
1. Reminder

A Borel probability measure σ on the real line R is called self-similar if it satis�es

(1.1) σ =
m∑

i=1

λi ϕi⋆σ

for some integer m ≥ 1, some probability vector (λ1, · · · , λm) ∈ Rm
>0, and some

invertible a�ne maps ϕ1, . . . , ϕm : R → R without common �xed point.
De�nition of λ.

We let Aff(R) denote the a�ne group of R. For every ϕ ∈ Aff(R), we let rϕ ∈ R∗,
bϕ ∈ R denote the unique numbers such that

(1.2) ϕ(t) = rϕt+ bϕ, ∀t ∈ R.

Let Aff(R)+ denote the group of orientation preserving a�ne transformations of
the real line. Denote by

P = { a(t)u(s) : t > 0, s ∈ R } ⊆ G

the subgroup of upper triangular matrices with positive diagonal entries. For every
g ∈ P , we let rg ∈ R>0 and bg ∈ R be the unique numbers such that

g = a(rg)
−1u(bg) =

(
r
−1/2
g r

−1/2
g bg

0 r
1/2
g

)
.

We identify P with Aff(R)+ by mapping g ∈ P with the similarity s 7→ rgs + bg.
This is an anti-isomorphism between the two groups.

De�nition 1.1. Let G be a group acting on X, µ ∈ prob(G), ν ∈ prob(X). A
convolution µ ∗ ν is de�ned as

µ ∗ ν =

∫
G
g∗νdµ(g).

It is a probability measure on X.

Fix a probability measure λ on Aff(R)+ with �nite support suppλ that is not
a single point. Denote by µ the corresponding probability measure on P via the
above anti-isomorphism. Throughout this paper, λ and µ determine each other in
this way. For n ∈ N, we write λ∗n = λ ∗ · · · ∗ λ to denote the n-fold convolution of
λ with itself, we de�ne µ∗n similarly.

2. Preliminaries

Self-similar measure σ.
Given a �nitely supported probability measure λ on Aff+(R) we let σ denote a

probability measure on R that is λ-stationary, which means

σ =

∫
Aff+(R)

ϕ⋆σ dλ(ϕ) =

m∑
i=1

λi ϕi⋆σ.

In Alon's talk we saw this lemma.

Lemma 2.1 (Moment and Hölder-regularity of σ). There exists γ > 0 such that

(i)

∫
R
|s|γ dσ(s) < ∞, (ii) ∀r > 0, sup

s∈R
σ(s+ [−r, r]) ≪ rγ .
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Given an integer n ∈ N, we denote

σ(n) = λ∗n ∗ δ0,

where δ0 denotes the Dirac measure at 0 ∈ R. We can rewrite it as

σ(n) =
∑

1≤i1,...,in≤m

λi1 . . . λin(ϕi1 ◦ · · · ◦ ϕin)∗δ0.

We will write

λI = λi1 . . . λin and ϕI = ϕi1 ◦ · · · ◦ ϕin .

We show that the measures σ(n) have a uniformly �nite positive moment, and
uniform positive dimension above an exponentially small scale. For this, we �rst
observe that σ(n) converges toward σ at exponential rate. We denote by Lip(R)
the space of bounded Lipschitz functions on R with the norm ∥f∥Lip = ∥f∥∞ +

sups ̸=t
|f(s)−f(t)|

|s−t| .

Lemma 2.2. There exists ε > 0 such that for all n ≥ 0, all f ∈ Lip(R), we have

|σ(n)(f)− σ(f)| ≪ e−εn∥f∥Lip.

Proof. We have

|σ(n)(f)− σ(f)| = |λ∗n ∗ δ0(f)− λ∗n ∗ σ(f)|

=

∣∣∣∣∣∑
I

λI ·
∫

f(x)dϕI∗δ0(x)−
∑
I

λI

∫
f(x)dϕI∗σ(x)

∣∣∣∣∣ =
=

∣∣∣∣∣∑
I

λI · f(ϕI(0))−
∑
I

λI

∫
f(ϕ(x))dσ(x)

∣∣∣∣∣ =
=

∣∣∣∣∣∑
I

λI ·
∫ (

f(ϕI(0))− f(ϕ(x))
)
dσ(x)

∣∣∣∣∣ ≤
≤

∣∣∣∣∣∑
I

λI ·
∫

∥f∥Lip|rIx|dσ(x)

∣∣∣∣∣ .
Because σ is compactly supported,

∫
|x|dσ(x) = c, where c is some constant. Let

rmax = max{|r1|, . . . , |rm|}. Then

|σ(n)(f)− σ(f)| ≤

∣∣∣∣∣∑
I

λI ·
∫

∥f∥Lip|rIx|dσ(x)

∣∣∣∣∣ ≤
≤ rnmaxc∥f∥Lip ·

∣∣∣∣∣∑
I

λI

∣∣∣∣∣ = en ln rmaxc∥f∥Lip.

Because rmax < 1, ln rmax < 0. So we set ε = − ln rmax and the proof is complete.
□

We now deduce our claim on the measures σ(n).

Lemma 2.3 (Moment and Hölder-regularity of σ(n)). There exists γ > 0 such that

(i) sup
n≥1

∫
R
|s|γ dσ(n)(s) < ∞
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and

(ii) ∀n ≥ 1, ∀r > e−n, sup
s∈R

σ(n)(s+ [−r, r]) ≪ rγ .

Proof. (i) We claim that there exist a compactK such that for any n suppσ(n) ⊆ K.
Then for a continuous function on a compact set the claim is trivial.

(ii) We �x s ∈ R. We de�ne a function f as

f(x) =


f1(x) =

x−(s−2r)
r , x ∈ [s− 2r, s− r]

f2(x) = 1, x ∈ [s− r, s+ r]

f3(x) =
−x+(s+2r)

r , x ∈ [s+ r, s+ 2r]

0, otherwise.

We can assume that σ(n)([s− r, s+ r]) ≥ σ([s− 2r, s+ 2r]), because otherwise the
claim follows from Lemma 2.1. Lemma 2.2 guarantees that∫

fdσ(n) −
∫

fdσ ≤ e−εnc∥f∥Lip.

Then

σ(n)([s−r, s+r])+σ(n)(f1)+σ(n)(f3) ≤ σ([s−r, s+r])+σ(f1)+σ(f3)+e−εnc∥f∥Lip,

Function f1 and f3 are positive, so we can disregard σ(n)(f1), σ
(n)(f3). Because

f1, f3 ≤ f2, we have

σ([s− r, s+ r]) + σ(f1) + σ(f3) ≤ σ([s− 2r, s+ 2r]).

The Lipschitz norm of the function ∥f∥Lip = 1 + 1
r . So we get

σ(n)([s− r, s+ r]) ≤ σ([s− 2r, s+ 2r]) +

(
1 +

1

r

)
e−εnc.

For r > e−εn/2 we have 1
re

−εn < e−εn/2, so

σ(n)([s− r, s+ r]) ≤ σ([s− 2r, s+ 2r]) + e−εnc+ e−εn/2c.

By Lemma 2.1

σ(n)([s− r, s+ r]) ≤ c1r
γ + e−εnc+ e−εn/2c.

We can always �nd such γ1 > γ and M > 0 such that for all r > e−εn/2

σ(n)([s− r, s+ r]) ≤ c1r
γ + e−εnc+ e−εn/2c ≤ Mrγ1 .

□

Finally, we derive from Lemma 2.3 that σ(n) satis�es a non-concentration esti-
mate with respect to polynomials of degree 2.

Lemma 2.4 (Regularity of σ(n) for quadratic polynomials). There exists γ > 0
such that for every n ≥ 1, r > e−n and (a, b, c) ∈ R3 with max(|a|, |b|, |c|) ≥ 1, we
have

σ(n){s : |as2 + bs+ c| ≤ r} ≪ rγ .

Proposition 2.5 (E�ective recurrence on X). There exist constants c, c′ > 0 de-

pending on µ only such that for every x ∈ X, n ∈ N, and ρ > 0, we have

µ∗n ∗ δx{inj < ρ} ≪ (inj(x)−ce−c′n + 1)ρc.
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