Geometric and arithmetic aspects of approximation vectors - Section 5

Throughout the lecture we will work with (X, By, {a;}, i1), where

X is a locally compact second countable Hausdorff space
* By is the Borel o-algebra.
* {a;}1er 1s a one-parameter group which acts continuously on X
* 1 1s a Borel probability measure.

S € By is a p-cross section, i.e.

* 93Xy C X measurable {a; }-invariant with (X)) = 1 and S N X, is a Borel cross section for
Xo: forevery x € X,
{teR:aqxeS}CR

1s discrete and unbounded from below and from above.
¢ The return time function is Borel.

Example to have in mind: irrational flow in T?, § is the z-axis.

Moreover, we will assume that S C X is locally compact second countable as well.
For E € Bxyand I C R
E'={aqx:2zc Etcl}

Recall that we saw that there exists a measure y1s on S such that (among other things), for every Borel
EcCS
1
ns(E) = lim =p(EC9).

e—0 €

s 1s called the cross-section measure of ;1. We will assume that pis is finite.

LetE C S,z € XandT > 0. we denote

N(z,T,E)=#{t € [0,T] : ayzv € E}.



A Borel £ C X is u-JM (Jordan measurable) if 4 (0x E) = 0.

Definition + lemma: = € X is called (a;, 1) generic if fOT Ozt — pasT — oo.x € Xis (a, p)

generic if and only if for any p-JM set £ C X,

= / vila)dt — p(E).

Let S’ C Sbe us-IM with pus(S") > 0. 2 € X is called (at, j1s|s/) generic if the sequence of visits
of {a;x : t > 0} to &’ equidistributes w.r.t. Wﬂg‘g/. x € X is (at, pus|s) generic if and only if

for any us-JMset E C &',
N(l’,T,E) ,US(E)
—T .
N(ZE, T7 Sl) us (Sl)

Our goal will be to understand the relation between (ay, 1) and (ay, pus) genericity. Since this is a

topological property we will add some topological requirements:

Recall that the first return time of x € Sismin{¢ > 0 : a;x € S} and that fore > 0,

Sse = {x € S : firstreturn time of z to S is > €}
Sce = S\Ss..
Definition: S is py-reasonable if

» for all sufficiently small ¢, the sets S>. are ps-JM.

« 3U C SopeninSsuchthatthemap (0, 1)xU — X, (¢, ) — a,zisopenand pu((clx (S)\U) V) =
0.

We assume from now on that S is u-reasonable.

Lemma 5.5: V pus-JM set E C S and interval I C [0, 1], BT is u-JM.

Prop 5.6: V (at, 1) genericx € X, Ve > 0and Vug-JIMset £ C S>.

1
lim TN(x,T, E) = pus(E).

T—o0



Proof: By the last lemma, £ is ;-JM and thus

1 11 (7 1
IV E) = 1 [ oo @)t + 0(1)  Tu(E) = ()
T T ¢ J €

(second equality due to lemma 4.9, last one due to properties of 1is).

Our goal is to replace the assumption £ C Ss. with a weaker one. For d > 0, let

1
Ags={x €S :Ve>0,limsup TN(x,T, S.c) > 6}

T—o0

AS = U A&(g

5>0
(and as always A% = {a;z : © € Ags,t € R}).

Prop. 5.7: V (a4, i) generic z € X\ AR which is and any ps-JM set E C S,

1
lim TN(JZ,T7 E) = us(E).

T—o0

Proof: Since S is reasonable, for any small enough e > 0, £ N S5, is p1s-JM. By last prop,

limTinf%N(x, T,FE) > li%n %N(w, T, ENSs:) = us(ENSs.).
Since the sets S~ exhaust S, it follows that
liminle(x,T, E) > us(E).
T T
Fix § > 0. Since x ¢ A%, 3= > 0 such that

1
limsup =N(z,T,S8..) < ¢
r T



(and we may assume ¢ is small enough). Therefore,

1 1 1
limsup =N(z,T,E) = limsup = (N (z, T, ENS>.) + =N(z,T,5.))
T T T T - T

SMS(E N 825) + ) S ,US(E) + 0.

Since ¢ was arbitrary, we are done.
Theorem 5.11: Let S’ C S be j15-JM such that ps(S’) > 0andletz € X\AE be (as, 1) generic.
Then x is (ay, pus|s) generic.

Proof: We need to show that for any yus-JMset £ C &',
N(Jﬁ,T,E) /"LS(E)

li =
T N@T.S)  us(S)

and we already know the convergence of both enumerator and denominator by Prop 5.7.

In the last theorem we assume that z € X\ AE, but we don’t know yet if there are many such x2 or
maybe its an empty set?

Lemma 5.8: 115(As) = 0and p(A%) = 0.

Proof: By the properties of the measure ys, the latter follows from the former. To show the former,

it suffices to show that for any fixed 6 > 0, u(Ass) = 0. Take 0 < &1 < £y small enough so that
ts(S>e,) > 0, ps(S<ey) < 0.
Consider the ergodic decomposition of y:
= / vdO(v)

that is, © is a probability measure on P(X) and for ©-a.e. v, v is an {q, }-invariant ergodic measure

on X. Then for © — a.e.v, the sets S>.,, S<., are v-JM and § is a v cross section.



Our goal is to prove that for such v, for v-a.e. z,
1
11%!1 fN(%" T, S<51) — V5(8<51)

Since vs(S<.,) < & (why??), it will imply that vs(Agss) = 0 and hence also p1s(Ass) = 0.
Recall that ¢ : S — S is the first return map: forx € S, ift > 0 is the first return time of z to S then
Fsx = a;x. Then (S, V‘S;(S)Vs, ¢) is an ergodic dynamical system and if we denote N = N(z, T, S)

then for £ C S and vs-a.e. x

Np—1

N(z,T,F) 1 " v vs(E)
e D DRl Rr) /XEdVS(SS) = V;S),

n=0

so we can choose F' C S of full vs measure such that this convergence holds for every y € F' and

E=8s.,FE=S5_,. Thus

N<y7T7 S<61) . VS(S<€1)

N<y7T7 SZ£0) VS(SZ%) .

lim
T—o00

Sf= (N

Replace F' with a smaller set of full vs-measure of (a;, ) generic points. We already know that
the denominator of LHS converges to this of RHS for every y € F' by Prop. 5.6, so we have the
enumerator convergence which is what we wanted.

We also want another variant of this theorem with different assumptions.

Definition: Let M € Nand £ C S Borel. We say that F is M -tempered if for us-a.e. z,

#{t € [0,1] : a4z € E} < M.

E is tempered if it is tempered for some M.

Theorem 5.11(47): Let S’ C S be us-JM and tempered such that ys(S’) > 0. Then every (ay, pt)

generic x € X is (a4, pus|s) generic.

If time allows:



Lemma 5.5: For any ys-JM set E C S and interval I C [0, 1], E' is u-JM.
Proof sketch: Assume for concreteness that [ = |1y, 75] is a closed interval. Since S is p-reasonable,
U C SopeninS suchthatthemap (0,1) xU — X, (t,7) — a,zisopenand u((clx (S)\U) V) =

0. It is possible to show that

Ox(E") C (clx(S)\U) Ua,SUa,SUIs(E)".

All sets on the RHS are p-null: the first one by the choice of .
The fourth one since £ is us-JM and by the relation between p, pis.

The second and third one because s finite implies 1(S) = 0. (1(S) < u(S©9)) < us(S)e = ¢)



