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§ I .  INTRODUCTION 

Let A be a finite-dimensional associative algebra with identity over a field K, and let ~ be the category 

of finite-dimensional A modules. An important invariant of such an algebra is its Cartan matrix, which is 

defined as follows. Let LI, . .., Lk be a complete collection of irreducible A modules. For each /4 there 

exists a unique (up to isomorphism) indecomposable projective A-module Pi that covers Li; i.e., Horn (Pi, 
Li) ~ 0. Let cij = (Pi : Lj) be the number of occurrences of Lj in the Jordan-HSlder series of Pi. The inte- 

gral matrix C = Hci] I], i, j =i ..... k, is called the Cartan matrix of A (or ~4). 

In certain cases C is a symmetric, positive-definite matrix and, moreover, can be represented in the 

form C = D t • D, where D is some other integral matrix (not necessarily square). 

This fact is ordinarily a reflection of some duality principle; to wit, the equality C = D t • D means that 

there exists a class of modules M I, . .., Ml, such that each Pi has a composition series with factors isomor- 
phic to Mj, and for any i, j the number of occurrences of Mj in the series for Pi is equal to the number of oc- 

currences of Li in the Jordan-HSlder series for Mj. Thus, it can be said that the modules Mj occupy an in- 

termediate position between the projective modules Pi and the simple modules Li; they are their "mean geo- 

metric." 

The elucidation of the reason why C = D t • D and the intrinsic (in terms of ~4) characterization of the 

modules Mj are highly interesting problems, approaches to which are absolutely unclear at present. 

At present two classes of categories ~4 are known for which the Cartan matrix C has this property. 

Case i. Let char K = p > O, and let A = KG be the group algebra of some finite group G, so that ~4 is 

the category of finite-dimensional G modules over K. Let V I, . .., Vl be a complete collection of irreducible 

representations of G over the field C of complex numbers, and let M I, . .., M l be the A modules obtained by 

their reduction to characteristic p (see [i]). 

If L I, . .., Lk are a complete collection of irreducible A modules (i.e., irreducible representations of 

G over K) and D is the matrix with entries dij = (Mi : ~), then C = D t • D (for more details see [i, §§82, 83]). 

Case 2. Let ~ be a semisimple complex Lie algebra, ~ the Lie algebra over a closed field of charac- 

teristic p > 0 obtained by the reduction of ~, and A = U ° (~)a bounded universal enveloping algebra of ~. 

Finite-dimensional A modules were studied by Humphreys [2], who constructed a collection of A modules 
MI, .... IV[/ that occupy an "intermediate position" between projective and simple modules as described above 

and proved that the Cartan matrix of the category of A modules can be represented in the form C = D t • D. 

The purpose of this article is to construct a category of ~ modules having the same property for each 

semisimple Lie algebra ¢j over C. Simple objects of this category can be indexed by the elements of the Weyl 

group W of g (to w E W corresponds a simple module Lw and a projective module Pw). In addition, to each 

w E W c o r r e s p o n d s  s o m e  g module  Mw (the s o - c a l l e d  V e r m a  module;  s e e  [3, 4, 5, 8]). If we now se t  C = I! cw,~,li~ 
where  c,,,,~, = (P~, : L~,), and D = I] d~,,~,l],where d~., ~,, = { Mw : L,z ), then C = D t • D. In addition, ~ has  o the r  good 

p r o p e r t i e s  (D is unipotent  and all objec ts  of~4 have a finite cohomolog ica l  d imension) .  

Note a lso  that  a deta i led  s tudy of the r e l a t i ve ly  s imple  " f in i t e -d imens iona l "  c a t e g o r y  ~4 makes  it p o s s i -  
ble to obtain c e r t a i n  in fo rmat ion  about the s t r u c t u r e  of submodules  of V e r m a  modules ,  which is a diff icul t  and 

in t e re s t ing  p r o b l e m .  
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and 

§2.  S O M E  N O T A T I O N  

is a complex semisimple  Lie algebra,  and ~ is a Cartan subalgebra of ~. 

A is the root  sys t em of ~ with respec t  to ~ ; Z is the set  of simple roots;  A+ is the set of positive roots; 

~+, and ~ are  the subalgebras of ~, spanned by the root  vectors  corresponding to the roots in A+ (respo 
- a + ) .  

U (~), and U (~+) are  enveloping algebras of ] and ~+, respectively,  and Z (~) is the center  of U (~). 

9" is the space dual to ~ ; ~z is the integral  lattice in ~*, consisting of the weights of the f ini te-dimen- 
sional representat ions  of g ; and C ° C 9" is the positive Weyl chamber.  

W is the Weyl group of g with respect  to ~; a7 is the reflection corresponding to T E A+; and/(w)  is the 
length of wEW, i.e., the smal les t  number of fac tors  in the representa t ion w = ~ . . .  ~ ,  ~ E Z. 

K(X) for  ~ ~ ~* is Kostant 's  function, i.e., the number  of representat ions of X in the form Z = ~, n~; 
~ A +  

n ~ Z ,  n ~ 0 ;  F C ~ z  is the set  of elements Xsuch tha tK(×)  ~ 0; for  Z , ~ * ,  Z ~ / ~ m e a n s t h a t  

¢ - X e  F. 

JH(M) denotes the collection of simple modules (with multiplicities) occurr ing in the Jo rdan-H61der  

ser ies  of a ~ module M. 

§3.  E L E M E N T A R Y  P R O I ~ E R T I E S  OF T H E  C A T E G O R Y  O 

Definition i (the Category O).  The objects of the ca tegory O are left ~ modules M having the following 

propert ies :  

1} M is a finitely generated ~ module; 

2) M is ~ diagonalizable; 

3) M is a+ finite (i.e., dimc U (u÷)/~ cc for any f E M). 

The morphisms of O are a rb i t r a ry  ~ module morphisms.  

Important  objects of G are the so-ca l led  Verma modules (the modules MX; see [3, 4]L 

Let Z ~ ~*. We denote by Jk the left ideal in U (~) generated by a÷ and {H -- ~ (H) ~- p (H), H ~ ~}, and 
we se tM× = U(~)J×.  It is c lear  that M×~O. 

Let us l is t  the basic proper t ies  of O and of Verma modules. 

1) O is an Abelian category with finite di rect  sums. The space Hom(M, M') is f ini te-dimensional  for  any 

M, M' E O. 

2) Let M ~ O, ~ ~ 9*. We denote by M(¢) C M the subspace of vectors  of weight ¢ in M. Then d imc  
M(¢) < ~.  Let P (M) = {~ ~ ~*] M<~)ee0}.Then there exists a finite number of weights ¢1 . . . . .  ¢k such that 
P(M) C U (¢j + (- F)), where F is the semigroup generated by positive roots (for example, P(M~) X - P - F). 
In par t icular ,  if M ~ 0, then P(M) contains at least  one maximal  weight X, i.e., such that P(M) h {× + F} = X. 

3) Let us descr ibe all of the simple objects of O. Let 7. ~ ~* For  a Verma module M x there is a u-  
nique simple factor  module (see [5]), which we denote by L x. The modules L x are  pairwise nonisomorphic and 
are  exhausted by all of the simple objects in O. 

4) Let Z (6) be the center  of U (~), and let ® be the set of charac te rs  of Z (~) (i.e., homomorphisms 
Z (~) -~ C). For  each 0 ~ ® consider  the complete subcategory O0 of O, consisting of modules M satisfying the 
following condition: For  each z ~ Z (~) the module M is annihilated by some power of [z - ~(z)]. Then (5 ---- @ 
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O~, i . e . ,  e ach  M ~ O d e c o m p o s e s  in to  a f in i t e  s u m  M = ~ M (0), M (0) ~ O,,, and fo r  01 ~ 02 Horn(M1, M2) = 0 

f o r  any 3'/~ ~ O~,, .lf~ ~_ 0,~_. 

5) F o r  each  Z ~ l) t h e r e  e x i s t s  a c h a r a c t e r  0 X such  tha t  zf  = 0X(z)f f o r  a l l  / ~ Mx, z ~ Z (8). T h e r e f o r e ,  
M × ~ O o x .  E a c h  0 ~ ® h a s t h e f o r m  0 X f o r s o m e  7 . ~  , 0 x , =  0 x . ~ 7 . ~ - -  wZ~ f o r  s o m e w ~ W .  Le t  h ( 0 ) , =  
{X ~ ~*, 0 = 0 ~ ) .  

6) Us ing  1), 4), and 5), one can  p r o v e  tha t  e ach  M ~ O h a s  f in i t e  l eng th  ( see  [5]). T h e r e f o r e ,  e a c h  
M ~ O d e c o m p o s e s  into the  d i r e c t  s u m  of i n d e c o m p o s a b l e  o b j e c t s ,  w h e r e  the s u m m a n d s  a r e  un ique ly  de f ined  
up to i s o m o r p h i s m  and r e a r r a n g e m e n t  (the K r u l l - S c h m i d t  t h e o r e m  [1]). 

7) L e t  0 = 0x and M ~ O0. Then  P (M) C U {w (z - p) - F}. It s u f f i c e s  to v e r i f y  th is  a s s e r t i o n  f o r  s i m -  
W ~ Y  

p l e  o b j e c t s  in  O0, fo r  which  i t  fo l lows  f r o m  1), 3), and 5). 

§4. PROJECTIVE OBJECTS OF© 

THEOREM i. Each object in O is a factor object of a projective object. 

We shall prove the more precise Theorem 2. 

THEOREM 2. Let X~9*, e~O. There exist amodule (2 = Q(0, 7.)~OeandavectorqEQ(X) such that 
for any M ~ O the mapping Horn(Q, M) ~ (M(0)) (X), defined by ~ ~ ~(q), is an isomorphism. 

It follows from Theorem 2 that the functor M ~ Horn(Q, M) is isomorphic to the funetor M ~ (M(a)) (X) 
and hence, is faithful; i.e., Q is projective (in O). On the other hand, each M ~ O is generated by a finite num- 
ber of vectors fi E (M(Oi))(Xi) , and by Theorem 2, M is a factor module oftheprojective module GQ (e~, 7.i). 

Therefore, it suffices to prove Theorem 2. 

Proof. Let I C U (8) be the left ideal generated by H -- 7. (H), H E ~, and (~)N for sufficiently large N 
(Nwillbe chosen later). Let Q = U(~),Iandlet ~Qbetheimage of I~ U(~)in(~. It is clear that ~O. 

Let us prove that if N is sufficiently large, then for any M ~ O0 the mapping (Q, M) -~ M(x) (¢p ~ ~ (q)) 
is an isomorphism. Since ~ is a generator of (~, this mapping is an imbedding. Conversely, let f E M (X), 
Consider a: U(8)-~.I/,a(X) = X]. It is clear that a(H-x(H)) = 0, H~b. On the other hand, let 0= 0¢ 
for some ~ ~ 9*. Then by virtue of 7), P (M) C U {w(~ - p) - F}, and hence, for sufficiently large N (not 

w~W 

depending on M or f) (~+):v ] = 0. Therefore, ~ ((a+)x) = 0 ; i.e., a defines a mapping~ : Q --~ M,such that 
~(~)  = f. 

It  i s  now c l e a r  tha t  the  modu le  Q = Q(0),  and the p r o j e c t i o n  q of ~ onto Q s a t i s f y  the  cond i t ion  of T h e o r e m  
2. 

COROLLARY 1. If P ~ O is  an  i n d e c o m p o s a b l e  p r o j e c t i v e  modu le ,  then  P has  a unique m a x i m a l  s u b -  
modu le  P ' ,  so  tha t  the  s i m p l e  modu le  L = P / P '  c o r r e s p o n d s  to it. We ob t a in  a o n e - t o - o n e  c o r r e s p o n d e n c e  
P ~-* P / P '  b e t w e e n  i n d e c o m p o s a b l  e p r o j e c t i v e  o b j e c t s  and s i m p l e  o b j e c t s  of O. 

We denote  the  p r o j e c t i v e  modu le  c o r r e s p o n d i n g  to the  s i m p l e  modu le  L x by  P p  It i s  c a l l e d  the  p r o j e c -  
t ive  c o v e r i n g  of L x. 

Th i s  c o r o l l a r y  fo l lows  f r o m  T h e o r e m  1 and P r o p e r t y  6) ( see  [1], T h e o r e m  54.11).  

P r o p o s i t i o n  1. Le t  X ~ ~*, M ~ O. Then  d im Hom(Px ,  M) = (M: LX). 

P roof .  Le t  0 - -  M 1 --* M --" M 2 --* 0 be  an  e x a c t  s e q u e n c e  in O. S ince  Pk is  a p r o j e c t i v e  ob jec t ,  the  v a l i d -  
i ty  of the  p r o p o s i t i o n  fo r  M fo l lows  f r o m  i t s  v a l i d i t y  fo r  M 1 and M 2. T h e r e f o r e ,  we can  a s s u m e  tha t  M = L¢ is  
a s i m p l e  ob jec t .  I t  now fo l lows  f r o m  C o r o l l a r y  1 tha t  if X ~ ¢, then  both  s i d e s  of the  equa l i t y  equa l  z e r o .  But 
i f  X = ¢, then Horn (Px, Lx) = Hom (Lx, Lx) = C. 

R e m a r k .  The c a t e g o r y  0 i s  s e l f - d u a l ,  i . e . ,  equ iva l en t  to the dua l  c a t e g o r y  ©0. Th i s  e q u i v a l e n c e  is  d e -  
f ined  by  the fo l lowing  f u n c t o r  F.  Le t  t : ~ -+ S be  an  a n t i - i n v o l u t i o n  such  tha t  i (H) = H, H ~ 9. Then i (I~) = 1L. 
Le t  M ~ O and l e t  M* be  the  s p a c e  of l i n e a r  f unc t i ona l s  on M. We def ine  the ac t i on  of S on M* by (X~) (1)= 

(i (X)/) ,  ~ ~ M*, / ~ M, X ~ S .  As  F(M) we t ake  the  s u b m o d u l e  of M* g e n e r a t e d  by  the  v e c t o r s  c h a r a c t e r -  

i s t i c  wi th  r e s p e c t  to 9. It can  be  p r o v e d  tha t  F ( M ) ~ O , a n d  tha t  Horn (M~, M 2) = Hom(F(M2),  F(M~)). In  a d d i -  
t ion,  F (F(M))  is  n a t u r a l l y  i s o m o r p h i c  to  M. It  i s  c l e a r  f r o m  the  c o n s t r u c t i o n  tha t  d im(F(M)) (k)  -- d i m  M(X) f o r  
any ~ ~ 9*. In p a r t i c u l a r ,  F ( L  k) = LX, and h e n c e  F (©0) = O~ f o r  any ~ ~ ®. 
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It  i s  c l e a r  t ha t  the  m o d u l e s  I X = F(Pk)  a r e  i n d e c o m p o s a b l e  i n j e c t i v e  o b j e c t s  in  ©, and tha t  each  i n d e -  
c o m p o s a b l e  i n j e c t i v e  o b j e c t  in O is i s o m o r p h i c  to one of the  I X. 

§ 5 .  T H E  C A T E G O R Y  ©0 

It  fo l lows  f r o m  P r o p e r t y  4) in §3 tha t  m a n y  p r o p e r t i e s  of © can  be  s t u d i e d  " l o c a l l y , "  i . e . ,  i n s i d e  the 
c a t e g o r i e s  Go f o r  v a r i o u s  0 E ®. Each  of the  O0 is  a " f i n i t e - d i m e n s i o n a l "  c a t e g o r y  in  the  fo l lowing  s e n s e :  

THEOREM 3. Le t  0 = 0 x f o r  s o m e  ~ ~ ~*, and l e t  P = ~ n~,Pwxbe a p r o j e c t i v e  o b j e c t  in  ©0, such  tha t  

nw > 0 f o r  a l l  w E W. C o n s i d e r  the  f i n i t e - d i m e n s i o n a l  a l g e b r a  A = Hom(P ,  P). The func to r  M -~ Hom(P,  M) 
de f i ne s  an  e q u i v a l e n c e  of O0 with  the  c a t e g o r y  of  f i n i t e - d i m e n s i o n a l  r i g h t  A m o d u l e s .  

The p r o o f  fo l lows  i m m e d i a t e l y  f r o m  [6] ( T h e o r e m  ILl .3)  and the f ac t  tha t  the  Pwx, w E W, exhaus t  a l l  of 
the  i n d e c o m p o s a b l e  p r o j e c t i v e  m o d u l e s  in O~. 

R e m a r k .  It can  be  d e d u c e d  f r o m  the e x p l i c i t  c o n s t r u c t i o n  of F : O~ -~ O~ (see  the  r e m a r k  in  §4) tha t  
t h e r e  e x i s t s  an a n t i a u t o m o r p h i s m  i : A ~ A such  tha t  i 2 = 1. 

Le t  0 = 0 X. If ~( is  a c h a r a c t e r  such  tha t  w)~ - - ~  ~ ~z fo r  a l l  w E W ( i .e . ,  ~( i s  a c h a r a c t e r  in  g e n e r a l  p o s i -  
t ion) ,  then  any s i m p l e  o b j e c t  in  O0 i s  p r o j e c t i v e ,  and  O0 is a r r a n g e d  v e r y  s i m p l y .  

When X is  a c h a r a c t e r  not  in  g e n e r a l  p o s i t i o n ,  the  l i n k a g e s  a p p e a r  among  the  v a r i o u s  s i m p l e  o b j e c t s  in 
O0 . The m o s t  c o m p l i c a t e d  and i n t e r e s t i n g  c a s e  is  when X is  a r e g u l a r  i n t e g r a l  weight ;  i . e . ,  ~ ~ 6zand  wx 
× f o r w E  W , w ~  e. 

THEOREM 4. Le t  ×, X' be two r e g u l a r  i n t e g r a l  we igh t s ,  and l e t  0 = 0×, 0' = 0×,. Then ©0 and ©~' a r e  
equ iva l en t .  

Th is  t h e o r e m  is  p r o v e d  by  the  s a m e  me thods  as  T h e o r e m  2 in [4] and T h e o r e m  E1 in [7]. We s h a l l  not  
p r o v e  it.  

§ 6 .  T H E  C A R T A N  M A T R I X  A N D  T H E  D U A L I T Y  T H E O R E M  

Our  p u r p o s e  in  th i s  s e c t i o n  i s  to i n v e s t i g a t e  the n u m b e r  of o c c u r r e n c e s  of the s i m p l e  m o d u l e s  L~( in  
the  J o r d a n - t t 5 1 d e r  s e r i e s  of an  i n d e c o m p o s a b l e  p r o j e c t i v e  modu le  PC. We s h a l l  f ix  0 E ® and o p e r a t e  i n -  
s i d e  one c a t e g o r y  O0 ; i . e . ,  we s h a l l  a s s u m e  tha t  ~, ~ E A(0). 

Def in i t ion  2. 1) The  C a r t a n  m a t r i x  C = I ez~ ii, 7., $ E A (0), i s  de f ined  by  c~(~ = (P~( : L~). 

2) The d e c o m p o s i t i o n  m a t r i x  D = I[d×,~ II, ~, ~ ~ A (0), i s  de f ined  by  d×,~ = (Mx: L,). 

THEOREM 5. 1) L e t  X1, . . . .  ~(s be an  o r d e r i n g  of the we igh t s  X E A(0), such  tha t  ~ ~ XJ ~ i ~ ]. Then 
D i s  an  u p p e r  t r i a n g u l a r  m a t r i x  wi th  ones  on the d i agona l .  

2) C = D t • D. In p a r t i c u l a r ,  C i s  a s y m m e t r i c  m a t r i x .  

The p r o o f  of 1) is  obv ious .  To p r o v e  2) we i n t r o d u c e  the concep t  of a p f i l t r a t i o n .  

Def in i t ion  3. L e t  M ~ O. A f i l t r a t i o n  0 = 3f0 ~ M~ ~ M~ .L~ . . . .  ~ -LI~ = .11 is  c a l l e d  a p - f i l t r a t i o n  i f  
MjM~_~ _~_ Mz~ f o r  s o m e  7~ ~ ~*. In th is  c a s e  we denote  by (M: M~) the n u m b e r  of  i such  tha t  ×i = ~" (It f o l -  
lows f r o m  the f i r s t  p a r t  of T h e o r e m  5 tha t  the  n u m b e r s  (M : M X) do not  depend  on the  cho ice  of p f i l t r a t i o n . )  

P r o p o s i t i o n  2. 1) Each  p o s i t i v e  modu le  P ~- O a d m i t s  a p f i l t r a t i o n .  

2) The  dua l i t y  (P×': M,)  - d,,× = (M~: Lz) ho lds .  

I t  i s  c l e a r  t ha t  the s e c o n d  p a r t  of T h e o r e m  5 fo l lows  f r o m  th i s  p r o p o s i t i o n .  

P r o o f  of P r o p o s i t i o n  2. a) LEMMA 1. Suppose  tha t  M a d m i t s  a p f i l t r a t i o n ,  ~( is  a m a x i m a l  we igh t  in 
P(M),  ~ ~ M(X), and M'  : U (~) 7. Thhn M'  ~ Mz÷~ and M / M '  a d m i t s  a p f i l t r a t i o n .  

Us ing  induc t ion  on the  l eng th  of a p f i l t r a t i o n ,  we can  a s s u m e  tha t  M = M~, ] ~ 3'[~_~. Then  we ob ta in  a 
n o n t r i v i a l  m a p p i n g  of M' into M~M~-I ~ M~. Since  7. ÷ p ~  7.~, th i s  mapp ing  is  an i s o m o r p h i s m ,  and Xk = 

= M, M ~ :1,/~_~ a d m i t s  a p f i l t r a t i o n .  X + P. T h e r e f o r e ,  M' Mk+p and , ' 

b) If M = M~ ~ M 2 a d m i t s  a p f i l t r a t i o n ,  then  each  of  M~, M 2 a d m i t s  a p f i l t r a t i o n .  
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A g a i n  l e t  X be  m a x i m a l  a m o n g  the  we igh t s  in P(M). We can  a s s u m e  tha t  .¢l~ z) =~: 0. Choose  0 _L~_ .t ~_ .~I(~×) 
and s e t  M '  = U (9) ]. Then  M '  ~-~ M z ~ a n d  M / M '  ~--- M J M '  @ M2 a d m i t s  a p f i l t r a t i o n .  Induc t ion  on the  length  
of M c o m p l e t e s  the  p r o o f .  

c) F o r  any Z ~ ~* the modu le  Q, c o n s t r u c t e d  in the  p r o o f  of T h e o r e m  2, a d m i t s  a p f i l t r a t i o n .  

We c h o o s e  in U (~+)a c o l l e c t i o n  of  we igh t  e l e m e n t s  x l ,  . . . ,  Xs with  we igh t s  kl ,  . . . ,  ks  so tha t  the  i m -  
a g e s  of xi  in  U (u+)/U 0~+) (u+)'~ def ine  a b a s i s  t h e r e  and ~.~ ~ ).~ ~ i ~ ]. Le t  Oj CZ Q be the  s u b m o d u l e  g e n -  
e r a t e d  by (xl~ . . . . .  xj~).  I t  fo l lows  f r o m  the P o i n c a r 6 - B i r k h o f f - W i t t  t h e o r e m  tha t  the  Qj f o r m  a p f i l t r a -  
t ion  in  Q. In p a r t i c u l a r ,  (~ : M,)  = K (~ - -  Z - -  P), w h e r e  K i s  K o s t a n t ' s  func t ion  ( see  §2). 

d) S ince  the  Q(X, 0) ( see  §4) a r e  d i r e c t  s u m m a n d s  of Q, t hey  a d m i t  a p f i l t r a t i o n .  S ince  any p r o j e c t i v e  
modu le  P ~ ©0 is  a d i r e c t  s u m m a n d  of s o m e  @ Q (~,  0), the  f i r s t  p a r t  of P r o p o s i t i o n  2 is  p r o v e d .  

e) By v i r t u e  of P r o p o s i t i o n  1, to p r o v e  the s e c o n d  p a r t  of P r o p o s i t i o n  2 i t  s u f f i c e s  to show tha t  

(P : M~) = dim Horn (P, M~) (1) 

f o r  any p r o j e c t i v e  o b j e c t  P ~ O0and any ? ~ A(0). 

Le t  ~ (7~, 0) = ~ n¢ (Z) Pc. Then  n~b = d i m  Horn (Q(×, 0), L¢) = (L¢) (~) . 
.'~A(0) 

% and nx+p(X) = 1. T h e r e f o r e ,  s i n c e  (t) i s  l i n e a r  in P,  i t  s u f f i c e s  to v e r i f y  i t  f o r  Q = Q0(, 9). 

Both s i d e s  of the  e q u a l i t y  a r e  u n c h a n g e d  when Q is r e p l a c e d  by  (~. H e r e  (Q : M e )  = K (~ - X - P )  and d i m  
Hom (Q, Me) = d im (M¢)(X) = K (¢ - × - p ) ;  i . e . ,  (1) and P r o p o s i t i o n  2 a r e t h e r e b y  p r o v e d .  

§ 7 .  C O H O M O L O G I C A L  D I M E N S I O N  O F  0 

In p a r t i c u l a r ,  n¢ (k) = O, if  y, + p <~ 

In th i s  s e c t i o n  we p r o v e  tha t  O has  f in i t e  c o h o m o l o g i c a l  d i m e n s i o n  and i n d i c a t e  wha t  i t  equa l s .  Let  us  

r e c a l l  the  de f in i t i on  of c o h o m o l o g i c a l  d i m e n s i o n .  

Let  ~ be an A b e l i a n  c a t e g o r y  and M an o b j e c t  of ~ .  By the c o h o m o l o g i c a l  d i m e n s i o n  dh(M), we m e a n  
the s m a l l e s t  n u m b e r  l ,  such  tha t  t h e r e  e x i s t s  a p r o j e c t i v e  r e s o l u t i o n  of M of l e n g t h / ,  i . e . ,  an  e x a c t  s e q u e n c e  

O < - - M < - - P o ~ - P I < - -  • " • ~ - P z < - ' O '  

w h e r e  the P i  a r e  p r o j e c t i v e .  

THEOREM 6. F o r  any M ~ O dh (M) ~ 2S, w h e r e  S is  the m a x i m u m  leng th  of an e l e m e n t  in  the  Wey l  

g roup  W. 

LEMMA 2. Let  0 --~ 311 --~ M -~  M2 --~ 0 be an e x a c t  s e q u e n c e .  Then:  

a) dh (M) -< m a x  (dh (M1), dh (M2)), 

b) dh (M 2) -< m a x  (dh (M 0 + 1, dh (M)). 

The l e m m a  is  p r o v e d  by  s t a n d a r d  h o m o t o g i c a l  a r g u m e n t s  ( see ,  e .g . ,  [6]). 

We s h a l l  p r o v e  T h e o r e m  6 in t h r e e  s t a g e s .  

1. L e t × E C  O . Then  d h ( M ~ z ) ~ l ( w ) .  

P roo f .  C o n s i d e r  a p f i l t r a t i o n  of Pw×. I ts  f a c t o r s  have  the  f o r m  Mw, X, w' E W. By v i r t u e  of T h e o r e m  5, 
on ly  the  Mw' X, such  tha t  Lwx E JH(Mw, X), o c c u r  in th i s  f i l t r a t i o n .  As fo l lows  f r o m  [7], in th i s  c a s e  e i t h e r  w'  = 

w, o r  l (w' )  <l(w),  and w'X > wk. Us ing  L e m m a  1, we ob t a in  an e x a c t  s e q u e n c e  

0 ->" M -~  P~x --~ Mw× -+ 0, 

w h e r e  M has  a p f i l t r a t i o n  wi th  f a c t o r s  M~-x, l ( w ' ) ~  1 (w). By v i r t u e  of the  i nduc t ion  a s s u m p t i o n  and L e m m a  2a) ,  

dh(M) -</(w) - 1 .  By L e m m a  2b), dh(Mw×) -</(w).  

2. dh(Lwx) -< 2S - l(w). 

P roof .  We s h a l l  u se  i nduc t ion  up t o / ( w ) .  F o r / ( w )  = S we have  Mw× = Lwx,  and h e n c e  dh(I4v×) -- S. F o r  

a r b i t r a r y  w we have  an e x a c t  s e q u e n c e  

9 l  



where,  by v i r tue  of [7] (see [7], Appendix), JH(M') cons is t s  of the modules Lwx wi th / (w ' )  >/(w). Jus t  as be -  
fore ,  by induction we obtain dh(Lwx) <-2S - l ( w ) .  

3. Since each object  has  finite length, the t heo rem follows f r o m  L e m m a  2a) and the inequality dh(L) -< 
2S, which is valid for  each s imple  object  L ~ O. 

Remark .  It can be shown that  if X is a r egu la r  in tegra l  highest  weight, i .e . ,  a weight such that  L x is 
f in i te -d imensional ,  then dh(L×) = 2S. More p rec i se ly ,  it can be shown that  Ext~ (Lz, Lz) is i somorphic  to the 
cohomology a lgebra  H*(X, C), where  X = G/B is the base  pro jec t ive  space  of a group G with Lie a lgebra  ~, 
B is the Bore l  subgroup of G (see [7]). In pa r t i cu la r ,  Ext~ s (L x, Lx) = C. 

i+ 
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I N T E G R A L S  O F  H I G H E R - O R D E R  S T A T I O N A R Y  K d V  

E Q U A T I O N S  A N D  E I G E N V A L U E S  O F  T H E  H I L L  O P E R A T O R  

O. I .  B o g o y a v l e n s k i i  

The a im of this pape r  is to find explici t  fo rmulas  connecting two se ts  of in tegrals  of s ta t ionary  problems 
for  h i g h e r - o r d e r  K o r t e w e g - d e  Vries  (KdV) equations,  i .e. ,  the Novikov integrals  [i] with the Lax integrals  
[2] and the G e l ' f a n d - D i k i i  in tegra ls  [3]. 

Let us r eca l l  [1, 3] that the n-th o rde r  s t a t ionary  KdV equation ( 'Nov ikov ' s  equation") is exp res sed  by 

~, ckR~ [u] = 0, cn+l = t, (1) 
h'=0 

where  the functions Rk[u, u ' ,  u" . . . .  ] can be obtained* by expanding the kerne l  of the reso lvent  

*We a re  using the notations of [3] which a re  connected with the notations of [1] and [4] by the following f o r -  
mulas:  

~I~: (u)  _ ~7++2,~+,++ (+') 
bu (z) b+ (~+) = 22•++Rk+t [u]. 
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