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1. INTRODUCTION

The theory of Eisenstein series is fundamental to the spectral theory of auto-
morphic forms. It was initiated by Maass and Roelcke and developed in earnest
by Selberg in the 1950s, mostly in the rank one case [30H32]. The general case was
undertaken by Langlands in the 1960s [22H24]28].

Let G be a semisimple Lie group and I' a lattice in G. The goal of Selberg
and Langlands was to write down the spectral decomposition of L?(T'\G) in terms
of Eisenstein series induced from the discrete spectrum of automorphic quotients
of Levi subgroups. The Eisenstein series are automorphic forms on I'\G that are
defined as Poincaré series, i.e., as sums over certain quotients of I". They are
built from automorphic forms on automorphic quotients of Levi subgroups M, and
depend on a spectral parameter s in an r-dimensional complex space where r is the
corank of M in GG. The series converges absolutely when Re s is sufficiently regular
in the positive Weyl chamber. However, for the L? decomposition one needs to
consider the Eisenstein series for Re s = 0.

The first order of business is to meromorphically continue the Eisenstein series to
the whole complex r-space. Langlands carried this out in two steps. The first was
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to prove it in the special case where the inducing data is cuspidal. This was done
by extending Selberg’s methods. The second step, which is much more complicated
and is one of Langlands’s greatest achievements, is to describe the discrete spectrum
in terms of residues of Eisenstein series induced from cusp forms. This is delicate
because, among other things, it can happen that more than r singular hyperplanes
intersect at a point and the multidimensional residue calculus becomes highly non-
trivial.

Subsequently, using Langlands’s results among other things, it was proved by
Franke that every automorphic form is a linear combination of Laurent coeflicients
of Eisenstein series induced from cusp forms [I3} Corollary 1 on p. 236]. This pro-
vides meromorphic continuation of Eisenstein series induced from any automorphic
form.

The goal of this paper is to give a “soft” uniform proof of the meromorphic
continuation of Eisenstein series induced from a general automorphic form (not
necessarily cuspidal, or in the discrete spectrum). The proof evinces that the mero-
morphic continuation is an “easy” part of the theory of Fisenstein series. We do
not appeal to either Langlands’s description of the discrete spectrum or Franke’s
theorem, or in fact to any spectral theory beyond rudimentary Fredholm theory.

We work in the adelic setting, which is pertaining to lattices arising as congruence
subgroups of reductive groups over number fields. However, just like in Selberg’s
and Langlands’s proofs, the method works for non-arithmetic lattices as well.

Moreover, the proof, together with ideas of Delorme and the second author,
considerably simplifies Langlands’s proof of the spectral decomposition of L?(I'\G)
— see [12].

The idea of the proof was initially conceived already in the 1980s by the first
author. A key ingredient is a general principle of meromorphic continuation (PMC).
The PMC splits the proof into two rather separate statements about automorphic
forms, which are of independent interest.

The first is the fact that any automorphic form is determined by its “leading cus-
pidal components” — namely the terms corresponding to the unnormalized cuspidal
exponents whose real part is in the closure of the positive Weyl chamber. This is an
extension of a basic result of Langlands. The second is a locally uniform finiteness
result for automorphic forms. This is a technical strengthening, proved along the
same lines, of the well-known result of Harish-Chandra on the finite dimensionality
of the space of automorphic forms with a given K and 3-type [19].

The theory of Eisenstein series is also applicable to reductive groups over function
fields. Our proof applies equally well to this case, and in fact it is much easier. It
relies on an algebraic version of the PMC.

In §2] we will give the precise statement of the meromorphic continuation of
Eisenstein series whose proof is our main goal. We will also provide notation that
will be used throughout. The PMC, which is the point of departure for the proof,
will be stated in §3] where we also recall some generalities about analytic functions
valued in topological vector spaces.

The PMC is pertaining to the solutions of a system of linear equations that
depends analytically on a parameter. It requires uniqueness (which is essential)
and local finiteness (which is more technical).

Basic Fredholm theory provides a key tool for proving local finiteness. The sys-
tem of equations E(s) for which we will apply the PMC to prove the main theorem
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will be outlined in broad strokes in §4l It will be written down precisely later on in
g8l The case of the classical Eisenstein series for SLy(Z) will be presented in detail
in §0l (see also []]). This case already illustrates the lion’s share of the ideas for
the general case. The heart of the paper is §6l where we prove that an automorphic
form is determined by its “leading cuspidal components”. In particular, this yields
a characterization of Eisenstein series sufficiently deep in the range of absolute con-
vergence, in terms of their inducing data. In turn, this characterization guarantees
the required uniqueness for the system Z(s) in this region.

Eventually, in view of the PMC, this means that we can define Eisenstein series
as the solutions of Z(s).

The local finiteness of (a subsystem of the system of equations) Z(s) in the num-
ber field case will be proved in 7l As mentioned before, this is closely related to the
Harish-Chandra finiteness result and the proof is based on the same ideas. How-
ever, the proof given here provides a more precise result and, arguably, simplifies
and clarifies the roles of the various ingredients. In fact, this proof shows that a
system of conditions that describe automorphic forms with fixed K and 3 types is
locally finite.

The culmination of the proof of the main result in the number field case is
achieved in §8 Finally, we discuss the function field case (which is considerably
simpler) in §0

We point out that the uniqueness statement and Fredholm theory are also the key
ingredients in Selberg’s second proof of the meromorphic continuation of Eisenstein
series in the case where the inducing data is cuspidal (cf. [I0] and [33]). Nonetheless,
on a technical level our treatment is slightly easier even in this case.

There are two important additional aspects of Eisenstein series which will not
be addressed here. The first is the extension of the results to non-K-finite, smooth
automorphic forms. The second is the finiteness of order (as meromorphic functions
in s) of Eisenstein series. The first point was dealt with in [25] and in a broader
scope in [], with a more recent different approach by Wallach. The second point
is addressed (in the cuspidal case) in the proof of meromorphic continuation by W.
Miiller [29] §4] who extended the method of Colin de Verdiere [I1], which in turn is
based on the approach of Lax—Phillips [26]. At the moment, we do not know how
to prove either of the two additional statements with the methods of the present
paper.

It goes without saying that Eisenstein series play a ubiquitous role in automor-
phic forms well beyond the spectral decomposition of L*(T\G). It is certainly
beyond the scope of this paper to discuss any of that.

2. PRELIMINARIES AND STATEMENT OF MAIN RESULT

We will use some standard notation and results. We refer to the standard text
[28] for more details. (However, we will only use the first two “easy” chapters of
[ibid.].)

2.1. General notation. Let G be a reductive group over a global field F' with ring
of adeles A = Ap. For convenience (although it is not absolutely necessary) we fix
a minimal parabolic subgroup Py of G defined over F' with a Levi decomposition
P():M()D(UO over F'.
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Let ag be the finite-dimensional R-vector space
ap = Hom(X™*(F),R) = Hom(X*(Mp),R) = Hom(X™*(Zn,), R),

where Zp is the center of a group H and X*(-) denotes the lattice of characters
defined over F'. (If G is split over F', then ag is the Cartan space.) The dual vector
space is

af = X*(P)) @R = X* (M) @ R = X*(Zn,) ® R.

Denote by P the finite set of standard parabolic subgroups of G (i.e., those
containing Pp) that are defined over F. Any P € P admits a unique Levi decom-
position P = M x U over F such that M D M. (If P is not clear from the context,
we write M = Mp and U = Up.) Let ap be the finite-dimensional R-vector space

ap = Hom(X*(P),R) = Hom(X*(M),R) = Hom(X*(Zy),R).

We can view ap canonically both as a subspace and as a quotient of ag. The dual
vector space of ap is

ap=X"(P)R=X*(M)®R=X"(Zy)QR.

For any P,Q € P denote by W (P, Q) the (possibly empty) finite set of cosets
wMp(F), w € G(F) such that wMpw~! = Mg. In particular, W = W (P, Py) =
Ne(ry(Mo)/Mo(F) is the Weyl group of G. Any w € W(P,Q) induces a linear
isomorphism ap — ag, which uniquely determines w.

We let Hy : M(A) — ap be the continuous group homomorphism given by

LM () — | (m)|, Ym € M(A),x € X*(M),

where we view x as a homomorphism M(A) — A*. Denote the kernel of Hjys by
M(A)L.

We denote by Xp the group of continuous quasi-characters of M (A)/M(A)! =
Hpy (M (A)). (We will use additive notation for the group Xp and write the image
of m € M(A) under A € Xp by m*.) In the number field case, Hy, is surjective
and

Xp=X"(M)®zC=aperC.
In the function field case, Hps (M (A)) is a lattice in ap and we can identify Xp with
the quotient of a}, @ C by a lattice in ia}, namely the dual lattice of Hp (M (A))
scaled by 27i. In this case we view X p as a complex algebraic variety isomorphic to
(C*)dimar Tn both cases the map Re : Xp — a’ is well-defined. (See [28, 1.1.4].)
Fix once and for all a maximal compact subgroup K of G(A) that is in a “good

position” with respect to My [28, 1.1.4]. In particular, for any P € P, G(A) =
M(A)U(A)K and M(A)NK is a maximal compact subgroup of M (A). Denote by

mp : G(A) — M(A)/M(A)*
the left-U(A) right-K-invariant map extending the canonical projection

M(A) — M(A)/M(A).
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2.2. Eisenstein series and intertwining operators. Write X = G(F)\G(A),
and more generally,

Xp =U(A)P(F)\G(A) = U(A)M(F)\G(A)
for any P = M x U € P. The space Xp can be identified with the fibered product
(M(F)\M(A)) xn(a)nk K. Denote by Ap the space of automorphic forms on X'p

[28, 1.2.17]. For any ¢ € Ap and A € Xp set pr(g) = ¢(g)mp(g9)*. We have
wx € Ap. Consider the Eisenstein series defined by

(21) E(Q?@a /\) = Z 90)\(79)’ g e G(A)

YEP(F\G(F)
(We do not include P in the notation — hopefully it will be always clear from the
context.) The series converges absolutely and locally uniformly in g and A for
Re()\) sufficiently regular in the positive Weyl chamber of a} [28] 11.1.5]. For any
w € W(P,Q), the intertwining operator M(w,\) : Ap — Ag is defined by the
formulal!

[M (w, N)plwa(g) =/ oa(w™tug) du, g € G(A).
(wUpw=1NUQ)(A)\Uq (A)

The integral converges locally uniformly in g and A provided that (Re A, o) > 0
for every root a € ®p such that wa < 0 [28] I1.1.6].

In the number field case, let Fumg(X) be the space of smooth functions of uniform
moderate growth on X [28 1.2.3]. It is a countable union of Fréchet spaces (see

7).

2.3. The main result. The goal of the paper is to give a soft proof of the following
result.

Theorem. Let P € P and ¢ € Ap.

(1) In the number field case, the Fisenstein series E(p, \), originally defined
and holomorphic for (Re X, aV) > 0 Ya € Ap, extends to a meromorphic
function A — E(¢, \) € Fumg(X) on Xp. Whenever regular, E(p, \) € Ag.

(2) In the function field case, there exists a polynomial p on Xp such that
A = p(NE(g,¢,A) is a polynomial on Xp for all g € G(A). Moreover,
p(NE(-,0,\) € Ag for all A € Xp.

(3) For any w € W(P,Q), the map A — M(w, \)y, taking values in a finite-
dimensional linear subspace of Ag, admits a meromorphic continuation to
Xp (which is a rational function on Xp in the function field case).

(4) For any w € W(P,Q) we have the functional equation

(

E(M(w,N)p,w)) = E(p,\) € Xp.

(5) For any w € W(P,Q) and w' € W(Q, Q') we have
M(w'w,\) = M(w',w\) o M(w,\) \€ Xp.

(6) The singularities of M (w, )¢ are along root hyperplanes. The same is true
for the singularities of E(p, \).

As mentioned above, and will be explained in more detail in § we use the
principle of meromorphic continuation (Theorem [B3).

IFor any unipotent group V defined over F, the Haar measure on V(A) is normalized so that
vol(V(F)\V(A)) = 1.
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3. A PRINCIPLE OF MEROMORPHIC CONTINUATION

Throughout this section, M is a complex analytic manifold.

3.1. Meromorphic functions in locally convex topological vector spaces.
Let € be a complex, Hausdorff, locally convex topological vector space (LCTVS).
As usual, we denote by & (the dual of &) the space of continuous linear forms on
€.

We say that a function f : M — € is analytic (or holomorphic) if for every
w € @ the scalar-valued function (u, f(s)) : M — C is analytic.

Let U be an open dense subset of M. We say that a holomorphic function
f U — € is meromorphic on M if for every so € M there exist a connected
neighborhood W and holomorphic functions 0 # g : W — C and h: W — €& such
that g(s)f(s) = h(s) forall s e UNW.

The above notion of analyticity is discussed in [I6] §2]. In particular, every
analytic function is continuous (cf. footnote 4(a) in the proof of [16, Théoreme 1]).
Moreover, suppose that the closed, absolutely convex hull of any compact set in &
is compact. (This holds for any quasi-complete space, in particular for any Fréchet
space.) Then,

e If M is an open subset of C”, then f : M — € is holomorphic <=
f admits partial derivatives with respect to each variable <= f admits
a convergent power series expansion in € around every point of M [16,
Théoréme 1].

e A function f : M — € is analytic if and only if it is continuous and
(i, f(s)) : M — C is analytic for all ;4 in a separating subset of & [I6],
§2, Remarque 1]. (Recall that a subset of & is called separating if its
annihilator in € is trivial.) This gives a practical criterion to check whether
a function is analytic.

Example. Suppose that F' is a number field and let C2°(G(A)) be the algebra
(under convolution) of compactly supported, smooth functions on G(A). As a
LCTVS, it is the strict inductive limit (cf. [9, §I1.4.6]), over the compact subsets
C of G(A) and the open subgroups K of G(Ay), of the Fréchet spaces of bi-K-
invariant functions in G(A) that are supported on C' and are C* as a function of
G(Fx). Let U(goo) be the universal enveloping algebra of the complexification gn,
of the Lie algebra of G(Fu).

Suppose for simplicity that M is connected. Then, a function h : M —
C*(G(A)) (i.e., a family hs, s € M of smooth, compactly supported functions
on G(A)) is holomorphic if and only if the following conditions are satisfied (cf.
116, §3)).

(1) There exists a compact subset C' of G(A) such that supp hs C C for all
s € M.

(2) There exists an open subgroup K of G(Ay) such that hs is bi-K-invariant
for all s € M.

(3) For any g € G(A), the function s — hs(g) is analytic.

(4) For any X € U(go), viewed as a differential operator on G(F), the func-
tion X h; is continuous on M x G(A).

In this case, we refer to hy as an analytic family of smooth, compactly supported
functions on G(A).
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We refer the reader to [6] and the references therein for more discussion about
analytic functions and their subtleties, including some interesting counterexamples.

3.2. Analytic families of operators. Let € and § be two Hausdorff LCTVSs.
For brevity, by an operator from € to § we will always mean a continuous linear
map. We denote by £(€,F) the space of operators from & to §. Consider the
pointwise convergence topology on £(&,F), i.e., the coarsest topology for which
the evaluation maps e, : £(€,§) — §, v € € given by A — A(v), are continuous.
Equivalently, it is the Hausdorff, locally convex topology defined by the seminorms
p(A(v)) where v € € and p is a continuous seminorm on §. We write £5(&,F)
for £(€,§) with this topology. Its dual space can be identified with the algebraic
tensor product € ® § [17, Proposition 23 on p. 79]. Thus (cf. [16, §2, Remarque
2]), a function A : M — £4(€,F) (i.e., a family of operators A, : € - F, s € M)
is holomorphic if and only if for every v € € the function s — As(v) € § is
holomorphic, or equivalently, for every v € € and p € § the function s — pu(As(v))
is holomorphic. In this case, we will simply say that A, s € M is a holomorphic
family of operators.

We may also consider the finer topology on £(€,§) of uniform convergence on
bounded sets, which is given by the seminorms sup,c 5 p(A(v)) where p is a contin-
uous seminorm on § and B is a bounded subset of €. We write £, (€, §) for £(€&,F)
with this topology. For instance, if € and § are Banach spaces, then £, (€, F) is the
Banach space with the usual operator norm. Of course, if € is finite-dimensional,
then £4(€,F) and £,(€,F) coincide, but otherwise the topologies are different. In
principle, we could have defined a strong analytic family of operators as an analytic
function from M to £, (€&,F). However, it follows from the uniform boundedness
principle (see [16] §2, Remarque 2] and [9, §111.4.3, Corollary 1]) that any analytic
family of operators from € to § is automatically analytic in the strong sense if & is
barrelled (in particular, if € is a Fréchet space, or more generally, an arbitrary in-
ductive limit of Fréchet spaces) or if € is semicomplete (i.e., every Cauchy sequence
converges). Fortunately, all LCTVSs considered in the body of the paper will be
barrelled, so we will not need to make the distinction between analytic and strong
analytic families of operators.

If ¢, §, & are Hausdorff LCTVSs and A, : ¢ - Fand B, : § — &, s € M are
analytic families of operators, then By, 0 Ay, is an analytic family (in two variables)
of operators from € to &. This follows from Hartogs’s Theorem on separate holo-
morphicity [20, §0.2 and Theorem 1.2.5]. In particular, Bso Ay is an analytic family
of operators from € to &. A similar statement holds for strongly analytic families
(although as was just pointed out, we will not need it). Note that this argument
makes the additional assumptions in [I6, §2, Remarque 4] unnecessary.

3.3. Analytic systems of linear equations. Let V be a vector space. By a
system Z of linear equations on v € V' we will mean a collection (W, A;,w;), i € I
of triples consisting of a vector space W; a linear transformation A4; : V. — W, and
a vector w; € W;. The equations take the form

Av=w;, i€l

We denote by Sol(E) the set of solution of Z in V.
It is easy to make sense of an analytic family of systems of linear equations, as
follows.
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Definition. Let & be a Hausdorff LCTVS.
(1) Let (&4, i, ¢:), @ € I be a (possibly infinite) family of triples consisting of
e A Hausdorff LCTVS 3;.
e An analytic family (u;)s, s € M of operators from € to F;.
e An analytic function ¢; : M — §;.
We say that the system Z(s) of linear equations (on v € &)

(1i)s(v) = cis), 1 €1
depends analytically on s (or simply, is an analytic family).
(2) Let As, s € M be a family of subsets of €. We say that A, is of finite type
if there exist a finite-dimensional vector space L and an analytic family A,
s € M of injective operators L — €& such that A; C Im A for all s € M.
(3) We say that Ay is locally of finite type if for every s € M there exists an
open neighborhood W in M such that Ay, s € W is of finite type.
(4) Finally, we say that the family of equations = = (E2(s))sem is (locally) of
finite type if the same is true for Sol(Z(s)).

Theorem (Principle of meromorphic continuation). Let & = (2(s))sem be an
analytic family of systems of linear equations that is locally of finite type. Let

Mung = {s € M| Sol(E(s)) = {v(s)}}

be the set of s € M for which the system Z(s) admits a unique solution v(s).
Suppose that M is connected and that the interior Mg, of Munq is non-empty.
Then,

(1) Munq is open and its complement is analytic.
(2) v is holomorphic on Myng.
(3) v is meromorphic on M.

The proof, which is a simple application of Cramer’s rule, will be given in Ap-
pendix [Al

3.4. We conclude this section by describing the basic tool for proving that a system
is locally of finite type, namely Fredholm theory.

We first recall that for any compact operator K on a Banach space 95 the operator
T = Idy — K is Fredholm, and hence it is invertible modulo operators of finite rank,
that is, there exists an operator S on 8 such that ST = Idg +F and T'S = Idy +F’
for finite rank operators F' and F’ [I, Remark 3.3.3]. (In fact, since T is of index
0, we can take S to be invertible.)

Lemma (Fredholm’s criterion). Let 9B, € be Banach spaces and let us, s € M be
an analytic family of operators from B to €. Suppose that for some so € M, ps, s
left-invertible modulo compact operators. Then, the homogeneous system Z(s) (in
B) given by

sV = 0
is of finite type near sq.

Proof. By the remark above, g, is left-invertible modulo finite-rank operators.
Thus, there exists an operator D : € — 95 such that F':=Idyg —Dpg, : B — B is
of finite rank. Replacing p1s by Dps we may assume that € =B and p,, = Idg —F.
For s close to sp we have s = X, —F where Xj is invertible and X ;! is holomorphic
in s. However, it is clear that Ker(X;—F) C X! Im(F). Therefore, the solutions of
our system are contained in the holomorphic family X;!(L), where L = Im(F). O
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In practice, we will use it in the following way. We say that a LCTVS is Hilbertian
if it is isomorphic to a Hilbert space. (That is, we do not care about the inner
product itself, only the topology.)

Corollary. Let B,¢& be Hilbertian LCTVSs and let ps,vs : B — €, s € M be
two analytic families of operators. Suppose that for some sg € M, ps, is a strict
embedding and vs, is a compact operator. Then, the homogeneous system in ‘B
given by

HsV = VsV

is of finite type near sg.

Indeed, every strict embedding of Hilbertian spaces is left invertible.

4. THE SYSTEM OF LINEAR EQUATIONS

Let us give a brief outline of how we will apply the Principle of Meromorphic
Continuation (Theorem B3] to prove our main result on meromorphic continuation
of Eisenstein series. Fix P € P and ¢ € Ap. In 84l we devise a certain holomorphic
system of linear equations Z(X\), A € Xp on ¢ in the space Fumg(X) of smooth
functions of uniform moderate growth on X’ (see 7). Roughly, the system comprises
the following two sets of equations.

(1) v is an eigenfunction, with a non-zero eigenvalue, of an integral operator
(namely, convolution by a smooth, bi-K-finite, compactly supported func-
tion on G(A), depending holomorphically on A).

(22) The cuspidal components of ¢ along any parabolic subgroup differ from
those of ) by terms with a prescribed set Ay of cuspidal exponents.

For Re A dominant and sufficiently regular (depending on ), the Eisenstein series
E(p, \) satisfies these equations. This follows from the computation of the constant
term of E(p,A) (Lemma and its Corollary) and a result of Harish-Chandra
(Lemma [B3]). Moreover, and this is a crucial point, in this region the real parts of
the elements of Ay are away from the closure of the positive Weyl chamber. This
fact is used in Proposition [5.9] which is the linchpin of the argument, to show that
in this region E(p, A) is the unique automorphic form that satisfies (Zz).

The remaining issues are to show that any solution ¥ of Z(\) (for any A) is an
automorphic form and that the system Z(\) is locally of finite type. In fact, the
second point implies the first one (Lemma [B]). The local finiteness is merely a
technical refinement of the results and techniques of Harish-Chandra. It follows
from Theorem [7.2] which is the technical heart of the paper. We refer the reader to
g7.2 for more details.

To summarize, the system Z()) is locally of finite type and it admits E(p, A) as
its unique solution provided that (Re X\, a¥) > 0 for all « € Ap (Proposition [B.4).
The principle of meromorphic continuation will immediately imply the first part of
Theorem 23] The other parts are then an easy consequence.

In the function field case the situation is easier (see §J): we replace Fumg(X)
simply by the space of smooth functions on & and use an algebraic version of the
principle of meromorphic continuation which does not require local finiteness. (The
equation (Z) is automatic in this case.)
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5. AN EXAMPLE: SLo

We will illustrate the idea for the classical Eisenstein series for I' = SLy(Z)
[27]. The proof in this case is not fundamentally different from Selberg’s second
proof of the meromorphic continuation of Eisenstein series, although the principle
of meromorphic continuation allows for a technical simplification in the argument.
In particular, no truncation is necessary. Let G = SLo(R) and let H be the upper
half-plane, with the left G-action by Mé&bius transformations. We identify H with
G/K where K = SO(2) and consider the G-invariant measure y = df/# on H.
Let X = I'\H. We view functions on X" as I'-invariant functions on H. Whenever
convergent, denote by (-,-)x the G-invariant sesquilinear form

(Fus fo)uc = /X £ ()0 u(z)

on functions on X.
Any function on H can be lifted to a right K-invariant function on G. Let

(5.1) y:H—=Rsg, ylx+iy)=y

be the imaginary part, considered also as a right K-invariant function on G.

Denote by C°(G//K) the algebra of smooth, bi-K-invariant, compactly sup-
ported functions on G. This algebra acts on the right on locally L' functions on
H. We denote this action by f — d(h)f. We have

3(h)y*+t% = h(s)y**t3,

where fz(s) is an entire function, which can be computed explicitly. All we need to
know is the elementary fact that for every s € C there exists h € C2°(G//K) such
that h(s) # 0.

For any N > 1 let Y . (X) be the space of smooth functions f on X such that

s umg
their lift f to G satisfies

(0(X)f)(9)

for any X € U(G) (acting on the right) where the implied constant depends on X.
This is a Fréchet space. Let Fumg(X) be the union over N > 1 of . (X) with
the inductive limit topology in the category of LCTVSs. (It is a Hausdorff space.)

Let T'oo = {(§%) | n € Z} Cc T. We denote by Cf the constant term of a

I'o-invariant function f on H, i.e.

1
Cfly) = f(z+1iy) dl“:/ f(z+iy) dz, y>0.
Z\R 0

< y(9)N when y(g) > 1

Consider the Eisenstein series
s+%

E(zs)= Y. yhp)ptt=1 ) vt

|mZ + n‘28+1 )
YEET o\ (m,n)€Z?|ged(m,n)=1

The series converges absolutely for Res > % and defines a function in Fumg(X).
We use three elementary properties of E(z;s).

Claim 1. Consider the region Re s > %
(1) For any h € C°(G//K) we have

S(h)E(+5) = h(s)E(+ 5).
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(2) There exists a holomorphic function m(s) such that
CE(y;s) =y % +m(s)y "+, y>0.
(3) We have (E(+;s), f)x =0 for any cusp form f on X.

Remark. In reality,

=2 L(5)¢(25) where ((s) = 3 1 an s) = Ooeft s dt
m(s) = R By e 0 =2 o md T = [ et

but we are of course not entitled to know a priori that m(s) has meromorphic con-
tinuation to C. Rather, this will be a consequence of the meromorphic continuation
of E(z; s) and would give a proof of the meromorphic continuation of the Riemann

zeta function which is different in nature from the original one using the Poisson
summation formula.

n=1

For any a > 0 denote by T, the normalized shift operator on functions on Ry
given by
1
Tof(y) = a2 f(ay).
These operators pairwise commute. Consider the holomorphic system Z(s), s € C
on ¥ € Fumg(X) given by the following three sets of linear equations?:

(5.2a) S(h)y = h(s)p Vhe CX(G//K),
(5.2b) (T, — a=*)(Cib(y) —y*T2) =0 Va >0,
(5.2¢) (¢, f)x =0 for every cusp form f on X.

Claim 2. The Eisenstein series E(z; ) is the unique solution of Z(s) in the region
Res > %

Proof. By Claim [Il E(z;s) satisfies Z(s) whenever Re s > % Conversely, suppose

that ¢ € Sol(E(s)) and Res > 1. We need to show that ¢ = E(z;s). Consider

¢ =1 — E(z;s). By (B2D), the constant term Ct/ is proportional to yz—*. In

particular, it is bounded for y > %, say. On the other hand, for any f € Fumg(X)

the function f — C'f is bounded (and, in fact, rapidly decreasing in y) for y > %

Therefore, ¢’ is bounded on y > 3, and hence on X (since it is I-invariant). This
1

implies that Cv’ is bounded (not just for y > 3). Since C¢' is proportional to

y%*S and Res > % this means that Cv’ = 0. Thus, ¢’ is a cusp form and by
B2d), ¥’ =0, ie., v = E(z;s). (Note that we didn’t use equation (B.2al) for this
argument. ) O

In order to apply the principle of meromorphic continuation (Theorem B3]), it
remains to prove the following.

Claim 3. The system E(s) is locally of finite type.

We sketch the proof. The idea is to pass to an auxiliary system on a Hilbert
space and to replace the complicated space X by a simpler one which approximates
it at the cusp.

Let Z =T \H. The function y of (EII) descends to a function Z — R~ which
we also denote by y. For any ¢ > 0 consider the inverse image Z°¢ of (¢, 00) under y

2In the notation of ] (Z1) corresponds to (2al) and (Z2) with respect to the Borel subgroup
and G itself corresponds to (E2H) and (52d) respectively.
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in Z. The restriction of the projection map p : Z — X to Z¢ is finite-to-one. It is
surjective if ¢ is sufficiently small and injective if ¢ is sufficiently large (in fact for
¢ > 1). Fix ¢y such that p|zeo is surjective.

For N > 0 consider the Hilbert space HV(Z) = L%(Z;y~2" i) and its quotient
N (Ze0) = L2(Z¢;y=2N 11). For any function f on X denote by f = f op|zeo
its pullback to Z¢. The inverse image HV (X) of HV(Z) under f — f© is a
Hilbertian space of functions on X which is independent of the choice of ¢y. We
thus have a strict embedding

HN(X) = /Y (2%), [ o

On the other hand, the constant term defines an orthogonal projection pr of
HN(Z) whose image is the space of functions $)(Z%) that factor through y.
Thus, we have an orthogonal decomposition

N c N c N co N c _
HU(ZD) = Heysp(2°) © Hy (2°) where ., (27) = Kerpr .

For any function f on X we write f = f{,, + f;° with respect to this decompo-
sition. Fix a > 1. We consider the operator T, on HY(Z%). Let Ze0:c00® © Z0 he
the rectangle ¢y < y < cpa®. Let h € C°(G//K) and let ¢(s) be an entire function.

Consider the holomorphic system ZV(s) of linear equations on f € $HN (X)

() <8y = (1) ) ap
() gegene = (500) P | g enut
(T, — a*)(T, — a ") (f°) = 0.

Claim 4. The system =V (s) is of Fredholm type (and, in particular, locally of finite
type) in the domain {s € C| |Res| < N and ¢(s) # 0}. More precisely,

(1) The operator
N (X) = 9 (29) 0 HY (Z9) @ ) (2°00),
f = ( cusp7 (Ta - as)(Ta - ais)(f;o)a f;0|260760a2)

is a strict embedding.
(2) The operators

(5.3a) AN (X) = Hep (), = (6(h) f)ep,
(5.3b) ANX) = HN(Z0T), f s ()| 2o coen
are compact (and in fact Hilbert—Schmidt).

Proof. The second statement is well known for (3al) (cf. [8) Theorem 9.5]) and
straightforward for (5.30).

For the first one, the operator in question is the composition of the strict em-
bedding

HV(X) = 9L (ZC) @ O (), [ (fo [70)
with the operator
DY (29) = 9 (2) @ H) (2000,
f = ((Ta - a’s)(Ta - a—S)f7 f|ZC0,c0LL2)-
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It is easy to show that the latter is a strict embedding for |s| < N. This boils down
to the elementary fact that the operator

L2(Ry, ™" du) — L*(Ry,e™® do) & L2([0,1]), f = (f(z+1) = Af(2), flo,n)
is a strict embedding provided that e” > || O

We can now complete the proof of Claim [3] R
Let sg € C. Choose h € C*(G//K) such that h(sg) # 0. Suppose that f is a
solution of Z(s). Then, the constant term Cf satisfies

(T, —a®)(T, —a*)Cf =0.
Since f — C'f is rapidly decreasing, this implies that f € $”(X) provided that

N > |s|, Thus, f is a solution of ZN(s) with respect to ¢(s) = h(s). By Claim
[, there exists an open neighborhood U of sy, a finite-dimensional vector space
L and a holomorphic family of injective linear maps X : L — 9N (X) such that
Im(Xs) D Sol(Z(s)) for all s € U.

By a standard result (cf. [8, Proposition 5.7]), §(h) is continuous from $HV(X) to
&uNI;g(X ) provided that N’ is sufficiently large (depending on N). We deduce that

As := 0(R)Xs is a holomorphic system of operators L — Sju\glg(?() and Sol(E(s)) C
Im(As) for all s € U. Note that As, may not necessarily be injective at our given
point so. However, let v € C®°(G//K) and let v, = h+ h(s)u —u* h = h 4+ u *
(h(s)1x — h). Then, 6(vs)f = h(s)f whenever §(h)f = h(s)f, so that Sol(Z(s)) C
Im(8(vs)As). If we take u to be non-negative, supported near K and of total mass
1, then 6(u) acts approximately as the identity on the finite-dimensional space
Im((h(s0)I — 8(h))As,). This will ensure that d(vs)As is close to a(s)As, and hence
is injective near sg. Thus, Z(s) is locally of finite type.
Note that equation (£2d) is superfluous for the local finiteness.

Remark. Grosso modo, the general case follows the same pattern, except that there
are more parabolic subgroups and the constant terms are more complicated.

6. UNIQUENESS

In this section we show that any automorphic form is determined by its cuspidal
components pertaining to the unnormalized cuspidal exponents whose real parts
are in the closure of the positive Weyl chamber. (See Theorem for the precise
statement.) This will give a simple characterization (which can serve as an alterna-
tive definition) of the Eisenstein series F(p, \) with Re A dominant and sufficiently
regular (Proposition [6.9)).

6.1. Roots and coroots [28] 1.1.6]. Let Sy be the maximal F-split torus in the
center of My. More generally, for any P = M x U € P let S); C Sy be the maximal
split torus of Zpy, so that Sy = Spy,. Thus, M = Ce(Snm),

ap = X*(Sm) ®R

and

ap = X.(Su) @R,
where X, (+) is the lattice of cocharacters defined over F. We also write (al)* =
X*(S}) @ R and the dual space af = X,.(S)) @ R where S} = Sy n M a
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maximal split torus in the derived group M9¢" of M. We have direct sum decom-
positions
_ P * P * *
ap=a; ®ap, ay=(ay)" & ap.
For any A € af we write A = A}’ + Ap according to this decomposition. More
generally, for any P C @) we have a decomposition

ap =aP Dag, ab=(a%) @ ag,

where ag =apn aOQ. Accordingly, we write A = )\g + Ag for any A € ap.

Let Ag C X*(Sy) C ag be the set of simple roots of Sy on Uy and let Ay C ag be
the set of simple coroots. Thus, Ag is a basis for the vector space (a$)* and Ay is a
basis for a§’. For any a € Ag denote by oV € AY the corresponding simple coroot.
For any P let Al C Ag be the set of simple roots of Sy on Uy N M = Uy N M4er.
(Thus, AL is a basis for (af’)*.) Denote by Ap C a3 the image of Ag\AZ under the
projection a — a%. (This defines a bijection between Ag\ AY and Ap.) Similarly,
AY, is the image of Ay \ (AZ)Y under the projection ap — ap. We continue to
denote by a — o the ensuing bijection Ap — A}.

More generally, we denote by ®p C X*(Sy) C ap the set (containing Ap) of
indivisible roots of Sy on the Lie algebra of U. For any o € ®p denote by av € ap
the corresponding coroot [28] 1.1.11].

The following result is well known. For convenience we include a proof.

Lemma. Let P € P and o € Ap. Then,

(1) All the coefficients of a with the respect to the basis Ag are non-negative.
(2) (a,aY) > 0.

Proof. Let B € Ag\ AL be the simple root that projects to a. Write a = 3+~
where v € (al’)*. Then,
(v;a5) =—(B,a5) >0

for any ag € AL. Thus, v is in the closed positive Weyl chamber of (af)* and
hence it has non-negative coefficients with respect to the basis AZ". This proves the
first part. For the second part, upon replacing G by the Levi subgroup of @ where
AOQ = AP U {8}, we may assume without loss of generality that P is maximal.
Note that («,a") = (a,8Y). Assume on the contrary that («,3Y) < 0. Since
{a, ) = 0 for all oy € AL’ and P is maximal, we would conclude that « is in the
closed negative Weyl chamber, and in particular its coefficients with respect to Ag
are non-positive. This contradicts the fact that the S-coefficient of « is 1. O

We extend the homomorphism Hp; : M(A) — ap to a left-U(A) right-K-
invariant function Hp on G(A). Thus, Hp = Hj; omp. We also write Hy = Hp,.

6.2. Cuspidal exponents. In the number field case, let Ay = Sp(R)° be the
connected component of the identity (in the real topology) of Sp(R) viewed as a
subgroup of Sp(A) by embedding R in Ap via R — Ag — Ag ® F = Ap. In the
function field case, fix once and for all a place vy of F' and a uniformizer w of F,
and let A be the image of (w?)? in Sy(F,,) where we identify Sy with G¢, (over
F) and d = dim Sy [28, 1.2.1]. Then, Ay is a W-invariant lattice of rank d.

Now let P € P. We set Ap = Ag N Sy(A) and A = Ap N MET(A) =
Ap N Mg(A)! for any Q D P. Let Xp be the group of quasi-characters of Ap. (We
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will use additive notation for this group.) The restriction to Ap defines a surjective
map

(6.1) Xp — Xp.
In the number field case, this map is an isomorphism and we have
M(A) = Ap x M(A)*,

i.e., the restriction Hp|a,: Ap — ap is an isomorphism of topological groups. In
the function field case, the subgroup Hp(Ap) C Hp(M(A)) is of finite index, hence
also a lattice in ap and the map (G is an algebraic covering map.

In both cases the map Re : Xp — a’ factors through (1)), so that Re : Xp — ab
is well-defined.

For P C @) we denote by Ap (resp., )\g) the image of A\ € X, under the restriction
map Xo — Xp (resp., Xo — Xg) This is consistent with the previous notation
since Re Ap = (Re ) p.

The space Ap admits a left action by Ap. It is advantageous however to consider
the twisted action given by

(6.2) a-$(g) = 6p(a)”2 g(ag).
We decompose Ap according to this action [28] 1.3.2]. Namely, we write
(63) AP = @)\GXPAP,/M

where Ap  is the A-generalized eigenspace of Ap with respect to the twisted Ap-
action. Thus, for every ¢ € Ap ) there exists n > 0 such that for every g € G(A)
the function a € Ap +— (a-¢)(g)a™" is a polynomial in Hp(a) € ap of degree < n.
The determinant of the adjoint representation of P on its Lie algebra is an
element of X*(P), which we write as 2pp where pp € a}.
One of the reasons to the above normalization is that if ¢ € Ap, where p € Xp
then for any w € W (P, Q) we have

(6.4) M(w,\)¢ € Ag wu
whenever M (w, X)¢ is well-defined. This follows from the fact that for any m €
M(A) and g € G(A) we have

S (wmw™1) "% (M(w, N)g) (wmw™1g) =
(6.5) Y B B
mg(g) " / §p(m) 2 p(mw ™ ug) mp (wug) du,
(UgnwUpw=1)(A)\Ug(A)

since the modulus character of Mg on (wUpw ™! NUg)(A)\Ug(A) corresponds to
pPQ —wpp € ag). (This can be seen by decomposing w as a product of elementary
symmetries [28] 1.1.8, 11.1.6].)

For any @ € P with Q C P, the constant term

Craols) = [ Hlug) du
Uq(F)\Ugq (&)
defines a linear map
Ap — .AQ.

We have Cp q(Cq,p¢) = Ca,q(¢) for any ¢ € Ag. For consistency, it will be useful
toset Cpoop=0if Q ¢ P.
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We denote by ALY the cuspidal part of Ap, i.e., the space of ¢ € Ap such that
Cpgo =0 for all @ C P. We have a decomposition

(6.6) AP =@y, AP

where AT = Ap N AR™. We also have a linear projection (see [28, 1.3.5])
€ Ap > ¢ € AT

(the cuspidal projection of ¢) characterized by the equalities

(¢cusp’ ¢)Xp = ((ba w)Xp

for any function ¢ on Xp (necessarily rapidly decreasing) of the form (f o Hp) - ¢’
where f € C°(ap) and ¢’ € AL Here,

(6.7) (f1, f2)ap = . f1(9)f2(g) dg

whenever the integral is absolutely convergent. Equivalently, for any cusp form
on Xy = M(F)\M(A) we have

(68) (¢(9)ﬂ/’)2{1{4 = (¢cusp(.g)’,l/})xi/]7 g€ G(A)a

where X}, = M(F)\M(A)! and

(hoday = [ Sim) Tl dm

whenever the integral is absolutely convergent.
Let ¢ € Ap and w € W(P, Q). Then, for any A € Xp in the range of absolute
convergence of the intertwining operator M (w, A\)p we have

(6.9) (M (w, A)p)™*P = M(w, A)(¢“"*P).
The statement reduces to two substatements:

(1) If p € AL"P then M(w, \)p € AG™.

(2) If P = 0 then (M (w, A)p)°"P = 0.
Both parts easily follow from (6.3 and (63).

For any ¢ € Ap and Q C P let C’;quﬁ = (Cp,e)™P € ASJSP be the cuspidal
component of ¢ along Q. Thus, we get a linear map
TpP 1 Ap = ©qep AL, ¢ (Cpy d)qeps

cusp

where by convention C'p o ¢ = 0 unless Q CP.

We denote by ESJSP(QZ)) C Xg the (finite) set of cuspidal exponents of ¢ along Q.

Thus, A € £5"(¢) if and only if C5y’¢ has a non-zero A-coordinate with respect

to the decomposition ([G.6). We write
£(g) = {(Q.N): QEP, Q C P, A€ ES(6)}.
The following basic fact is due to Langlands — see [28] 1.3.4].

Proposition. Let ¢ € Ag be non-zero. Then, EP(p) # (. In other words, the
map TE™P is injective.

In fact, the set £**P(¢) determines the growth of ¢ [28] 1.4.1].
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6.3. Leading cuspidal components. For the time being (until and including
g6.9) it will be convenient to use the non-twisted action of Ap on Ap. Correspond-
ingly, we write

_ N un cusp __ B cusp,un
(6.10) Ap=®,cx,Apx, Ap " =®rex,Apy
. un cusp __ cusp,un . “.
where Apx = Apl\, ,, and Ap\" = AR 0. (The superscript stands for “unnor-
malized”.)
Let

ag ={Aeag| (A ") >0 forall a € Ag}
be the closed positive Weyl chamber. We say that A € Xp is leading if Re A € ag,+ -
We denote by A}?Sp’ld the direct sum

At]:;lsp,ld _ ®Agip7ull
over the leading A\ € Xp and by
1d J1d
pp : AT — AREP

the projection according to (610).

cusp,un

For any ¢ € Ag we define £ (¢) with respect to the non-twisted action so
that £5"°""" () is the translate of £5"P(¢) by pp. We define the leading (unnor-
malized) cuspidal exponents of ¢ along P to be the elements of £ (¢) that are

leading and denote them by £5"P"™'(¢). We write
5cusp,un,ld(¢) _ {(P, /\) | Pc 7),)\ c g;usp,un,ld(d))}'
We define the leading cuspidal component of ¢ € Ag along P to be pll‘}(C'gfif ).
Thus, we get a linear map
(6.11a) L:Ag — EBPQPA%JSP’M

which is the composition of 75"P with ©peppls. More generally, for any P € P
let

(6.11b) Lp: Ap = BgepAY™

be the composition of 75" with @erplg.
The following result is an extension of Proposition [6.2] which will be proved in

§6.51

Theorem. Suppose that ¢ € Ag is non-zero. Then, EUSPWId(p) £ (). In other
words, the map L is injective.

6.4. We first prove the following special case of Theorem
Lemma. Let ¢ € Ag. Assume that for every (P,\) € PR () the following
two properties are satisfied.

e P is a mazximal (proper) parabolic subgroup of G, i.e. Ap is a singleton.
o Writing Ap = {a} we have (Re\,a") < 0.
Then, ¢ = 0.
Proof. In the proof we will use the following elementary fact. Suppose that f is a

function on R (resp., Z) of the form

n

f(l') = Z EAixPi(I)v

=1
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where Py,..., P, are non-zero polynomials and Aq,..., A, are distinct elements of
C (resp., C/2wiZ). Assume that f is bounded on R (resp., Z). Then, Re); = 0
for all 4. Indeed, if 2 (in R or Z) is such that e are distinct, then by applying
the difference operators f — f(-+h) —e*" f (deg P; + 1 times for i > 1 and deg P,
times for ¢ = 1) we may assume that n = 1 and deg P, = 0, in which case the
statement is clear.

Back to the statement of the lemma, it easily follows from [28] 1.4.1] and the
assumptions on ¢ that any right translate of ¢ is bounded on G(A)'. (Cf. the
argument in [28] 1.4.11].) This implies that for any P € P, any right translate of the
constant term Cg, p@ is also bounded on G(A)!. Note that by Proposition and
our assumption, Cg p¢ = 0 for any non-maximal proper P € P. If P is maximal,
then Cg p¢ is cuspidal and for any g € G(A) the function a € AG — Cg po(ag) is a
polynomial exponential function in Hp(a) € a$ with exponents A&, A € E5¥P" ().
Since by assumption ReA® # 0 for every A € £ (¢), such a function, if
bounded, must be identically 0 by the above. Hence Cg,p¢ = 0. It follows that ¢
is cuspidal. Since by assumption €5 (¢) = () we conclude that ¢ = 0. O

Let ¢ € Ag be non-zero. We say that a parabolic subgroup P € P is minimal
with respect to ¢ if EP(¢) # 0 but £5"(¢) = 0 for any Q € P of smaller
semisimple rank than P. Clearly, such P exists by Proposition

For any P € P and o € Ap let P, € P be such that AJ* = Al U {8} where
B € Ag\ Ap is the unique simple root that projects to «. Thus, P is a maximal
parabolic subgroup of P,.

Corollary. Let ¢ € Ag, (P,\) € £P"(¢) and o € Ap. Let P, be as above.
Assume that P is minimal with respect to ¢ and (Re X, ") < 0. Then, there exists
(Q, ) € EPU () (possibly with @ = P) with the following properties.

e () is a maximal parabolic subgroup of P,.
o () is minimal with respect to ¢.

® [ip, = Ap,.

o (Reu,BY) > 0 where Ag‘* = {8}.

Proof. We first remark that by the minimality of P, if (Q, ) € £*P(¢) and Q C P,
for some a € Ap, then @ is a maximal parabolic subgroup of P, and hence, @ is
minimal with respect to ¢ (since P and @ have the same semisimple rank).

For k € K let ¢, = Cg, p, #(-k) which is an automorphic form on Xz, . There
exists k such that (PN Mp_,\) € EUP (¢} ). Therefore, by passing to ¢) and
replacing G by Mp, and P by PN Mp,, we reduce the corollary to the case that
P, = G, i.e., P is maximal. Upon subtracting the cuspidal projection ¢"*P of
¢, we may also assume without loss of generality that £.°P(¢) = 0. Finally, by
decomposing ¢ according to the action of Ag ([GI0) we can assume that ug = Ag
for all (Q,pn) € EPU(¢). Under these assumptions, the first three conditions
hold automatically for any (Q,p) € £°"P""(¢). Therefore, the corollary follows
from the lemma above. |

6.5. Proof of Theorem[6.3l Let 0 # ¢ € Ag. Fix @ € ag such that (o, @) > 0
for all & € Ag. Let (P,A) € E%P"(¢) be such that P is minimal with respect
to ¢ and (Re\, w") is maximal. We claim that \ is leading, i.e., Re X € ag 4 -
Assume on the contrary that this is not the case. Then, there exists a € Ap
such that (ReX, oY) < 0. Let (Q,pn) € EP"(¢) be as in Corollary and
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write Ag‘* = {B}. Note that (w")E* is a positive multiple of a" since they are

proportional and by Lemma <a, (wv)§“> = (a,@’) > 0 and (a,a") > 0.

Similarly, (wv)g‘* is a positive multiple of 8Y. Thus,

(ReA)p, = (Rep)p,
and
(ReN)P, @) = <Re/\, (wv)1€“> <0< <Reu, (wV)ga> = ((Rep)P, =),
Hence,
ReX,@") =((ReN)p,,@") + ((Re ), @") <
(Rep)p,,@") + ((Rep)™ @") = (Rep, w"),
gainsaying the maximality of (Re A, @").

Remark. Using the coarse spectral decomposition for automorphic forms [28] I1T] we
can get additional information on the set £°"P(¢) of an automorphic form ¢ € Ag
as follows. (We will not use this result in the sequel.)

Lemma. Let ¢ € Ag, (P,\) € EP(¢) and o € Ap. Assume that
(Re X + pp,a”) < 0.

Let s, be the elementary symmetry corresponding to o [28, 1.1.7]. Thus, P, is
generated by P and 54, and s, € W (P, P') where P’ is a mazimal parabolic subgroup
of P,. Then, sqX € Ep ().

To prove the lemma, we first recall the coarse spectral decomposition for auto-
morphic forms.

Consider the equivalence relation on pairs (P,\), P € P, A € Xp given by
(P,A\) ~ (P',X) if there exists w € W(P,P’) such that wA = X. For any ~-
equivalence class 6 let

Ag ={p € A | £P(¢) C 0}
We have a direct sum decomposition
(6.12) Ac = @9 Ay,

where 6 ranges over the equivalence classes of pairs (P, \), A € Xp [28] T11.2.6]. (In
fact, the decomposition in [loc. cit.] is more refined, but for our purposes ([6.12]) is
enough.) Thus, if ¢ € Ag and ¢ = )", ¢ is the corresponding decomposition, then
¢o # 0 if and only if A € E"P(¢) for some (P, \) € 6.

By considering C¢ p, ¢, we reduce the lemma to the case that P and P’ are
maximal. By the decomposition ([6.I2]) we can also assume that £"P(¢) C {(P, \),
(P’,s4A)}. In this case, the lemma follows from Lemma O

6.6. Polynomial exponential functions. The restriction of any automorphic
form in Ap to Ap is a simple function, namely a polynomial exponential. It will
be convenient to set some notation pertaining to this type of functions.

Let V be either a finite-dimensional real vector space or a lattice thereof. Denote
by V* the group of continuous quasi-characters of V. We will write v* for the value
of A€ V¥ on v e V. For any tuple A = (A1,...,A,) € (VH)" we denote by

Py (A)
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the finite-dimensional linear space consisting of the polynomial exponential func-
tions on V with exponents in A, such that the degree of the polynomial pertaining
to an exponent y is smaller than #{i : \; = u}. Equivalently, for any A € V* and
v € V let D) be the difference operator

D} f(u) = flu+v) = f(u), ueV

on functions on V. Then, Py (A) is the space of functions f on V such that
D)r...Dyrf =0 for all vy,...,v, € V. Of course, Py (A) depends only on X
up to permutation of coordinates.

Note that dim By (A) > n with equality if and only if Aq,..., A, are distinct or
dimV = 1. In particular, if dim V' > 1, then the family By (A) is not flat in the
parameter \.

If fi € Bv(A) and fo € Py (p), then f1 + fo € Py (A V p) where AV p denotes
the concatenation of A and p.

Given P € P and A € X}Té we may define similarly the space
(6.13) PBar(A) ={foHplap: f € Prpap(A)}

of polynomial exponential functions on Ap. )
Slightly more generally, if @ C P then for any A € X7 we write P4, (A) =

PBap () where N € X}% is obtained from A by projecting each coordinate to X p.
Finally, we write

(6.14) Ap(d) ={¢p € Ap[a (a-d)(9) € Bap(A) Vg € G(A)}

and

ABP(A) = Ap(A) NAZ.

Any ¢ € Ap belongs to Ap(u) for some integer m > 0 and p € X}? Moreover,
if m is the minimal such integer, then  is unique up to permutation. In particular,
we can take y whose coordinates (as a set) index the non-zero coordinates in the
decomposition of ¢ with respect to (G.3). Thus, for any ¢ € Ag we have Cg'5¢ €
Ap(u) where the set of coordinates of y is E5(¢).

Remark. Let ¢ € Ap. For any Q C P let m¢g > 0 be an integer and By € XC’;Q be
such that C'p )¢ € A}:JHSP(HQ). Then, for any Q C P we have
Cro¢ € Aq(Vorcoi,):

where VQ’CQEQ/ means the concatenation of B Q' C @ in arbitrary order [28] p.
50]. (See also the argument in Lemma B.1])

We note that if ¢ € Ap(p) where p € X% then for any w € W(P, Q) we have
(6.15) M(w,\)¢ € Ag(wp)
(cf. @)

6.7. Weyl group double cosets. Denote by W¥ the Weyl group of Mp, viewed
as a subgroup of W. For any P,@ € P let

oWp ={weW |wa>0Vaec Al and w™la >0 Va e A}

The following is standard.
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Lemma (Bruhat decomposition).

(1) The set gWp is a set of representatives for the double cosets W\W/WF |
as well as for Q(F)\G(F)/P(F).

(2) For any w € oWp, the group Mp N w‘lMQw is the Levi subgroup of a
standard parabolic subgroup P, of P; likewise, Mg NwMpw™? is the Levi
subgroup of a standard parabolic subgroup Q., of Q.

(3) We have

QNwPw™t C Qy, UgnN wPw™! = UgnN wUpwuf1
and
Ug, = (Mg NwUpw™) x Ug = (Ug, NwUp,w™ *)Ug.

Let W=2(P) denote the set of w € W such that wMpw~=" D Mg and wa > 0
for all a € Af’. Thus,

W29P)={we oqWp | Qu = Q}.
Note that if w € W2%(P), then WewW? = wWT'. We may identify W (P,Q)
with the set
{we qWp | wMpw™ = Mg} = W>9(P)nW>F(Q)~".
Clearly, if w € oWp, then w € W(Py, Q). In particular, if w € W=9(P), then

w € W(P,, Q).
If w € W(P,Q), then w induces a bijection AF — AOQ.

6.8. Recall that the interior of ag , is a fundamental domain for the action of the
Weyl group on af. It follows that if A € aj  is sufficiently regular, then wA is far
away from a , for any w # e, and hence there exists a € Ag such that (wA, aVv) is
very negative. The following is a variant of this basic fact.

Lemma. For any ¢ > 0 there exists ¢ > 0 with the following property. Let e #
w € W2Q(P) and \ € ab. Suppose that (\,aV) > ¢’ for all « € Ap. Then, there
exists v € Ag such that (wA,vY) < —cB

Proof. Since w € W(P,, Q) and w # e, there exists « € Ap, such that 8 := wa <
0. Moreover, a ¢ AL since w € W29(P). Therefore, (wA, 8Y) = (A\,a¥) > ¢
Expanding 8" with respect to Ay, we infer that (w),v") < —c for some y € Ag,
provided that ¢’ is sufficiently large with respect to c. |

6.9. A uniqueness property of Eisenstein series. For the rest of the section
we fix ¢ € Ap and A\ € Xp such that (Re\,a") > 0 for all @ € Ap. (The implied
constant depends on ¢.) Recall the Eisenstein series ¢ = E(p, \) defined in 2.
Clearly,

(6.16) if P # G, then E5°P(¢) = 0.
Let A be the image of A under the projection Xp — Xp. Suppose that v e Ap(p)

where g = (pi1,. .., pin) € X7%. Then, ¢ € Ag(ﬁ-i-jx) where H—I—S\ = (1 +A o, fin+

A) and we view p; and A as elements of X¢. (See the convention before (6.14).)
Using the notion of the leading cuspidal component (§6.3]), we can characterize
the Eisenstein series (in the range above) as follows.

3Note that w\ € ag, since w € W2Q(P).
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Proposition. The leading cuspidal components of 1 coincide with those of vy,
i.e.,

L(¥) = Lp(pr)
(see [6I1al) and EIINL)). Moreover, by Theorem B3, this relation uniquely char-

acterizes 1.

The proposition will be proved below. It is a consequence of the computation of
the constant term of Eisenstein series in terms of intertwining operators, which is
analogous to the computation of the Jacquet module of induced representations in
the local case [3].

6.10. Geometric lemma. For any (Q C P we will consider Xp as a subgroup of

X (by restricting a character of Mp(A)/Mp(A)* to Mg(A)) [28, 1.1.4].

Lemma. For any Q € P we have

(6.17) Caqv =Y, E%M(w,\)(Cpp,p),w)),
we gWp

where the superscript indicates that we replace the sum over P(F)\G(F) in 21
by the sum over Q.,(F)\Q(F). In particular, by [@I10) and (69),

(6.18)
Cade =" [Mw,NCrplsxr = Y, [M(w,)(CHE @)

weW2Q(P) weW2Q(P)

Each summand on the right-hand side of ([@I7) is a composition of three opera-
tions: taking a constant term (from Ap to Ap, ), intertwining operator (from Ap,
to Ag,,, where we view w as an element of W (P,,, Q,,)) and Eisenstein series (from
Ag, to Ag). The last two operations are taken in their range of convergence.

Proof. The lemma is a straightforward generalization of the computation of [28]
I1.1.7]. For completeness we provide a proof. By Bruhat decomposition (Lemma
[67), we can write

NOEEY > pa(w™'yg)

we QWp ve(QNuwPw=1)(F)\Q(F)

> > > pA(w™ vrg).

wE Wp vE€Quw (F)\Q(F) ve(UgnuwlUp,, w—1)(F)\Uq (F)

Therefore, Cq,o(g) is the sum over w € oWp and v € Q. (F)\Q(F) of

/U > ex(w ™ vyug) du

QUNUQ(A) ye(UgnuwUp, w—1)(F)\Uq (F)

ea(w™  vuyg) du

/UQ(F)\UQ (A) ve(UgnuwUp, w=1)(F)\Uq (F)

:/ oa(w™ uyg) du,
(UgnwUp, w=1)(F)\Uq (A)
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which we write as the integral over u € (Ug NwUp, w™1)(A)\Ug(A) of

w

/ pa(w ™ ouyg) du
(UqnuUp, w=1)(F)\(UgnwUp, w-1)(4)

= / ex(vw ™ tuyg) do
(Upyy Mw=1Uqu)(F)\(Up,, M= Uquw)(4)

ox(vw uyg) dv = Cp p,r(w™  uyg).

/(MQUPw YN\ (MNUE,, )(A)
On the other hand, (again by Lemma [67]) for any ¢’ € Ap, and g € G(A) we have

Mw Ne(0) = [ A ug) du
Uq,NwUp, w=1)(8)\Uq,, (A)

Ph(w ™ ug) du.

/<UQmepww—1>(A>\UQ (4)
The lemma follows. ]

For any Q C P and p = (p11, .-, fin) EXB Wewriteﬁ—i—S\: (1 + X o i+ A)

where ) is the image of A, viewed as an element of X¢, under X¢go — X'Q.
By (6I5) we conclude:

Corollary. For any Q C P let mg > 0 (resp., mg > 0) be an integer and
b € )”(gcz (resp., HS‘SF’ € )N(;;Q) be such that Cpop € AQ(HQ) (resp., Cpley ¢ €
AG™ (Egmp)). Then, for any Q € P we have

Co,Q¥ € Ag(Vuwe qwpw(p, + )

(see (EZDE and
Cad (W) € AG™ (Vuewsapyw(pp™ + A)),
where V denotes concatenation in an arbitrary order. Hence,
(6.19) W) | wERPp)+N).
weWIQ(P)
Moreover, for any w' € W (P, P’), P’ € P we have
(6.20) CZB(W) — CEB(M W Nelurs) € AFP(Vewse oy fup (S + 1)),

(Recall that by our convention, the second term on the left-hand side is interpreted
as 0 unless P' D Q, i.e., unless w' € W=9(P).) In particular,

(6.21) Caig W) = Cpy’ (ox) € AQ™ (Vwewsa Py fepw(py™ + ).
Proposition now follows from (G2I)) and Lemma Moreover, under our

standing condition on A,

(6.22) 1 = E(p, A) is the unique automorphic form satisfying (G21]).

It is also true and easy to show that the union on the right-hand side of ([G.19)) is

disjoint, although we will not use this fact.

4The coordinates of w(p, + \) are in Xg,,- By our convention the space Ag(...) depends

only on the image of these coordinates under Xg, — Xq.
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7. LOCAL FINITENESS

In this section we prove a local finiteness result (Theorem [[2]). Throughout this
section, F' is a number field.

By convention, a function between measurable spaces is always implicitly as-
sumed to be measurable.

7.1. Functions of uniform moderate growth. In general, we denote by §(g)
the right translation by g € G(A) on spaces of functions on homogenous spaces of
G(A). This notation will also be used for the action of C°(G(A)), or of U(gw), if
appropriate.

Recall that we fixed a minimal parabolic subgroup Py of G (defined over F') and
a maximal compact subgroup K of G(A). Let

2 = R(F)\G(A).
The function Hy : G(A) — ap descends to a proper function
Hy: Z —ag

that factors through Xp,. This function has the following strong uniform continuity
property: for any compact set C' C G(A) the set

(7.1) {Ho(zg) — Ho(z) | x € Z,9 € C} is compact.

Indeed, it is equal to {Ho(kg)) | k € K,g € C}.

Although the geometries of the spaces Z and agy are rather different, we can
nevertheless translate some analytic notions on ag to Z. For instance, on ay we have
the notion of functions of moderate growth, namely functions that are majorized by
(i.e., bounded by a constant multiple of) ell'l for some norm ||| of ag. This notion
immediately translates to Z. For convenience, fix a W-invariant Euclidean norm
I]| on ag. The space of functions of moderate growth on Z is the union over R > 0
of the Banach spaces §*(Z) of functions f on Z that are majorized by eRIHo Ol
The smooth part FZ (Z) of the space F(Z) is the union over open subgroups K of
G(Ay) (with the inductive limit topology in the category of LCTVSs) of the Fréchet
spaces of smooth, right K-invariant functions f on Z such that §(X)f belongs to
FE(Z2) for all X € U(gso). The union over R > 0 of FZ (Z) is, by definition, the
space Fumg(Z) of smooth functions of uniform moderate growth on Z.

Reduction theory tells us that roughly speaking, we can model the space X in
a cone in ag. (See [21I, Chapitre 3], [I3] §2], [7] and the references therein.) More
precisely, let

ap+ ={X €ag| (a,X) >0 for all @ € Ag}

be the positive (open) Weyl chamber. Fix Tj € ag and let
S=8hcz

be the inverse image of Ty 4 a4 under Hy. Thus, S is open in Z. It is essentially
a Siegel domain Let

p:Z2—-X
be the projection and let pS be the restriction of p to S. By reduction theory,
the fibers of pS are finite and their cardinalities and diameters (or more precisely,
the diameter of their image under Hy) are uniformly bounded (in terms of Tp).

5Traditionally, Siegel domains are usually defined as certain subsets of G(A). However, it is
advantageous to consider them as subsets of Z.
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Moreover, pS is surjective provided that (o, Tp) < 0 for all a € Ag. We will fix
such T, once and for all.

Thus, for analytic purposes we can model functions on X by functions on S via
the pullback f° = fopS. In particular, for any R > 0 we can consider the space
of functions on S that are majorized by ef1#o0)l and correspondingly the space
FR(X). The space Fumg(X) of functions of uniform moderate growth on X is, by
definition, the union over R > 0 of the smooth part &, (X) of SR(X)E Note that
since S is open in Z, the space F (S) is also well-defined.

We remark that the notions of functions of (uniform) moderate growth on Z
and X are compatible in the sense that for all R > 0, the pullback by p defines a
G(A)-equivariant operator

H(X) = 9(2).
That is, if the pullback of a function on X to Z is majorized by eflHoOll on the

Siegel domain, then it is majorized by it throughout Z. To see this, we note that
there exists a constant C' (depending on the choice of §) such that

[Ho ()] < [|Ho(y)ll +C

for any € § and y € Z such that p(z) = p(y). Indeed, this follows from the fact
that for any s € W, an element v in the double coset Py(F)sPy(F), and g € G(A)
we have

s~ Ho(vg) = Holg) + Y _z5B",

where the sum on the right-hand side is over the positive roots 3 such that sg < 0,
and xg € R are bounded below (depending only on G). In particular, if Hy(g) lies
in a fixed translate of the positive Weyl chamber, then

1Ho(9)ll = [ Ho(va)l

is bounded above.

Let P € P. We can define similarly the spaces §(Xp) by considering the
relative Siegel domain S¥ = SP70 which is the inverse image under Hy : Zp — ag
of the translate by Ty of the cone

{X €ap|(a,X)>0forall a € Al'}.

As before, the space Fumg(Xp) of functions of uniform moderate growth on Xp is
the union over R > 0 of the smooth part & (Xp) of FF(Xp).

The constant term f — Cg pf defines operators FF(X) — F(Xp), FE.(X) —
Sgn(XP) and Sumg(-)() — Sumg(XP)-

7.2. Statement. For any simple root a € Ay let P, be the corresponding maximal
parabolic subgroup of G. Fix once and for all elements a, € Ag@, a € Ay (in
particular a, lies in the center of the Levi part of P,) such that («, Ho(as)) > 0.
Denote by T, the twisted action by a, on functions on Xp, ([6.2]).

In the case where Ag # 1 (i.e., when there is a non-trivial split torus in the
center of G) we also fix elements zy, ..., 2z, in Ag such that Hyo(z1),..., Ho(z,) is a
basis of ag. The operators 77, on functions on X" are simply translation by z;.

Let M be a complex manifold. Suppose that we are given the following data.

6This is equivalent to the prevalent definition in the literature using a height function on G(A).
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e [ is a (possibly infinite) index set and for every i € I, h;(s), s € M is
a holomorphic family of smooth, compactly supported functions on G(A)
(see Example B)) and ¢; is a scalar-valued analytic function on M. We
assume that for every s € M there exists ¢ € I such that ¢;(s) # 0.

e For each a € Ag a family D, (s), s € M of monic polynomials of degree
m, in one variable whose coefficients depend holomorphically on s.

e If Ag # 1 we have in addition for every j = 1,...,7 a family D;(s), s € M
of monic polynomials of degree /m; in one variable whose coefficients depend
holomorphically on s and whose constant coefficient is nowhere vanishing

on M.

Consider the holomorphic system Zpain(s) of linear equations on f € Fumg(X)
given by

3(hi(s))f =ci(s)f, i€l
D, (s)(T,,)(Cq p, f) =0 for every a € Ay,
(in the case Ag # 1) Dj(s)(sz)(f) =0forevery j=1,...,r

Note that for the second equation we only need to consider the constant term

pointwise. In particular, we do not need to consider function spaces on Xp for
PCG.

Theorem. The system Enpain(s) is locally of finite type.

Remark.

(1) As we will recall in §83] by a result of Harish-Chandra, such a system
is satisfied by Eisenstein series, or in fact, by any holomorphic family of
automorphic forms (suitably defined).

(2) In the case where M is a point sg, the theorem amounts to the finite-
dimensionality of the space Sol(Emain(S0)). This is a variant of the standard
finiteness theorem of Harish-Chandra. (See also Lemma [R1])

(3) Morally, any reasonable proof in the case M = {so} should extend, at least
in principle, to the general case.

Let us give an outline of the proof of the theorem. It is based on familiar ideas,
except that we have to pay attention to local uniformity in the parameters.

We will assume for simplicity that Ag = 1. The necessary modifications for the
general case (which are of bookkeeping nature) will be explained in §7.71

First, since the statement is local in M, we may assume without loss of generality
that the coefficients of D,(s) are bounded and that =i, (s) contains an equation
of the form

6(h(s))f = f

for a (single) holomorphic family h(s) of smooth compactly supported functions on
G(A).

Next, it is more convenient to work with Hilbert spaces. For any A € af there
is a Hilbertian space $*(X) of functions on X that was considered by Franke [13].
The union over A of the smooth part of $*(X) coincides with the space Fumg(X)
of smooth functions of uniform moderate growth on X. For every A\ we define a
holomorphic system of equations Z*(s) on $*(X'). We will show that for sufficiently
positive A, Z*(s) is locally of finite type and its solutions contain those of Zpain ().
By an easy argument, this will imply that ZE,.in(s) is locally of finite type.
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We consider a weighted L2?-space
HNS) = LA (S, wy ? dx)

for a certain explicit weight function wy (see §7.3). By definition, H*(X) is the
space of functions f on X such that || f® || gx(s) < 00. (Up to equivalence, this norm
does not depend on the choice of S.)

The advantage of the space $(S) is that it admits a Harish-Chandra decompo-
sition
(7.2) HN(S) = BrepHius(Sp)
(see §3)). Here Sp is the image of S under the projection

Z—= Zp =U(A)Py(F)\G(A).

Moreover T, acts on the P-th summand of (T2) for any o € Ay \ Af. For any
f € 92(X) we denote by f8, P € P the components of f¢ with respect to (T.2).
The system =*(s) consists of the following equations on f € §*(X).

Do(s)(T,,)(f2) =0forall P € P,a € Ay \ AL,
f2lss= (6(h(5)))Plss for all P € P.

Here S5 is a certain subset of Sp obtained by bounding the directions along the
simple roots outside AL (see (T.H)).

We show that =*(s) satisfies the conditions of the Fredholm criterion (Corol-
lary 3.4) provided that ) is sufficiently positive. More precisely, let H*(S5) =
L2(S8,w;? dx). Define operators

(7.32) osve 1 9N (X) = Dpep(9(Sp) >\ @ 9(SE))
by
(7.3b) psf = ((Da($)(Tu ) (fE)acanar: [Blss) peps
(7.3¢) vof = (0, 5(h(s)) ) Plsz) pep-
Then, the equations in Z*(s) can be rewritten as

psf =vsf.

We show that (assuming, as we recall Ag = 1)

(1) If X is sufficiently positive, then pg is a strict embedding for every s € M.
(2) vs is compact (and in fact, Hilbert—Schmidt) for every s € M.

Both claims are proved using analysis on the Siegel domain. For the first one,
we write us as the composition of the strict embedding

HNX) = ©pephH™(Sp), [ (f2)pep
with the direct sum over P € P of the operators
SN (Sp) =+ 91 (Sp)2\2 © 9Y(SP),
[ ((Da(s)(TaQ)(f))aer\Agvf\sg)-
It is easy to show that these operators are strict embeddings provided that

X, Ho(aa

el ) > |r| for every root r of Dy(s)
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(see Proposition[7.5] which also implies that the solutions of =450 (s) are in $*(X)).
As in the SLy case (§8), this essentially boils down to the elementary fact that the
operator

L2(R+7 672(11 dI) - LQ(R+7 e*Qam d.I) D L2([07 1])7 f = (f(I + 1) - ’I”f(I), f
is a strict embedding provided that e® > |r|.

The compactness of v, is a standard result (cf. [19] §1.4] and Lemma [T.4).
In the following subsections we fill in the details in the proof above.

0,1])

7.3. Harish-Chandra’s decomposition ([19, §I1.3]). Recall
2 = B(F\G(A).
More generally, for any P =M x U € P let
Zp = By(F)U(B)\G(A).
In particular, Z = Zg and Zp, = Ap,.

Remark. Let PM = Py N M, a minimal parabolic subgroup of M defined over F'
and ZM = PM(F)\M(A), the analogue of Z with respect to M. Then, Zp is the
fibered product

Zp = P (F)U(A\G(A) = ZM xpra)rx K.

Thus, working with functions on Zp is essentially the same as working with func-
tions on ZM.

We have a proper surjection
Bp : Z— Zp.
We identify the space L{, (Zp) of locally L' functions on Zp with a subspace of

L{ (Z) via the pullback by Sp. Define constant term projections
prp s Lhe(2) = Lho(Ze), i f(9) = [ flug) du, ge Z.
U(F)\U(A)

These maps are G(A)-equivariant.

For any Pi, P, € P we have prp p, = prp oprp, (since Up,Up, = Up,np,). In
particular, the operators prp, P € P pairwise commute. Let L%OC’CUSP(ZP) be the
cuspidal part of LL (Zp), i.e.,

loc
Llloc,cusp(ZP) = m Ker(prQ‘Llloc(Zp)) - Llloc(ZP)'
Q&P
Then, we have a direct sum decomposition

(74) Llloc(Z) = 69PGP‘Llloc,cusp(ZP)'

1
loc,cusp

The projection on L (Zp) is given by

Z (_1)dim a prg.
QCP

The decomposition (4] also holds for smaller classes of functions on Z such
as continuous, smooth, of uniform moderate growth, etc. Another useful example
is a weighted L? space L%*(Z;w dx) where w : Z — Rsq is a locally bounded
function that factors through 8p,. For any P € P we can identify L?(Zp;w dx)
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with the closed subspace of functions in L?(Z;w dx) that factor through 8p, and
the constant term map

L*(Z;w dx) — L*(Zp;w dx), f »—>/ f(ug) du
FO\U(4)

is the orthogonal projection. We therefore get an orthogonal decomposition
L*(Z2;w dx) = ®pep Ll (Zp;w dx).

We will apply it in the following situation. For any A € af let wy : Z2 — Ry be
the function

wy(g) = e Hola)
-2

and consider the weighted L2-space with w = w)
HNS) = L*(S,w;? dx).
Then as before, we have an orthogonal decomposition

(75) ﬁk(s) = GBPEPﬁéusp(SP)’

where Sp is the image of S under Sp.

The family of spaces $*(S), A € af is monotonous in the sense that if all the
coefficients of X' — X\ with respect to the simple roots Ay are non-negative, then
HNS) C HN(S).

We will say that A € af is sufficiently positive (depending on the context) if the
coeflicients of A\ with respect to Ay are sufficiently large.

7.4. The spaces $*(X). Define $*(X) to be the space of functions f on X such
that the induced norm from $*(S) via the pullback f + £ is finite. As a Hilbertian
space, H7(X') does not depend on the choice of S. Alternatively, we may view $*(X)
(as a Hilbertian space) as a weighted L? space L?(X, (wy o o)~2 dx) for any right
inverse o : X — S of pS (cf. [13] §2]). (All such weights are equivalent, also when
we vary S.)

This is because for any non-negative function f on X we have

/5 £o@) da = [ fa) () @) do
/f dx</f5 dx<cl/f

where c¢; is a constant (dependlng on the choice of S).

The group G(A) acts on H*(X) by right translatlon

Indeed, by (1), for any compact set C C G(A), the ratio u;jk(éq)) is bounded
uniformly in x € Z and g € C. The analogous property for wy o ¢ immediately
follows.

Recall that we defined the space Fumg(X) of functions of uniform moderate
growth on X using pointwise bounds (i.e., as the union over R > 0 of the spaces
SR.(X)). Alternatively, we can define Fumg(X) equivalently using the Hilbert
spaces HM(X). This is because we can compare the spaces F*(X) and $H(X)
as follows.

and hence
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Lemma.

(1) Any function of moderate growth on X belongs to H)(X) for \ sufficiently
positive. That is, for every R > 0 we have a continuous embedding

FHX) € HM(X)

provided that A € af is sufficiently positive.

(2) In the other direction, for any \ € af there exists R > 0 such that for any
bounded, compactly supported function h on G(A), §(h) defines an operator
from HMX) to FE(X). If moreover h is smooth, then §(h) defines an
operator from H*(X) to FE (X).

(3) Let P € P. Let S8 be a subset of Sp of the form

SE ={geSp|(a,Hylg) — To) < cq for all a € Ay \ AL}

for some constants c,, o € Ag\AL'. Let h be a compactly supported smooth
function on G(A). Then, the operator

INX) = 9NSE), [ (0(h))Plss
is a Hilbert-Schmidt operator, and in particular compact.

Proof. This is standard. All parts are proved using analysis on the Siegel domain.

The first part is clear.

For the second part, let h be a bounded, compactly supported function on G(A).
Although §(h) does not factor through L] (S), we can model it using an auxiliary
Siegel domain. Namely, by (1)) we can find a Siegel domain S’ that contains the
right translate of S by the support of h. Therefore, the convolution operator

855 (h) : Lo (S') = Lige(S), [+ h(g)f(-g) dg
G(A)

is well-defined and we have a commutative diagram

7
L%OC (X) L110C (S/)

lé(h) lésl*s(h)

Lho(x) —L L (8)

loc

By realizing 05S(h) as an integral operator and estimating its kernel (see
e.g., |28, 1.2.5]) one shows that for R >> 0, 655 (h) defines an operator

655 (h) : HMS') — FE(S).

The second part follows.
To show the third part, note that 65 S(h) commutes with the constant term
projections. Hence, it induces operators

85757 (h) : HN(Sp) — H(Sp)

and respects the Harish-Chandra decomposition (7.3]).
It follows that the map

HNX) = H2uep(Sp), [ (6(h) )P
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Busp(Sp). £ fE with 85757 (h).
Hence, it suffices to show that the restriction of the operator
SN (Sp) = SNSP), f = (5575 (W) )
t0 Husp(Sp) is a Hilbert-Schmidt operator. By [5l §1.6] it suffices to show that
the evaluation map
Ve : Noep(Sp) = €. f s (6557 (W) f)(2), @ € SF

satisfies © — |lev,| € H(SE). In fact, we show that the function z — |ev,],
z € SB belongs to the space FP4(SE) of functions of rapid decay, defined by the
norms

is the composition of the operator $*(X) — H7

sup efIHo Ol 71 R > 0.
s

This follows by combining two facts. The first is that as before, since h is smooth,
§5P:SP (h) defines an operator

H(Sp) = 55 (Sp)

for R > 0. The second, which is a variant of a familiar result of Gel'fand and
Pjateckii-Sapiro [15], is that for every R > 0 we have an operator

Sfm,cusp (SP) - Srpd(sg)v f = f|$g

(cf. 28, 1.2.10-11]). Here, the restriction to S5 is crucial, since we do not have
rapid decay on Ap.
The lemma follows. O

It follows from the first two parts of the lemma by a standard argument (cf.
[Bl §2.4]), that we can define the space of functions of uniform moderate growth
equivalently as the union over A of the smooth part 2 (X) of $*(X). That is, for
any compact open subgroup K of G(Ay) we have

Fumg (X)) = Uneas O (X)©
with the locally convex inductive limit topology on the right-hand side.

7.5. In this section we show that the operators us defined in (T.3D)) are strict em-
beddings. This is a special case of a more general setup. We start with the one-
dimensional case.

Let (X, 1) be a measure space. Let ¢ be a constant. We say that a transformation
o0 : X — X is c-renormalizing if the pullback 7 by o satisfies

ITfIl = el £

for all f € L?(X, ). Equivalently, u(c=1A) = c?u(A) for every measurable subset
AcCX.

Lemma. Assume that o : X — X is a c-renormalizing transformation.

Let h: X — R be a function such that h(cx) = h(z) + 1 for all x € X.

For any subset A C R denote X, = h™1(A).

Let 7T be the pullback by o on functions on Xg, .

Let D be a monic polynomial of degree m with complex coefficients. Assume that
|r| < ¢ for every root r of D. Then, the operator

LQ(XR+7M) — L2(X]R+7M) S2] L2(X(O,m]7//6)a f = (D(T+)f7 f‘X(o,m])
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is a strict embedding. Namely, there exist explicit constants C1,Cy > 0 such that
for any function f on Xg, we have

1A < CLIDEH)fI + Call F1x g,y
with respect to the L?(Xg, , p)-norm.

Proof. We prove it by induction on m. The case m = 0 is obvious. For the induction
step, it is enough to consider the case m = 1, i.e., D = xz — r. By assumption,

1T fl = el f - 1o Il = elf 1 = 11 L 1D-
On the other hand,
I FIL< IDEE) I+ I -
Therefore,
(= IrDISIF < IDE) I+ el fLx -
The lemma follows. O

We have the following more general, multidimensional version.

Corollary. Let I be a finite index set. For every i € I, let ¢; be a constant and let
o;: X = X be a c;-renormalizing transformation.

Let V be a finite-dimensional vector space over R with linearly independent vec-
tors e;, i € I (not necessarily a basis).

Let h : X — V be a function such that h(o;x) = h(z) + e; for every i € I and
reX.

For any subset A C'V denote X4 = h™1(A).

For every i € I let & be a linear form on V' such that &(e;) > 0 and &(ej) =0
for all j #1i. Let V. be the cone

Vi={veV]|&) >0 for all i}.

Let ’7'i+ be the pullback by o; on functions on Xy, .
For every i € I let D; be a monic polynomial of degree m; such that |r| < ¢; for
every root r of D;. Let

B={veV|0<&w) <m&e;) for all i} C V.
Then, the operator
L*(Xv,,p) = L*(Xv,,w)" & L*(Xp,p), f— (Di(r;) fier, flxz)

is a strict embedding.
The proof is by easy induction on the size of I using the previous lemma. We
omit the details.

Recall that the roots of a monic polynomial are bounded by the coefficients. For
instance, by Cauchy’s bound, for any root r of a monic polynomial > a;z* we have

|r| <1+ max]|a;|.

We will apply the corollary above to the spaces $*(Sp) considered in §7.31
Fix P € P. For every a € Ag\ A}’ let D, be a monic polynomial in one variable
of degree m,, with complex coefficients. Let

(7.6) S5 ={g€Sp|(a,Ho(g) —To) < mq (a, Hy(ay)) for every a € Ay \ AL}

and
HNSE) = L*(Sp,wy? du).
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Proposition. Suppose that for every a € Ao\ AL, the pairing (\, Hy(as)) is large
with respect to the size of the coefficients of Dy. (More precisely, e Ho(@a)) > ||
for every root r of D,,.) Then, the operator

HN(Sp) — HNSp)2\20 @ 9 (SE)
f = (Da(Tau)f)aer\A§7f|S§

is a strict embedding.

Indeed, we simply apply the corollary above to the relative Siegel domain X
which is the inverse image under Hy : Zp — ag of the translate by Ty of the cone

{Y €ag|{a,Y) >0 forall « € AY},
the measure p = w;2 dx on X, the vector space V = ag and the map
hX—>‘/, h:H()—To.

The index set [ is Ag \ AY. For every a € I, e, = Hp(a,) and &, is « itself. The
transformation o, : X — X is left translation by a, € Ap and the constant c, is
5p(aa)%e<’\’H°(“u)>. Note that 7, = 6p(aa)%Ta

e

7.6. Proof of Theorem Let M be a complex manifold. For each o € Ay let
D, (s), s € M be a holomorphic family of monic polynomials of degree m,, in one
variable whose coefficients are bounded. Let h(s), s € M be a holomorphic family
of smooth, compactly supported functions on G(A).

Consider the system Z*(s), s € M of equations on f € H*(X) given by

Do(s)(T,,)(f2) =0forall P € P,ac Ay \ AL,
f2lss= (8(n(s)) f)3|ss for all P € P.

Recall that fg, P € P are the components of f° with respect to the Harish-Chandra,
decomposition (TH) and S5 is defined in (Z.6).
We write Z*(s) in the form p,f = v, f where p, and v are defined in (73).
Assume from now on that for every oo € Ag, (A, Hy(a)) is large with respect to
the coefficients of D, (s) for all s € M. More precisely, e*Ho(@)) > |r| for every
root 7 of Dy (s). Recall that the map

HNX) = BpepH™(Sp), [ (f3)p

is a strict embedding. Hence, by Proposition ls is a strict embedding for all
s € M. On the other hand, by Lemma [[4] v, is compact for all s € M. Thus, the
system Z*(s) satisfies the conditions of the Fredholm criterion (Corollary B.4). In
particular, it is locally of finite type.

We can now finish the proof of Theorem Let Zmain(s) be the system of
equations on Fumg (&) defined in T2 Since the statement is local in M, we may
indeed assume without loss of generality that the coefficients of D, (s) are bounded
on M for all @ € Ay. We may also assume that the system contains an equation
of the form

5(h(s))f = [,
where h(s) is as above.

We first claim that the solutions of Z,,.in(s) are contained in $*(X), i.e., & €
H*(8) for any solution f € Sol(Emain(s)). Let f5, P € P be the components of f<
with respect to the Harish-Chandra decomposition (T4]). Then, D, (s)(T,,)(f8) =
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0 for all @ € Ag \ AF. On the other hand, since f3 is of uniform moderate growth
and cuspidal, its restriction to S5 is rapidly decreasing, and in particular belongs
to S’))‘(S}Bj). By Proposition we infer that f}‘g € H(Sp). Hence, f € H(S) as
claimed.

It follows that the solutions of Z,.in(s) are contained in those of Z*(s).

By the local finiteness of Z*(s) we may assume that there exists a finite--
dimensional vector space L and an analytic family of injective operators v : L —
HMX), s € M such that Sol(E*(s)) C ~s(L) for all s € M. It follows that
Sol(Emain(s)) is contained in the image of the operator 6(h(s))vs : L = Fume(X),
which depends analytically on s. Now, it may happen that at our given point
so € M, §(h(s0))7s, is not injective. However, we claim that we can modify h(s)
to an analytic family v(s) of compactly supported smooth functions on G(A) such
that 0(v(s))~s is injective near sg and §(v(s))f = f whenever 6(h(s))f = f (so that
Sol(Emain($)) is contained in d(v(s))vs(L) for all s € M). Indeed, let u be a smooth,
non-negative function on G(A) with total mass 1 that is supported near the iden-
tity. Then, d(u) acts approximately as the identity on the finite-dimensional space
(I —6(h(s0)))¥so(L). Let v(s) = h(s)+u—uxh(s) = h(s)+ux (5 — h(s)). Then,
0(v(80))7se is close to 7s, and therefore injective, while §(v(s))f = f whenever
0(h(s))f = f. Thus, ZEmain(s) is locally of finite type, as required.

7.7. The case Ag # 1. Finally, we discuss the necessary (mild) modifications
necessary to prove Theorem in the case where Ag # 1.

The main difference is that we do not consider the weight function wy on all of
Z as before. Instead, we split Z into 2" “orthants” Z<, € € {£1}" and on each one
consider a different weight function wy, .

Formally, this is done as follows. Recall that z1,. .., 2, are fixed elements in A¢g
such that Ho(z1),..., Ho(z,) is a basis of ag. We write ag as the (almost disjoint)
union of the 2" orthants af, € = (e1,...,¢) € {£1}", namely the cones spanned
by 6II_IO(Zl)’ [EES ET‘HO(ZT‘)'

Let X< be the inverse image of ag, under Hg. Similarly, define Z<, S€, etc.

Let A be a family of vectors A, € € {£1}" in af. For every e € {£1}" we consider
the weight function w,, on Z¢ as before. The weighted L? space

H=(89) = L(S% wy? du)

gives rise to a Hilbertian space $<(X€). Let w A be the weight function on Z whose
restriction to 2 is wy, for every ¢ € {£1}". Then,

H(S) = LQ(S,wA_2 dz) = @Ee{il}rﬁ)\i(sé).
Correspondingly, we write
HHX) = Bee(x1y-H(X9).

For any monic polynomial D of degree m with non-zero constant coefficient ay,
denote by D~ the normalized upended polynomial D~ = ay temD(x~1), which is
also a monic polynomial of degree m. For consistency, set DT = D. For every
e € {£1}" and i = 1,...,r, the operator 75, and hence also D (T%}), acts on
Hre(Xxe).

Now, for every oo € Ag let Dy(s), s € M be an analytic family of monic poly-

nomials in one variable of degree m, whose coefficients are bounded on M. For
every i = 1,...,r let D;(s), s € M be an analytic family of monic polynomials in
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one variable of degree m; whose coefficients, as well as the inverse of the constant
coefficient, are bounded on M. Let h(s), s € M be an analytic family of compactly
supported functions on G(A).

Let 1, ... ,m be the dual basis of Hy(21),. .., Ho(z) in af;,. For every € € {£1}"
and P € P let

S;B ={g € S5 | (o, Ho(g) — To) < ma {(a, Hy(ay)) for every a € Ag \ A, and,
€ (i, Ho(g)) < m; for every i =1,...,r}.
The system of equations Z*(s) on f € H2(X) is given by
€ o S<
fp s55= Oh(s) )P 555 for all P € P,
Do(s)(To, ) fg =0forall PePand o € Ag\ AL,
Di(s)*(T¢)fe=0foralli=1,...,r

for every € € {£1}". The same argument as in the case Ag = 1 shows that the
system Z*(s) is of Fredholm type provided that the following conditions are satisfied
for every € € {£1}".

(1) eXHolaa)) > |z| for every root = of Dy(s) for every a € Ag and s € M,
and, 5

(2) essASHo(z)) > x| for every root x of D§*(s) for every i = 1,...,7 and
s € M.

As before, we conclude that =™ (s) is locally of finite type.

8. CONCLUSION OF PROOF — THE NUMBER FIELD CASE

We continue to assume that F' is a number field. Combining the uniqueness
result of §6l and the local finiteness result of §7] we deduce the main theorem using
the principle of meromorphic continuation.

The system of linear equations is described in §8.4] and is motivated by Propo-
sition (or more precisely, Corollary [6.10). It also incorporates a basic result
of Harish-Chandra (§83)) which is the fulcrum for the local finiteness provided by
Theorem The meromorphic continuation of the intertwining operators is then
deduced from that of the Eisenstein series by a standard argument — see §8.51 The
functional equations are also an immediate consequence of Proposition Fi-
nally, the analysis of the singularities boils down to the case of a maximal parabolic
subgroup.

8.1. Characterization of automorphic forms. Let P € P. Denote by A?Sp
the linear span of the functions of the form (f o Hp) - ¢ where f € C°(ap) and
¢ € AS®P. Tt consists of rapidly decreasing functions. Denote by (A$™)* the
annihilator of A%®P in Fume(Xp) with respect to the sesquilinear form (-, -) x,, given
by ([67). )

By [28, 1.3.4], if ¢ € Fume(X) and Cg po € (ARP)* for all P € P then ¢ = 0.
More generally, for any P € P,

(8.1) if ¢ € Fumg(Xp) and Cp ¢ € (AG)" for all @ C P then ¢ = 0.
For any A € Xp and a € Ap consider the difference operator

Dot =a-¢—a’p
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on functions on Xp. We use the same notation also if A € Xg where Q C P (in
which case, it depends only on the projection of A to Xp). The operators DI,
a € Ap, A € Xp pairwise commute. More generally, for A = (A1,...,\,) € X} (or
more generally in X7 where @ C P) and a = (ay,...,a,) € Ap we write

n
P _ P
D} _HDai i
=1

(If a; = a for all i, then we simply write D22
Let 3 be the center of U(gso). If P = M x U € P we will write 3™ for the
corresponding object for M.

Lemma. Let ¢ € Fumg(X). Then, ¢ € Ag if and only if the following two condi-
tions are satisfied.

(1) There exists a smooth, compactly supported, bi-K-finite function h on G(A)
such that §(h)¢ = ¢.
(2) For every P € P there exist an integer n > 0 and A € X} such that

D2 2Cq.po € (ANPYL for all a € AT

Proof. The “only if” direction follows from [28] 1.2.17 and 1.3.1].

Conversely, let h be a smooth, compactly supported, bi-K-finite function on
G(A) and for every P € P let np > 0 be an integer and Ap € X}”. Consider the
linear space

V = {6 € Fumg(X) | 6(h)p = ¢ and DL2F Ci pop € (ANP)L VP € P, Va € AP}
By &1)), for any ¢ € V we have

( H DZ;AQ)CG1P¢ = 0

QCP

for any P € P and any collection ag, € AgQ, Q C P. (Cf. [28, 1.3.5].) Hence
V' is finite-dimensional by Theorem Clearly, V is 3-invariant. Therefore, any
¢ € V is 3-finite, and of course also K-finite (since h is bi-K-finite). Thus, ¢ is an
automorphic form. O

8.2. The following is a standard consequence of Harish-Chandra’s finiteness theo-
rem.

Lemma. For any ¢ € Ap and w € W(P,Q) the automorphic forms M (w, \)p,
whenever defined, belong to a finite-dimensional linear subspace of Ag (indepen-
dently of \).

Proof. Let e be an idempotent in the algebra of finite functions on K such that
d(e)p = ¢. Then, §(e)(M(w, A)p) = M(w, \)¢ whenever M (w, )y is defined. Let
I be a finite-codimensional ideal of 3™ that annihilates the function m € M(A)
6p(m)~2¢p(mg) for all g € G(A) [28, 1.2.17]. By (635), the finite-codimensional
ideal wl of 3@ annihilates the function m € Mg (A) — 8o (m)~2 (M (w, \)@)(mg)
for all ¢ € G(A). It follows that there exists a finite-codimensional ideal of 3
(independent of A) that annihilates M (w, )¢ [loc. cit.]. We conclude the lemma
by Harish-Chandra’s finiteness theorem [19, Theorem 1]. O
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8.3. A result of Harish-Chandra. By a basic result of Harish-Chandra, every
automorphic form on Xp is an eigenfunction of §(h) with eigenvalue 1 for some
h e C2(G(A)) [18, §8][1 We need a uniform version of this fact, for families of
automorphic forms, as follows.

Lemma (See [28, 1.4.5]). For every P € P let np > 0 be an integer and Vp a finite-
dimensional subspace of Ap"P. Let A = ®@pepX3T. Then, there exists an integer
d > 0 and for any Ay € A there exist analytic functions b, ..., bq : A — C such that
bo(Ag) # 0, and a bi-K-finite function h € C°(G(A)), with the following property.
Suppose that ¢ € Ag and A = (MY, ... AP Ypep € A are such that for every P € P,

y‘np

Ce'po is of the form C'F¢ = SorE (i) ap for some 1, ..., ¢n, € Vp. Then,

d
Z bi(A)S(h) ¢ = bo(A)¢.

Remark. Let C be a compact, bi-K-invariant neighborhood of 1 in G(A). Then, in
the lemma above we may choose h to be supported in C (and d is independent of

).

8.4. The system of linear equations. Fix P € P and ¢ € Ap. We now de-
scribe a holomorphic system Zg (M), A € Xp of linear equations on ¢ € Sumg (X )
that is locally of finite type, and that admits E(p, A) as the unique solution for
(ReX, @) > 0Va € Ap.
For any @ C P let mg > 0 be an integer and b € XSQ be such that Cp )¢ €
ASJSP (1 Q).
For any @ € P let
ng = Z mp, , QGP,
weWIQ(P)
and
A= (\/U,GWDQ(p)w(HPw + )\))er € @erXgQ.
Using Lemma and the formula (G.I8]) we may apply Lemma B3] to conclude
that there exists a family of pairs (h;,¢;), ¢ € I consisting of a holomorphic family
hi;(A), A € Xp of smooth, compactly supported bi-K-finite functions on G(A) and
a holomorphic function ¢; : Xp — C, such that
(1) 6(hi(N)E(p,A) = ¢;i(N\)E(p, A) for all i € I provided that (Re X, a¥) > 0
for all a € Ap.
(2) For any A\g € Xp there exists ¢ € I such that ¢;(Ag) # 0.
The system Zgy () consists of the homogeneous set of equations

(8.2a) S(hi(MW=c(AM, iel
and the non-homogeneous set of equations
Qw(p, +XA) ~cus
(8.2b) 11 Do, ™ (Caq¥—Cpqpr) € (A5™)*
weW 2% (P)\{e}

for any @ € P and any collection a,, € A5, w € W29(P) \ {e}.

Proposition. The system Eg1(A) is holomorphic and locally of finite type. In the
region (Re X, ") > 0 Va € Ap, it admits » = E(p, \) as its unique solution.

7As noted there, the argument was simplified by Jacquet and Borel.
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Proof. The system Zg,(A) is clearly holomorphic. In the region (Re\,a) > 0
Va € Ap, the Eisenstein series 1) = E(p, \) satisfies (82a]) by the choice of h;())
and c¢;(\), while equation (8:2B) follows from Corollary

Conversely, suppose that 1) € Sol(Eg(A)) for some A € Xp. Equation (8:2h)
implies that for every @) € P we have

Q’w(ﬁ +A) qcus
(8.3) [l Da ™ "(Caqu)e (A5™)*"
weWDQ(P)

for any collection a,, € Agpw, w € W29(P). Let i € I be such that ¢;(\) # 0.
Lemma BJ] and equations ([8.2a) and (83) imply that ¢ is an automorphic form.
Hence, equation (82B) is now equivalent to (6.2I)). It follows from ([E22) that
1 = E(p, \) provided that (Re X, a") > 0 for all « € Ap.

Finally, using (83]) and the argument in the proof of Lemma Bl the system
Zem1(A) implies a system of the form considered in §7.21 Hence, it is locally of finite
type by Theorem O

We can therefore invoke the principle of meromorphic continuation (Theorem
B3) to the system Zg,(A) to conclude the meromorphic continuation of E(p, A),
i.e., the first part of Theorem 231

8.5. Meromorphic continuation of intertwining operators. Next, we deduce
the meromorphic continuation of the intertwining operators from that of the Eisen-
stein series. Fix P € P and w € W(P, Q).

Lemma. Suppose that a € Ag is regular, i.e., (8,Hg(a)) # 0 for all § € Dq.
Then, w' " Hg(a) ¢ w™ Hg(a) + af for any w' € oWp \ {w}.

Proof. Given 1 € P and wy; € W(Q, Q1) the validity of statement of the lemma
does not change if we replace Q by Q1, a by waw ™! and w by wyw. Likewise, given
Py € P and wy € W(Py, P) the validity of statement of the lemma does not change
if we replace P by P, and w by ww;. Therefore, by [28] 1.1.10] we may assume that
Q =P, w=-cand Hp(a) is in the positive Weyl chamber of ap. In this case, it is
well known that for any w’ € W the coefficients of w'~'Hp(a) — Hp(a) in the basis
AY are non-positive, and the 3Y-th coefficient is negative whenever 3 € Aq \ AY
and w’' < 0. In particular, w'"'Hp(a) — Hp(a) ¢ af if w' ¢ pWp \ {e} (and in
fact, for any w’ ¢ WT since this property is W -bi-invariant in w’). (]

Now let ¢ € Ap. For any P’ C P let mps > 0 be an integer and p,, € XpF be
such that Cp pro € Ap/(p,,).

Consider the constant term Cg oFE(p,\) given by (6I7). For any w' € oWp
we have

E9(M(w', \)(Cp.p,,¢),w'\) € Ag(w'(p,  +A)).

Fix a regular element a of Ag and consider the difference operator

Ep,,

Qw' (i, +A)—w
pyn= [ D. ™ .

w'€ gWp\{w}
Then, for any v’ € oWp \ {w}
D\)(B(M(w', A)(Cp,p,, ), w'A)_wr) =0
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and hence by (617) we have
DN ((Ca,E(p, A))—wr) = DN)(M(w, A)e).

On the other hand, by the lemma above, w'~'Hg(a) ¢ w™'Hg(a) + af for every
w' € oWp \ {w}. Let f(z) be the polynomial

mp

fw) =] = ")

i=1

and let

mp, , ,
TORE | | (R
w' € QWp\{w} =1
which is a polynomial in  whose coefficients are analytic functions in A\ € Xp. The
polynomials f and g(J,-) are coprime for generic A. Let R(A) be their resultant,
which is an analytic function in A € Xp which is not identically 0. We have an
identity
u(z, A)f(x) +v(z, A)g(z, A) = R(X),

where u(z, A) and v(z.)\) are polynomials in 2 whose coefficients are analytic func-
tions in A. Let Tj, be the linear transformation ¢ — a-¢ on Ag(wp,). Then,
f(T,) = 0 and the restriction D(\) of D()\) to Ag(wp ) is g(A, Ta). Hence, D())
is invertible for generic A\ € Xp and R(A)D(N)~" = v(Tu, \)g(Ta, ) extends to a
holomorphic function on Xp. Thus,

M(w, N = D) DN (Co.oE(9, A)—wn))
and this provides meromorphic continuation of M (w, A)¢.

Remark. For @ = P and w = e, the argument above shows that on any finite-
dimensional linear subspace of Ap

(8.4) the operator ¢ — E(p, \) is injective for generic A\ € Xp.

8.6. Functional equations and singularities. Let w’ € W(P, P’') and suppose
that (w' Re A, ") > 0 for all & € Ap:,. Then, on the one hand, by Proposition [6.9]
we have
‘C(E(M(w/7 )‘)907 w/>‘)) = ['P’((M(w/7 A)@)W’A)'
On the other hand, by Lemma [6.8 (applied to w'A and ww'~t € W2%(P’)) and
[620)) we have
L(E(p, ) = Lp ((M(w', A)@)uwr)-

Therefore, the functional equation E(M (w', A)¢,w'\) = E(p, A) follows from The-
orem

Moreover, if w € W(P, P') and w’ € W(P’, P"”), then

E(M(w'w, N, w'w)) = E(p,\) = E(M(w, \)p, w\)
= E(M(w', w\)M (w, \)p, w'w).

Thus, M (w'w,\) = M (w',w\)M (w, \) by (&4).

Consider now the singularities of M (w, \). If w is an elementary symmetry s,
for some o € Ap, then as a function of A € Xp, M(w, \) depends only on (), aV).

In general, by decomposing w into elementary symmetries |28, 1.1.8] and using
the multiplicativity of intertwining operators (cf. [28 I11.1.6]), it follows that the
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singularities of M (w, \) are of the form (X, 3Y) = ¢ for some 8 € ®p such that
wpB < 0 and c € C.

On the other hand, the singularities of E(p, \) are precisely those of its cuspidal
components |28, 1.4.10]. Tt follows from (GI8) that the singularities of E(p, \) are
also along root hyperplanesﬁ

This finishes the proof of Theorem 2.3

We remark that the proof shows the following (ostensibly) slightly stronger state-
ment.

Corollary. For any bounded open subset U of Xp, there exists r > 0 such that
A = E(p,\) is a meromorphic function on U, with singularities along finitely
many root hyperplanes, into the Fréchet space FZ (X). In other words, for any
Ao € Xp there exist R > 0 and an integer k > 0 such that the function

(TT &= 20,8 E(e, )

peEPP

admits a convergent power series expansion in L (X) around Ao,

9. THE FUNCTION FIELD CASE

In this section we prove the main result in the function field case. The argument
is analogous to the number field case but it is simpler since we don’t need any
analysis (in particular, local finiteness). Throughout this section F' is a function
field.

9.1. Characterization of automorphic forms. Let P € P. In the number field
case we considered the space §umg(Xp) of smooth functions of uniform moderate
growth. In the function field case we consider instead the space C°(Xp) of all
functions on Xp that are right-invariant under some open subgroup of G(A). Let
C°(Xp) be the subspace of compactly supported locally constant functions. We
can identify C*°(Xp) with the smooth part of the conjugate dual of C°(Xp) by
the sesquilinear pairing (-, ) x, (G1).

Analogously, we denote by A$™P the linear span of the functions of the form
(foHp)-p where f € C.(Hp(M(A))) and p € AR . (Recall that Hy (M(A)) is
a lattice in ap.) By [28, 1.2.9], A3 € C°(Xp). Denote by (ASP)+ c C=(Xxp)
its annihilator with respect to (-,)x,. We have a direct sum decomposition

(9-1) C(Xp) = Ol (Xp) & (AF™),
where
Consp(XpP) = {0 € C(Xp) | Cpoé =0 for all Q C P}.
We denote by ¢ — ¢**P the projection C*°(Xp) — C5,,(Xp) with respect to ([@.1]).

cusp
As usual, we write Cg'p¢ = (Cg,p¢)°™P for any ¢ € C*°(X). By the argument of
28] 1.3.4],
(9.2)

a function ¢ € C*°(X) is identically 0 if and only if C5'P¢ = 0 for all P € P.

8Note, however, that this argument by itself does not imply that F(, \) is holomorphic on iap
in case ¢ € .A?, since the cuspidal components of E(p,\) involve intertwining operators applied
to the cuspidal components of ¢ rather than ¢ itself.
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For any A € Xp and a € Ap consider the difference operator
Do =a-p—a’y
on functions on Xp. These operators commute. For A = (Aq,...,\,) € X}; and
a=(ay,...,a,) € A we write

n
P _ P
DA =T DI,

i=1
By the argument of [28] 1.3.6] a function ¢ € C5,,(Xp) belongs to AP if and
only if there exist n > 0 and A € X} such that
Dg’ﬁgb =0 forall a € A%.
Using [28], 1.3.5] we infer

Lemma. Let ¢ € C°(X). Then, ¢ € Ag if and only if for every P € P there exist
an integer n > 0 and A € X3 such that Dy *(Ca pd) € (AN for all a € A,

9.2. For any ¢ € C°(Xp) and g € G(A) the sum
> ¢(vg)
YEP(F\G(F)
has only finitely many non-zero terms and it gives rise to a G(A)-equivariant linear
map
whose dual is the constant term map
Ca.p:C®(X) = C(Xp).
Moreover, by the argument of [28] 11.1.12]
C(X) =) Op(AR™).
pPeP

In fact, this is just an equivalent formulation of ([@.2]).

For any compact open subgroup K of G(A) denote by C°(X)¥ the space of
compactly supported right K-invariant functions on X, i.e., the K-fixed part of
C(X), and by A% the K-fixed part of A%, Then,

(9.3) C(X)K = 0p(ATF).
PeP

We will need another simple fact.

Lemma. For any P € P, an integer n > 0 and a compact open subgroup K of
G(A) there exists a finite subset B C G(A) such that for any A € X%, the restriction
map ¢ — ¢|p is injective on ALY (N)E. Dually, there exists a finite-dimensional
subspace L of fli;usP’K such that for any A € X}% we have
AFPE = L4 Y DPAARE),
acA?,
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Indeed, there exists a finite set By C G(A) such that the support of any right K-
invariant function in A5 (or in ASP) is contained in U(A)M (F)ApB; K. (This
easily follows from [28, 1.2.9] applied to M.) Hence, the first part of the lemma
reduces to the analogous statement about functions on the lattice Ap, which is
elementary. (We can take B to be By Bj for a suitable finite subset B of Ap.) For
the dual statement, note that the algebraic dual of AN is €25, (Xp)X and the

annihilator of o
DRTETED
a€A} a
in CZ%,,(Xp) " is AZ"P(A)™. Hence, we can take L to be the projection under ¢ —
=P of the space of right K-invariant functions on X'p supported in U(A)M (F)BK.
By ([@.3)), we conclude

Corollary. For any compact open subgroup K of G(A) and an integer n > 0 there
exists a finite-dimensional subspace U of C°(X)E such that

CXX)N =U+ Y op(DIAAR™T))

PEP.aeAY,
for any A € X}TS

9.3. The system of linear equations. Fix P € P and ¢ € Ap.

For any Q C P fix mg > 0 and #glsp € XSQ such that Oy ¢ € Ag (Eglsp)_ As
usual, for any A € Xp, denote by A its image under the projection map (G.IJ).
Proposition. In the region (Re X\, a") > 0 Vo € Ap, the Eisenstein series E(p, \)
is the unique function ¢ € C*°(X) satisfying the linear equations

Q7w(ﬂcusp+5‘) qcus
(9.4) 11 Do, " (Caqi—Crops) € (A™)*
weW2Q(P)\{e}

for any Q € P and any collection a,, € Agp“’, w e W22Q(P)\ {e}.

Proof. Equation (@) is satisfied for ) = E(¢, A) by (621)) .
Conversely, suppose that 1 satisfies (@4 for some A\ € Xp. Then, for every

QeP

Q,w( cusp+5\) -
(9.5) [[ Do ™ " (Coqu)e (A5)*
wEWDQ(P)

for any collection a,, € Ay™, w € W29(P). Thus, by Lemma @I} ¢ is an
automorphic form. Hence, the relation ([@4) is now equivalent to ([G21). It follows
from (622)) that ¢ = E(p, \) provided that (Re X, a") > 0 for all @ € Ap. O

9.4. Algebraic version of the principle of meromorphic continuation. Re-
call that the principle of meromorphic continuation admits an easier algebraic ana-
logue which has already been used many times in the literature (see [14] p. 127] or
2. §1)).

We first introduce some terminology. Let V' be a vector space over C, V* its
dual space, D an affine variety over C and C[D] its ring of regular functions. Let
V[D] =V ® C[D]. For any A € D, the evaluation at A homomorphism C[D] — C
gives rise to a linear map V[D] — V which we denote by u — p(A).
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A regular family = of linear systems of equations on V* is a family of elements
w; € VD], v; € C[D], i € I. For each A € D it gives rise to a linear system of
equations Z(\) on v* € V* given by

<v*a,u'z(>‘)> = Vi(>‘)7 i€l

Theorem. In the above setup, suppose that V' has countable dimension and D is
irreducible. Let C(D) be the field of fractions of C[D]. Suppose that we are given a
reqular family of linear systems = of equations on V* as above. Assume that there
exists a non-empty, open (in the Hausdor(f topology) subset D’ of D such that for
all X € D' the system E(\) has a unique solution. Then, there exists a unique
element

A € Homcp)(V[D],C(D)) = Homc(V,C(D))

such that A(u;) = v; for all i € I. Moreover, for all X € D outside the union
of countably many hypersurfaces, Av € C(D) is regular in X for all v € V and
(v Av(X)) € V* is the unique solution of Z(N).

See the references above for the easy proof.

9.5. Rationality of Eisenstein series. Let ¢ € Ap. Using Theorem [ 4 we prove
that the Eisenstein series E(p, ), originally defined in the region (Re A, o) > 0
Va € Ap, is a rational function on A\ € Xp.

Fix a compact open subgroup K of G(A) such that ¢ is right K-invariant.
Consider the space V = C° (X)X and its dual space V* of all right K-invariant
functions on X. The system Z(A), A € Xp consisting of the linear equations (@4 is
a regular family of linear systems on V* (since AZ;SP C C(Xg)). By Proposition
and Theorem we deduce that for any g € G(A) the function E(g, ¢, ) is a
rational function on Xp. (Note that we do not need to use equation (82al) or 7l
the local finiteness part.)

We claim that in fact there exists a polynomial p on X p such that p(A)E(g, ¢, \)
is a polynomial on Xp for all g € G(A).

Indeed, by ([@.3]), we have

(E((p7 )‘)7 9Q¢)X =0
for any @ € P,

Q’w(ﬂm,’serS‘) qcus
XS H D,, ™ (AQ ®)
weW 2 (P)
and any collection a,, € A", w € W29(P). Hence, by Corollary [1.2] there exists

a finite-dimensional subspace U of V such that if p is a polynomial on Xp such
that p(A)(E (@, A), ¢)x is a polynomial on Xp for all ¢ € U, then p(A\)(E(p, A), ¢) x
is a polynomial on Xp for all ¢ € V.

9.6. Rationality of intertwining operators. The proof of the rationality of
A€ Xpr— M(w, )y for any ¢ € Ap, w € W(P, Q) is identical to the number field
case, taking into account that the operators D(\) defined in §835] are polynomial
functions in A € Xp (which factor through Xp).

Similarly, the functional equation E(M (w,\)p,wA) = E(p,\) for any w €
W(P,P') and M(w'w,\) = M(w',wA) o M(w,\) for any w € W(P,P’') and
w' € W(P', P") are proved exactly as in the number field case.
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Finally, we consider the singularities of M(w, ). For any a € ®p let a* €
M(A)/M(A)! be the element defined in [28, I.1.11]. By definition, a root hyperplane
of Xp is a hypersurface given by the equation a** = ¢ for some o € ®p and ¢ € C*.
We say that a rational function on Xp has singularities along root hyperplanes if it
is regular outside a finite union of root hyperplanes. We show that for any ¢ € Ap,
the intertwining operator M (w, A)¢ has singularities along root hyperplanes (and
in fact a more precise statement). If w is an elementary symmetry s, for some
a € Ap, then as a function of A € Xp, M(w,)\)p depends only on o**. In
general, by decomposing w into elementary symmetries [28, 1.1.8] and using the
multiplicativity of intertwining operators, it follows that the singularities of M (w, \)
are of the form $** = ¢ for some 3 € ®p such that w3 < 0 and ¢ € C*.

Finally, as in the number field case, it follows from [28| 1.4.10] and (GI8) that
the singularities of E(p, A) are also along root hyperplanes.

This finishes the proof of Theorem

APPENDIX A. PROOF OF PRINCIPLE OF MEROMORPHIC CONTINUATION
(THEOREM [B.3))

We will show that for every so € /\/lunq there exists an open, connected neigh-
borhood W of sy in M with the following property. For every s; € Mynq N W
there exists a scalar-valued holomorphic function f on W such that

(1) f(s1) #0.

(2) Mung D Wy :={s € W | f(s) # 0}.

(3) There exists a holomorphic function u : W — €& such that u(s) = f(s)v(s)
for all s € Wy.

This implies that M°__

non-empty by assumption, M3
statement above.

Since the statement is local in sy we may assume, by passing to a neighborhood
of sp, that M is connected, Mg, # (), and there exist a finite-dimensional vector
space L and an analytic family of injective operators \s : L — &, s € M such that
Sol(E(s)) € Im A for all s € M.

By considering the pullback of = under Ay we may assume without loss of gen-
erality that & = L is finite-dimensional. We may think of = as a (possibly infinite)
system of linear equations in n variables (where n = dim L) whose coefficients
depend analytically on s.

Let s1 € Myng, so that Z(s1) admlts a unique solution v(s1). Then, we can

is open and hence, since M is connected and M3, is

= M. Thus, the theorem would follow from the

unq

unqgq

extract from = a non-singular subsystem = consisting of n equations such that = ( 1)
admits v(s1) as its unique solution. Let f(s) be the determinant of the coefficients
of the system Z(s), s € M. Then, s; € My ={se M| f(s) #0}, and if s € My,
then Sol(Z(s)) is a singleton which we write as {6(s)}. A fortiori, Sol(E(s)) C {d(s)}
for all s € M. Thus, v(s) = 9(s) for all s € M; N Mnq. Moreover, by Cramer’s
rule f(s)0(s) extends to a holomorphic function on M, and in particular o(s) is
holomorphic on My. Observe that My N M3, is a non-empty open set since M
is dense in M and My, # 0. Since 9(s) solves Z(s) on My N Mynq and My is
connected (as a complement of a hypersurface) we infer by analytic continuation
that 9(s) € Sol(Z(s)) for all s € M. Thus, Sol(Z(s)) = {0(s)} for all s € M. It
follows that Myunq D My and v(s) = 0(s) for any s € My. Our claim follows.
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Remark. Let € be a LCTVS. We say that a family Ay, s € M of subsets of € is
weakly of finite type if there exist a finite-dimensional vector space L and an analytic
family As, s € M of operators L — € such that A, C Im A, for all s € M. (We do
not require that A, are injective.) We can similarly define the corresponding local
notion. Suppose that Z(s) is an analytic system of linear equations on & which is
locally, weakly of finite type in the sense that the set of solutions of Z(s) is locally,
weakly of finite type.

Then, a similar argument to the above shows that for every so € M3, there
exists an open, connected neighborhood W of sy in M and a non-zero holomorphic
function f; on W with the following property. For every s; € Mynq N Wy, there
exists a holomorphic function f on W such that

(1) f(s1) #0.

(2) Munq D Wy,

(3) There exists a holomorphic function u : W — & such that u(s) = f(s)v(s)
for all s € Wy.

This implies that My,q contains an open dense subset U of M such that v is
holomorphic on U and meromorphic on M. However, we do not know whether in
this generality Mynq is open and v is holomorphic on Mpq.

In fact, in a previous version of the paper we worked with this weaker notion of
finite type. However, we realized that it is better to work with the stronger notion.
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