Deriving the Diophantine Properties of IF'S Fractals
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Abstract

We introduce the concepts if IFSes - Iterated Function Systems and the fractals they define. In
addition we shall introduce the concept of random walks on the space of lattices. Using a theorem
regarding equidistribution of the random walk trajectory for such cases (that we shall prove later on in
the seminar) and machinery from the previous meetings we will prove Diophantine results for these types
of fractals.

1 Definitions (IFSs)

Definition 1. (Similarity Map) A map ¢ : R? — R? is called a similarity map if:
¢ (z) =cOz +y (1)

Where O is a d x d matrix orthogonal with respect to the inner product, ¢ € R, ¢ > 0 and y € R%. A
similarity map is called contracting if ¢ < 1.

Definition 2. (IFS - Iterated Function System) An IFS is a collection of similarity maps, ® = (¢c).cp,
where F is called the alphabet. We will later consider some probability measure on F, and denote it by pu.
An TFS is called strictly contracting if sup |¢,| < 1, and finite if |E| < oco.
ecE

Definition 3. (Open Set Condition) An IFS @ is said to satisfy the open set condition if 3U C RY open
such that (¢ (U)),cp is a disjoint collection of subsets of U.

Definition 4. (Irreducible IFS) An IFS @ is irreducible if there is no affine proper subset £ C R? such that:
e (L)=L Vee E (2)

Definition 5. B = EN, equipped with the measure 8 = u®N. For b € B we shall denote:
bl = (b, ..., b1) (3)

Definition 6. (Coding Map) The coding map of ® shall be defined as 7 : B — R? by:

m(b) = lim ¢y (ao) (4)

n—oo

Where ag € R? is an arbitrary fixed point and:

Doy, = Pp, © -0 Py, (5)
We shall later see that this limit exists for our setting (which will require a few more assumptions on ®).

Definition 7. (Limit Set) The image of B under the coding map = is called the limit set of ®. We denote
it by K =K (¢)

Definition 8. (Compact similarity IFS) Let E be a compact set, and ® = (¢ ), a family of continuously
varying similarities. Then ® is a compact similarity IFS.



Definition 9. (Contracting on Average) p € Prob (F) is contracting on average if:

/ log ¢, du(e) <0 (6)

If p is contracting on average then by the ergodic theorem, ¢}, — 0 exponentially fast for § a.e. b € B,
and so the limit in Definition [f] converges almost everywhere, thereby defining a measure preserving map

m:(B,B) = (Rd,ﬂ'*ﬁ).

Notice that if we only have contraction on average (as opposed to a contracting IF'S where all similarities
are contracting), 7 must not be continuous, but only measurable, and so the limit set from Definition [7] is
not necessarily compact.

Notice that in our more limited setting, of a finite strictly contracting IFS, m converges everywhere and
is continuous, and therefore the limit set K is compact.

Definition 10. (General Algebraic Self-Similar Measure) Let ® be a compact, irreducible similarity IFS,
and fix u € Prob (E) contracting on average, such that supp (u) = E. Then the Bernoulli measure 7. is
called a general algebraic self-similar measure.

Note 1. From here on, in order to simplify the discussion, we will only consider the case where d = 1 and
O=1.

Theorem 1. (SW - Theorem 8.9) If v is a general algebraic self similar measure on R, then for v-a.e.
a € R, the forward orbit of the point o — |«| under the Gauss map is equidistributed with respect to the
Gauss measure (i.e. of generic type).

To simplify the discussion, we will prove the following, restricted result:

Theorem 2. Suppose v is a general algebraic self similar measure on R, originating from a finite strictly
contracting IFS. Then for v-a.e. a € R, the forward orbit of the point a — |«| under the Gauss map is
equidistributed with respect to the Gauss measure (i.e. of generic type).

We will also prove a simpler result to begin with:

Theorem 3. Suppose v is a general algebraic self similar measure on R, originating from a finite strictly
contracting IFS. Then for v (BA) = 0.

2 Examples

Some examples of fractals K that are relevant to our discussion:
e | =C, the Cantor set.
e [ =C+ z, a translate of the Cantor set. (This result is new in SW)

e [ is the middle-¢ Cantor set constructed by starting with the closed interval [0, 1] and removing at each
stage the open middle subinterval of relative length ¢ from each closed interval kept in the previous
stage of the construction, for some e € (0,1). (This result is new in SW fore ¢ {3,%,2,...})

e ICis the limit set of the IFS: ¢y (z) = £, ¢ (x) = 2= (This result is new in SW)

In addition, the framework in the paper expands in what we will see in the seminar, and handles fractals of
higher dimension such as K = C x C C R2.



3 Random Walks

We will observe a Markov random walk on a space (X, B). In general, such a random walk determined by
the transition probabilities, P (A | z) from z into A € B, or alternatively defined by a Borel map from X
to Prob (X), z — P,. We will also be interested in space (XN,BN) the space of infinite sequences with
coordinates in X, which are called random paths or trajectories.

Given a sequence s € XN, we will say that s = (x¢,1,...) equidistributes in X with respect to the
measure m if the sampling measures:

| V=l
n=0
Converge to m as N — oo in the weak-* topology. (., is the Dirac mass on X centered at z;).
In our seminar we will be interested in a more specific setting. As follows:
Notation 1. (Random walk setting)
e G=SLs(R), A=SLy(Z), X; = G/A and zy € X; corresponds to the coset of A.
e m is the measure on X derived from the Haar measure on G.

e F is a compact set, e — g, is a continuous map from E to G and p € Prob (E) is a measure such that
supp (1) = E. Sometimes we will choose to consider E C G, and then e = g,.

't (resp. T') is the semigroup (resp. group) generated by {g. : e € E}

We denote B = EN. For b = (e1,€2,...) € Band n € N, Gor denotes the product ge, - ge,. B is
equipped with the measure 8 = u®N, and T : B — B is the left shift. Similarly we denote by B = E4
and B = u®*

The transition probabilities are determined by p in the following manner: P, is the pushforward of u
under the map e — g.x, where g, is the corresponding element in G. Le.:

P, (A) = /G 14 (gez) dp(e) (8)

Theorem 4. (SW - Theorem 1.1) Take E = {1,...,t}. For eachi € E, fix d; > 1, h; € R and let:

4 h
5= o Q

And assume that hy = 0, and some h; # 0. Fiz py,...,py > 0 with Z::M?i =1, and let p = 2221791'52', where
0; 1s the Dirac mass on E centered at i. Then for any x € X, and for 3 a.e. b € B the sequence:

(gb?x)nEN (10)

Equidistribues in X with respect to m.

ofi 2wl T

And A={a;:t€R},U ={u,:a €R},P=AU. Notice that P < G, and A normalizes U.

Notation 2.

A more refined version of the Theorem [ is:

Theorem 5. (SW - Theorem 10.1) Let u be a probability measure with compact support E C G, that
satisfies:

1. supp (1) C P, i.e. every g € supp (u) decomposes into: g = at, Uy, for some ty,ay € R. We denote:
01 (9) =ty and 02 (9) = ay.



2. The function 01 : P — R satisfies:

o /P 01 (g) du(g) > 0 (12)

3. The Lie algebra of I' contains VT, the Lie algebra of U.
Then for all x € X :

1. Tt is dense in X.

2. For B-a.e. b € B, the random walk trajectory:
(gb?'r)nEN (13)

Fquidistribues in X with respect to m.

Theorem 6. (SW - Theorem 10.4) Fiz x € X and suppose that for S-a.e. b € B the random walk trajectory
(gb?x)neN s equidistributed in X with respect to m. Let'Y be a locally compact topological space and let

f:B =Y be a measurable transformation. Then for f-a.e. b € B, the sequence:

(gop, £ (T70)) (14)

Equidistributes in X XY with respect to m @ fi[3.

4 Connection Between IFSes and Random Walks - Original

For our proof, we would like to translate the language if IFSes into the language of random walks, so that
we can use Theorems [6 and [] to prove Theorem [2] Note that if we wanted to prove Theorem [I] we will use
Theorem [ instead of Fl

Therefore, given an IFS (¢.),.; our objective is to translate the maps ¢, into elements g. € G that act
on X. Specifically, we want them to be in upper triangular form, as that is the form we use in Theorems
and

Notice that in the IFS setup, we were interested in ¢: , and in the homogeneous space we are interested
in the objects gpn. Therefore we would like the relation to be of the form g, = -1, so that the coding map
agrees with the random walk, and we have gyr = gbb_;. Therefore, we need to understand how to view the
similarity map as an element of G.

Notice that the elements of G = SL (2, R) can be views as Mobius transformations acting on the real line.
Specifically, the upper triangular matrices are exactly the group of similarity maps, as a matrix:

1 —alfet 0 et —eta
falt = {0 1 } {0 e—t] - {0 et } (15)
Defines the similarity map: ¢ (z) = etxe_fe:to‘ = e?'x — a. Therefore, for a similarity map ¢ (x) = cx + b we
will need to take o = —b,t = %log ¢, so is represented by the element:
1 b fez 0 ¢t ¢ 3b
0= Up@iioge = [0 1} [0 c—é] B {0 c—é] (16)
The corresponding group element for the random walk will be:
1 1
1|7z —cT2b
== (17)
Example 1. We'll observe the Cantor set C which is defined by the maps:
T 2+ x
¢1(z) = 3 ¢ (2) = 3 (18)

Here, the corresponding group elements will be:

glzlﬁ 0], gzzl*/g ‘@]:[ﬁ’ f] (19)
V3
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5 Common Steps in the Proof

Our objective is to show that for v-a.e. , a ¢ BA for 3] and that (G" («)),,cN equidistributes for Theorem
In a previous lecture we saw that this translates into the language of the diagonal flow {a;uszo : t > 0},
where o ¢ BA if and only if the trajectory is bounded, and is of generic type if and only if the trajectory
equidistributes in X with respect to m.

Denote by 7 (b) = 7 (b3°). Therefore, by the definition of v, if we must prove that for 3-a.e. b € B,
these properties hold for the trajectory {atu,r+(b)x0 it > 0}.

Observe our setup: We have a finite set £ = {1, ...,t} indexing contracting similarity maps:

¢i (x) = cix + y; (20)

TLe. foralli e FE, 0 < ¢; < 1. We'll denote the corresponding elements in G given by the translation above
(T7) by {g: : i € E}.

We first intend to apply Theorem [ to show that for any x € X, for S-a.e. b € B the associated random
walk trajectory is equidistributed in X.

Note that replacing the elements g; by their pushforward under conjugation in G does not affect the valid-
neN is bounded or equidistributed, then so is (gogb? as) neN = (gggbwfgo_lgox) neN
which is the trajectory of gox with respect to the conjugated elements { 9i = 909i90 Liie E} Taking:

ity of the conclusion, as if (gb? :1:)

o=y 1 (21)

We'll get:

5

1 1
9% = gog195 ' = Lallve —va| [P 2| —vatwea| [l =]
0 0 1Jj0 Ve |lo 1 0 N 0 1
1 _ 7 % 1 1 1
- lﬁ Ve m*”\/ﬂ - [ﬁ (\/E— ﬁ) (7_ myl)} w lg \OF] (22)
0 NG @

Where (*) will hold for the value: v = 5, which is well defined as ¢; < 1.
Notice that we conjugated by an element u, € U, so we so not affect the projection to A, and remain in
P. Therefore we have that the elements are of the form:

[T B

Where by we have that h; = 0. Because ¢; are contracting, we have 0 < ¢; < 1, and so d; = \/cif1 > 1.
Therefore, g are of the form required in Theorem 4] and so we can apply the theorem, i.e. we have that for
every x € X and f-a.e. b € B the random walk trajectory (gb?w) neN equidistributes in X.

o
5
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6 Proof of Theorem [3

Denote:
® gn = Gbp = G, Uq, (as it is an element of P)
o B =my (IT"D)

® Ny =uU_p,a, Ur, (b)



Clearly h,,, g, € P and agree on their projections to A. On the other hand, observing their action on R as

Mobius transformations (where uq = [§ 7%, as = {eot egf} encode the maps ¢, (r) = z—a, ¢g, (z) = e*'x):

o (Bn) =l gyae uh, (Bn) = uor,wyar, us, (Ba) = ufm(b)at_nl (0) = u*m(b) (0) =
= 7T+( ) = d)bl (ﬁn) = gb" (ﬁn) = 7:1 (577,) (24)

Where (x) is by the definition of the coding map (Definition [6]):

m (b) = lm gy (ao) = lm ¢y dyris (a0) = ( Hm _@ynsa (ao)) =

N—oo
= o, ((Jim_puy, (a0)) = @y (ms (T70) = 6y (Ba)  (25)

And (#x) is the relation between the similarity maps and their corresponding group elements . Therefore
the U element must be equal as well (the A element is equal and so they must have the same “c” 1f viewed as
similarity maps, and because they agree on a point they must have the same “y” as well, and so are equal).

Thus hy,20 = gno. Since ® is strictly contracting, the limit K is compact, and so the sequence (8,),,cn
is bounded. Therefore the distance from g,z0 = hn2o = u_p, at, Ur, ) To 10 a1, Ur, )To (Which is affected
by u_g, ) is bounded by a number independent of n. In addition, the sequence (ay, ),y has bounded gaps

in (at);>q (each gap is determined by an a;, factor of an element from {g. : e € E'}). So we have that:
(gnT0),cn is bounded < (at"um(b)xo)neN is bounded < (atum(b)xo)tzo is bounded (26)

And therefore, as for f-a.e. b € B the random walk trajectory (gb?)neN equidistributes in X, it is not
bounded, and so (atuw+(b)$0)t>0 is not bounded as well and 7 (b) ¢ BA.

7 Proof of Theorem [2

We shall now apply Theorem [6] The equidistribution above is the one required by the theorem. We will
choose Y = ExRand f: B — Y tobe f(b) = (by, 74 (b)). Then by the theorem, for f-a.e. b € B, the
sequence:

(g0, £ (TTD)),, _n (27)
Equidistributes in X x Y with respect to m ® f, 3. Note that f,3 = p®v where v = f,3. Consider the map

fo: X XY — X x E define by:
fa (x, (e, @) = (uaz,e) (28)

Since f5 is continuous, the image of under f5, i.e. the sequence:
(Tr,bn)pen  Where T, = ur (7np)gor To (29)

is equidistributed in X x E with respect to the measure (f2), [m ® fe B] = m ® u (equality on the second
coordinate is clear, and the first is by left invariance of the Haar measure).
As in here too we have gn, = h,, = u_r (7np)at, Ur, (p). Substituting in we get:

T = Ug (Trb)InT0 = Ug (Trb)U—7 (Tmb)Ot, U, (b)L0 = At,, Ur (b)T0 (30)

for all n € N.

For each e € E, let t. € R be such that 74 (ge) = a¢,. Since m4 is a homomorpism we have that
tn =tn_1+1ty, for all n € N. Now let F': X — R be a bounded continuous function. Then the function
F’: X x E — R defined by the formula:

F' (z,e) = ’ F (azz) dt (31)

_te



is also a bounded continuous function. We use the convention: ff Fdt=— fba F dt. Since (z,,,by,) from

neN
is equidistributed, plugging in we get that:

I R
/F’d(m®ﬂ) =nlgr;O;§F’ (2, bi) =nlgrgoﬁle' (atur, %0, bi) =

R () .1
_nlinéon;/tilF(atUmw%) dt = </ te dps (6)) HIL%7/3 Fantn, yao) dt (32)

n

in
n

where the equality (x) is due to limit multiplication with ( [ t. du (e)) lim 7 =1 which is due to_lim
J te dpu(€). On the other hand:

[ramen=[(u[ran) awe=([ua@)([ram) (33)

Since t, — oo and the gaps t, 1 — t,, (n € N) are bounded, it follows that:

1 /7
T/o F (agtig, iywo) dt — /de (34)

i.e. that (at“w+(b)>t>0 is equidistributed with respect to m. Notice that we have not used Theorem [5[in the
proof here. This theorem should be used instead of [4] when proving the more general result, Theorem[l] It is

required as it allows more general measures, coming from contracting on average, and not necessarily finite
IFSes.
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