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Sobolev Norms of Automorphic Functionals

Joseph Bernstein and Andre Reznikov

1 Introduction
1.1 Motivation

It is well known that Frobenius reciprocity is one of the central tools in the representa-
tion theory. In this paper, we discuss Frobenius reciprocity in the theory of automorphic
functions. This Frobenius reciprocity was discovered by Gel'fand, Fomin, and Piatetski-
Shapiro in the 1960s as the basis of their interpretation of the classical theory of auto-
morphic functions in terms of the representation theory (eventually, of adelic groups,
see [7, 8, 9]). Later, Ol'shanski gave a more transparent proof of it (see [14]). However,
in the subsequent rapid development of the theory of automorphic functions, Frobenius
reciprocity was barely noticeable. We believe that this is due to the incompleteness of
the above-mentioned results.

In this paper, we prove a general theorem (see Theorem 1.1), which we view as
a quantitative version of Frobenius reciprocity. We then illustrate it by looking into the
example of SL(2,R). We think that these methods will play a more prominent role in the

theory of automorphic functions.

1.2 Geometric functionals on representations

We consider a general problem. Suppose that we are given a representation (7, G, V) of
a locally compact group G in a topological complex vector space V and a morphism of
representationsv:V — C(X), where X is some G-space and C(X) the space of continuous
functions on X. Then each point x € X defines a continuous functional I, on V by I, (v) =

v(v)(x). We would like to establish some bounds on the norm of the functional I,. In
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order to do so we want to choose a norm on V which is at our disposal. Different norms
could provide different information.

More precisely, suppose we are given a norm N on V (we always assume that
the representation 7t is continuous with respect to this norm). We would like to give an
a priori estimate of the norm ||I||n of the functional I with respect to N, where ||I||n =
sup,cy [1V)/N(v).

Of course, for this, we have to know something about the morphism ~v.

Assume that X is a homogeneous G-space. We also assume that the image of V
lies inside the space L?(X, ux) of L2-functions with respect to some G-invariant measure
ix on X. Then the scalar product in L%(X, ux) defines an invariant Hermitian form P on V.

We propose to bound ||I||n in terms of the norm N and the Hermitian form P. It
turns out that when the norm N is obtained from a Hermitian form Q on V, we can some-
times give a reasonable bound for ||I||n. Namely, we claim that ||I||n can be estimated in
terms of the relative trace tr(P | Q) of Hermitian forms P and Q.

More precisely, let V be a separable topological vector space, H(V) the space of
continuous Hermitian forms on V, and H(V)"™ C H(V) the subset of nonnegative Hermit-
ian forms. To any pair of forms P,Q € H*(V), where Q is positive definite, we assign a
number tr(P | Q), the relative trace of P with respect to Q, which takes values in R, U oo
(see Appendix A).

For example, if P < cQ we can represent the form P by a bounded selfadjoint
operator A in the Hilbert space completion H of the space V with respect to the form Q.
In this case, we will have tr(P | Q) = trA.

The number tr(P | Q) can often be effectively computed. It turns out that we can
give tight estimates of the norm ||I||y in terms of this number.

Namely, we will prove the following general result.

Theorem 1.1. The following estimate holds ||I,||3 < C - tr(P | Q), where C = C(x) is an
effectively computable constant.
If X is compact, this estimate is tight, that is, ||I,||3 > c - tr(P | Q), where c > 0 is

an effectively computable constant. O

The theorem above follows from the following relation between relative traces

and functionals I,.

Proposition 1.2. The following relation holds tr(P | Q) = [, ||Ic[|{ dpx. O

1.3 Automorphic functionals

Theorem 1.1 could be applied in the automorphic setting where it gives a quantitative

version of Frobenius reciprocity.
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Let G be a Lie group and I' C G a lattice, that is, a discrete subgroup such that
the quotient space X =T\ G has finite volume with respect to an invariant measure px.
In order to simplify the formulas, we always normalize the measure x so that the total
volume px(X) equals 1.

For simplicity of exposition, we assume that the quotient space X is compact
(see Section 3.3 for a discussion of general lattices).

It is well known (see [8]) that for compact X, the space [?(X) decomposes into
a direct sum of irreducible (unitary) representations of G. These representations are
called automorphic representations.

Let (m,L) be such a representation in a Hilbert space L and v : L — L[?(X) the
corresponding isometric embedding. Let V C L be the space of smooth vectors of 7 (i.e.,
v € Lsuch that &,(g) = m(g)v is a smooth function from G to L). It is well known that V is
dense in L and thatv maps V into the space C* (X) of smooth functions on X (see [14]). It
is easy to see that we have the following isomorphism Morg (L, L?(X)) ~ Morg (V, C*(X)).

The last space can be described using the following result (see [8, 14]).
Frobenius reciprocity. Morg (V, C* (X)) ~ Morr(V,C). O

Namely, to every G-morphism v : V — C®(T"\ G) corresponds a I'-invariant
functional I on the space V given by I(v) = v(v)(e) (here e is the identity in G). Given I,
we can recover v as v(v)(g) = I(n(g)v).

According to Theorem 1.1, we have estimates on automorphic functionals I,
x € X, in terms of relative traces. Namely, given a morphism~v : V — [?(X), which defines
an invariant Hermitian form P = || - ||? on V, and given a positive definite Hermitian form
Q on V such that the representation 7 is continuous with respect to the corresponding
norm N, we have the following estimates on the norm of corresponding functionals Iy:

(1) for any point x € X, we have an estimate ||I||Z, < C-tr(P | Q), where C = C(x)
is an effectively computable constant;

(2) if T is cocompact, then tr(P | Q) is comparable to ||I, ||, that is, there exist
constants C,c > 0 such that ¢ - tr(P | Q) < || I4]|Z < C-tr(P| Q).

In order to make these estimates useful, we have to choose a Hermitian form Q
(it is not a simple task for general G and V, but see [3] in this regard). We analyze,
in some detail, the most simple (but interesting for automorphic functions) example of
G = SL(2,R). We also compare our method with other methods of bounding automorphic
functions.

A careful reader would notice that Sobolev norms appearing in the title are not
essential to the paper. This is due to the evolution of the authors’ understanding during

the (long) process of rewriting the paper.
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2 Automorphic functions on SL(2,R)

Here we implement our strategy for G = SL(2, R). We make this section self-contained in

order to make the paper more accessible (hence some overlap with the previous section).

2.1 Setting

Let $ be the upper half plane with the hyperbolic metric of constant curvature —1. The
group G = SL(2,R) acts on $ by isometries.

We fix a discrete group I' C G. Consider the Riemann surface Y = I'\ §; we assume
that Y is compact. Denote by D the Laplace-Beltrami operator acting in the space of
functions on Y. We denote by 0 = pp < py < pp < --- its eigenvalues on Y and by ¢;
the corresponding eigenfunctions; we normalize these eigenfunction so that ||¢|2 =1,
where the [?-structure is defined by a G-invariant measure py on ) normalized by the
condition py(Y) = 1. The study of eigenfunctions ¢ and corresponding eigenvalues is
important in many areas of representation theory, number theory, and geometry.

Here, we present a new approach to the study of eigenfunctions ¢ based on the

version of Frobenius reciprocity formulated in Section 1.3.

2.2 Automorphic representations

Consider the maximal compact subgroup K = SO(2,R) C SL(2,R); we will identify $ with
G/K.

We denote by X the compact quotient X = I' \ G. The group G acts on X and
hence on the space of functions on X. We identify the Riemann surface Y = I" \ § with
X/K and consider G-invariant measure ux on X normalized by the condition ux(X) = 1.
This induces the embedding L?(Y, uy) C L?(X, ux), the image consists of all K-invariant
functions. For any eigenfunction ¢ of the Laplace operator on Y, we can consider a closed
G-invariant subspace Ly, C L?(X) generated by ¢ under the action of G. It is known that
(m,L) = (m¢,Ly) is an irreducible unitary representation of G (see [8]).

Conversely, suppose that we fixed an irreducible unitary representation (7, L) of
the group G and a K-fixed unit vector vy € L. Then any G-morphism v : L — [?(X) defines
an eigenfunction ¢ = v(vo) of the Laplace operator on Y; this function is normalized if v
is an isometric embedding.

Thus eigenfunctions ¢ correspond to the tuples (m, L, vo, V).

All irreducible unitary representations of G with a K-fixed vector are classified:
these are representations of principal and complementary series and the trivial repre-
sentation. For simplicity, we consider only representations of principal series (these

correspond to eigenfunctions as in Section 2.1 with the eigenvalue pu > 1/4).
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Such a representation (m,L) can be realized as follows. Fix a purely imaginary
number A and consider the natural representation 7, of the group G in the space L,
of (even) homogeneous functions on R? \ 0 of degree A — 1. Thus vectors in L, are just
even locally L?-functions f on R? \ 0 satisfying f(ax, ay) = |a/* 'f(x,y) for all a € R. The
representation 7t is induced by the natural action of G on (x,y).

Note that such a function is determined by its values on the unit circle S'; hence
we may identify the space L, with the space L%(S')even of even functions on S'. The
G-invariant scalar product in L, is given by P(f, g) = (1/2m) [, fg de.

The K-fixed vector vy corresponds to the constant function 1 on S'.

The eigenfunction ¢ of the Laplace operator, which corresponds to a represen-
tation (mty, L)), will have the eigenvalue u = (1 —A?)/4.

Thus, we see that eigenfunctions ¢ on the Riemann surface Y with the given
eigenvalue p correspond to G-morphisms v : Ly — L?(X) (namely, ¢ = v4(vo)). Nor-
malization ||¢p|| = 1 means that v preserves the scalar product.

Let Vi, C L, be the subspace of smooth vectors (in the realization described
above, V) consists of smooth functions on R? \ 0).

As we have seen, Morg (Ly, L?(X)) ~ Morg (Va, C* (X)) and we have the Frobenius
reciprocity Morg (Vy, C® (X)) ~ Morr(V,,C) as in Section 1.3.

Thus, eigenfunctions ¢ of the Laplace operator on Y with eigenvalue p correspond

to '-invariant functionals I on the space V,.

2.3 Sobolev class of automorphic functionals

For principal series representations of SL(2,R), we can identify V, with the space
C°°(S1)even and consider I as a distribution on S'. This functional is continuous, that
is, it is continuous with respect to some seminorms. Then we can ask the following

natural question.

Question. What is the L2-Sobolev class of the functional I? In other words, for which
real s is the functional I continuous with respect to the L?-Sobolev norm N and how

can we estimate the norm ||I||n.?

We discuss the relevant definition of [2-Sobolev norms Ny in Appendix B.

This is a question about the regularity of the functional I in the scale of Sobolev
spaces. More precisely, denote by W, = W;(m) the completion of the space V with re-
spect to the Sobolev norm N;. These Sobolev spaces W, form a decreasing family of
representations of G; the intersection W = NW; coincides with the space V of smooth
vectors in the representation 7, while the union W—*° = UW; can be interpreted as the

space of distribution vectors in the representation 7.
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Note that the dual space of W; is naturally isomorphic to the Sobolev space
W_, (V) of the contragradient representation (7, V) (in the case of SL(2, R) we can identify
7t with 7t). Hence, we can consider the automorphic functional I as a distribution vector
in the representation 71, and the question above is a question to which Sobolev spaces
W, (7) this vector belongs.

In fact we can also ask the same question about the regularity of the functional
[ with respect to other classes of spaces, for example, LP-Sobolev spaces, Besov spaces,
Hoélder spaces, and so on.

Several recent papers deal with this question for different regularity classes, see
[18] for Holder spaces and [6] for LP Sobolev spaces.

The main point of this paper is that in the case of L? Sobolev norms we can get

a very simple answer, which is a special case of Theorem 1.1.

Theorem 2.1. Let ' C G be a cocompact discrete subgroup, (7, V) an irreducible au-
tomorphic representation, and I the corresponding automorphic functional. Then s-

Sobolev norm of the functional I is bounded if and only if s > 1/2. O

In fact, our method shows that this is true for all infinite dimensional automor-
phic representations of G and the corresponding functionals I.

We can restate Theorem 2.1 as a bound on automorphic functions (for a cocom-
pact subgroup). Let || ¢[/oc = sup,¢cx [P (x)| be the supremum norm on C(X). We introduce
the norm N, on the space V) by N, (v) = ||[v(V) |l forv € V,. Then Theorem 2.1 amounts
to the bound

on the space V,.

In practice, Theorem 1.1 gives more and we prove, in fact, that the functional I
is bounded in an appropriate Besov norm. Namely, let B, be the Besov type norm on V)
introduced in Section 4.2 (it is equivalent to the Besov B;/}z norm; see [2] for a definition

of Besov norms). We have then the following proposition.

Proposition 2.2. Let V), be an automorphic representation for a cocompact discrete sub-

group I'. There exists a constant C depending only on I'" such that
Noo (v) < CBy(v), (2.2)

for all smooth vectors v € V,. O
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In Theorem 2.1, we assume that the space X = I'\ G is compact. In fact, we show in
Section 3.2 that the upper bound holds for arbitrary X. We will also obtain some partial
lower bound results in the case of nonuniform lattices I'.

We would like to emphasize that the standard techniques from the Sobolev re-
striction theory imply only that ||I||2Ns is finite for s > 1 (this follows from the theory
for elliptic operators in [19] applied to the 3-dimensional manifold X described in Sec-
tion 2.2). Hence, Theorem 2.1 goes beyond the usual Sobolev type restriction theorems.
This indicates that Theorem 2.1 is not a local statement but has its origin in the global

geometry of X.

2.4 Applications

We discuss now some applications.

2.4.1 Fourier coefficients of the functional 1. Let (7, V)) be a principal series repre-
sentation of SL(2,R), u = (1 — A?)/4. The automorphic functional I described in Sec-
tion 2.2 is a continuous functional on C*® (S")eyen. For any such functional we can define
its Fourier coefficients a, = I(e,), where e, = e"® 1 is even. In terms of these coef-
ficients Theorem 2.1 means that the sum Y |a,|?(n? + 1)~° is convergent if and only if

s > 1/2. However, from Proposition 2.2, we obtain the following stronger result.

Corollary 2.3. There exists an effectively computable constant A, independent of y, such
that

Y Jan[*< AN, forN> Vi (2.3)
<N O

This estimate is sharp. It is not difficult to show, using the same method, that for a
cocompact subgroup, there exist effectively computable constants v > 1 and a > 0,

independent of u, such that

Y Jan*>a-N, forN>vyy (2.4)
<N

2.4.2 Bounds on automorphic functions. The coefficients a,, above are easily inter-
preted in terms of automorphic functions. Consider the nth K-finite vector d)g\“) in the
automorphic representation V, as a function on X. The coefficient a, is equal to the value
of d)&m at the point e € X =T'\ G. Hence, bounds on coefficients a,, could be viewed as

a part of a general question asking for bounds on automorphic functions. Recently,
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this question drew a lot of attention in connection with applications to analytic theory
of automorphic L-functions (see [17]). Classical approaches to the problem of bound-
ing automorphic functions (with respect to the eigenvalue or the weight) are based on
Hardy-Hecke method (see Remark 2.5) or on bounds on eigenfunctions of elliptic oper-
ators (see [19]). However, these methods are not able, to the best of our knowledge, to
recover Theorem 2.1.

As a corollary to Proposition 2.2, we obtain the following result on the supremum

norm of the function d)g\“).

Corollary 2.4. There exists an explicit constant C, depending only on I') such that for all
nand p = (1 —A?)/4,

. 14 g
Hd);n)H - C-(1+w', if | <A, 25)
o C-nJ/2, if (n| > (AL O

Remark 2.5. (1) From the proof of Corollaries 2.3 and 2.4, it follows that the constants
in (2.3) and (2.5) are expressible in terms of the diameter of X. It is also easy to see
that Corollaries 2.3 and 2.4 hold for the representations of complementary and discrete
series as well.

(2) We would like to compare the bound in Corollary 2.4 with other bounds on
eigenfunctions.

For n fixed (e.g., n = 0), the bound in Corollary 2.4 is the standard bound from
the theory of elliptic operators (see [19]). It could be improved by log . for a negatively
curved manifold (see [1]).

For a fixed A, the function d)g\“) on the 3-dimensional manifold X is an eigenfunc-
tion of some elliptic operator (we denote it by A). This yields the bound chg\“) ) oo <

dimX=1)/2' — |n|! as in [19]. Such a bound holds for a general Riemannian manifold. It

¢
also could be deduced from the theory of special functions via Hardy-Hecke method (see
(3) below and [11, 13, 16]). However, (bg\n) is also an eigenfunction of another differential
operator coming from the SO(2) action and commuting with A. This allows us to “reduce
dimensions” and to obtain the better bound || p{" || < n|'/2.

For A and n both changing with the same rate (i.e., A = R-n) one can use sym-
plectic reduction (in a fashion similar to [21]) to obtain the bound similar to the one in
Corollary 2.4, | ¢{™ || < [n|'/2, for a fixed R.

However, for a general vector in the representation V,, we do not see how the
above methods can reproduce our bounds in Proposition 2.2 since the latter gives a
bound for all smooth vectors in V) simultaneously, with the explicit dependence on the

parameter A.
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(3) Hardy-Hecke method. The standard method for estimating the asymptotic
behavior of coefficients a, is the method which should be attributed to Hardy (but
customarily called Hecke's method, see [10]). It is based on a geometric interpretation
of the functional I and its Fourier coefficients a,,. Namely, consider another realization
of the representation 7, of SL(2,R) in the space €&, of all eigenfunctions of the Laplace-
Beltrami operator on ) with the eigenvalue p = (1 —2A?)/4.

In this realization, the basis of K-finite vectors consists of “spherical” harmonics
FA(0,1) = e™®f) (1), where (0, 1) are the polar coordinates in ) and f) (r) are essentially
equal to the hypergeometric function (see [11]).

A function F(0,r) € ¢, admits a decomposition into Fourier series, F(6,1) =
> . caFA(O,T).

It is not difficult to see that the functional I on V,, when interpreted as a gener-
alized vector in €,, is given by the function ¢ considered as a function on § (see [15] for
this approach). In particular, this function is bounded.

As Hardy-Hecke method shows, every bounded function F € &, has Fourier co-
efficients ¢, such that the sum ) |c,|*(n? 4+ 1)~% converges for s > 1 (see [11, 13, 16]).
The proof is based on a detailed knowledge of the behavior of hypergeometric functions;
as a result, it is very difficult to see that this sum converges for s > 1/2. This in fact is
true (for any bounded function F € €,) and could be proven using a combination of a
version of Hardy-Hecke method and representation theory arguments. This would give
an alternative proof of the upper bound in Theorem 2.1. We also note that in the higher
rank case, this method does not work due to the limited information available about
spherical functions.

(4) We would like to know whether the bound in Corollary 2.4 is sharp (i.e.,
whether there exist infinitely many a,, which do not satisfy |a,| < c - [n|'/?7¢, for any
fixed ¢ > 0). We suspect that it might be sharp. This would mean that these Fourier
coefficients a,, are fundamentally different from the usual Fourier coefficients u, of
cusp forms (these are associated to a unipotent subgroup N of G and not to K as a,). For
Uy, it is proven that [u,| < n|'/3+¢ (see [5]) regardless of the arithmeticity assumption
on I', and we can even suspect that |u,| < n® (the Ramanujan conjecture, see [16]). The

reason for this discrepancy (if it exists) might be the existence of unipotent elementsin T

3 Relative traces and automorphic functionals

In this section, we prove Theorem 1.1. We use the notion of relative trace of two Her-
mitian forms on a topological vector space. We formulate properties of relative traces
and relate them to values of Hermitian forms on automorphic functionals. We will then

deduce from this our theorem.
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3.1 Relative traces

Let V be a separable topological vector space, H(V) the space of continuous Hermitian
forms on V, and H(V)" C H(V) the subset of nonnegative Hermitian forms. In Appen-
dix A, we define for any pair of forms P,Q € H*(V), where Q is positively definite, a
number tr(P | Q), the relative trace of P with respect to Q, taking values in R, U oo.

In Appendix A, we prove the following proposition.

Proposition 3.1. (1) Linearity. The functional tr(P | Q) is linear in P. It is monotonely
increasing with respect to P and monotonely decreasing with respect to Q.

(2) Strong additivity. Let P, € H (V) be a family of forms parametrized by points
of a measure space Z. We assume that this family is measurable, that is, for any v € V
the function z — P,(v) is measurable. Fix a measure p on Z and define a Hermitian form
P on V by P(v) = [P.(v)du. We assume that all these integrals converge and define a
continuous Hermitian form P on V.

Then the relative trace tr(P, | Q) is a measurable function with respect to the
measure p and [, tr(P, | Q)du =tr(P | Q).

(3) Normalization. Let 1 be any continuous functional on V. Consider a Hermitian
form Py on V defined by Pi(v) = |L(v)|?. Let N be the norm induced by Q. Then tr(P; | Q) =
I, O

3.2 Proof of Proposition 1.2

We have an isometric embedding v : V — 1%(X), which induces the form P on V. For any
point x € X and a vector v € V, we have I,(v) = v(v)(x). The form P on V is given as an

integral over X

() = IV = | )00 dine = || [10) P = | Pr.(v)ax @1)

Hence P = [, P1, dux. Using properties (1) and (3) from Proposition 3.1, we get

tr(P | Q) =tr (JX P, dux | Q) = JX tr (Pr, | Q)dux = JX HItzNdux. (3.2)

This proves Proposition 1.2.

Proof of Theorem 1.1. We claim that under the assumption on the homogeneity of X
for any two points x,y € X, N-norms of the corresponding functionals I, and I, are

comparable.
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Namely, for g € G denote by d(g) = do(g) the continuity constant of the operator
n(g) with respect to the form Q, that is, d(g) = ||7(g)||%, is the minimal constant d such
that Q(7(g)v) < dQ(v) forallv e V.

It is clear that if x,y € X and y = g(x), then |1 |4 < d(g)||L,||Z. Thus, if we set
d(x,y) = min{d(g) | g(x) =y}, we have the inequalities

a0 u) |l < 1TlI < a1 (33)

Integrating these inequalities over the variable y € X with measure pux and using
the fact that [ ||I|%,dux = tr(P | Q), we get the following upper and lower bounds for
el

The upper bound is |13 < C(x)tr(P | Q), where C(x) = ([ d(x,y) 'dux) "

If we fix some d € R; and consider the closed “ball” B(x,d) ={y € X | d(x,y) < d},
then the constant C(x) can be estimated from above. Namely, we have C(x) <d/ux(B(x, d))
(recall that we have normalized the measure so that ux(X) =1).

In particular, if d exceeds the “radius” of X, that is, if B(x, d) = X, then C(x) < d.
However, we can get sometimes a better bound taking smaller values for d (e.g., for
noncompact X).

The lower bound is ||I4||Z, > c(x) tr(P | Q), where c(x) = ([ d(y,x)dpx) .

For noncompact X this integral is usually divergent and we get a trivial bound
c(x) =0.

If X is compact, we get the bound c(x) > d(X)~', where d(X) is the “diameter” of
X, d(X) = max{d(x,y) | x,y € X}.

This finishes the proof of Theorem 1.1. |

3.3 Remarks

(1) In fact, the above arguments prove a slightly more general result.

Let G be a locally compact group and X a homogeneous space of G. Suppose that
we are given a smooth representation (7, V) of the group G and a morphism~v :V — C(X)
of representations of the group G.

Fix a norm N on V such that 7t is continuous with respect to N and fix a point
x € X. We would like to estimate the norm ||I||n of the functional I = I, with respect to
the norm N.

We assume that the norm N corresponds to a Hermitian form Q on V.

Suppose that we are able to find a nonnegative Hermitian form P on V (not nec-

essarily G-invariant), and a measure p on X with compact support of total volume 1
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satisfying the inequality
J \v(v)|2du < P(v) Vvectorsve V. (3.4)
X

Then there exists a constant C such that ||I||3, < C-tr(P | Q).

Similarly, suppose that we have an estimate
J ‘v(v)|2du > P(v) Vvectorsve V. (3.5)
X

Then there exists a constant ¢ > 0 such that ||I||%, > ¢ - tr(P | Q).

(2) In some cases, we can use the above arguments to give some lower bounds
for a noncocompact subgroup I'. Namely, choose a ball B C G and an (infinite) sequence
of points {x;} € G such that U;B - x; covers X =T\ G. Denote by B; the image of the ball
B - x; C X. If any point in X is covered by an a priori bounded number k of balls from a

covering family {B;}, then we have the following lower and upper bounds:

e tr(P1Q) < Y ||l - mx(Bi) < C-tx(P | Q), (3.6)

where C,c > 0 depend on B and k.

(3) Consider G = SL(2,R) and a noncocompact lattice ' C G. The upper bound
from Theorem 1.1 can be translated into bounds for automorphic functions.

Assume that I" has a cusp at oo, that is, I' has an infinite intersection I, with
the upper triangular unipotent subgroup. Let z be the standard complex coordinate on
the upper half plane . Since the function y = Imz on §) is invariant with respect to the
group I, we can use it with the natural projection G — $) to define a parameter y near
the cusp oo on the space X =T"\G.

In this case, Theorem 1.1 gives the following estimate for the function ¢ on X

corresponding to a vector v € V in terms of Sobolev norms Nj:

|p(x)| < C(s)y'/*Ng(v), foranys > 1 (3.7)

E-

These bounds hold for an arbitrary representation V C L?(X). For a cuspidal

representation 7t, we prove a much better bound,

1
|p(x)| < C(s,)y"/* "Nyt (v), foranys > 5 >0 (3.8)
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We hope to discuss it in a future paper (see also [5] for a related discussion via

non-Hermitian norms).

4 Norms on representations of SL(2,R)
4.1 Continuous Hermitian norms

In order to effectively use Theorem 1.1, we have to understand the structure of contin-
uous Hermitian norms on unitary representations of a real reductive group. We do not
know how to think about this for general groups. But in the case of the group SL(2, R), we
are able to exhibit a large family of continuous Hermitian norms by elementary means.

Let (71, V) be a smooth representation of the group G = SL(2,R) equipped with an
invariant positive definite Hermitian form P; we denote by || - || the corresponding norm
onV.

Fix the maximal compact subgroup K = SO(2) C G. Then for any continuous
Hermitian form H on V, we can construct an equivalent K-invariant Hermitian form Q,
namely, Q is an average of H over K, Q = [, k-H dk. Thus up to equivalence, we can (and
will) always assume our form to be K-invariant.

A K-invariant Hermitian form Q has a nice presentation in terms of its coef-
ficients. Namely, since an irreducible representation of SL(2,R) has K multiplicities 0
or 1, we can choose an orthonormal basis e,, of V such that e, changes according to
the nth character of K. Then the form Q is completely characterized by the coefficients
Q(n) = Q(en), since for a vector v = Y ane, we have Q(v) = 5 Q(n)|a,/*. As follows
from Appendix A.3 in this case, we have tr(P| Q) = 5 Q(n)~".

For the construction below, we need one continuous norm of a finite trace. We

describe its construction.

4.1.1 Theform Qg .. Fixthestandard K-invariant scalar productong = sl(2,R) (X,Y —
tr XY?). Let {X7, X2, X3} be an orthonormal basis of g = s1(2,R). For r > 0, we define (the

first Sobolev) K-invariant Hermitian form Qg , on V by the formula

Qgr(v) =D P(Xv) +12P(v). (4.1)
i
We denote by Ny, the corresponding norm. The form Q. is K-invariant.
We will see later that the representation (7, V) is continuous with respect to Ng ;..
More precisely, forevery g € G, we have ||7t(g)|[n, , < p(g), where p(g) = ||g|[aq is thenorm
of the adjoint action of g with respect to the chosen scalar product on g (see Appendix B).

In particular, continuity constants p(g) are independent of the representation 7.



2168 J. Bernstein and A. Reznikov

Example 4.1. Consider a representation of the principal series (my, V,). Choose an or-
thonormal basis {e}, n is even, consisting of eigenvectors of K. In the realization above
V)\ ~ C%®

% .(S1), we have e,, = e'"® n is even.

The coefficients Q(n) of the form Q, , are given by the formula Q(n) = 2u+r24+n?.

4.1.2 A family of forms. Let (m,Vx) be a representation of the principal series.
Example 4.1 suggests that it is useful to consider a family of K-invariant Hermitian
forms Q. on V =V, parametrized by real numbers t, where the form Q. has coefficients
Qi(n) =n? +t2

For t > to = /2 the form Q. is of the form Q. for an appropriate r and hence
all such forms Q. are continuous with the same continuity constants p(g) independent of
7 and t. We consider only such forms Q¢ (with t > ty) and the corresponding norms N;.

We can normalize the forms Q. to have roughly the same trace. Namely, con-
sider the normalized form q; = t~'Qy; it has coefficients q;(n) = t + n?/t and an easy
computation shows that tr(P | q¢) is of order 1 (more precisely, for t > 1, we have
1/2< tr(P | qr) < 2).

We denote by n. the norm corresponding to the form q:. Theorem 1.1 now reads:
there exists an explicit constant C(I"), depending only on I' such that for any point x € X

and any vectorv € V,

IL(v)] < V2C(T) - ne(v). (4.2)

4.2 The infimum norm

We now apply general considerations about infimum of a family of (semi-)norms (see
[5, Appendix A]). Namely, we have the following general lemma applicable to any family

of norms.

Lemma 4.2. A nonempty family of seminorms N, on V has an exact lower bound N =
infy, N,. O

Applying this to the family of norms {n}, t > to, we obtain a seminorm n. This
seminorm is a norm since all norms n; are bounded from below by the invariant Her-
mitian norm | - ||

Hence, we have
L) < V2C(T) - n(v) (4.3)

for any point x € X and all vectors v € V.
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We claim that the norm n is equivalent (with effective constants) to an explicitly
described norm B,,. We construct now the norm B,.

Let V be a unitary representation of G and V = @z V1, the K-type decomposition.
Let {Ix}, k=0,1,2,... be dyadic segments in Z: I, = [-2*, 2¥]. Suppose that the Casimir
operator A in V has the eigenvalue p = (1 —A?)/2. We denote by ko the minimal integer
k such that |A| lies inside the segment I.

We consider the following dyadic decomposition {J4}, x € N, &« > ko of Z, Z =
UaJa : Jko = Ik, and Jo = I \Ix—1 for & > ko + 1. We denote by h(«) the maximal element
in J4.

For every index o > ko, consider the space V, = &1y, Vi; for a vector v € V, we

denote by pr, (v) the projection of v to the space V.

Definition 4.3. Let (7, V) be a unitary representation of G where Casimir acts by u; ko

and pr, are as above. Denote by B,, the norm on V given by
Bu(v)= ) h(e)'/?-| pr,(v)||, foranyveYV. (4.4)
O(.Zko

Remark 4.4. Note that this is not a Hermitian norm. It is easy to see that if we change
ko to any (nonzero) multiple of it, we obtain an equivalent norm. We can see from the
definition that for a representation V; of the principal series, the norm B,, viewed on
Vy ~ C*(S') is an appropriately modified Besov norm B;Gz; see [2] for the definition of

Besov norms.
By an easy computation (see Section 4.2.1), we have the following proposition.

Proposition 4.5. The infimum norm n = infn, on the representation V satisfies the in-

equality

n<Vv2-B,. (4.5)
O

In fact, it is not difficult to show that B,, < 2n, that is, the norms n and B,, are

equivalent.

Corollary 4.6. There exists a universal effectively computable constant C(I") depending

only on I" such that
[L(v)] <2C(T) - Bu(v), (4.6)
for any point x € X and vectorv € V. O

This immediately implies Corollaries 2.3 and 2.4.
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4.2.1 Proof of Proposition 4.5. Consider the family of K-invariant forms {q}, t > to,
having coefficients q¢(n) =t + n?/t. We will prove that n = infn, < ﬁBu.

Consider the decomposition {J «} of Z and the corresponding decomposition V =
®«V« of the space V as above. For a vectorv € V, we havev =} | v, Vs € Vq.

By the definition of the norm B, we have B, (v) = }_, B.(V«). On the other hand,
for any vector vy € Vi, we have n(vy)? = infy qi(va) < (o) (Va) < 2(Bp(va))?. Hence,
n<+2- B..

Appendices
A Relative traces
A.1 Construction of relative traces

Let V be a separable topological complex vector space, H(V) the space of continuous
Hermitian forms on V, and H* (V) C H(V) the subset of nonnegative Hermitian forms.
Let P,Q € H" (V) and Q be positive definite. In this situation, we define a number, the
relative trace tr(P | Q), taking value in Ry U oo.

First of all, define relative traces for finite dimensional spaces. Let V = W,
dim W < oco. Then Q, P define homomorphisms Q,P: W — W™ (to the Hermitian dual of
the space W), moreover, Q~! exists (since Q is positive definite). We define the relative
trace by tr(P | Q) = trw/(Q'P).

It is clear from this definition that the relative trace is a continuous function of
Q and P.

From this definition, we can easily deduce a formula for the relative trace.
Namely, if we chose a basis {e;} of the space W orthogonal with respect to the form Q,
then tr(P [ Q) = > ; P(ei)/Q(ei).

This formula implies that the relative trace is monotone with respect to a sub-
space, that is, if we restrict forms P and Q to a subspace L € W, then we have tr(P |
Qu) <tr(P[Q).

For an infinite dimensional space V, we define tr(P | Q) as a supremum of relative
traces tr(Pw | Qw) of restrictions of Q and P to all finite dimensional subspaces W C V:

tr(P | Q) = supy, v tr(Pw | Qw) (note that the supremum could be infinite).

A.2 Properties of relative traces

Here we prove the properties of the relative traces we listed in Proposition 3.1. Lin-
earity and values on functionals are immediate since these are obviously true for finite

dimensional spaces.
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We assume that V is separable, that is, there exists a sequence {W;} of finite
dimensional subspaces, W; € W, C --- such that the closure of | JW; is equal to V. We

have then the following lemma.

Lemma A.1. For V separable and {W;,} as above, the following relation holds:

tr(P| Q) =limtr (Pw, | Qu,). (A.1)
O

Proof of Proposition 3.1(2). Lemma A.1 and the assumption that all functions tr(P, w; |
Qw, ) are measurable imply that the limit of a monotone sequence of positive measurable
functions, tr(P, | Q) = limtr(P, w, | Qw,), is a measurable function. We also assumed
that P = jz P, du is a continuous Hermitian form, which implies that tr(Pw | Qw) =
|, tr(Pz,w | Qz,w). This implies that

tr(P | Q) = limtr (Pw, | Qw,) = n,mj tr (Pow, | Qu,)d
1 1 Z

= L {liim tr (P.,w, | Qu,) }du = L tr(P.|Qz),

since the limit and the integral are interchangeable for a monotone sequence of positive

measurable functions. This finishes the proof of Proposition 3.1. |

Proof of Lemma A.1. Obviously tr(P | Q) > lim; tr(Pw, | Qw,). To prove the converse,
we have to show that for any finite dimensional subspace W C V and any ¢ > 0, there
exists i such that tr(Pw | Qw) — ¢ < tr(Pw, | Qw,). Let {4}, o € [0,1] be a continuous
family of maps {{»« : W — V}. Then tr(Pw | Qw) = trw (V%P [ )% Q) and it is continuous
in «. By the assumption on separability, the union | JW; is dense in V. Hence we can
take a perturbation ¢’ = 1V, of P = 1 as small as we wish such that {'(W) Cc W; for
some i. Continuity of tr in P, Q, 1, and monotonicity with respect to subspaces imply

the lemma. u

A.3 Computation of relative traces

Proposition A.2. Let {e;} be a topological basis of the space V which is orthogonal with
respect to the Hermitian form Q. Then tr(P | Q) = >, P(ei)/Q(ei). O

The proof immediately follows from Lemma A.1 and from the formula for relative

trace on finite dimensional spaces.
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B Sobolev norms

The purpose of this appendix is to define Sobolev norms in a form appropriate for the

representation theory.

Derived norms. We recall the definition of Sobolev or derived norms. Let G = SL(2,R)
and (7, G, V) be a smooth representation of G. Fix a norm N on the space V such that the
representation 7t is continuous with respect to N. Using derivations, we can produce a
derived norm N’ = DN on V as follows.

Fix a basis {X;} of the Lie algebra g = Lie(G) and a positive number r. Then we
define the norm N’ on V by N’/(v)2 = 5 N(X;v)? + N(1v)2.

Itis easy to check that the representation 7tis continuous with respect to the norm
N’ with explicit continuity constants, ||7t(g)|n/ < C(g)||7(g)||n, where C(g) depends on
the choice of the basis X; but does not depend on 7t or N.

Different choices of the basis X; and of the number r lead to equivalent norms.

We are mostly interested in the case when the norm N comes from a positive
definite Hermitian form H on V. In this case, it is easy to check that the norm N’ also
corresponds to a Hermitian form H’. The form H’ depends only on the quadratic form q
on g defined by the basis {X;} and on the constant r.

Moreover, in this case, we have C(g) < max{1,| Ad(g)| q}. This follows from the
following argument. Consider the vector space E = (g ® V*) @ V* and the morphism
v:E — V* given by v(x®v,y) = x-v+ry. The dual morphism v* embeds V into the space
E* = (g*® V) @ V. Let T be the Hermitian form on E* coming from the form q* on g* and
the form H on V. It is easy to see that the derived norm on V corresponds to a Hermitian
form, which is induced by v* from the Hermitian form T. The form T obviously has the
desired continuity constants and hence the induced norm on V also has these continuity
constants.

Now, let (7, G, V) be a smooth representation equipped with an invariant positive
definite Hermitian form P. We define Sobolev norms Ny, N1, N>, ... on V by the inductive
formula Ni;; = DN;, where Ny is the norm corresponding to P.

We can use interpolation of Hermitian norms to extend this family of norms to
a family of norms N; defined for all real numbers s > 0.

In a more detail, it is shown in [12, Chapter 4, Theorem 1.13] that for any pair
of positive definite Hermitian forms P and Q on V, there is an interpolating family of
forms Q%,0 < s < 1, such that Q° = P and Q' = Q. Moreover, we can also see that
if an operator A : V — V preserves the form P and has a continuity constant C with
respect to Q, then it has a continuity constant C* with respect to the form Q¢ [12, The-

orem 1.11].
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Applying this to P and the Hermitian form Q = Q;, which corresponds to Ni, we
obtain a family of Hermitian norms N, 0 < s < i, with continuity constants which are
independent of representation 7, namely, ||7(g)||n, < C(g)'s! with C(g) described above.

Note that the families of norms N obtained in such a way using different norms
N; and Nj, j < i do not coincide for 0 < s < j. For the group SL(2,R), they are equivalent;
for general groups, this might not be true.

In general, although the procedure described above works for any Lie group G,
it is not clear that the norms it produces are useful for estimates. The reason is that it
gives only a 1-parameter family of norms, while we expect that the Sobolev norms are

parametrized by 1 parameters, where 1 is the split rank of G (see [3]).

Acknowledgments

We would like to thank Peter Sarnak for many fruitful discussions of automorphic functions. It is a
pleasure to thank S. Zelditch and M. Zworski for illuminating discussions of Sobolev type estimates
for eigenfunctions of elliptic operators. This work was supported in parts by BSF grant no. 94-
00312/2, by the EC TMR network “Algebraic Lie Representations,” grant no. ERB FMRX-CT97-0100.
The second author also was supported by the Emmy Noether Institute for Mathematics, the Minerva
Foundation of Germany, by the Excellency Center of the Israel science Foundation “Group Theoretic
Methods in the Study of Algebraic Varieties.”

References

[1] P.H. Bérard, On the wave equation on a compact Riemannian manifold without conjugate
points, Math. Z. 155 (1977), no. 3, 249-276.

[2] J.Bergh and J. Lofstrom, Interpolation Spaces. An Introduction, Grundlehren der mathema-
tischen Wissenschaften, vol. 223, Springer-Verlag, Berlin, 1976.

[38] J. Bernstein, Analytic structures on representation spaces of reductive groups. Proceedings
of the International Congress of Mathematicians, Vol. II (Berlin, 1998). Doc. Math. 1998, Extra
Vol. IT, 519-525.

[4] J. Bernstein and A. Reznikov, Sobolev norms of automorphic functionals and Fourier coeffi-
cients of cusp forms, C. R. Acad. Sci. Paris Sér. I Math. 327 (1998), no. 2, 111-116.

, Analytic continuation of representations and estimates of automorphic forms, Ann.
of Math. (2) 150 (1999), no. 1, 329-352.

[6] U. Bunke and M. Olbrich, Regularity of invariant distributions, preprint, 2001, http://arxiv.
org/abs/math.DG/0103144.

[7] I.M. Gel'fand and S. V. Fomin, Geodesic flows on manifolds of constant negative curvature,
Uspehi Matem. Nauk (N.S.) 7 (1952), no. 1(47), 118-137.

[8] I.M.Gel'fand, M.I. Graev, andI.I. Piatetski-Shapiro, Representation Theory and Automorphic

(5]

Functions, W. B. Saunders, Pennsylvania, 1969.


http://arxiv.org/abs/math.DG/0103144
http://arxiv.org/abs/math.DG/0103144

2174 J. Bernstein and A. Reznikov

(9]

10]

(11]

(12]

(13]

14]
(18]

(16]

(17]

18]

(19]

(20]

(21]

1. M. Gel'fand and 1. I. Piatetski-Sapiro, Theory of representations and theory of automorphic
functions, Uspehi Mat. Nauk 14 (1959), no. 2 (86), 171-194.

G. H. Hardy, Note on Ramanujan’s arithmetical function t(n), Proc. Cam. Phil. Soc. 23 (1927),
675-680.

S. Helgason, Groups and Geometric Analysis, Pure and Applied Mathematics, vol. 113, Aca-
demic Press, Florida, 1984.

S. G. Krein, Yu. I. Petunin, and E. M. Seménov, Interpolation of Linear Operators, Translations
of Mathematical Monographs, vol. 54, American Mathematical Society, Rhode Island, 1982.
J. B. Lewis, Eigenfunctions on symmetric spaces with distribution-valued boundary forms,
J. Funct. Anal. 29 (1978), no. 3, 287-307.

G. Ol'shanski, On the duality theorem of Frobenius, Funct. Anal. Appl. 3 (1969), no. 4, 295-302.
M. Pollicott, Some applications of thermodynamic formalism to manifolds with constant
negative curvature, Adv. Math. 85 (1991), no. 2, 161-192.

P. Sarnak, Integrals of products of eigenfunctions, Internat. Math. Res. Notices 1994 (1994),
no. 6, 251-260.

, Arithmetic quantum chaos, The Schur Lectures (1992) (Tel Aviv), Israel Mathematical

Conference Proceedings, vol. 8, Bar-Ilan University, Ramat Gan, 1995, pp. 183-236.

W. Schmid, Automorphic distributions for SL(2,R), Quantization, Deformation and Symme-
tries (Conférence Moshé Flato 1999, Vol. I (Dijon)), Mathematical Physics Studies, vol. 21,
Kluwer Academic Publishers, Dordrecht, 2000, pp. 345-387.

A. Seeger and C. D. Sogge, Bounds for eigenfunctions of differential operators, Indiana Univ.
Math. J. 38 (1989), no. 3, 669-682.

A. Selberg, Discontinuous groups and harmonic analysis, Proc. Internat. Congr. Mathemati-
cians (Stockholm, 1962), Inst. Mittag-Leffler, Djursholm, 1963, pp. 177-189.

S. Zelditch, On a “quantum chaos” theorem of R. Schrader and M. Taylor, J. Funct. Anal. 109
(1992), no. 1, 1-21.

Joseph Bernstein: Department of Mathematics, Tel Aviv University, Ramat Aviv 69978, Israel

E-mail address: bernstei@math.tau.ac.il

Andre Reznikov: Department of Mathematics, Bar-Ilan University, Ramat Gan 52900, Israel

E-mail address: reznikov@math.biu.ac.il


mailto:bernstei@math.tau.ac.il
mailto:reznikov@math.biu.ac.il

