that Alice can guarantee
that the outcome is equal to ✗ by playing the more

A¥¥i" on the Kth turn for some sequence> 1T¥.or.kr!
,because :



damn
,
✗a) £d(✗a. X) -14k¥.DE?#pPk+Y-fs9-.-n-=Y-fplpk+P9r)--EfsPaGtM-HMM .

Denote this strategy of Alice by II.

since Bob plays a winning strategy,Alice's score
must be less than 8, i. e. ICA )-8 . / We did not use9)

Now consider the gave where Alice plays in the

l first turns according to II. In such a case the

outcome of the game
will lie in BCX

, 2g) . If Alice
plays randomly according to IP, this happens in

probability pcii-T-t.is , Ja for all ksl) . Therefore:



µ/ 1314291) > PCiri-T-t.is , Ja for all Ksl)>

> Cap .
"E) =¢,pf .@

"E) ¥2.ba#Dk--o
and thus :

d-imxfhl-h.nu:nfÉD§
too h(2%1

f lining i++É¥<
en th(f) than



£ lining ÉPÉE =

em thts)

= %% + (ne ) 8- (A) < hand⇒ + Gte )J
.

Since ✗ was arbitrary , applying again the Rogers -
- Taylor - Trice theorem we get :

dim
,, Csi %% + (ne ) 8 .

We complete the proof by taking the limits B. E -70 .

Q.F_


