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ABSTRACT. Notes on our seminar

1. DEFINITIONS AND NOTATION

For notational purposes we assume that 0 is not a natural number.

2. TOWARDS THE EXPONENTIAL DRIFT FOR SL3(R)

2.1. The case of a finite IF'S with uniform contraction rate. In what follows
we let G = SL2(R) and denote by g = slp(R) its Lie algebra. We fix ourselves a
constant ¢ € (0,1) and real numbers x1,...,z, € R not all zero. We denote

—1
_ (@ —Zi -
gz—<0 Q) (t=1,...,7).

The example to think of is o = %, r=2 21 =0, and 5 = 2. In what follows,

we let E ={g;:i=1,...,r}. We assume that p is a fully supported probability
measure on E. Let B = EY and 3 = u®".

We write
0 1 1 0 0 0
x=(00) #=(o %) = o)

and note that g = R —span{X,Y, H}. We will write
g=g @g’@g",
where g~ = RX, g° = RH, g7 = RY. Let a € G be a diagonal matrix and

note that a = texp(tH) for some ¢ € R. An elementary calculation shows that
{X,Y,H} is an eigenbasis of g for Ad, € SL(g) given by

Ad,(v) = ava™ (v € g).

w

In particular, we have
Ady(X) =e*X, Ad,(Y)=e %Y, Ad,(H)=H.

Lemma 2.1. The adjoint representation of G on g and the induced representation
on A%g are isomorphic.

Proof. Using the classification of irreducible representations of G it suffices to prove
that both representations are irreducible. As every representation of G is semisimple
and as the trivial representation is the unique one-dimensional representation of G,
it suffices to prove that both representations do not admit any non-trivial invariant
vectors.

Using the correspondence between irreducible representations of G and repre-
sentations of g, it suffices to show that the representations of g on g and on A2g
induced by the adjoint action do not admit any fixed vectors. To this end we recall
that

ady (X) = —H, ady(H)=2Y, ady(Y)=0,
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adx(X) =0, adx(H)=-2X, adx(Y)=H.
Let v € g, w € A%g be g-fixed vectors. Then
v=ad%(w)=0 and w=ad%(w)=0.
This proves the claim. O

Remark 2.2. (1) More explicitly, one calculates that A2Ad, is diagonalizable
with eigenbasis {X A H, H AY, X A Y} satisfying

(N2AdL) (X ANH)=e*X ANH,
(A2Ad) (X AY) = X NY,
(N2Ad)(HAY) =e 2 HAY,
and it is not very difficult to see that the map ® : g — A%g defined by

XH—%X/\H,
H— X ANY,
Y*—)—%H/\Y

defines an isomorphism of representations of G. Note: It is easier to check
that the isomorphism is g-equivariant. To this end, we recall that for any
V,W € g we have

(Aady)(V AW) = (adg V) AW +V A (adyW).

(2) In what follows let B : g x g — R denote an invariant inner product on g.
Then B? = ®,B : A%g x A%g — R given by B?(v,w) = B(® v, ® lw)
defines an inner product on A%g and ® : g — A%g is a G equivariant
isometry. It will be convenient to assume either that B is SOz (R)-invariant
or that {X,Y, H} is an orthonormal basis.

In what follows, we denote by |[|-|| the norm on g induced by B. We will abuse
notation and use the same notation for the norm on A2?g induced by the isometry
.

Corollary 2.3. Let E,u, B, as above. In the notation of [SW19, Thm. 2.1] we
can choose WM =RX and W2 = R(X A H).

Proof. The argument for this was provided earlier already in greater generality.
We reproduce it for concreteness. Note that following the preceding discussion
on isometry of the representations and using that all norms on g and on A%g are
equivalent, the conclusion of Corollary 2.3 is independent of the choice of norms
both on g and (independently) on A%2g. We can therefore assume that B is chosen so
that {X,Y, H} is an orthonormal basis with respect to the inner product B. As of
Lemma, 2.1 and by definition of the norm on AZg, it suffices to prove the statement

for d =1.
1 t
then

Let t € R arbitrary and
Ad,HX = X, Ad,H = H — 2tX, Ad,)Y =Y +tH — *X.

Furthermore, each g; € F decomposes as g; = u;a, where

-1
_ (¢ 0 = u(ola;
a= ( 0 Q) and  wu; = u(p” ;).
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Using the relation
au(t)a™t = u(o™?t),

one obtains that for any j: N — {1,...,r} we have
(2.1) Go(n) """ Gy(1) = U (Z 9—2(n—e)—1xj(é)> o
=1

This is proven by induction. If n = 1, the statement is clearly true. The induction
step is then given by

Gy(n+1) ** Gy(1) = W(Ty(n1))au <Z 9_2("_@_1%@)) a®
=1

_ u(x](n+1))u <Q2 Z QQ(HZ)lx](€)> a1
(=1

n+1
- (Z 0_2("“_@)_1%(@) "
=1

Given j as above, we set

n
ta() =Y 02,
=1

Therefore
Adg, () g,0)Y = 07" Ady(r, ()Y = 07"Y + 0™t () H — 010 ()X,
Adg, g, H = Adye, onH = H = 26, () X,
Adgj(n)'--g_,(l)X = Q_QnAdu(tn(J))X = Q_QnX.
We have

n—1 1 o Q2n
|t (])| < 9722 — Q72(n71)7 - 72n'

Denote by mx the canonical projection g — g/RX. As gX € RX for all
g € suppp, the adjoint action by elements in E descends to an action on g/RX
and using the preceding calculations, we get

[Adg, gy T (V)1? = 0" + 010 (5)?,
”Adg](n)“'ggu)WX(H)H2 =1

Therefore we can apply Lemma [SW19, Lem. 6.1] to deduce that for 5-a.e. b € B,
ie. f-a.e. 3: N — {1,...,7}, the subalgebra RX is complementary to

.1
Ve_2logo = {v €g: lim —||Adp,..»,v]| < —2log ,Q} .
n—oo N
O

In what follows, we denote by v, b € B, the limit (which is defined S-a.s.) given
by

VNS nler;o(bl b )

Here, the measure v is a u-stationary measure on G /A. We let X = G /A, BX =
B x X, Bgx the Borel o-algebra on B¥X, and define

X = /B 5 rydB(b).
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Lemma 2.4. Let 7z : BX — B denote the canonical projection. Let Bg be
the Borel o-algebra on B and let Agp = 7T§1(BB) Then Ag C BY¥ is countably
generated, for X -a.e. (b,x) € BX we have [(b,z)]a, = {b} x X, and (ﬂX)(b ) =

O @ vp.

Proof. One checks that the family {6, ® v} : b € B} satisfies the defining properties

of a family of conditional measures. This is purely formal and left to the reader.
Maybe we include this later. O

Lemma 2.5. Let Tx : BX — BX, Tx(b,x) = (Tb,by'x). Then pX is Tx-
tmvariant.

Proof. This is essentially purely formal. Uses only definition of 3% and p-stationarity
of v. O

The subspace W/ acts on BX by
w.(b,xz) = (b,e"x) (we WM be B,z € X).

We denote by ®. : BX x W/ — BX the action map ®,,(z) = w.z. Let Ay C Bpx
denote the g-algebra of ®-invariant sets. Then Ay is a refinement of Ap, and
therefore [EW11, Prop. 5.20] the leafwise measures for 4% and the action of W/?
essentially agree with the leafwise measures for v,. In what follows, we denote by
{0, : z € BX} a family of leafwise measures for the action of the Lie subalgebra
Wt < g on BY and note that for f¥-a.e. (b,z) € B¥ the measure o, ) agrees
with a leafwise measure for v, with respect to the action of W”! on X.

It will be convenient to introduce the map 7, : W/t — W1 given by 7, (w) = aw
for a > 0.

Lemma 2.6. For f3-a.e. z € BX we have
0. X (Npg=2)x07 ()
Proof. We note that for all w € W/!
Tx 0Py = Dy 0Tx.

Next we note that for ﬂ a.e.b € Bthemap ap : z — bl_lx defines an isomorphism
of measure spaces (X, vp) =2 (X, vyy). Indeed, for all f € C.(X) we have

/ de/Tb lim fd(b2 s bn)*V
n—oo X

= lim fob d(blbg -b ) v

n—oo

/fob v,

that is, vrp = (b ")«vp. In particular, we get that the leafwise measures for vy
and the leafwise measures for (b;*).v; agree.

We quickly recall the defining property of leafwise measures &, for v, with respect
to WA acting on X. Let F C X have finite, positive measure. Let A be a W/!I-
subordinate o-algebra on F. Let Ar denote the normalized restriction of v}, to F.
Then for Ap-a.e. x € F and for all f € C.(F) we have

/F FAOR)A = ﬁ /V (f 0 @) ()54 ().

In particular, this completely characterizes the leafwise measures.
Let (F, A, \r) as above, i.e. A is W”l-subordinate. Then a = «(b) defines an
isomorphism
(F17 .A, )\F) = (Oz_lF, Oé_l.A, )\a—lp).
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The G-algebra o' A4 is again W-subordinate, as for any € o' F we have
[€]g-14 = a M az]s = a_l(‘/;)l—lw.bflx) = (blVl_lwal).x.

In what follows, we denote by U, the open subset of W”! such that w € W' — w.z

is injective and [z],-1.4 = U,.z. Using the above calculation and the fact that the

contraction ratios are all equal, we get U, = o 2V,,. Using the characterizing

property, we get

v | (o eaaaw) = [ a0

Cax (Vaz) e

- / (f 0 a)d(Ags )2 A
a—lF

1 -
&x(Ux)/z(foao@w)(x)dax(w)

b
~ e L o R ande).6. )

This shows that (7,-2)«Gas X 7. Using the previous remarks, we know that for
almost every (b,z) € BX we have O(b,e) = O, and therefore

/ (f 0 @y2yy 0 @) (2)dds (w)
0" Vau

U(b,x) X &x X (ngfz)*a'b;1z X (UQ*Q)*O'TX(b,z)-
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