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A Borel probability measure σ on the real line R is called self-similarself-similarself-similar if

σ =

m∑
i=1

λi φi∗σ, (1)

for some m ≥ 1, some probability vector (λ1, · · · , λm) ∈ Rm
>0, and some invertible affine

maps φ1, . . . , φm : R → R without a common fixed point.

I.e for any A ⊂ R we have that

σ(A) =

m∑
i=1

λi σ
(
φ−1
i (A)

)
. (2)

Write φi(x) = ρix+ bi. We say σ is contractivecontractivecontractive if for all i |ρi| < 1.

0.1 Chapter 2

Theorem Lemma 2.1 (Finite moment and Hölder-regularity of σ).
There exists γ > 0 such that

1.

∫
R
|s|γ dσ(s) < ∞,

2. There exists C > 0 such the for all r > 0 we have supx0∈R σ
(
B(x0, r)) < Crγ .

Proof for the case σ is contractive.

(1) is clear because if it is contractive it is also compactly supported.

For (2) we start with the following.

Definitions:

• A := {1, ...,m}.

• A∗ := ∪∞
k=1Ak the collection of all finite non-empty words over A.

• u ∈ A∗ is a word. I.e. u = i1i2...ik for some k, where ij ∈ {1, ...m}.

• if u = i1...ik define

– ũ is the word obtained from u by dropping the last letter. i.e. ũ := i1...ik−1.
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– φu := φi1 ◦ ... ◦ φik

– ρu := ρi1ρi2 ...ρik

– λu := λi1λi2 ...λik

– K = supp(σ).

• For any 0 < η ≤ 1 define
Γη := {u | ρu < η ≤ ρũ }

Γη(E) := {u ∈ Γη |φu(K) ∩ E ̸= ∅}.

Theorem Feng and Lau 2009, Lemma 2.1, well known result. For any E ⊂ R Borel
and any 0 < η ≤ 1 we have

σ(E) =
∑

u∈Γη(E)

λu σ (φ−1
u (E))

Theorem Feng and Lau 2009, Proposition 2.2. Assume that K = supp(σ) is not a
singleton. Then there exist constants C1, C2 > 0 and 0 < s1 < s2, and there exists δ > 0
such that for any x0 ∈ K, 0 < r ≤ δ we have that

C1r
s1 ≤ σ

(
B(x0, r)

)
≤ C2r

s2 .

Proof of Feng and Lau Prop 2.2.Proof of Feng and Lau Prop 2.2.Proof of Feng and Lau Prop 2.2.

Since K is not a singleton, there exist 0 < η ≤ 1 and two words ω1, ω2 ∈ Γη such that

φω1
(K) ∩ φω2

(K) = ∅.

Therefore there exists δ > 0 such that for any x ∈ R, the ball B(x, δ) intersects at most one
of φω1

(K) and φω2
(K).

Then for *any* x ∈ R and 0 < r < δ, we have, at most, only one of the followings:

1. B(x, r) ∩ φω1
(K) = ∅

2. B(x, r) ∩ φω2
(K) = ∅.

Define for 0 < r ≤ δ,
ϕ(r) = sup

x∈R
σ
(
B(x, r)

)
≤ 1,

and assume that (1) holds, i.e. B(x, r) ∩ φω1
(K) = ∅.

Then by Lemma 2.1 we have

σ
(
B(x, r)

)
=

∑
u∈Γη(B(x,r))

λu σ
(
φ−1
u (B(x, r))

)
≤
∑
u∈Γη

u̸=ω1

λu σ
(
φ−1
u (B(x, r))

)
≤
∑
u∈Γη

u̸=ω1

λu sup
x∈R

σ
(
B(x, r · (min{ρu |u ∈ Γη}−1)

)
=
∑
u∈Γη

u̸=ω1

λu ϕ(r/c) = (1− ρω1
)ϕ(r/c),

where
c = min{ρu |u ∈ Γη}.

Similarly, if the latter (2) case occurs, we have

σ
(
B(x, r)

)
≤ (1− ρω2

)φ(r/c).
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Hence we always have
σ
(
B(x, r)

)
≤ t0 ϕ(r/c),

where t0 = max{1− ρω1
, 1− ρω2

} < 1.

Notice t0 is independent of x.

So it follows that
ϕ(r) ≤ t0 ϕ(r/c), ∀ 0 < r ≤ δ. (3)

In particular, there exists n ∈ N such that

cnδ < r ≤ cn−1δ. (4)

Then

σ
(
B(x, r)

)
≤ σ

(
B(x, cn−1δ)

)
≤ ϕ(cn−1δ) ≤ tn−1

0 ϕ(δ)

= (cnδ)
log t

n−1
0

log(cnδ) ϕ(δ) ≤ ϕ(δ) r
log t

n−1
0

log(cnδ) ≤ C2r
s2 ,

with C2 := ϕ(δ) and

s2 := inf
n∈N

log tn−1
0

log(cnδ)
.

This holds for any x ∈ R.

Proof of 2 using Feng and LauProof of 2 using Feng and LauProof of 2 using Feng and Lau

Want to show ∃γ ∃C ∀r > 0 such that supx0∈R σ
(
B(x0, r)) < Crγ .

For any r > 0 we have

sup
x0∈R

σ
(
B(x0, r)

)
≤ sup

x0∈K
σ
(
B(x0, 2r)

)
.

Now assume 0 < r ≤ δ/2 for δ from Feng-Lau. Then by the hypothesis for any x0 ∈ K we
have that

σ
(
B(x0, 2r)

)
≤ C2(2r)

s2

Therefore,
sup
x0∈R

σ
(
B(x0, r)

)
≤ sup

x0∈K
σ
(
B(x0, 2r)

)
≤ (2s2C2) r

s2 .

For r > γ/2, we use the trivial bound

σ
(
B(x0, r)

)
≤ 1.

Since r > γ/2, a number β which satisfy that βrs2 ≤ 1 is bounded above. So we may

increase the constant C̃ so that

σ
(
B(x0, r)

)
≤ C̃rs2 , ∀r > γ/2.

Hence for γ = s2, C = max{C2, C̃} we have

sup
x0∈R

σ
(
B(x0, r)

)
≤ Crs2 , ∀r > 0.
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Notation and Conventions.
G = SL2(R), Λ ⊆ G is a lattice, and X = G/Λ.

The injectivity radius of X at a point x is

inj(x)inj(x)inj(x) := sup {s > 0 : the map Bs(e) ⊂ G → X, g 7→ gx is injective} .

Driving measures λ and µ.
Aff(R)+ denote the group of orientation preserving affine transformations of the real line.

Denote by
P = {a(t)u(s) : t > 0, s ∈ R} ⊆ G

the subgroup of upper triangular matrices with positive diagonal entries, where

a(t) =

(
t1/2 0
0 t−1/2

)
, u(s) =

(
1 s
0 1

)
.

For every g ∈ P , we let rg ∈ R>0 and bg ∈ R be the unique numbers such that

g = a(rg)
−1u(bg) =

(
r
−1/2
g r

−1/2
g bg

0 r
1/2
g

)
.

We identify P with Aff(R)+ by

g ∈ P 7→ φ(x) = rgx+ bg.

This is an anti-isomorphism between the two groups.

Fix a probability measure λ on Aff(R)+ with support suppλ, and denote by µ the corre-
sponding probability measure on P via the above anti-isomorphism. Throughout this paper,
λ and µ determine each other in this way.

For n ∈ N, we write
λ∗n = λ ∗ · · · ∗ λ

to denote the n-fold convolution of λ with itself, and define µ∗n similarly.

I.e. for any A ⊆ Aff(R)+ we have

λ∗n(A) =

∫
(Aff(R)+)n

1A(φ1φ2 · · ·φn) dλ(φ1) · · · dλ(φn).

We assume that λ, and equivalently µ, has a finite exponential moment, i.e. there exists
ε > 0 such that ∫

P

(
|rg|ε + |r−1

g |ε + |bg|ε
)
dµ(g) < ∞.

We assume that suppλ does not have a global fixed point in R.
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Self-similar measure σ. Throughout this paper, we let σ denote a probability measure
on R that is λ-stationary, which means

σ =

∫
Aff(R)

φ∗σ dλ(φ).

By a theorem of Bougerol–Picard, the existence of such σ is equivalent to the condition:∫
P

log rg dµ(g) < 0, (2.1)

i.e. the random walk on R driven by λ is contractive on average. Moreover, provided exis-
tence, the measure σ is uniquely determined by λ, see Bougerol-Picard, Corollary 2.7.

In case λ is contractive, σ is a standard self-similar measure.

Regularity of self-similar measures.
Given an integer n ∈ N, denote by σ(n) the image measure of µ∗n under the map

g ∈ P 7→ bg ∈ R.

Equivalently, σ(n) = λ∗n ∗ δ0, where δ0 denotes the Dirac measure at 0 ∈ R.

We show that the measures σ(n) have a uniformly finite positive moment, and uniform
positive dimension above an exponentially small scale. For this, we first observe that σ(n)

converges toward σ at exponential rate.

We denote by Lip(R) the space of bounded Lipschitz functions on R with the norm

∥f∥Lip = ∥f∥∞ + sup
s̸=t

|f(s)− f(t)|
|s− t|

.

Lemma 2.2. There exists ε > 0 such that for all n ≥ 0, all f ∈ Lip(R), we have∣∣σ(n)(f)− σ(f)
∣∣≪ e−εn∥f∥Lip.

Lemma 2.3 (Moment and Hölder-regularity of σ(n)). There exists γ > 0 such that

1. sup
n≥1

∫
R
|s|γ dσ(n)(s) < ∞,

2. ∀n ≥ 1, ∀r > e−n, sup
s∈R

σ(n)
(
s+ [−r, r]

)
≪ rγ .

Finally, we derive from Lemma 2.3 that σ(n) satisfies a non-concentration estimate with
respect to polynomials of degree 2.

Lemma 2.4 (Regularity of σ(n) for quadratic polynomials). There exists γ > 0 such
that for every n ≥ 1, r > e−n and (a, b, c) ∈ R3 with max(|a|, |b|, |c|) ≥ 1, we have

σ(n)
{
s : |as2 + bs+ c| ≤ r

}
≪ rγ .

Proposition 2.5 (Effective recurrence on X). There exist constants c, c′ > 0 depend-
ing only on µ such that for every x ∈ X, n ∈ N, and α > 0, we have

µ∗n ∗ δx{inj < α} ≪
(
inj(x)−ce−c′n + 1

)
αc.

For walks on homogeneous spaces, results of this type originate from the work of Eskin–
Margulis–Mozes on the quantitative Oppenheim conjecture. They are now understood in
the context of semisimple random walks, and more generally expanding random walks.

5


	Chapter 2

