PERES SCHLAG METHOD

1. ABSTRACT
I will present a paper by Yuval Peres and Wilhelm Schlag. They prove that for every € > 0 and A =
{An}oo, C N satisfy % > 1+ ¢ for every n € N, then there exists a € R such that
1
1%
2401og
where |(-)| denotes the distance to the integers. The linear dependence in € cannot be improved, as may be
seen by exercise 1 (c), but nothing is known regarding the necessity of the logarthmic factor. As was noted
by Yitzhak Katznelson earlier, this provides a coloring of the graph
G=(Z,{(m,n) : n—m e A})
with [(240 log é) %] colors, which is the most efficient coloring of G known to exist, asymptotically as ¢ — 0.
The proof uses a simple and clever application of Lovéasz local lemma.

jnf [(Aa)| >

2. EXERCISES

(1) Lete >0, A=1+c¢.
(a) If € € N, show that a = % satisfy inf,>o [(A"a)| = «, whenever ¢ f A" for all n > 0.

(b) For A={A\" : n >0}, show that o = 1 satisfies
ol
a= {2 bu{prr 2] < mend,

show that every a € R satisfy

nf [\ )] =

(c) For

i <e.
jnf [(Aa)] < e

(2) Prove Lovész local lemma: Assume Aj,..., Ay are events in a probability space, and let
E={(mmn) : P(AnNA,) =P (An)P (An)}.
If there are 0 < z1,...,xNy < 1 that satisfy
P(A,) <y H (1—2n),
(m,n)€EE
for every 1 < n < N, then

P(ASO...NAS) > ﬁ(l—xn).

n=1

Hint: prove that every S C {1,..., N} and n ¢ S satisfy

meS
. : : _ P(ANB|C) P(A|C)
by induction on |S], and by using the formula P (A|BNC) = BB S BEIO)
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