
EXERCISE

In this exercise we are going to construct a set A ⊂ R2 of positive Hausdor� dimension whose projec-

tions to the x and y axis both have Hausdor� dimension 0.

De�nition. Let A ⊂ Rn be some compact set, the Hausdor� dimension of A is de�ned as:

dimH (A) = inf
{
d ≥ 0 : inf

{∑
rdi : A ⊆

⋃
Bri (xi) where Bri (xi) are closed balls of radii ri

}
= 0

}
Exercise. De�ne two subsets of N as follows:

Λ1 =

 ⋃
n∈N, n is even

[n!, (n + 1)!)

 ∩ N, Λ2 =

 ⋃
n∈N, n is odd

[n!, (n + 1)!)

 ∩ N

then de�ne the sets:

B =

{∑
j∈Λ1

εj
2j

: εj ∈ {0, 1}

}
, C =

{∑
j∈Λ2

εj
2j

: εj ∈ {0, 1}

}
�nally de�ne A = B × C.

(1) Prove that dimHB = dimHC = 0. (hint: �nd a sequence of coverings by segments of rapidly

decreasing lengths.)

(2) Prove that dimHA ≥ 1. (hint: use the fact that Lipschitz functions never increase the Hausdor�

dimension and �nd an appropriate function.)
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