Seminar material

1. Summery — today we will define and explore unitary representations and their connection to
ergodicity and apply it to SL, (R) while exploiting its specific algebraic properties
2. Mautner theorem (11.3) - (“SL,(R) preserves or not preserves elements as a group”)

i. unitarity
(af,gh) = [ (g7 CM(g™ )bt =ymgter [ FEOR@YI = 41,1

ii. continuity — IetX£ > 0. Since C,(x) is dense in LZ therg exist
fg € C.(X),K=sup(fo),|f —fg

Since fe is continuous on a compact set is uniformly continuous therfore
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J36es.td(x,y) <8 - |f(x) — fFY)| <§
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Define
Rs, = inf{|g|G|Elx EKs.td(g lx,x) > 65}
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It’s positive because otherwise
d(gn X, %n) > 6 Xy, = X, Gn, = € Gny ' Xn,, + €X
Therefore
Vg € B, If gl <|f - fe
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fe—g7'fe
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+ |g‘1f§ -9 'f

f £ GO = F(g=200) P < £2u(B(e, R)K) =g 0
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f. Every element of SL,(R) is conjugate to an element of the following sets

iA:{i(e% Ot>t€]1{{},iu-:{i(é i)lteR},SOZ(R)z{(COSB Sine)lBER}
0 ez

—sinf cosé@
i. If the matrix is non diagonal has a Jordan form with +1 as eigenevalue so

conjugate to +U~ if diagonal with real eigenevalues conjugate to +A and if
complex eigenevalue they have to be on the unit circle and therefore conjugate to
S0,(R)
g. There are 3 types of actions on SL, (R)
i. Hyperbolic action that conjugate to +A
ii. Parabolic action that conjugate to +U~
jii. ~ Elliptic action that conjugate to SO,(R) - in those the orbit of each element is close so
the Haar measure limited to any orbit is ergodic
h.  Mautner theorem let H be a Hilbert space with unitary representation of SL,(R) and g
non elliptic then if gvy = vy = Gvy = v,
i. Let X =SL,(R)/I" with a finite measure and g € SL,(R) non Elliptic so R, is ergodic in
(X, By, my) (otherwise there is a preserved indicator but he can’t be preserved by all G)
j- Lemma G X H — H unitary representation v, preseved by a sub group L then he is preserved by
{n|vs > 0 B§(h) n LBEL = 0}
In particular, the horocycles.
k. Proof of Mautner — since conjugate hgh™1, hv, preservers the theorem we only need to
check two cases
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From the lemma they are preserving v, from gauss theorm their generate SL, (IR)

i. Hyperbolic action g = a; = < ) have stable and unstable horocycle of

ii. Parbolic action g = ug = (1 S) so
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Preserve v, from the lemma and since he is hyperbolic we already know he is
preserved by the whole G

I.  Proof of lemma

Letg, = e, l, gnl'n — h so because h is continuous (from Cauchy-Schwarz)



(Lngnly (V0), Vo) =nose (h(V0), Vo) < [R(W) Vol = 1|2

But because l,,, L, € L we have
(lngnl;(vo),vd = (gnl;l(vo).lﬁlv& = (gn(0), Vo) Pnow (V0, Vo) = |170|2
And from Cauchy—Schwarz there is wqulity only if h(vy) = vq
3. Howe—Moore Theorem (11.4) (“SL,(R) is mixing”)

b. (used later write in board edge) G locally compact H Hilbert on R or C with unitary
representation a,, € G and exist v € H s.t a,,(v) —, v, so every element in g € S(a,,) holds

9(wo) = vy
; ; -1 —
i. Let }11_)1’2) Ay}, gan, = €S0

Yw € H 0 < [{(gvy — vo,w)| = (v, g7 W) — (v, w)| =
%E‘;Kank(”)' g_lw) - (ank(v); W)| = T{i_I)I(}J(an]:lgank(v) -0 an;1W)|
< 1lli_r)rgo|an;1gank —e|lwl=0

¢. Conculation also work to the group generated from S(a,,)

e. (used later write in board edge) if SL,(R) 3 g,, > xi.e. VK compact |K N a,| < o then exist a
non-identity unipotent u € S(g,,)
i. Let

_ (G bn -1 _ ( dn _bn)
In = (Cn dn)'gn = —c, a,
0 1 -1 _ (_ancn a121 )
gn (O 0) gn - _CTZl ancn
0 0 -1 _ (bndn _b121 )
In (1 0) In d2  —b,d,

At least one of them tends to infinity without loss of generality g, (8 é) In — ©

So

because the exponent function has derivate I at 0 there is a sphere

&
|A] = & > |exp(4) — exp(0)| = 5

So, by scaling g, (8 (1)) gn! to that neighborhood we get
€ 0 1 _
exp —l(o o) ~n-w €xp(0) =1
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Since the sphere is compact there a sub srieres with

£ (0 1
exp gnk | (0 1) _1| 0 0
presevres unipotentcity because it’s equvalint to have the charastic polinomal (A — 1)?
and he is a continuous property of matrixes. And every elemnt in unipotent because it’s

) Iny ) — u it can’t be I from the distance but is the limit

0 1 _ 0 1 -
equal exp (an —| (0 81) _1| (0 0) gnk1> = Gn; €XP —|g (0 81)g_1| (O 0) gnkl =
n 0 0 n

1 — &
gnk< |gn(0 0)97‘ )gn;1
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g. Exercise equvalt to

I.

ii.

For every two function in L2, it holdsf fi*9f 2goe [ 1l o
/ff fi= Othenf fi*x9gf2— o 0

h. Fora lattice SL,(R) /T the product action of SL,(R) is mixing

i.

Let g, — o and f, € L7, (X) (u derived from Haar) from unitarity || g, f; ||, = |If2|l, from
Alaoglu theorm there is a limit g, f, —. fo and we proved Ju € S ( In k) unipotent so

non elliptic and he preserves f, from Mautner theorem everybody in SL,(R) preservs f,
witch makes him constant from f; = 1 we get

foszz_)ffl*gfz_)n—woffl*foszlffz
b'e X X X X

i. G XH — H unitary representation without fixed points (for all G) where 1 on R or C then

I.

Vo,w € H (gv, W) 24, oo 0
From Alaoglu theorm and the what we proved before there is u unipotent with
GV s Vor Grg Uy = 1 =
(vo, o) = lim (g, v,vo) = lim (g ugnv, g uvo) =cosny svarcn im (v, g uvo)
= il_r)g(gnv' uvy) = (v, uvo) < |volluve| = (Vo' 170)
The Cousy-Schwartz has equality only when
uvy = v,
Because u isn’t elliptic it means that Gv, = v, in contradiction to the set app

Howe—Moore theorem - X metric o compact with continuous (not neceserlly unitery) action of

SL,(R) and let u be ergodic relative to SL,(R) then the action is mixing

I.

Because C, is dense in Li it’s sufficient to prove
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Define the measures

:un(S) = mX({x € Xl(x' gnx) € S})
So

fﬁ@%@ﬂﬂ%—fﬁ@%@ﬂ%

XXX



[ rwdu [ e = [ feopowx
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Witch means we only need to prove u,, — © X . For each measure the action
h(x,y) = (hx, gnhgz'y)
preseves him. In addition
Pn(X X 8) = pp (S X X) = u(S)
From Alaoglu there is a limit y,,,, = v # p. Because it’s a limit
VX XS) =v(S xXX)=u(S)
Letu € S(gnk) unipotent so

i, Bl on, s, B
[ reyay = tim [ £Cy)ditn, = i [ £y, gl G )by, = [ £y
X X X X

i.e the measure v is preserved by the acion (I, w) from Mautner theorem it’s preserved by all (I, g)
let S, X\S € B so

ts(A) = v(S X A), pys(A) = v(X\S X A)
Are measure on X that preserved under (I, g)and their sum is ergodic. Therefore there are
scalings of the original measure therefore

vS,A € B(S x 4) = ps(a) = X iy =YXy = wisyucay
' s es) es)

So for every borel rectangle v = u? and because they determine the mesure v = u?.



