
DIFFERENTIAL OPERATORS ON A CUBIC CONE

I. N. Bernstein, I. M. Gel'fand, and S. I. Gel'fand

Consider in the space C3 with the coordinates x{ , x2, x3 the surface X
defined by the equation x\ + x\ + x\ = 0. We prove the following
theorem:

T H E O R E M 1. Let D{X) be the ring of regular differential operators
on X, and Da the ring of germs at the point 0 of analytic operators on X.
Then

1°. the rings D(X) and Da are not Noetherian;
2°. for any natural number k the rings D{X) and Da are not generated

by the subspaces Dk (Dak, respectively) of operators of order not exceed-
ing k. In particular, the rings D{X) and Da are not finitely generated.

Theorem 1 answers questions raised in Malgrange's survey article [ 1 ] .
The ring D(X) has an interesting structure (see Proposition 1).

We denote by E(X) the ring of regular functions on
X{E(X) = C[x,, x2, x3]/[x\ + x\ + x3

3]) and by D(X) the ring of regular
differential operators on X. By Dk we denote the space of operators of
order not exceeding k. Setting ax{f){x) = /(λχ) and
b\(3))(f) ~ aK(DaX-x(f)) for λ e C* we define an action of the group C*

oo

in the spaces E{X) and D(X). It is clear that E{X) = © Ei(X), where

El{X) is the finite-dimensional space of homogenous functions of degree i

on X. We call an operator 3 e D(X) homogenous of degree i (i e Z) if

b%{3) = V-Sb for all λ e C* (equivalent definition: 2b {En{X)) C En+i(X)

for all n). We denote by D' the space of all such operators and set

D\ = D' η Dk.

L EM Μ A 1. a) Dk = © D\\ b) D{X) = © D1.
i^—oo i—— oo

P R O O F , a) Let 3 e f l t . W e define the operator 3^ in E{X) as

follows: i f / = E"(X), then 3™f = (S/) i n + i ; (that is, the component of

degree of homogeneity η + i of the function 3f ).

It is easy to verify that 3*·^ £ Dk and therefore 3*-^ G D'k. Since any

operator of order not exceeding k is defined by its values on the space
h

EJ(X), it follows that 3(-i) is not equal to 0 for finite i. Clearly 3 = Σ3<-ί'>.
3 = 0
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b) This statement follows directly from a):
7\ Ά 7\

We set I = Χι τ— + x2 ς— + x 3 ς— .
dxx dx2 3JC 3

P R O P O S I T I O N 1.

l°.Z)' = 0/or/ < 0.

2°. D° is generated b y t h e e l e m e n t s I, I, I2, . . .

3°. DlKD1^ + ID\_y) = C3 (* - 0, 1, 2, . . . ).

We derive Theorem 1 from Proposition 1.

It is easy to verify that Dk • D, c Dk+i and D'-DJ c Di+i. Moreover,

if 3) e D', then [/, 3] = 13 — 31 = i3.

For any natural number k we set Jh = ZJ InDh + i ^ ' and

^lfe = D° + Jk. It follows from Proposition 1 and the formulae above that

Jk is a two-sided ideal in the ring D(X), and that Ak is a subring of

If / > k, then Ji Φ Jk. From this it follows that the ring D(X) is not

Noetherian. Since Αι Φ Ak D Dk for I > k, the ring D(X) is not

generated by the subspace Dk.

Consider the ring Da of germs at 0 of analytic differential operators on X.

The group C* acts in this ring. Every element can be expanded in a

convergent series 3) — 2 <®(i), where iZK») e D a is a homogenous operator
i=-<x>

of degree /, and the order of 3^ does not exceed that of 3 (specifically,

,25(1) _ J_ f 6λ(^)λ" ί~1 άλ, where the integral is taken over the unit circle in

in the λ-plane).

If / e E"(X), then 3^ f is a homogenous analytic function of degree of

homogeneity η + ζ; hence ,25(i) / e £'" + '(ΛΓ). Therefore we may assume that

3^ e Z)'' c Z)(X) (it is clear that if 3^'f = 0 for all / e £(X), then

= 0). It follows from Proposition 1 that every operator 3 e Da can

be expanded in a series ,2> = 2 3)^, where JH'te Z)'.
i=0

Let / a f e = {3 6 Z)o | J5(O ζ / f t for all /}, and let Aak = D° + Jak. Then

Jak is a two-sided ideal in the ring Da, and Aak is a subring of Da. Since

Λ ι # Jak
 a n d ^4a; ?t 4̂Ofe

 D âfc f° r / > fc, it follows that Da is not
Noetherian and is not generated by a subspace Dak, where k is any natural
number. Theorem 1 is now proved.

P R O O F OF P R O P O S I T I O N 1. Consider the non-singular algebraic
manifold Xo = X \ 0.
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LEMMA 2. a) The embedding of Xo in X induces an isomorphism
E(X) -> E(X0) of rings of regular functions on X and Xo.

b) The embedding of Xo in X induces an isomorphism D(X) ->• D(X0)
of regular differential operator rings.

P R O O F , a) follows from the fact that X is a normal manifold and that
codim {θ} in X is greater than 1. Since X is an affine manifold, a) implies
b).

Denote by 3\ the sheaf of germs of the differential operators 3 on
Xo of order not exceeding k that satisfy the condition [/, 3] = i3. Then

Dl

k = r(X0, 31).
Consider the projective manifold X = Xo/C*. It is known that X is an

elliptic curve. By η we denote the natural projection π: Xo •+ X.

Consider the sheaves Al

h = π^ (33\) on the manifold X. It is clear that

Γ(Χ, A'kJ = HX0,3\) = Dl.
By X we denote the sheaf of functions on Xo that are homogenous of

degree 1, and we set X = π*(%); X is a sheaf on X.

The following facts are easy to verify:

1°. X and Δ^ are sheaves of modules over the sheaf of rings Οχ.

2°. X is an invertible sheaf; Γ (Χ, X)^C3.

3° A'k = Δ°Θ Χ\ this isomorphism being consistent with the natural

embeddings Δ^ -> A\ for / > k.

4°. Set ah = Δ°/Δ°_,. Then ak = S"(al) (where Sk is the k-th

symmetric power of the sheaf).

5°. By Ν we denote a subsheaf in 3\, whose sections on every

neighbourhood are defined as {f(x)l}, where f(x) is a function of degree

of homogeneity 0. Then the sheaf Ν = π^Ν) on X is a subsheaf of Δ?.

We regard Ν as a subsheaf of ax = Δ?/Δο·

6°. The map 1 1—»• / defines the isomorphism of sheaves Οχ ^ Ν.

1°. Set SK = ο ι IN. Then SK is an invertible sheaf naturally isomorphic

to the tangent sheaf to X.

The tangent sheaf on an elliptic curve X is known to be isomorphic to

Οχ. We fix a certain non-zero global section k of &C.

LEMMA 3. For every η > 0 there exists an exact sequence Vn of

sheaves on X

0 ->- Λτη Λ σ,, - t &C <g> σ,,-! - * 0.

Here the diagram

0—^Nn —>- σ,, -><δΓ ® ση_! -»- 0 .

(i) 1 1 1
0_>τν η + 1 -*σ, ι + 1 ->5Τ ® ση - ν 0,
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where every vertical homomorphism is obtained by multiplying I e Γ(Χ, Ν)
by the section, commutes.

P R O O F . Construct the maps ψ and ψ in a neighbourhood U C X. Let

/ be a global generating element of the sheaf N, and let A; be a local

section over U of the sheaf σ, which becomes k e Γ(Χ, &£) under the

map σι -> 3C.

Since the sequence 0 -» Ν ->· ax -» &C ->· 0 is exact, it follows that the

restriction of ax to U is a free sheaf over Οχ with the generators / and k.

Then ση - ^"(σι) is a free sheaf on t/ with the generators k*In~'

(/ = 0, 1, . . . , « ) . We define the maps φ and ψ by the formulae:

φ{Γ) = /", ψ(Ρ/"- ; ) = life <g> ( £ H l / " - ' ) .

It is easy to verify that the sequence (Vn) is exact. It is also clear that

φ does not depend on the choice of k. Let us prove that ψ does not

depend on the choice of k. In fact, let k be another section of the sheaf

a2 on U. Then k = k + fl, where / e Γ({7, Οχ),

ψ (£*/"-*) - ψ (( 2 Clft̂ ^/O 7"- i+i) = A ® Σ C{ (i - ; ) ki-j--iln-i+if =
3=0 j

= i(k®(k+fry-iin-i).

So the exact sequence (F n) is defined globally.
It follows from the construction of the homomorphisms ψ and ψ that

the diagram (1) is commutative. This proves Lemma 3.

We are interested in the spaces H°(X, ok) = Γ(Χ, ak) and IP(X, ak).

LEMMA 4. dimH°(X, σ,) = 1.

PROOF. Every first-order operator 3 can be split uniquely into a

sum 3) = / + 3', where / is the operator of multiplication by the

function / = 3{i) and 3>' = 3 — / is differentiation in the ring of

functions. From this it follows that A° = ax ® Δ°. Since Γ(Ζ, Δ?) = C,

we need only show that Γ(Χ, Δ?) is two-dimensional.

Let 3 e D\. Then 3)^f + 3', where / = 3 (1), and where / and 3

have the degree of homogeneity 0; in particular, / e C.

Let us prove that 3'- cl where c e C. Set /', ==25'^, / i = i25'a:2,

f'-s - 3'x3. Then // G f 1 ^ ) and we can extend them to linear functions

fi on C 3. The operator 3' coincides with 3 = /, -— + /, -— + f3 -—.
OX\ OX2 0X3

Therefore 3(x\ + x\ + x\) = 3(/2x? + f2xl + / 3 ^ ) = c(x\ + x\ + x\),
where c e C[A:I , x2, x3] (here equality is considered in the ring

χ2, Χ3]). Since fy, f2, f3 are linear functions, we have c e C and
= ex,·, that is, 3' = cl. '
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So we have shown that every operator 3) e flj is of the form
So = Cj + cl, where c , , c 6 C . The lemma is now proved.

We shall use the following well-known facts on the cohomology of
coherent sheaves on an elliptic curve (see [2]).

1°. If & is a coherent sheaf on X, then H'(X, .#") for / > 2.

2°. dimH°(X, Ox) = dimHl(X, Ox) = 1.

3°. If X is an invertible sheaf on X and dim 77° (X, X ) > 1, then

Hl(X, X ) = 0 and 77°(X, XJ ) = 0 for i < 0.

LEMMA 5. Consider the exact sequence of sheaves

{)^N^^On-^&C ® cn_i-»-0 (Fn).

772e« dim77°(X> ση) = 1, awe? the boundary homomorphism

δη: H°{X, &C ® ση_,) -> 771 (Χ, Ν") is an isomorphism.

P R O O F . We prove the lemma by induction on n.
Let η = 1. We write out the exact cohomology sequence

0 -> //ο (χ j TV) - ^ H» (X, oj) -4- //° (X,

, 5Τ)->0.

Recall that Ν and SK are isomorphic to Οχ. Hence 'φι is an

isomorphism (because dim7/°(X, σ 2 ) = dimH°(X, N) = 1). This means

that Ι/Ί = 0. Therefore δι is an isomorphism. Hence ψ\ = 0, and ψΐ is an

isomorphism.
Suppose that the lemma has been proved for the sequence Vn; let us

prove it for Vn+l. We write out the exact cohomology sequences that
correspond to the sequences Vn and Vn+l, and connect them according to
diagram (1) (see Lemma 3)

* " H1 JV" Η 1 α Η1

I I I T I _ I !
1 ^ 1 \τ Ι η 4· 4-

, r ^ + 1 H 0 H 0 o J r σ

 ftTi+l fll NTI+1 H 1 σ ^ Η 1 ^

It is clear that η is an isomorphism. By the inductive hypothesis δη is

an isomorphism. Since ηδη = δη + 1 τ Φ 0, it follows that δ π + 1 gt 0. Here

&C ® on ss ση, and by the inductive hypothesis dim 77° (X, &C ® an) = 1.

Therefore δ π + ) is an isomorphism. It is now clear that φη+ϊ is an

isomorphism and that dim77°(X, ση+1) = 1. Lemma 5 is now proved.

Statement 2° of Proposition 1 is a direct consequence of this lemma.

For it follows at once from the exact sequence 0 -* Δ°_, -+ Δ° -* ση ->• 0

that dimZ>° < dimZ)°_! + 1 and therefore dim D°n < « + 1. Hence D°n is

generated by the elements I, I, I2, . . . , / " .
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L E M M A 6. 1°. Let i < 0. Then a) H°(X, on ® X1) = 0;
b)H°(X, Δ'η) = 0.

Bearing in mind that H°(X, Xx) = 0, it is easy to prove the lemma by
induction over n.

Lemma 6 implies Statement 1° of Proposition 1.

LEMMA 7. For any η (η = 0, 1, . . . ) we have

1°. Hl{X, on ® X) = 0.

2°. We consider the natural map Θ: an_x ® X ->- an ® X {multiplication

by I) and denote by Θ' the corresponding cohomology map

Θ': H°(X, an_i ® X)-^H°(X, ση ® X). Then θ' is an embedding, and

H° {X, an® X )/Im Θ' is three-dimensional.

3°. HHX, An) - 0.

4°. dim (Z)i/(/>;_, +/Di_,)) = 3.

P R O O F . From the exact sequence of sheaves

0 -> ση_! ®χ\ση®Χ-^&£η®Χ^0

we obtain the exact cohomology sequence

ση®Χ)-+Η°(Χ, &£η ® X) ~*

-*• H1 (X, an_t ®X)-*m (Χ, ση®Χ)-+ Η1 (X, SKn ® X) -> 0.

Since H^(X, SKn ® Χ)--=ΐη(Χ, Χ)= 0, we find by induction on η that

H1 (X, an ® X) = 0 (n - 0, 1, . . . ). Here Θ' is an embedding and

H°(X, on ®Χ)/Ιΐηθ' = Η')(Χ,^η®Χ) = βο(Χ,Χ)^-σ.

From the exact cohomology sequence corresponding to the exact
sequence of sheaves

we find by induction on η that Hl{X, Δ^) = 0 and D\lD\^ = H°
(Χ,ση®Χ)(η = 0,1,...). Therefore DlJ(Dn^ + IDn-,) = H°
(Χ, ση ® Χ)/Ιτηθ' - C 3 . The lemma is now proved.

This lemma contains Statement 3° of Proposition 1.

N O T E . By the same method as in Lemma 7 we can show that

D?k = XiD1^1 + x2D^1 + XsD'^1 for i > 1 and for any k.
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