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A Proof of Jantzen Conjectures

A. BEILINSON AND J. BERNSTEIN

To our teacher Israel M. Gelfand

In this paper we will show that the localization functor sends the Jantzen
filtration on Verma modules (or, more generally, standard Harish-Chandra
modaules) to the weight filtration on the corresponding perverse sheaves. This
fact immediately implies a lot of remarkable properties of the Jantzen filtra-
tion: the hereditary property (conjectured by Jantzen), the socle and cosocle
properties, and the Kazhdan-Lusztig algorithm for the computation of mul-
tiplicities in consecutive quotients (conjectured in [GJ1] and [GM]).

The paper is divided into two parts. The first part occupies Sections 1
and 2. In Section 1 we consider sheaves of noncommutative algebras on an
algebraic variety which are of “local origin” (we call them D-algebras); a
typical example is the algebra of differential operators. We list some basic
functorial properties of such algebras. Section 2 deals with an important class
of D-algebras: rings of twisted differential operators (tdo). We included in
Section 2 more material than the minimum needed for the main part of our
paper, since the language of tdo’s is a convenient gadget in many situations
(e.g., in algebraic versions of conformal field theory), and we thought it would
be nice to have a review of the subject.

The second part deals with representation theory. It is the heart of this
paper. In Section 3 we recall the localization construction [BB1] and write
down some properties of K-orbits of flag varieties that will be of use. In
‘Section 4 we define the Jantzen filtration in a geometric setting and describe
its intimate relation with the monodromy filtration on vanishing cycles. In
Section 5 mixed sheaves appear. We present a proof of Gabber’s theorem
about the weight filtration on vanishing cycles; since it is transmitted to rep-
resentation theory, it provides, together with the constructions of Section 4,
the Jantzen conjecture.

The main results of this paper were proved in the spring of 1981. The
first draft of this paper, which followed notes of a spring 1982 seminar at

1991 Mathematics Subject Classification. Primary 22E45; Secondary 14F32.

©1993 American Mathematical Society
1051-8037/93 $1.00 + $.25 per page



2 A. BEILINSON AND J. BERNSTEIN

Moscow University, appeared in 1986. The second part of the present paper
is an abridged version of this draft (we just added a few recent references);
therefore it is a bit archaic in style (we use /-adic mixed sheaves instead of
mixed Hodge sheaves of Saito, etc.). We thank Robert Becker for carefully
typing this manuscript.

In what follows (except for Section 5) “variety” = “scheme” = “sepa-
rated scheme of finite type over C”, and “algebra” = “associative C-algebra
with 17, In fact, one can replace C by any field of characteristic 0 in any
place that has nothing to do with the Riemann-Hilbert correspondence (we
deal with arbitrary schemes in 1.1).

If 7: X - Y is a morphism of varieties then 7,, 7~ denote the sheaf
theoretic direct and inverse image functors. If 4 is an algebra then .#(A)
denotes the category of left 4-modules, and "#(4) denotes the category of
right 4-modules. A subcategory % of an abelian category & is a Serre
subcategory if & is a strictly full subcategory closed under extensions and
subquotients; in such a case we have the quotient abelian category &/ /B .

If M is a sheaf and m is a local section of M , we write m € M.

§1. D-calculus

1.1. D-algebras. Let R be a commutative algebra and M be an R-
bimodule. For r € R we have the endomorphism adr of M, ad r(m) =
rm—mr . An increasing filtration M, on M iscalled a D-filtration if M_,

0 and adr(M;) c M,_, forany i and r € R (i.e.,on gr, M the left and rlght
R-module structures comc1de). For example, one has the D-filtration M.’
deﬁned by induction: MV ={m € M: adr(m) € M,_, for any r € R} for

> 0; this D-filtration is maximal in an obvious sense. We call M¥ = M
the differential part of M ; our M is a differential bimodule if M" = M. .

Another way to spell th1s out is to consider M as an (R® R)-module; then
M ={meM: I'''m = 0}, where I is the kernel of the multiplication
map R® R — R (i.e., the ideal of functions vanishing on the diagonal
Spec R — Spec R x Spec R). This description shows that our objects localize
nicely: if f € R, then for the localized R f-bimodule M, :=R ’ % M % R,

one has (M) = (M,.V)f=Rf§Miv =M’ OR,.

1.1.1. REMARK. Let M, be a D-filtration on M . We have a canonical
morphism of R-modules § = o;: gr;, M — HomR(Q R, gr, , M), defined
by d(m)(adb) = (abm — amb) mod M,_, ,where a,b € R, m e M,, and
m is the image of m in gr; M.

Using these morphisms we construct a complex

griMqumR(QlR, g, M)—...— HomR(Q]R gr,_ M)—-..

—J

where the differential 6"; Hom,(Q'R, gr,_. M) — Hom(Q'*'R, gr,_._, M)

i—j i—j—1
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is given by
éi(qw)(aodalm ~Nda;, ) = Z(—l)

Note that M, is maximal iff M, = M V' and each map 4, is injective
for i>0.

1.1.2. Let A be an associative algebra equipped with a morphism of alge-
bras i: R — A. An increasing filtration 4, on A is called a D-ring filtration
if it is a ring filtration (i.e., AA; C A ), A_, =0, i(R) C 4,, and i(R)
lies in the center of the associated graded algebra gr, 4. We can consider
A as an R-bimodule; then such A, is a D-filtration. Note that A’ is a
D-ring filtration, so it is a maximal D-ring filtration. We will say that A4 is
an R-differential algebra if A = A" (ie., if A is a differential R-bimodule).

1.1.3. The above definitions easily globalize. Namely, let X be a scheme.
A differential &@y-bimodule M is a quasicoherent sheaf on X x X supported
on the diagonal X C X xX . We will consider M as a sheaf of &,-bimodules
on X . It has the following properties:

(i) For any open U C X, M(U) is a differential & (U)-bimodule.
(ii) If U is affine, U = SpecR, and f € R, then MU;)=MU),.

Conversely, any sheaf of @, -bimodules M with properties (i) and (ii) is
a differential &, -bimodule.

Differential &, -bimodules are Zariski local objects: they form a stack on
the Zariski topology of X. If X is affine, X = SpecR, then differential
Oy-bimodules are the same as differential R-bimodules. Note that if M, N
are differential &, -bimodules, then so is M ® N.

15i—j(¢(aod‘11/\' Aday---Nday,))(day).

1.1.4. An &, -differential algebra, or 51mply a D-algebra on X, is a sheaf
of associative algebras on the Zariski topology of X equipped with a mor-
phism of algebras i: &, — & such that &/ is a differential @,-bimodule.
One defines morphlsms of D-algebras in an obvious manner. The D-algebras
form a stack on the Zariski topology of X . If X is affine, X = Spec R, then
Oy-differential algebras are the same as R-differential algebras.

1.1.5. For a D-algebra & on X an & -module M is, by definition, a
sheaf of &/ -modules which is quasicoherent as an &,-module. Usually we
will use left & -modules, and call them simply .%/-modules. They form an
abelian category # (X, &) = # (). The category of right %/ -modules
will be denoted "4 ().

If X is affine and 4 := &/ (X), then & -modules are the same as A-
modules, since one has canonical equivalence of categories .# (%) = .#(A).

The &/ -modules are local objects: if j: U — X is an open embedding
then &, is an & -differential algebra and we have the obvious adjoint func-

tors A (/) & M (57;) ; the categories .# (%) form a stack over the Zariski
J.
topology of X .
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If N is any (quasicoherent) &,-module then an &/ -action on N is a
structure of &/ -modules on N compatible with the &-module structure (i.e.,
i(fym=fm for fed@,, meN).

1.1.6. FIRST EXAMPLES (1) Let M, N be (quasicoherent) &,-modules.
A C-linear morphism f: M — N is called a differential operator if for any
affine U C X the corresponding morphism Jy: M(U) — N(U) lies in the
differential part of the &(U)-bimodule Hom (M (U), N(U)).

The differential operators form a sheaf of &, -bimodules Diff(M, N) C
Hom (M, N). If M is coherent ther lef(M N) is a differential &,-
bimodule. In partlcular for a coherent sheaf M we have an Oy -dlfferentlal
algebra D, := Diff(M, M). We put D, :=D,

(i) If M B are D-algebras on schemes X, Y respectively, then we have
a D-algebra &/ ®B on X x Y such that for affine U c X, ¥V C Y one has
(¥ RB)UxV)=(U) %B(V).

1.2. Lie algebroids. For a scheme X a Lie algebroid L on X is a (quasi-
coherent) @, -module equipped with a morphism of @y-modules o: L — .7,
(:=Der&, = tangent sheaf of X ) and a C-linear pairing [-, -]: L % L— L
such that

- [+, ] is a Lie algebra bracket and ¢ commutes with brackets,
- for l,,l,€L, feO&y onehas [/, L= fU, L1+ a(l) ().
For a Lie algebroid L we set L := Kero . This is an O-Lie algebra.
A Lie algebroid is called smooth if it is a locally free &-module of finite
rank. Lie algebroids form a category in an obvious way; this is a stack on the
Zariski topology of X .
A connection on a Lie algebroid L is an &,-linear section V: Ty —
L of g (so oV = 1dy) Such a V is 1ntegrable if it commutes w1th

brackets. For a connection V, its curvature C(V) € Hom@ (/\ Ty, L(O)) is
defined by C( )(‘t A1y) =[V(z,), V(1,)]. The connections on L form a
Hom@X(Z‘,, L ) -torsor Z(L).

Let us describe some examples of Lie algebroids.

1.2.1. The tangent sheaf .7, is a Lie algebroid (with ¢ = 1dg ). For
any Lie algebroid L there is a unique morphism L — Iy and a morphlsm
.7 — L is the same as an integrable connection on L.

1.2.2. Assume that a Lie algebra g acts on X, i.e., we have a morphism
of Lie algebras a: g — 7, . Then g, = Oy % g becomes a Lie algebroid in a

natural way: the map o: & % 8— Iy is o(f®y) = fa(y) and the bracket
on Fy ®g is defined by [f, @ 7, ,® 1] = L1, [, 1,1+ fra(r)(fy) ®

V2= fa(r) () ® 7, -
1.2.3. Let G be an algebraic group, g =LieG, and F be a G-torsor over
X . We have the Lie algebroid .7, of infinitesimal symmetries of (X, F):
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a section of J is a pair (7, 7), where 7 is a vector field on X and 7
is a G-invariant vector field on F that lifts 7. We have _oa(t, 7) =1,
[(7,, %), (13, )] = ([1,, 7,1, [T,, T,]) . Note that g, = & coincides
with the F-twist of &, ® g (with the usual O -linear bracket) with respect
to the adjoint action of G.

One can consider Lie algebroids of infinitesimal symmetries of any geo-
metric object over X of algcal nature. For example, for a vector bundle & ,
we have a Lie algebroid ‘72’ , which coincides with the Lie algebroid of the
corresponding G L-torsor.

1.2.4. Assume we have a smooth groupoid acting on X, i.e., we have
a scheme Y equipped with two smooth projections T,,n,:Y — X, an

embedding e: X — Y, and a composition law Y x Y — Y that satisfies
7!,‘2,1‘!l

the usual axioms (see, e.g., [D4]). The Lie algebroid L of our groupoid is
the normal bundle for the embedding e; one defines the Lie bracket and
projection ¢ by the usual formulas. If our groupoid is an ordinary group G
actingon X (so Y = G x X ), then L coincides with the Lie algebroid from
example 1.2.2 for g = Lie G, a being the corresponding infinitesimal action
of g.

1.2.5. Let &/ be a D-algebra on X. Put Lie® := {(1,a) € Ty ¥
& it(f) = ai(f) — i(f)a for any f € Oy}. This is a Lie algebroid on
X in an obvious manner (one has o(7,a) = t and [(zy5a)), (75, a)] =
([zy» 7,1, [a,, a,]) ); we will call Lie/ the Lie algebroid of < .

Clearly &/ ~ Lie&/ is a functor from the category of D-algebras to the
category of Lie algebroids. It has a left adjoint functor that assigns to a
Lie algebroid L its universal enveloping D-algebra % (L) . Explicitly, Z (L)
is a sheaf of algebras equipped with the morphisms of sheaves i: Oy —
%(L), i,: L > Z(L); it is generated, as an algebra, by the images of these
morphisms and the only relations are

(i) i is a morphism of algebras;

(ii) i, is a morphism of Lie algebras;

(iii) for f € &y, | € L one has i,(f]) = i(Ni (), [i (), i(N)] =

ie(D)f).

One checks easily that %/ (L) is actually a D-algebra.

Note that a Z(L)-module is the same as an &-module with an L-action
(i.e., an @y-module M equipped with a Lie algebra map L — End. M such
that I(fm) = a([)(f)m + (f)m, (fI)m = f(Im) for f € @,, | € L,
m e M ). We will call Z(L)-modules simply L-modules.

1.3. Etale localization. All the above definitions are actually étale local. To
be precise, let ¢: ¥ — X be an étale morphism. Then the Y-diagonal ¥ —
Y xY isacomponent (i.e., an open and closed subscheme) of the preimage of
the X-diagonal (¢ x (p)"(X ) = Y x Y. For a differential &,-bimodule M
(which is an &, ,-module supported on the diagonal) we define its pull-back
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= @"M as the restriction of (¢ x ¢)'M =08, _,, ® (px9) 'M
(9x0)™ 'Oy x
to the Y-diagonal. This is a differential &, -bimodule.
We have a canonical embedding ¢—1M — o'M of (o_lﬁ -bimodules
that induces isomorphisms &, ® ¢ M oM oM @ Gy .
¢ Oy Oy
Therefore, the differential &, -bimodules are sheaves on the étale topology
, of X ; they form a stack on X,
If M, N are differential &, -blmodules then ¢"(M ® N) = o"'M g)
Y
¢ *N. Therefore, if & is an Oy -differential algebra, then &y = 0" is
n &, -differential algebra (the product is the composition ¢*.&/ ® o' =
Y
0" (F o) =1 ) 9" ); the embedding ¢~ ' < @*%/ isaring morphism.
We see that the D-algebras are also sheaves on X, , and they form a stack

over X, .If M isan & -module then M, = ¢*M =0, ® ¢ 'M is an

_| ﬂ
My-module So we can consider M as a sheaf of & -modules on X_ ; the

ét >
categories .#(2/,) form a stack over X, .

1.4. Functoriality. Let ¢: Y — X be a morphism of schemes, and & , &
be D-algebras on X, Y respectively. Consider the sheaf ¢*./ = Gy @y
(p'l.sa( . This is a (quasicoherent) &,-module equipped with a right ¢~ lo-
action.

1.4.1. DEFINITION. A ¢@-morphism A: % — & is an action of D-algebra
% on ¢« that commutes with the right % -action.

In other words, it is a morphism of algebras 4: & — End,-1, (9" ) such
that A(i(f))a = fa for fe&,, acp s .

REMARK. If ¢ is the identity morphism, then ¢*%/ = &, and 1 is a
usual morphism of D-algebras & — &7 .

Note that a g-morphism A defines for any &/-module M a %-action
on oM = Oy ® ¢—1M: one has p'M =9*'¥ ¢_1M, and we put

¢"'(9’X 4
b(a®@m) :=A(b)ag@m for be B, ac o/, me 9 'M. Wegeta
canonical functor (¢, A)": #(¥) — #(F).

If w: Z — Y is another morphism of schemes, % is a D-algebra on Z,
and u: % — % isa y-morphism, we define the composition A-uy: & — &
as the (¢ - y)-morphism which is the action of € on (¢-y)' = y"(p*¥)
considered as (v, u)* (¢, A)" . The functors (¢ - w,A-pu)", (v, pn)" -
(p,A)": #(¥)— # (%) coincide.

1.4.2. A D-scheme, or D-variety, is a pair (X, &), where X is a scheme,
and & isa D-algebraon X . A morphism of D-schemes (Y, %) — (X, %)
is a pair (¢, 1) as above. We see that D-schemes form a category which we
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denote D-Sch; one has a canonical projection D-Sch — Sch, X, &)~ X,
whose fiber over X is the category of D-algebras on X .

In fact this projection makes D-Sch a prefibered category over Sch (see
[SGA1] for the terminology). This means that for any morphism of schemes
¢:Y — X and any D-algebra & on X , there is a (canonical) D-algebra
¢’/ on Y equipped with g-morphisms ¢’/ — & such that for a D-
algebra & on Y the @-morphisms # — & are the same as morphisms
F — ¢’ . Indeed, ¢ & isthe algebra Diﬁ'q,_lw)(q)*.sa/ , 9" /) of all (&y)-

differential operators on ¢"%/ that commute with the right (p—'.s% -action.
The universality property implies that ¢ is a functor from the category of
D-algebras on X to thaton Y. Itis compatible with Zariski localization;
if X = SpecR, Y = SpecS are affine schemes and 4 = I'(X, &) then
(Y, ¢'&/) is the ring of all S-differential operators acting on S % A that

commute with the right A-action.
1.4.3. REMARK. For a differential bimodule M on X we define its pull-
back 9'M as Diff,-, Gy, 9"M) = {l € Diff(@, , Ty ¢_§9y o 'M) :

X
I(fo*(g)) = I(f)g for f € &y, g € Oy} ; this is a differential &y,-bimodule.
This notation is compatible with the earlier one: if &/ is a D-algebraon X
then we have an isomorphism of &, -bimodules

Diﬁ‘w_w(q)*.s:/ L0 ) = Diﬁ‘w-.yx(w*ﬁy, '), n—nog (i)

Note that the functor ¢ is, in general, neither left nor right exact (be-
ing the composition of the right exact functor ¢* and the left exact one
Diff 0o, (@y, ), and it behaves badly with respect to composition of ¢’s.
To recover the p-functoriality one should, perhaps, work with the derived
categories from the very beginning.

1.4.4. Let Z %5 Y be another morphism of schemes. For a D-algebra

& on X the composition of the canonical y-and g-morphisms veos —
o'/ — & defines, by the universality property, a canonical morphism
€yt wof — (pw) s . If x: W — Z is the third morphism of schemes

then the compositions cw,x[(c%w) s CouxCuox Yy = (pyx) ¥ co-

incide. In general, Cp,y are not isomorphisms (a possible remedy would be

to change the definition of @  so that the right ¢ would send the D-algebras
on X to the differential graded D-algebras on Y ; we will not pursue this
line further).
1.4.5. In certain cases one can describe ¢  quite explicitly.
(i) ¢ isétale. Then, by 1.3, ¢ isan &, -differential algebra. One has

a canonical isomorphism ¢*%/ —- ¢’ of D-algebras that assigns

to a € "/ the operator of the left multiplication by o on 0" .
The inverse map ¢ & — ¢ & is [~ [(1®1).
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(ii) ¢ is a projection ¥ =T x X — X. Then ¢*& = @, RY , and
one has an isomorphism of D-algebras D, K&/ — ¢ &/ that sends

d®ae€ DR to the operator teb—o(t)®ab.

(iii) ¢:Y — X is a closed embedding defined by an ideal I C Gy .
Then 9" = /I . Let N(I&/) = {a € &:al C 17} be
the normalizer of the ideal 1%/ in the algebra & . One has an
isomorphism of D-algebras N(I.%/)/1/ =, ¢’/ that sends a €

N(I/) to the operator of left multiplication by a on & /1% ; the
inverse mapis y— (1 ®1).

1.4.6. Let ¢: Y — X be a morphism of schemes, and L, N be Lie
algebroids on X, Y respectively. A @-morphism y: N — L is an G-
linear map y: N — ¢°L which satisfies the following conditions. Take
ne N;wrte y(n) = S/ ®l', f €@, I' € L. Then one requires
that y([n,, n,)) = Zfl'fzj e, 1+ a(n)(fi)® B —a(ny)(f])® I}, and
a(n)(9*g) =X 9" (a(l')(g)) for g €Oy .

If y:Z — Y is another morphism of schemes, K is a Lie algebroid on
Z,and 6: K — N isa y-morphism, then the composition yd := y*(y)d is
a gy-morphism K — L.

We will call a pair (X, L), where X is a scheme and L is a Lie algebroid
on X, a D-Lie scheme. We see that D-Lie schemes form a category D-Lie
(the morphisms are pairs ¢, ¥ as above).

The projection (X, L) — X makes D-Lie a prefibered category over the
category of schemes (one easily constructs the pull-back functor ¢ : (Lie
algebroids on X ) — (Lie algebroids on Y)).

If, in the above situation, P is an L-module on X, then ¢*P is natu-
rally an N-module: the N-action is n(f ®p) :=a(n)(/)®Pp + S ffelp,
where y(n) =Y f' ®['. Therefore, we have the pull-back functor (¢, 7)":
(L-modules) — (N-modules), (¢,7)"P = ¢*P; clearly (py,76)" =
(v, 8)"(¢,7)". In particular, p*# (L) is an N-module, hence 7 defines
a g-morphism of D-algebras #Z(N) — #(L). Therefore, we have the uni-
versal enveloping algebra functor D-Lie — D-Sch, (X, L) — (X,#(L)).

1.4.7. Let (p,A): (Y, &) — (X, ) be a morphism of D-schemes.
It defines the push-forward functor between the derived categories of right
modules R(¢,A),: D™ #(Y,B) — D' # (X, %), R(p,A),(P) =

Rq;*(Pé ¢"/). Here we consider 9"/ asa (£, ¢~ '.7)-bimodule (so
P g p*/ 1is a right (p_l.sz/ -module) and ¢, is the sheaf theoretic direct

image.
If X = SpecR, Y = SpecS are affine schemes, 4 = I'(X, &), and
B=T(Y, %), then the functor R(¢, 1), sendsa right‘B-module P to the

L
complex of A-modules P % (S % A).
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1.5. Smooth localization. Assume we are in the situation of 1.4.4.

1.5.1. LEMMA. If either ¢ or y is a smooth morphism of schemes, then

oy is an isomorphism.

Proor. The statement is Zariski local. We assume that X = SpecR is
affine; put 4 = I'(X, &) . Since locally any smooth morphism U — V isa
composition U - ¥ xC" 2 V', where « is étale and = is a projection, it
suffices to check our lemma when the smooth morphism in question is either
étale or the projection. )

(i) v is étale. Then y'¢'/ = y 9’/ by 1.4.5() and ¢, , is the
action of y*9'&/ on y'o'¥ = O, ® A. Since y*Diff(@,, ¢ %) =
Diff(@, , y" 9 /) the flatness of y implies that ¢, , is an isomorphism.

(ii) ¢ is étale. One has ¢’/ = 9" , Y9’/ = (py)"% , and vo,
respectively (py) %7 , is the sheaf of all operators / € Diff(@, , &, %A) that
commute with the right action of 1//_1@’ , respectively R. Since for any
feb, themap & » T, A=y 9, g I(fy™(2) = l(N)i(g), is
a differential operator, it vanishes if and only if it vanishes on R. Hence
Vol =(py)H .

(iii) w: Z =C"xY — Y isa projection. One has (see 1.4.5(ii)) vos =
Dy R o' = {l € Diff#;, 7, @ 4): I(flew)"(8)) = I(f)i(g) for [ €
Oy, 8€R} = (p¥) A .

(iv) p: Y =C" x X — X is a projection. Let ¢;, j=1,...,n,bethe
coordinates on C", 6 = gy, qg; = t//'(tj) €F,,s0

v=0(q;0)=(q,--->9,0).
One has (py) & = {l € Diff(g,, &, %A): I(fr) = I(f)i(r) for fe,,
reR}, 9/ =DxRA, y'¢' ={m e Diff(@,, 4" D¢ %A): m(fr)
m(f)i(r),m(qu)=m(f)i(tj) for fed,, reR, j=1,...,n}.
Write D = @@’C..at'll .--8", so that in the above formula m =

t,

Emilminafl‘ ~~8ti" , where m; ..; € Dift(@, , &, % A). Conditions on m €

v'o's/ imply m; ., €(py)# and
mil~~~i"(qu) = qimir"i,.(f) + mil S B (f) .

The map oo sends m to my ,; clearly this is an isomorphism.

1.5.2. Let mp: P — X be a smooth X-scheme (this eans that 7, is a
smooth morphism). For a D-algebra & on X we will call &7, := n./ the
(smooth) localization of & at P. The above lemma claims that the pull-
back functors are compatible with smooth localizations: for a commutative
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diagram

0. p

"Ql "Pl
Yy 2. x
where Ty is also smooth, one has a canonical isomorphism qTMP =(p ) 0
(both equal to (¢7tQ)'M ). In particular, for any morphism a: P’ — P of
smooth X-schemes one has &/, = a'¥ ;ie., &/, forms a Cartesian section
of D-Sch over the category X, of smooth X-schemes.

1.5.3. The category X, has a Grothendieck topology structure (smooth
site of X ; acoveringin X isasmooth surjective morphism of X-schemes).
Note that a morphism between D-algebras on X is an isomorphism if and
only if it is an isomorphism locally in smooth topology X . (use 1.4.5(i),
(ii)). In fact D-algebras themselves are local objects with respect to the
smooth topology: they satisfy the smooth descent property.

To be precise, let 7,: P — X be a smooth covering (i.€., a smooth surjec-
tive morphism). Consider the corresponding Cech system

Ty25 T3, My3

n,T
P=...PxPxP —3 PxP_ P 3
X — X —

For a D-algebra & on X denote by g, the composition 7,9 —— %,
X
= .
A D-algebra on & is a pair (%, g), where & is a D-algebra on P
and g: n;ﬂ — néﬂ is an isomorphism that satisfies the cocycle property

7,5(8) = m,,(8)7,,(g) . The D-algebras on & form a category in an obvious
way, and we have a canonical Z-localization functor ( D-algebras on X) —
(D -algebras on ), & — (¥, g,).

1.5.4. LEMMA. This functor is an equivalence of categories.

PROOF. Let us construct the inverse functor. Denote by X, s(ri) C X, the
full subcategory of P-small objects (those 7' for which Hom, (T, P) is
not empty). -

A D-algebra (%, g) on # defines a Cartesian section T +— %, of D-
Sch over Xs(,ﬁ) as follows. For a P-small T and a morphism y: T — P put
By, = y#&. If y: T - P is another morphism then, by 1.5.1, By, =
(7,7)n,%# and Bry = (7, ') 7, % , so we have a canonical isomorghism
8. ,=, Y) (g): QT}, - .QT},, ;onehas g, »=g,.ng, by the cocycle
property of g. Therefore 59” does not depend on y: this is our .

If T" % T is a morphism in Xs(:;) , then we have a canonical morphism
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c,: o By — By defined as a composition a'.@” =a'y B e (ya) B =
'@T:ya (this definition does not depend on the choice of y € Hom(T, P)).

This ¢, is actually an isomorphism (this is clear from 1.5.1 if either o
is smooth or there exists a smooth y: T — P. The general case reduces to
this, since ¢, is compatible with smooth localizations: replace T and T’ by
T x Pand T x P respectively).

We can replace Xs('i) by the subcategory Xétp ) that consists of P-small
T’s étale over .X . By the étale descent (see 1.3) &, defines a D-algebra
& on X. Clearly &/ depends on (&, g) in a functorial way. One checks
immediately that this functor (D -algebras on P) — (D -algebras on X),
(%, g)— &, is inverse to the P-localization functor.

1.5.5. For a D-algebra &/ on X the categories .# (%) form a fibered
category .# (X, ) over X_ (with respect to the pull-back functor 9" ). The
usual flat descent property for &-modules implies that .# (X,,) is a stack
over X .

1.5.6. One easily checks that the analogs of 1.5.1 and 1.5.4 are valid in
the Lie algebroid situation (see 1.4.6).

1.6. Affine D-schemes. Let (X, & ) be a D-scheme. Put 4:=T(X, & ).
We have a pair (A, I') of adjoint functors .# (X, &) T—-"X MH(A) ; T(M) =
I'(X, M) is the global sections functor, A(N) := &/ §> N.

1.6.1. LEMMA. The following conditions on (X, /) are equivalent:
(i) Forany M € # (X, %) one has H'(X, M)=0 for i >0 and M
is generated, as an & -module, by its global sections.
(ii) The functors T', A are (mutually inverse) equivalences of categories.

If the conditions of 1.6.1 hold, then we will call (X, &) an affine D-
scheme, and X an %/ -affine variety.

ExaMmpLEs. (i) If X itself is an affine scheme, then it is .2/ -affine for any
.

(ii) Let X be any quasiprojective variety. Then there exists a smooth
surjective morphism 7: X — X such that X is affine (actually there exists
m which is a torsor with respect to an action of some vector bundle over
X). Then X is n*eﬁ;‘;-aﬁine. For a nontrivial noncommutative example, see
Sgctic_m 3.

L.7. D-stacks. The smooth descent property shows that we can repeat ll
the above notions and constructions in the context of algebraic stacks. Here
is a brief sketch of the first definitions.

Let 2 be an algebraic stack (for the smooth topology, see [Lau]). A
D-algebra &/ on £ consists of the following data:

(i) For any scheme X and a smooth 1-morphism #: X — 2 one has
a D-algebra .SV(X’”) on X.
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(ii) Forany (X, m), (X', n) as above, a morphism a: X' — X, and a

2-morphism 7’ -% 7o, one has an isomorphism of D-algebras
a‘v: ‘%(Xl’nl) — JY(X,n).

We demand that &, behave naturally with respect to compositions of
(o, @)’s. ,
1.7.1. ExaMmpLE. If 2 is smooth then we have the D-algebra of differ-
ential operators D, on £ . Namely, for any (X, #) as in (i) above the
scheme X is regular; we put (D%)(X,n) := Dy, and take for & in (ii) the

canonical isomorphism D, = a'DX .

1.7.2. D-algebras on &2 are local objects: one can describe them as fol-
lows. Choose a smooth covering n: X — £ (so m is a smooth surjective
1-morphism); put Y := X ; X . Then Y is a smooth groupoid acting on X,

and 2 coincides with the quotient stack Y \ X. A D-algebra & on 2
yields a D-algebra &/, = .M( x,m) ON X equipped with the Y-action (which
is an isomorphism g, : 7%, — 7,4, that satisfies the cocycle condition).
As follows from 1.5.3 the functor & — (&, g,) from the category of
D-algebras on &2 to the category of Y-equivariant D-algebras on X is an

equivalence of categories.
For a D-algebra &/ on 2 an & -module M is a collection of ‘Q/(X,n)-

modules My , together with @, -isomorphisms My 1) A a*M(X,n)
compatible with the composition of (a, @)’s for (X, n), (a, @) as above.
In terms of a smooth covering X —— £ such an M is the same as a Y-
equivariant %-module (i.e., an %/y-module equipped with a g -isomor-
phism g, : n}M — m;M that satisfies the cocycle condition). The /-

modules form an abelian category .# (2, %).

We leave to the reader further translations of 1.1-1.6 to the stack setting.
The only delicate point here is the construction of the derived category of % -
modules (and, consequently, the construction of the push-forward functors
from 1.4.7). It turns out that for the usual derived category D.# (2, &)
the local to global spectral sequence for Ext’s no longer holds in the stack
.. case (the first example: take 2 = G,,\ point, & = D, ). One must replace
it by a certain canonical t-category D(Z°, %) with the heart .# (2, %);
we hope to present a construction of D(Z°, &) elsewhere.

1.8. Equivariant setting. Let G be an algebraic group and X be a G-
variety, i.e., a scheme equipped with a G-action x: G x X — X . In this
subsection we will give an explicit description of D-algebras on the quotient
stack G\X and of corresponding modules.

1.8.1. Let g be the Lie algebra of G. Our u defines the infinitesi-
mal action a:g — Jy; by 1.2.2 we have the Lie algebroid g, . For a
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(quasicoherent) &@y-module P a G-action on P (which is an isomorphism
1P —> py P that satisfies the cocycle condition) defines a g-action a, on
P that lifts o (ie., ap is a Lie algebra morphism g — End. P such that
ap()(fP) = fap(r)() +a(»)(/)P, 7 €8, f €Ty, p € P; equivalently, we
have a morphism of Lie algebroids a,: g, — 7, (see 1.2.2-1.2.3)).

1.8.2. Let M be an Oy-differential bimodule. The group G x G acts
on X x X, and the diagonal subgroup G — G x G preserves the diagonal.
Let G" be the formal completion of G x G along the diagonal G ; this is a
formal subgroup of G x G that preserves the formal neighborhood X" of
the diagonal. We define a G-action on M asa G"-action on M considered
as an Oy, y-module supported on the diagonal.

One can spell out this definition without explicitly mentioning G” as fol-
lows. Consider the “complex Harish-Chandra pair” (g x g, G). It acts on
X x X, and a G-action on an &, -differential bimodule is the lifting of this
action to M considered as an &, ,-module. Explicitly, a (g x g, G)-action
on M isapair (u4,,, «,) where u, isa G-action on M considered as an
Oy x-module (G actson X x X diagonally), and «,, isa (g x g)-action on
M (in other words «,, is a Lie algebra map g x g — End, M such that one
has o, (7, , 7,)(fymfy) = a()()mby + f(ey (), )M Sy + fima()(f,)
for y,,7, € 8, f;,f, € &, m € M). This pair should be compati-
ble in the sense that the action of g that comes from u,, coincides with
the a,-action of the diagonal g C g x g, and one has g"(aM(y1 s Yp)m) =
a,(ad, 7, ad, 7,)8" (m) for g€ G, me M, y,,7, €g. Here g" stands
for the u, -action of g on M.

REMARK. A G-action on M as an &y, ,-module defines (and is com-
pletely determined by) a G-action on M as an &y-module (with respect to
either only left or only right &, -action). We can formally weaken the above
definition by demanding only that in the pair (u,,, o,,) our u,, should be
the G-action on M as on a left (or right) &,-module. It is easy to check
that nothing changes: the compatibility with «,, immediately implies that
Uy, 1s actually a G-action on M as an &, ,-module.

1.8.3. Let & be a D-algebra on X. A G-action on & is a G-action
(uy ,ay,) on & as an &y-differential bimodule such that

(i) u, is compatible with the ring structure on &, ie., g (q,a,) =
(ga,)(g"ay), g°(1)=1 for g€G, a,,a,e ¥ .

(ii) For y € g, a,,a, € & one has o (7, 0)(a,a,) = (o, (7, 0)a,)a,,
ay(oa Y)(alaz) = alay(O, v)(a,).

Note that (i) implies that the structure morphism i: &, — & com-
mutes with the G-action. For y € g put i,(7) == ay(y,0)(1) € & ; then
ay (¥, 7)a= ig(yl)a—aig(yz) . We can rewrite the above definition in terms
of i - Namely, a G-action on & is the same as a pair (u, , I o) > Where u,,
is a G-action on & as on a left (or right) &,-module and i ,c8— ¥ isa
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Lie algebra map such that

(i) m, is compatible with the ring structure on & .
(ii) i, commutes with the G-action (where G acts on g by the adjoint
representation).
(iii) The g-action on & that comes from u, coincides with adig .

We call a D-algebra equipped with a G-action a Harish-Chandra algebra
or an (@, G)-differential algebra.

ExAMPLE. If G acts on a coherent &y-module P then D, is a Harish-
Chandra algebra in an obvious way (here i, = a;).

1.8.4. Now let P be a Lie algebroid on X. A G-action on P is a G-
action u, on P as an &dy-module together with a morphism of Lie algebras
igig— P such that

(i) One has g°[¢,, ] = [£°¢;, &7L,), &7(a¢) = a(g"{) for g € G,
{,eP.
(ii) i,(ad,y)=g"i,y for g€ G, y€g.
(iii) The g-action on P that comes from u, coincides with ad,; .

We call a Lie algebroid equipped with a G-action a Harish-Chandra Lie
algebroid. If X is a point, then this is the same as a Harish-Chandra pair.

For a Harish-Chandra Lie algebroid P its universal enveloping algebra
% (P) is a Harish-Chandra algebra in an obvious manner. If %/ is a Harish-
Chandra algebra on X, then Lies/ (see 1.2.5) is a Harish-Chandra Lie
algebroid.

One defines morphisms of Harish-Chandra algebras and Lie algebroids in
an obvious way.

EXAMPLE. §, is a Harish-Chandra algebroid in an obvious manner (the
G-action on g, comes from the adjoint action on g C gy ). For any Harish-
Chandra Lie algebroid P there exists a unique morphism g, — P. We
have an obvious ring homomorphism #%(g) — #(gy); the corresponding
morphism of &,-modules &, ® % (g) — # (8y) is an isomorphism.

1.8.5. Let &/ be a Harish-Chandra algebra on X. A weak (&, G)-
module is an & -module M equipped with a G-action (as an &,-module)
compatible with the G-action on & (i.e., for g€ G, a€ &, m€ M one
‘has g*(am) = g"(a)g*(m)). An (&, G)-module is a weak (& , G)-module
M such that the action of g on M that comes from the G-action coincides
with the one that comes from i gt 8 & and the & -module structure on
M . We will also call (&, G)-modules Harish-Chandra modules.

To see the difference between weak (& , G)-modules and Harish-Chan-
dra modules consider the tensor product algebra &/ % % (g). It carries the

Harish-Chandra structure: the G-action is g(a ® u) = g(a) ® Ad,(u), and
the i -mapis i (y) =i/ ()@ 1+1®7.
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1.8.6. LEMMA. Weak (& , G)-modules are the same as (& % % (g), G)-
modules.
PrROOF. An (& %?Z (g) , G)-module is a weak (&, G)-module (where &

acts via & — & @ %Z(g), a — a®1). Conversely, let M be a weak
(&, G)-module. For y € g consider the C-linear endomorphism w(y) of
M, w(yym = y(l)m - y(z)m, where y(l) is the action of y that comes
from the action of G on M (as on &y -module) and »? is the action of
i,(y) € & . One checks that w(y) commutes with ./ -action and the map
w: g — End, M is a Lie algebra homomorphism. Therefore the . -module
structure and w define a (& <(8£ # (g))-module structure on M , and the G-

action makes M a Harish-Chandra (& % Z (g))-module.

The (&, G)-modules form an abelian category .# (% , G), the weak ones
form an abelian category # (& , G),.,, - Clearly #(& , G) is a full sub-
category of A (&, G),,.,, » Which is closed under subquotients. We have the
faithful forgetting of the G-action functor o: # (¥ , G),,, — # (¥ ).

ExaMpLEs. (i) If & is a G-equivariant Lie algebroid on X then an
% (&#)-Harish-Chandra module M is a &-module equipped with a G-action
(as an Fy-module) such that the corresponding infinitesimal action of g co-
incides with the action defined by the morphism i gl 8 &Z . If X isapoint
we recover the usual notion of a (&, G)-module.

(ii) For any Harish-Chandra algebra &/ the free left .&/-module & is a
weak (& , G)-module in an obvious manner. The corresponding g-action w
is w(l)a=-ai, ).

1.8.7. LEMMA. (i) Harish-Chandra algebras on X are the same as D-
algebras on the quotient stack G\X .

(ii) For a Harish-Chandra algebra & , (& , G)-modules are the same as
modules over corresponding algebras on G\X .

Proor. (i) Denote by p;, py: Gx X — G, X the projections. Consider
a D-algebra on G\X . According to 1.7 this is the same as a pair (&, g),
where &/ is a D-algebraon X and g: u'&/ = p;{.saf is an isomorphism
of D-algebras that satisfies the cocycle condition. Let us define on & a
Harish-Chandra structure (u, , ig) , 1.e., a G-action on % in the sense of
1.8.3.

Recall that p,& = D; R (see 1.4.5(ii)), hence p,& = O, R is
the centralizer of pg lﬂG COgyx In p:‘,.,v . Since u'&/ is the pull-back of
p;‘,.s% via the isomorphism (p;, u): G x X = G x X we see that u'
coincides with the centralizer of p; I@G in u'%/ . Therefore our g: u' & —
p:YM defines an isomorphism between the pEIﬁG-centralizers Hy - u =

p}.:/ . This is the desired action of G on & as an &,-module. To define

I consider the embedding v: g — D, C p;(M that sends y € g to the
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corresponding left invariant vector field. For y € g put i V) = v(y) -
&g w' ) e p:‘,.sa/ ; this element commutes with p_lé’G and v(g) and,
therefore, lies in p;l.sf C p:‘,.s/ - Weget i :g— & ; it is easy to check that
(Hy >0 n) is a Harish-Chandra structure on &/ .

Conversely, for a Harish-Chandra algebra &/ we define the isomorphism
g:u ¥ = p, as pu, on the centralizers of p; ’ﬁ’G and extend it to the
entire algebra using the above formula relating i o and v . One easily checks
the cocycle property for g.

(ii) Clear.

1.8.8. Here is a simple corollary of 1.8.7. Assume we have an embedding
of algebraic groups G C G'. We have the induced G'-variety X' = G’ x X =

G x X/{(g',x) = (g'g”", gx)}. The embedding X — X' induces an
isomorphism between the quotient stacks G\X —» G'\ X', hence the pull-
back to X is an equivalence between the categories of G'-Harish-Chandra
algebras on X' and G-Harish-Chandra algebras on X (and similarly for the
corresponding Harish-Chandra modules). We leave to the reader an explicit
construction of the inverse functors.

1.8.9. Assume that G acts on X in a free way, so we have a morphism
of schemes n: X — Z that identifies Z with G\X (i.e., X is a G-torsor
over Z ). According to 1.8.7 the functor z : ( D -algebras on Z) — (Harish-
Chandra algebras on X ) is an equivalence of categories. Here is an explicit
construction of the inverse functor. Denote by g, the X-twist of &, ® g;
explicitly, g7 = (1,05 ® g)G , G acts on g by the adjoint action. For a
Harish-Chandra algebra &/ on X put MZN = (n*M)G; this is a D-algebra
on Z. The map i, sends g; to &/, . One can see that &, - i (g7)
is actually a 2-sided ideal in &, ; put &, = &, [, i (g;). The left
action of & on 7', = n'; [n" ()i (97) = & | iy (g) defines the
isomorphism & = 7%, .

For any D-algebra &/, on Z consider the corresponding algebras & =
nSl,, A, 50 A, =5, |H,i ,(87) . Note that 7, & =0, (;@ &, and
any (local) section of 7 (i.e., any G-isomorphism X =G x Z) iznduces an
isomorphism &, = %/, % % (g) . Assume that G is an affine group. Then

the functor =n,: #(X, &) —» #(Z, n,) is an equivalence of categories.
.
We have the adjoint functors # (& , G), . =¥ (Z, 5 ),

n
M= (n,M)°,

N -1 _ ~ =1, -1
A N=n"(n ®~N)—Mn<§>l.s?/zn N=6y ® &N,

z



A PROOF OF JANTZEN CONJECTURES 17

1.8.10. LEMMA. (i) The functors n", n. are mutually inverse equivalences
of categories.

(i1) =, identifies # (¥, G) with #(Z, &,), n coincides on M (Z, )
with n* .

§2. Twisted differential operators

2.1. First definitions and equivalences. (1) Let X be a smooth algebraic
or analytic variety over C.

2.1.1. DEFINITION. An algebra of twisted differential operators, or simply
atdo,on X is a sheaf of associative algebras D on X equipped with a mor-
phism of algebras i: @y — D such that there exists an increasing filtration
D, on D with the following properties:

(i) D, is a ring filtration (i.e., DD, c D, ;) such that the associated
graded algebra gr, D is commutative; one has D_,=0,UD;,=D.

(ii) The morphism i identifies Oy with D, , and the obvious morphism
of the symmetric algebra S’(D1 /D,) into gr. D is an isomorphism
of &,-algebras.

(iii) The morphism ¢: D,/D, — Ty, 0(0)(f) :=08f— f0, where 8 €

D, fe Oy = D, , is an isomorphism.

ExXAMPLE. If . is a line bundle on X then D, is atdo.

REMARK. Let D be a tdo; according to (ii) and (iii) above we have a
canonical isomorphism of &,-algebras gr.D = S (%) = functions on the
cotangent bundle to X . The algebra gr, D carries a standard Poisson bracket
{-.}: gr,D xgr,D — 8, D, {f,g} = fg — gf mod D,., ,- The
above isomorphism identifies {-, -} with the Poisson bracket that comes from
the standard symplectic structure on the cotangent bundle.

For a tdoD the filtration D, is a D-filtration on D. Therefore D is
an Oy-differential algebra. In fact one checks immediately that D, is the
maximal D-filtration D ; in particular it is uniquely determined.

It is easy to see that the canonical complex from 1.1.1 for M = D is the
Koszul complex. To be precise, one has the following characterization of
tdo’s.

2.1.2. LEMMA. An Oy -differential algebra </ is a tdo iff for the maximal
D-filtration &, = " the following conditions hold:
(1) i: Oy — % is an isomorphism.
(i1) The morphism o: %,/ — Dersfy = Ty, a(0)(f) =0f - f0, is
surjective.

ProoF. The above remarks show that any tdo satisfies the conditions in
2.1.2. Conversely, assume ./ satisfies the conditions 2.1.2. Since & is

(l)We borrowed 2.1-2.4 below from an unpublished manuscript of A. Beilinson and
D. Kazhdan.
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the centralizer of (@, ), we see that ¢ is injective, and hence ¢ is an iso-
morphism. The term & is closed under commutators (for 0,,0, € ¥,

f € &y one has adf([al,az]) = —{[9,, 8,], f} = [add,, ada](f) =
—[0(6) 0(9,)1(f) ), therefore the &,-subalgebra of gr..&/ generated by
Iy = /%, is commutative. It remains to show that the corresponding
map Si(.7 ) — gr; & is an isomorphism. This follows by induction on i.

Namely, assume that we know this for any i < ] It is easy to check that for
i < j the maps d,: gr,& =S'(F;) > Hom(Qy, gr,_ &) =T, ®5 ' (F)
from 1.1.1 are Koszul differentials, as well as the composition ,S’ () —

gr; /N Hom(Q! , g H) = ® Sj_l(Z,) . Since J; is injective (see
1.1.1) the exactness of the Koszul complex implies that S’ (Fy) — grjM .

It is easy to see that any morphism between tdo’s is an isomorphism,
i.e., tdo’s form a groupoid F2&(X). Below we give several equivalent
descriptions of this groupoid.

2.1.3. DEFINITION. A Picard Lie, or simply Picard, algebroid on X is a
Lie algebroid T equipped with a central section 15 of 7O = Kero , such
that the sequence 0 — 7, l»f—”»? -0, i(f)= f~'= fl , 1S exact.

Recall that o is the standard morphlsm of Lie algebrmds deﬁned in 1.2;
we will 1dent1fy Oy Wwith g ° using the 1somorphlsm i.

Let 9 be a Picard algebroid. Since I 7O Oy , the sheaf %(? ) of
connections is an Q -torsor. The curvature map c: %@7 ) — Q has the
following property: c(v + V) = dv +¢(V) for v € Q}, V ¢ %(.7) (see
1.2).

A)\ morphism of Picard algebroids is a morphism of Lie algebroids that
preserves 1’s. Picard algebroids form a groupoid £ (X). The Baer
sum construction deﬁnes on £ (X) a structure of “ C-vector space in cat-
egories Namely, for .7 € P (X), 4; € C the linear combination T =
A .7 + 4, .7 is a Picard algebr01d T equipped with a morphism of Lie
algebrmds 8304, ny .7—».7 such that s/1 4 (fi> /) = (A fi + A,0) .

For a tdo D consider the Lie algebroid .7 = Lie D (see 1.2.5). Clearly
% =D, , and 1 ~ = 1€ &y C D, defines on f the structure of a Picard

algebroid. Conversely, for a Picard algebroid J denote by D the quotient

of Z (.7 ) modulo the ideal generated by the central element 1-15. One
checks immediately that D isa tdo.

2.1.4. LEMMA. The functors 5 DE(X) = P (X), D~ T, T = D3,
are mutually inverse equivalences of categories.

2.1.5. Let d: A" —» A" bea morphism of sheaves of abelian groups on
X, considered as a length 2 complex A  supported in degrees » and n+1.
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An A'-torsor is a pair (¥, c), where F is an A"-torsor and ¢: F — A"
is a map such that c(a+¢) = d(a)+c(p) for a € A", ¢ € F (in other words,
¢ is a trivialization of the induced 4"'-torsor d(¥)). The A -torsors form
a groupoid A4 -tors. One has Aut¥ = I'(X, Kerd) = H"(X, A’), and iso-
morphism classes of A4 -torsors are in a natural 1-1 correspondence with
H (X, 4).

REMARK. A -tors is a stack in Picard categories on X ;if 4" is a complex
of C-vector spaces, then A4 -tors is a C-vector space in categories (one forms
C-linear combinations of torsors in an obvious way). If D is surjective, then
A -tors = (Kerd)-tors. '

Consider now the truncated de Rham complex Qil = (QII‘, — Qi,d) ,
where Qf‘,cl are closed 2-forms. By 2.1.3 we have the functor #: ¥ (X) —
Q2tors, T - (B(T), ¢).

2.1.6. LEMMA. % : ¥ (X) — Qil-tors is an equivalence of C-vector
spaces in categories.

By 2.1.5 we can identify the set of isomorphism classes of tdo’s with
HZ(X, Qf,l) . For a tdo D we will denote by ¢,(D) € H2(X, Qf,l) the
corresponding cohomology class.

2.1.7. For a tdo D a connection V on D is a connection on the corre-
sponding Picard algebroid 7},. Note that pairs (D, V), V is a connection
on atdo D, are rigid: the only automorphism of D that preserves V is the
identity. The pairs (D, V) are in 1-1 correspondence with closed 2-forms;
for w € Q? cl(X ) we will denote by (D, , V) the (unique up to a canonical
isomorphism) tdo with ¢(V) = w. A corresponding Qf,l-torsor (%, ¢,) 18
'9;=Q,1\~ c,W)=dv+ow.

2.1.8. Now consider the cotangent bundle 7" = T"(X) - X . This is

a vector bundle over X ; also T" carries a canonical symplectic 2-form w
such that n is a polarization (which is a smooth projection with Lagrangian
fibers). If v isa l-formon X and t,: T" - T", t,(a) = a+v,,, is the
translation by v, then £ (w) = 7" (dv) + @.
. . % n .
DEFINITION. A twisted cotangent bundleisa 7" -torsor ¥ —— X (i.e., T,

is a fibration equipped with a simple transitive action of 7" along the fibers)
together with a symplectic form w, on y such that m, is a polarization
for ,, and for any 1-form v one has ¢,(w,) = 7, dv + .

For a twisted cotangent bundle y we will denote by AW the &, -algebra
n,.0,. Then A, carries a Poisson bracket {-,-} (defined by w,) and a
filtration A, = functions of degree < i along the fibers of m, . Clearly one
has 4, ={ac Ad,:{a, Oy} C A,;_y} and the associated graded algebra

gr,Aw is naturally isomorphic to the symmetric algebra A,. = S'Z‘, as a
Poisson algebra.
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2.1.9. REMARKS. (i) A T*-torsor structure on y is uniquely determined
by the symplectic structure @, and the polarization T, (since the infinites-
imal action of a 1-form v € QI(X ) is given by the vector field {(v) defined
by ()., = m, ().

(ii) Twisted cotangent bundles over X form a groupoid TCH(X). Ac-
cording to (i), J&#(X) is a full subcategory of the category of triples
(Y, wy, my) where (Y, wy) is a symplectic manifold and 7,:Y — X
is a polarization (for the symplectic structure).

2.1.10. LEMMA. One has a canonical equivalence of categories I': % (X)
SN Qf,l-tors.

Proor. Put I'(y) = Q'-torsor of a section of v ; the map c: I'(y) — Qid
is c(y) == y*(ww) . Note that the corresponding Picard algebroid 9; is 4,
equipped with the bracket {-, -} .

The inverse functor I'"' sends an Q;l-torsor (F,c) to (v,m,, w,),
where 7, : y — X is the space of the torsor # , and the symplectic form o,
is the unique form such that for a section y € & of m, the corresponding
isomorphism T°X — y, 0+ 7, identifies @, with w +n'c(y).

2.1.11. REMARK. Let D be a tdo, and y be the corresponding twisted
cotangent bundle. Then D is a “quantization” of y in the sense that D
is a deformation of a commutative algebra Aw . To be precise, one has a
canonical family D = {D,} of sheaves of filtered rings on X parametrized
by points ¢ € P! (i.e., D is a flat &i-algebra) such that:

(i) For t # oo onehas D, = Dt 5 (here T = ﬁ; ; in particular, D, = D,
D, = D”’x ).

(ii) D,, =4, ,and the w,,-Poisson bracket on 4, is given by the usual
formula {g,, ¢,} = [(,0, — ¢,¢,)] mod t! (here 9; € D, and
¢, are arbitrary local sections of D at t = oo suchthat ¢,(c0) = ¢;).

(i) er,D = (S°F)(-a).

2.1.12. Let us see what the above constructions mean in the case D =D,
where Z is a line bundle. The corresponding Picard algebroid @ = %3)
is the Lie algebroid of infinitesimal symmetries of (X, Z), see 1.2.3. The
: Qf,‘-torsor (Fy,Cy) = %(@) is the sheaf of connections on .£°, and ¢
is the usual curvature. Note that the functor ﬁ;-tors — Qf,l-tors is precisely
the push-out functor for the morphism dlog: ﬁ’; — Q}d C Qi'[l]. In
particular it transforms ® to the sum of torsors. One has ¢, (Dy) = ¢ (&£) e
H*(X,Q2").

2.1.13. A tdo D is called locally trivial if locally it is isomorphic to
D, = Dﬁx; according to 2.1.6, locally trivial tdo’s are the same as Qf\,d-
torsors. Note that in analytic situations every tdo is locally trivial. In alge-
braic situations this is not true in general. For example, let X be a compact
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algebraic variety. The space of isomorphism classes of tdo’s HZ(X , Qf,')
coincides with the Hodge filtration subspace F 'H 12) , and the locally trivial

tdo’s correspond to those classes that vanish on some Zariski open subspace
of X, i.e., precisely to C-linear combinations of the algebraic cycles classes.

2.2. Functoriality. Let ¢: Y — X be a morphism of smooth varieties.
We have the corresponding morphism ¢*: q)_lQ;( — Q) between the de
Rham complexes, hence the morphism of groupoids 0 Qf,l-tors — Q?l-
tors. If w: Z — Y is another morphism of varieties then we have a canonical
isomorphism of functors y'¢ = (pw): Qi,l-tors - Q;l-tors, therefore
Q?'-tors form a fibered category over the category of schemes. It is easy to
see that ¢ satisfies the descent property if ¢ is a smooth surjective map,
ie., Q?'-tors form a stack on the category of smooth schemes equipped with
the smooth topology.

The equivalent versions 920 , ¥ , and T EF of Q?'-tors therefore
are also stacks. The pull-back functors for tdo’s and Picard algebroids coin-
cide with those defined in 1.4. ~ .

To be precise, for a Picard algebroid J; on X the Lie algebroid 0Ty
(see 1.4.6) is a Picard algebroid. Namely, as an &,-module q)‘z coin-
cides with the fibered product ¢*.§’; ><y &, (with respect to the projections

X
. o - d *
¢.9}¢_("),¢,7X4_¢9;); and we put l’p.f = (¢ 15, 0). One defines
X X

the pull-back for connections in an obvious way; this identifies % (¢°§);)
with ¢ & (%) .
Let us turn to tdo’s:

LEMMA. (i) Let ¢: Y — X be a morphism of smooth schemes and D be
atdoon X. Then the & -differential algebra ¢ D (defined in (1.4.1)) is a
tdo.

(ii) One has a canonical isomorphism of Picard algebroids .Z; ‘p= 0.

ProoF. (i) The morphism ¢ can be written as a composition of a closed
imbedding and a projection. By Lemma 1.5.1 it is enough to prove the
statement for these two cases. The case of projection immediately follows
from 1.4.5(ii). In the case of a closed imbedding one proves the statement
by direct local computations using 1.4.5(iii).

(ii) easily follows from (i).

Note that for y: Z — Y the canonical morphism is compatible with the
corresponding isomorphism of Picard algebroids.

According to 1.4 we have the pull-back functors ¢*: .# (D) — .# (¢ D)
between the categories of D-modules that make the .# (D) ’s a stack.

2.3. Twisted D-modules and projective connections. Let D be a tdo. We
say that a D-module M is lissé if it is coherent as an &,-module.
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2.3.1. LEMMA. Let M be a lissé D-module. Then
(i) M is a vector bundle;
(ii) one has a canonical isomorphism of tdo’s D — D( det M)/ where
d =tk M . In particular, D is locally trivial.

ProoF. (i) Repeat a proof for ordinary D-modules (see [B]).

(ii) This canonical isomorphism comes from the morphism of Picard al-
gebroids J, — ., ,, that sends 1 7 to dl T Formula: 7 +— Ty,
?detM(ml/\'--Amd)=?(ml)/\m2/\---/\md+---+ml/\---/\?(md).

Let & be a coherent &y-module; consider the Lie algebroid 7, from
1.2.3. Note that @, -id, is an ideal in J ; put 7  := T, /0 - idg . This
is a Lie algebroid. A projective connection on & is a connection on T z -

Foratdo D a D-action on & is the same as a morphism of Lie algebroids
a: % — 5 that sends 1 F to idg . Such an a defines an integrable pro-
jective connection V, on & by the formula V (d(7)) = a(r) mod Oy -idg .

2.3.2. LEMMA. Assume that the map &y — End&, f — fidg, is injec-
tive. Then the above map o — ¥V from the set of pairs (D, a), where D isa
tdo and a is a D-action on & , to the set of projective integrable connections
on & is bijective.

PrOOF. One constructs the inverse map as follows. Let V: Ty — T P
be an integrable projective connection. Then F% = 9, x J is a Picard

Tg
algebroid, and the projection og: J5 — J defines the D~ -action on & .
v

2.4. Subprincipal symbols.(*) Let Q = detQ) be the sheaf of volume
forms on X, and .?; be the corresponding Picard algebroid. One has a
canonical section £: J, — 9; which assigns to 9 € J, its Lie derivative
£(d). Clearly £ commutes with the Lie bracket and for f € &, one has
fe(d) =£(f9)-0o(f).

2.4.1. Let D be any tdo on X. The dual to the tdo D is a tdo D°
equipped with an isomorphism *: D — D° of filtered sheaves such that
x(ab) = x(a) * (b), xf = f for any sections a,be D, f €&y =D,=D;.
Clearly one has gr;(x) = (_l)lids‘yx . - N

Consider the corresponding Picard algebroids J = 9, I ¢ = Fpe
one has an isomorphism of sheaves x: T =, F° such that ([0, , 0,]) =
—[%8, , *8,], x(f8) = fx8—a(0)(f), *iz(f) = iz(f),and o(x9) = —0(9)
for 9,, 0, € T , f €@y . The Picard algebroid T is canonically isomor-
phicto I~ . Namely, + s, _ (~£a(8), —9) (see 2.1.3 for notation).

(2) We are grateful to V. Drinfeld whose remarks made the exposition of this section much
clearer.
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2.4.2. ExampPLE. Consider the tdo D 2 - The above isomorphism identi-
fies .791/2 with .7 A Q12 —.791/2 therefore D, is a self-dual tdo (i.e., we
have the involution *: Dgi2 — D2, =id, x(ab) = *(b) * (a) ). Denote
by D ix/z the +1 eigenspaces of * on D g2 - One has grD 1/2 = @SZ'Y
grDQ.,z = $S2'+1.7 The +-grading is not compatible with the product,
but it is compatible (in different ways) with the brackets [9,, 9,1 =0,0,-9,0,
and the symmetrized product 9, e 8, = (1/2)(9, 0, +0,0,).

2.4.3. For a tdo D con31der the graded (C[t]-algebra D. = @D, (for
0, eD D; and 0, eD D their product is 0,0, eDlﬂ,and 19, =
0, € D, i1 = D, +1) For any nonzero 4 € C we have the isomorphism
f)/(t—l)D—»D 8+ 1'9 for & € D,=D,, and 5/:ﬁ—gr1)—s:7

Consider the operations e, {-, -} on D defined by the formulas 0,00, :
(1/2)(9,0, + 8,9,), {61,6} = (1/0(8,0, — 8,8,). Then {-,-} is a L1e
algebra bracket, e is a commutative (nonassociative) product and one has
{0,,0,00,} = {9,, 8,} 00, +0 ,e{0,, 9;}. Put grD = D/t D= &D,/D,_,;
the operatlons o, {-,} mduce the correspondlng operations on the quotient
grD.

2.4.4. LEMMA. The operation e on grD is associative. Therefore grD

is a Poisson Cl[t]/t -algebra (with respect to the product e and the Poisson
bracket {-, -}).

Proor. For 9, eD, » J=1,2,3,0nehas (3,9,)e0, - 0,0(0,00,) =

(1/4)[62’ [61 ’ 33]] € Dl Fiy iy —2 "

We can descnbe th1s P01sson algebra as follows. Consider the Picard al-
gebroid .7 = 7 I Q2. Let (v, m,, w w) be its twisted cotangent bun-
dle, and A = &’ be the correspondmg ﬁltered commutative algebra with
Poisson bracket {-» -} (see 2.1.8). As above we have the graded Poisson
C[t]-algebra A= @D A; (one has {4,, 4, 3 c 4 +j—1)> and the quotient

grd= A/t A which is a C[t]/t -Poisson algebra

2.4, 5 PROPOSITION. One has a canonical isomorphism of graded Poisson
C[t]/t -algebras 6: grD — gr A that lifts the isomorphism o: g D/tgr D =

grD -ﬁSﬁ} =grA/tgrA.

ProoF. For 7 €.9, denote by 7~ the unique element of .7, Q2 = (Dgin),
such that o(7") = 7; for f € &, one has (f7)” = f1~ + Jiﬁ Consider
the isomorphism of sheaves 6, : 9 ——»Yv 0,(0)=s, _1(0,0(9)") (see
2.1.3 for $y._1)- Then 6, is an isomorphism of extensions of Iy by O,

it commutes with brackets and for f € Oy, 0 € .7 one has 6,(fe0d) =
6,(f0 + 1/20(3)(f)) = f6,(9). Therefore for any i > 0 we have the



24 A. BEILINSON AND J. BERNSTEIN

isomorphism 6, = S:(el): Xii — A, where S:é'; is the symmetric
power with respect to the &y-module structure on f (f,0)— fe0.

The graded ring &= = S.YD is a graded C[¢]-algebra in the usual manner
(the multlphcatlon by ¢ is the multiplication by 1 € &y C .7 which is
an embedding S 7 C S'+17 ), and the bracket on 7 defines the Poisson

structure on % . Clearly 60 = @ 6;: & — A4 is an isomorphism of the graded
Poisson C[t]-algebras. On the other hand, the identity map 1d ~ extends

to a morphism y: F - grD of graded ¢ C[t] -algebras. It commutes with
Poisson brackets, and the induced map & /t 27 grD is an 1somorphlsm
of C[t]/t -Poisson algebras. We put ¢ := 0y L :grD — A/t A=grA: this
is the desired isomorphism.

REMARK. An explicit formula for the inverse isomorphism is ¢ 'grA
— grD. We have 30'1 = idg , 51_1(a) =5, ,(a,0(a)”) (here a € griA=
A, .7D, and we identify gr,D =D, = ,7 with I +951/z)

If a=a,---q; € gr,A = A;/A;_,, where a; € A,, one has G (a)
/ity ¢ o, ! (a g(l)) -0, l( g(i)) , where the sum is taken over all permutations
g of i indices.

2.4.6. COROLLARY. The boundary map
b, H(X,S'T) - H' (X, 877

for the short exact sequence 0 — Y _IYX — D, /Dj_2 — SjZ‘, — 0 is convo-
lution with the class ¢,(D) — 3¢,(Q) € H'(X, Q}).

2.5. Monodromic D-modules. Let H be a torus (i.e., an algebraic group
isomorphic to a product of C*’s), h = Lie H. For a variety X we will call
an H-torsor m: X — X over X an H-monodromic structure on X ; we call
a pair (X, X) an H-monodromic variety.

2.5.1. Assume that X is smooth. An £ H-monodromic structure X on X
defines, by 1.2.3, a Lie algebroid T = 7 on X . The &,-Lie algebra go
coincides with b = Oy ® b identified w1th the (commutative) Lie algebra of
vertlcal H-invariant vector fields; we have the short exact sequence 0 — h —
22 Fy — 0. The group H acts on Dy ina usual way. On X we have

the D-algebras n, Dy D D: = [r D3 ] clearly n Dy =, % ® D as an

Oy-module.
The embedding J ¢ D induces an isomorphism % (7 ) — D; in par-
ticular S(h) coincides with the center of D and D/ bD = D, (smce any

(local) section of =, i.e., an 1somorphlsm X=HxX, 1dent1ﬁes D with
D, ®Z(h) = Dy ® S(h)). For x € h* denote by m, the corresponding
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maximal ideal of S(b). Then D, := D / mlf) is a (locally trivial) tdo on X ;
clearly Dx depends on yx in a C-linear way. Therefore, one can consider D
as a “linear” family of tdo’s on X parametrized by h*. ,

2.5.2. A monodromic D-module on X is a weak (Dz, H)-module (see
1.8); denote by ﬁX ) = M (D5, H)yeq the corresponding category. Ac-
cording to 1.8.9, we have the mutually inverse equivalences of categories
./Z(X ) :’:2 M (‘5) compatible with @-tensor products of modules.

Let M be a~5-module. For an ideal I C S(h) put M= {meM: Im=
0} ; this is a D-submodule of M. In particular for y € h* we have the

submodules M, := M™ c M; = UDIM'";; let M, be the union of

the M'’s, where the I’s are ideals of finite codimension in S(b). Clearly
M, = @xeh' Mﬂi. Denote by # (13)ﬁn c # (D) the full subcategory of
h-finite modules, 1.e., such M that My = M ; we also have the full subcat-
gories A (X), := #(D,) = {M € M (D): M, = M} C #(X); = {M €
A (D): M; = M}, so A (D), = I1,cy #(X);. The equivalence 7 sends

—_~

A (D), to the subcategory #(X)g, C #(X); we will identify .#(X),,
M (X ); with the corresponding subcategories of .#(X).

2.5.3. Consider now the category .# ()~( ) of D}-modules. The projection
n is affine, therefore #_: MH(X) > M (n,D3) =H# (X, n, D) is an equiva-
lence of categories.

Let b, = Hom(H, C") C h" be the lattice of integral weights; for x € b
denote by x* the corresponding translation automorphism of S(v), x"(h) =
h+x(h), h eh. Foranideal I C S(h) and a n,Dz-module N we have the

D-submodule N’ ¢ N. Note that N’ := erh; N¥1 s actually a n,Ds-

submodule. In particular, for ¥ € h*/bh, we have the n Dy-submodules
N5 = N™: N§ =U, N , where x € b” is any lifting of ¥, and also the

submodule N :=U N7 , I c S(h), has finite codimension.

Clearly Np, = @yepe/p; N—Yv. Again, we say that N is an b-finite module

if Ny, = N. We have the corresponding full subcategories .# (n*D})Y C

M (n, D5 = C M (1, D53)g, C #(n,Dz) and the decomposition # (n,D3)g,

=Tlzes /o M (n*Df)fi. The above equivalence (71'*)_1 sends these subcate-

gories to A (X)5 C /(f()§ cM(X), CHX).

Consider the forgetting of the H-action functor o: /Z(X ) —» M ~()? ).
The equivalences 7., n, identify o with the induction functor #Z (D) —

*

A (n,Ds), M~ n,Dz®M =105 ;@M . Clearly o sends b-finite modules
D x

to b-finite ones, #(X), to /(,\7)7, and /4 (X); to /[(X')%, where 7 = x
mod by .
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2.5.4. LEMMA. (i) The functors o: #(X), —>I(X')7, I(X);—»/(X’)§
are equivalences of categories.
(ii) The corresponding functor between the derived categories D 4 X)z -

Dba (X) is fully faithful. It identifies D’a 0.4 )3? with the full subcategory of
those complexes that have cohomology in A X )5.

ProoF, (i) The inverse functor to the induction .#(X )7 — M (n*D})% '

sends a 7, Dy-module N to the D-module N, = UN"":.

(ii) Smce our functor is t-exact it suffices to check the first statement (i.e.,
to show that o induces isomorphism on Ext’s). A standard Cech resolvent
argument shows that the problem is X-local, hence we can assume that X is
affine, X = H x X . It suffices to verify that Ext’s are the same for a family
of generators; take one formed by the modules #n (D x®V), V isan S(h)-
module killed by some m; . The Kiinneth formula reduces the problem to
the case X = point, H = C”, where it is obvious.

2.5.5. REMARKS. (i) For ¢ € b; = Hom(H, C") put g, := {f € n,0%:
f(hx) =oh)f(X),he H,X € X} this is a line bundle on X which is a
D-module in an obvious manner. Note that 7, =D peb; @’ We have an

autoequivalence T, : .# (5) Y4 (5), T(M)=C, e M, Wthh preserves
9 9 ? s

A (D)g, and sends #(X) to A (X), . Clearly oT, =o0.

(ii) For a section s: ™ /by — b* put A (X); = Tzepe )y I(X)sf(}?—). Then

o: H(Xy; - A (1\7 )g, iS an equivalence of categories. One can say that
M (X )gn iS @ quotient of .# (5)fl with respect to the action of h; by T,’s.

(iii) B*/ bz is the character group of the fundamental group of H; the
exponential map identifies A" /h with the dual torus H'. The Riemann-
Hilbert correspondence identifies tame Dy-modules from / (X ) with the

x-monodromlc perverse sheaves on X (those perverse sheaves that are lissé
along the fibers and have ¥ as eigenvalues of fiberwise monodromy).

(iv) We will use 2.5.4 to transmit the standard results about D-modules
to the monodromic h-finite situation (without repeating the proofs). For ex-
~ ample, the derived category D°.# (X )gflh c D°.# (X)*", where “coh” means
“complexes with coherent cohomology”, is stable with respect to the Verdier
duality which sends 5 4 X )%"h to D°.# X )°°2 . Therefore, we have a du-

ality on D°.# (D D)2" which sends D°# (X )°°h to D°.# (X )°°h it induces a

duality on the abelian category of holonomic modules .# (D)h°1 which sends

M (X )l;°1 to #(X )ll°; . The same thing happens with the @-tensor product.

If Y C X is a smooth subvariety with the closure Y , then Y carries the
induced monodromic structure ¥ = 7~ ' (Y), and we have the Kashiwara
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equivalence between .# (Y); and the quotient of the subcategory of .# (X );

which consists of modules supported on Y modulo those supportedon Y\Y .
We leave to the reader the general functoriality with respect to morphisms
between the monodromic varieties.

(v) The monodromic category .#(X) depends only on H modulo isogeny
(if Q c H is a finite subgroup, then the D algebras for the H- and H /0-
monodromic structures X, respectively Q \ X, coincide).

2.5.6. Let us discuss briefly the equivariant setting. Let G be an algebraic
group, and x: G — Aut H be an actionof G on H . Since Aut H is discrete,
K is trivial on the connected component G° of G and x(G) is finite. An H-
monodromic G-variety is an H-monodromic variety (X, X ) together with
a G-action u: Gx X — X such that ghX = k(g)(h)gX for g€ G, he H,
X € X ; in particular 1 descends to an action u: G x X — X . Equivalently,
this is a variety X’ with an action of the x-semidirect product G x H such
that H actson X in a free way. The infinitesimal action a: g .7 sends
g to T c , .7 , therefore G acts on the Lie algebroid J and the D-

algebra D. Note that the induced action on h C T coincides with x. A
G-equivariant monodromic module on X is a D}-module equipped with a
weak (G x H)-action that is strong along G.

Such modules form a | category A (X G) we have the following equiva-
lence of categories =, : M (X, G =, A (D, G). The b-finite G-equivariant
Dy-modules form a full subcategory M ( (X, G)gy C M (X, G); for a k-
orblt X €x(G)\h* we have the corresponding subcategories .# (X, G) C
A (X, G)~» C A (X, G)g, ; this provides a decomposition M (X, G)ﬁn =
[#x, G)m.

The following easy lemma shows that it suffices to consider only one-
element orbits.

2.5.7. LEMMA. For y € 4" let Gx be the stabilizer of x with respect to the
K-action, and let ' be the x(G)-orbit of x . Then the functor # (X , G), -
A (X, Gx)'i’ M- M; is an equivalence of categories.

2.5.8. Consider now the category .# (X, G) of G-equivariant Dy-mod-
ules; we have the corresponding full subcategories .# (X , G)_ cH (X G).,

cH(X, G)fm c #(X, G),where x € k(G)\(b* /l)z) such that (X, G)ﬁn
=[[#(X, G)~ The functor .#( (X,G) - #(X,G) of forgetting of the
H-action sends MH(X, G)T to # (X, G)-.. If x € is a weight such that

z
the x(G)-stabilizers of x and ¥ coincide (e.g., if x is fixed by x(G)-action),
then this functor is an equivalence of categories.
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As in 2.5.5(iv), the elementary functoriality of G-equivariant D-modules
translates immediately to the 1 monodromic settmg For example, we have the
duality on the subcategory M (X, G)h"l c M (X, G)4, of holonomic modules
that sends .# (X, G)- to (X, G)_ T For a smooth G-subvariety Y C X

we have the Kashlwara theorem that 1dent1ﬁes the category # (Y, G)- ‘with
the subquouent category of .# (X, G)~ If G' D G is a larger group and K

extends to xk': G — Aut H, then we have the induced H -monodromlc G-
variety (X, X' )= (G >< X,G >< X ) and the pull-back functor for XX

provides an equlvalences of categones M X', Gy = M (X, G), # X', G

Ry 4 (X , G) that identifies the corresponding categories of h-finite mod-
ules.

2.6. Langlands classification. Let (X, X ) be an H-monodromic G-
variety such that X has only finitely many G-orbits. We present an explicit
classification of the irreducible objects in M (X, Gy =A (D, G -

2.6.1. For x € X consider the action of the stabilizer G, C G on the
H-torsor X =n (x) Since the (G = Kerk)- and H-actions commute
we see that G =G NG, actson X via the morphism ¢ : Gx — H . Note
that the connected component (Ker(o )° coincides with the connected com-
ponent G~ of the stabilizer G3 of any X € X This is a normal subgroup
of G.; put G, := G /G~ Both the G-actions on X and k factorize
through G(x) ,and ¢, defines the embedding G — H . In particular, we
have 9 = Lie G(x) — b ; together with x, th1s deﬁnes a Harish-Chandra
pair (G(x) »b).

2.6.2. Assume that our X is a single orbit, so X = Gx. Then we can
identify (X, X) with an H-monodromic G-variety induced from the H-
monodromic G -vanety (x X ). Hence we have canonical equivalences
of categories .l(X, G) = l(x G,)=#(SH), G(x)) =H, G, (the
category of Harish-Chandra modules for the pair (h, G, )). We see that
A?(X Gy, = [1#(h, G(x))M has finitely many irreducibles. By 2.5.7 we
~ can identify £ (b, G(x))m with Z (b, G(x)x) The categories M (X,06), =
A (h, G(x)) are semisimple. We have a similar description of .# (X Ggn

(see 2.5.8). Note that any coherent M € .4 (X, G);, is tame and lissé (i.e.,
RS holonomic #-coherent in the termmology of [Bo]); any M € # (X G)_
for ¥ € bQ/ bz Q/Z® bz tors has finite monodromy and hence is of
geometric origin (see [BBD, (6.2.4)]).

2.6.3. Now consider the general case. Let I be the set of G-orbits on X ;
this is a finite partially ordered set. For i € I let Q, be the corresponding
orbit; then i, < i, means that Qi, C QZ . We will say that a subset J C [
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is closed if for j € J any j < j liesin J; e.g., for i € I the set 1:=
{j eI, j< i} is closed. The closed subsets of I form a lattice A(I); we
can identify A(I) with the lattice of all closed G-invariant subsets of X
silding J to gJ = Ujes Qj~(then o = gi). For J € A(I) denote by
H(X,G), Cc #(X, G) M (X,G), C #(X,G) the full subcategories of
modules supported on X

Let us fix this kind of frame Below I could be any ﬁmte partially ordered
set.

2.6.4. DEFINITION. Let C be an abelian category. An [ -stratiﬁcation on
C is a collection C,, J € A(I), of Serre subcategories of C such that for
any J,, J, C A(I) one has:

i C 1.0, C N C and C J,ul, is the smallest Serre subcategory that
contains C IR C - In particular if J, C J, then C; C C;
(ii) The embeddlngs

C J,
induce equivalences of categories
(C;/Chn1) X (Cp/Cras) = Cru0/Cran,

(iii) For J, C J, the projection C 5, = C J, /C J, has left and right adjoints
denoted j I\ and j AVAS

Our categories #(X, G) > #(X, G)g, D #(X,G)- D A(X,G),,

H(X,G)D>M(X,G), D are I-stratified.

In any I-stratified category one has the standard devissage pattern. Name-
ly, for iel put C;:= CT/CT\{i} ; we will call C; the i-stratum of C. We
have the functors j,, j,: C; — C; left and right adjoint to the projection
ji:C.— C,. Since j;j,, =Jj;j, =1d. we have a natural morphism j, —
Ji - Put j, :=1Im(j, — j,); this functor transforms irreducible objects to
irreducible ones.

We say that C is finite if any object of C has finite length. The devissage
shows that this is equivalent to the property that objects in C; have finite
length. In this situation any irreducible object of C is isomorphic to some
Jau(F;), where F, is an irreducible object in C;, and the pair (i, F}) is
uniquely determined.

Let us summarize our discussion.

2.6.5. LEMMA. (i) The categories # (X , G), /;?(X , G) and their standard
subcategories are I-stratified. The i strata coincide with the corresponding
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categories for the orbits X;. For x € X; we have the canonical equivalence
F:#(X,G), =4, G,).

(ii) The categories ﬂX , G)z':‘ , (X, G)g‘:’ are finite. The isomorphism
classes of irreducible objects of A?(X » G)g, are in 1-1 correspondence with
pairs (i, V), i € I, V is an isomorphism class of irreducible (b, G(x))-
modules (where x € X, ).

(iii) Any M € # (X, G)g‘l’,h is tame. If ¥’ € x(G)\ H,, . = x(G) \ (hg/bz)
then any irreducible M € # (X , G)z. is of geometric origin. '

2.6.6. REMARKSs. (i) The modules j,(V), j, (V), where V € .#(h, G
=.#(Q;, G), are called !-, x-standard modules respectively.

(ii) If the embedding j;: Q; — X is affine, then the functors j,, j,, are
exact.

(iii) If C is an [I-stratified category then the dual category C° is I-
stratified by C}’ ’s. The duality interchanges the functors j, and j,, .

(iv) Let C,, a=1, 2, be I -stratified categories, ¢: I, — I, be a mor-
phism of partially ordered sets, and F: C; — C, be an exact functor. We
say that F is a g-stratified functor if F(C,;) C sz for ieI. Suchan F
induces the exact functors F;: C|; — C2¢(i) called the strata of F . Our func-
tor is a stratified equivalence if ¢ is an isomorphism; F is an equivalence
of categories and F(C,;) = C,; for any i € I,. Any stratified equivalence
commutes with the j,’s and the j,, ’s.

§3. Localization of representations;
the structure of K-orbits on the flag variety

3.1. g-modules. Let g be a complex semisimple Lie algebra. Denote by
G the algebraic group of automorphisms of g, so G° is the adjoint group,
and g = Lie G; the action of g € G on g will be denoted Ad, . Let % (9)
be the universal enveloping algebra and 2" C Z(g) be its center.

Let b be the Cartan algebra of g, A C h* the root system, A" the set
of positive roots, = C A" the set of simple roots, W the Weyl group, and
p:=1/2% c,+v;for a €A let h, be the corresponding co-root and o, €
W the corresponding reflection. So for any Borel subalgebra b C g and
n =n, := [b, b] we have canonical identification h = b/n invariant under
G°-conjugation, and A* are weights of h-action on g/b ~n*. (3)

We will think of W as the group of affine transformations of h* that leave
—p fixed; this defines an action of W on the algebra S(h). One has the
Harish-Chandra isomorphism y: .2 — S(h)W; let y: " = SpecS(h) —

Spec.Z be the corresponding W -sheeted map of spectra. For y € h* we

denote by m, C S(h), m, ., C Z the corresponding maximal ideals.

(3) People often use the opposite ordering of A; we choose the one for which dominant
weights correspond to positive line bundles on the flag space.
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Denote by U := Z(g) g S(h) the extended universal enveloping algebra;

then S(p) is the center of U, the group W acts on U (via S(b)), and
%(g) = U" . The algebras #(g), S(h), U carry canonical involutions
(antl-automorphlsms of order 2), denoted by x — ‘x , compatible with the
standard embeddings: ¢ = ¢, 'h = —2p(h) —h for EegC #(g) c U,
h ebhc SH c U; clearly ! commutes with the W-action. Denote by
S(h)™® the localization of S(h) off the nonregular hyperplanes for the W-
action (so C-points of S(h)™® are regular weights); if 4 is any S(b)-algebra
put A = S(h)"* s%) A. In particular, we have the algebra U™ and '

extends to U™ . The group G acts on all the above objects in a compatible
way; the action on h, A, and W factors through the finite quotient G/ G .
The action of G/G° on b is faithful; we will denote it by « .

Let #(g) and .#(U) be the categories of left %(g)- and U-modules and
let #(U )f'”” C #(U) be the subcategory of finitely generated ones. The
embedding % (g) C U defines an obvious functor .#(U) — .#(g). We also
consider the categories ".A of the right modules; we will identify "# with
M in a canonical way using

Foranyideals I C Z, J C S(b) let l(g) =MH (% (9)/1%(g)), I(U)
A (U/JU) be the categories of g- and U-modules killed by I, J respec-
tively. For x € b* put Ux = U/m,U; we have the categories .# ), =
A (U) = #(U)™ and #(U); = {M € #(U): any m € M is killed
by some power of m_} C .#(U); we also have the corresponding quo-
tient ?Z(g) W = ?Z(g)/m ?Z(g) and the full subcategories .# (g 8, C
~ C l (g) . Note that the embedding % (g) — U induces an isomor-

phism ?Z(g)m) - U, forany y € b*;if x is regular then ?/(g)/my(x)?/(g) =
U/m U forany n. The above functor sends /(U) (U) to A4 (9), >
4 (g)y 5 ; the functor # (U ) - A (g)y(x) is always an equlvalence of cate-
gories; the functor .# (U )z — / (g) - is an equivalence if and only if x is
a regular weight.

3.2. The flag variety. Let X = X be the flag variety of g; points of X
are Borel subalgebras of g. For x e X let b, be the corresponding Borel
subalgebra, B, C G° the corresponding Borel subgroup, and N, C B, the
maximal nilpotent subgroup. Then LieB_ =b,, LieN, =n = [bx, b1,
and h = b /n . Put H:= B /N . This torus (the Cartan group of G)
does not depend on the choice of x by the same reason as h did not; one
has Lie H = . The group G acts on X and on H and these actions are
compatible with the above actions on Lie algebras. The action of G’ on X
is transitive with the stabilizer of x € X equalto B_,so X = G’/ B, .

Let X = X be the enhanced flag variety (or “base aﬁine space”) of G: its
point X is a pa1r (b, , {a%}), where b, C g is a Borel subalgebra, and at
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a € X, is a generator for the a-root subspace in g/b, . The groups G and H
act on X from the left according to formulas gX := (Ad (b,), {Ad a”}),
hx = (b, , {expa(h)-a “}). One has ghx = K(g)(h)gx in particular, G°

commutes with H. The H-action is free, H \ X = X, and the G’-action
is transitive. For X € X the stabilizer G; equals N, ; hence we have the
isomorphism G°/N, = X, gN, — gX. Note that G°/N, carries the H-
action h(gN,) := gh™ N (here H =B /N, ), and the above isomorphism

is H-equivariant.
We will consider X as an H-monodromic G-varlety (w1th the compatibil-

ity morphism x ). By 2.5 we get the D-algebra Qv 4 (.7 ) on X equipped
with a G-action. The Lie algebra map g x h — 7 defines the morphism of

the universal enveloping algebras % (gx b) = Z(g) ® S(h) 2, D. Itis easy to

see that 6(z ®1) = 6(1 ® y(z)) for z € Z, hence o factors through a mor-
phism d: U —» D of S(p)-algebras. It induces the morphlsm 5 v, - D,
between the mx-quotlents Note that U, = /4 (g)y(o) , Dy = D and (5
comes from the infinitesimal g-action on X

The above Lie algebra morphism defines a morphism g x b —J of Lie
algebroids on X (see 1.2). This morphism is surjective; its kernel is an &@y-

Lie algebra b:= {y € Oy ®8: y(x) € b, for x € X} embedded in g x | x b by
y»—»(y y mod n). Here a=[b,b]= {ye(?’ ®g: y(x)en for x € X}, so
b/A = . We see that the induced morphism g — T is also surjective with
kernel 7. Therefore J = = g X b/b =g/n, hence D=% (g x b/b) % (g /n)
REMARK. We see that b and 7 are normal subalgebras in g xb and §g.

3.2.1. LEMMA. The D-algebra i D carries a umque involution ' such that
the canonical morphism 5: U — D commutes with *

Note that ‘ induces the duality Dx —D . Tt is easy to check that the

=2p—x
morphism g — ,93)( (that comes from the action of G on Q, ) induces an
isomorphism of tdo’s D_, » =D L and, with respect to this isomorphism,
the above duality coincides with the canonical one from 2.4.1.

3.2.2. LEMMA. The morphism o:U—-TI(X, D) is an isomorphism. For
all x € 4" the corresponding morphisms 61: U, — I'x, Dx) are also iso-
morphisms.

For a proof see, e.g., [S1].
3.3. Localization. According to 1.6, & defines adjoint functors
A ~
M (U)= H(D)=MH#(X)
r

with (M) :=T(X, M), A(N) .= N % D . These functors are S(h)-linear,
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hence for any ideal I C S(h) they preserve the subcategories of modules
killed by I. Also they commute with (directed) inductive limits. In particu-
lar, I and A induce adjoint functors between the full subcategories

A, A

I(U)le(X)x, /(U);:’M(X);.
T, r;
Recall that a weight y is dominant if (y + p)(hy) ¢ {-1,-2,...} for

any positive ¢o-root hy € . We have the basic

3.3.1. THEOREM. If x is a regular dominant weight, then X is Dx-aﬁine
(see 1.6.1), so (', A,) are mutually inverse equivalences of categories. The
Sfunctors (1";, A'i) are also equivalences of categories.

For a proof of the first statement see [BB1]. An easy devissage then shows
that actually X is 5/ mZﬁ-aﬂine for any n > 1, which implies the second
statement.

For the case of nondominant or nonregular y see [BB2, KL1].

3.3.2. Now assume we have a Harish-Chandra pair (g, K), so K is an
algebraic group equipped with a morphism Ad: K — G and a Lie algebra
embedding i,: ¢ := Lie K — g which are compatible in an obvious sense. We
have the corresponding categories of Harish-Chandra modules .# (g, K) =
A (U(g),K), #(U,K), #(D,K); for x" € k(K)\b* we have the cor-
responding standard subcategories .# (U, K )x' cH(U,K )? cH#((U,K),
etc. (see 2.5.6). As above we have an obvious functor # (U, K) — .#(g, K)
which induces the equivalences .# (U, K )x' — # (g, K )y(x)' ;if x is regu-
lar and the stabilizers of ¥ and y(x) in x(K) coincide (e.g., if k(K)x = x ),
then #(U,K)~ — # (g, K )f(v, is also an equivalence of categories.

7X y(x
The functors I" and A send, in an obvious way, the K-equivariant mod-
ules to K-equivariant ones, therefore we have the adjoint functors

I(U,K)%/(ﬁ,K)wz(X,K)

which induce the functors between the full subcategories

A
AU,K) .S HD..,K)=H(X,K).-,
o, x x
A~

AWU,K) =MD, K)~ =M X, K)s.
X I~ X X
X
3.3.3. CorROLLARY. If x is a regular dominant weight, then (Fx- , Ax°) ,
(1"? , A}—.) are equivalences of categories.

According to 2.6.5 these equivalences define an [-stratification on the cat-
egories .# (U, K)x' , AU, K);, where I is the set of K-orbitson X .
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3.4. Admissible orbits. In the rest of this section we will collect some
geometric information about K-orbits on X that will be used in the con-
struction of the geometric Jantzen filtration. In this section our (X, X) is
any H-monodromic K-variety.

For x € X consider the pair (b, K,)) defined in 2.6.1. Put h’(x) :=
{p €p": K(K(x))(l) =9, (i(¢,,)) = 0} (this is the set of morphisms from
(H, K(x)) to the trivial Harish-Chandra pair (C, {1})). Also put b;(x) =
b,Nb"(x). Since h*(kx) = x(k)h*(x), for a fixed K-orbit Q C X the spaces
h*(x) and b;(x) for x € Q are canonically identified; we denote them by
h"(Q) and by(Q). '

It is easy to see that a weight ¢ € b; belongs to b;(Q) if and only if there
exists a nonzero K-invariant function f¢ on Q = n'l(Q) C X such that
f,(hx) = (exp ¢)(h) f(’,(f) for X € Q. Such a function f, is determined by
¢ uniquely up to multiplication by a nonzero constant.

Let O be the closure of Q in X. We say that f, is Q-regular if f, €

#Q) c #(0); f, is Q-invertible if f, € #°(Q); and f, is Q-positive if
f, is Q-regular and f,'(0) = @\ Q. Put h;’(Q) = {p € b;(Q): f, is
Q-invertible }, ;7 (Q) = {p € h(Q): f, is Q-positive } .
3.4.1. DEFINITION. (i) An orbit Q is admissible if b;'(Q) is not empty.
(ii) The K-action on (X, X) is admissible if it has finitely many orbits
on X and every orbit is admissible.

3.4.2. LEMMA. (i) For any admissible orbit Q the embeddings Q — X,
Q0 — X are affine.

(ii) by (Q) is the subgroup of b,(Q), and b;(Q)/b,’(Q) has no torsion.

(iii) If Q is admissible, then b;'(Q) is a subsemigroup of b,(Q) that gen-
erates b,(Q) and is invariant under b, (Q)-translations. If ¢ € b,(Q) and
ng € b, (Q) forsome n >0, then ¢ € b, (Q). The quotient b}’ (Q)/;’(Q)
is isomorphic to Z', for some a.

(iv) An orbit is admissible if and only if (some, or any of ) its connected
components is admissible with respect to the action of the connected component
K°. Hence a K-action is admissible iff its restriction to K° is admissible.

(v) Assume we have a larger group K' > K and an extension k': K' —
AutH of k; let (X', X') be the induced K'-variety (see 2.5.8). For a K-
orbit Q on X let Q' = K'Q be the corresponding K'-orbit on X'. Then
b2(Q) = b5(Q), and the same for 4, p™*.

Hence (X', X') is an admissible K'-variety if and only if (X, X) is an
admissible K-variety.

3.5. Admissible orbits on the flag variety. Let (g, K), (X, X) be as
in 3.3.2. We will say that our Harish-Chandra pair is admissible if the K-
action on (X, X) is admissible.
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3.5.1. LEMMA. The pair (g, N), where N is a maximal nilpotent sub-
group, is admissible. '

ProoF. Consider a Schubert cell Q, , where w € W . Let h," be the cone
of positive regular integral characters. We will see that for any w € W one
has b;(Q,) D p+b;", hence Q  is admissible. For x € p+b," take an
irreducible G’°-module ¥ with highest weight x ;let v € 128 \{0} bealowest
weight vector. Consider the map q,,: X =G°/N - V\{0}, q,(g) = gv. Itis
clear that if / € V™ is a linear function on V¥, then lq, isa x-homogeneous
function on X . Choose / € V" such that /(wv) # 0, /(nwv) = 0 (here
n=Lie N). One has wv € qv(éw) , the image qv(éw) lies in the linear N-
invariant subspace generated by wv, and q,(Q,, — Qw) C nwv, where Q,,
is the closure of éw. Hence /g, is the desired x-homogenous N-invariant
function that vanishes on Q, \ O, -

REMARK. The B-action on X is not admissible.

Now assume that (g, K) is a symmetric pair, which means that ¢ = go
for some involution 6 of g. Note that 6 is uniquely determined by ¢ (its
—1 eigenspace coincides with the Killing orthogonal complement to ¢); in
particular 6§ commutes with AdK . For x € X denote by u,(x) € W the
relative position of (b, , 0b,). Clearly pu,(kx) = x(k)(u,(x)) for k € K.
In particular u, is constant along the connected components of K-orbits; if
Q° is such a component we will write 1,(Q°) = p,(x), x € Q°.

ReMARK. The following properties are equivalent:

(i) An orbit Q is closed.

(i) u(Q)=1.
(iii) For x € Q one has dimK NN, =dimQ.
(iv) dimQ =dimJX,.

3.5.2. LEMMA. Any symmetric pair is admissible.

PRrOOF. According to 3.4.2(iv) we can assume that K is connected.

(i) Let us consider the special case: g = ¢ x &, it — g is the diagonal
embedding. Then 6 is the transposition and X s =Xy x X,. If X € X, , then
the K-space X , 1sinduced from N, -space ’?: = /\7, x{X} =X ;> and the K-
orbits on X , are the same as N, -orbits on X, : these are Y, = K(Q,, x x),
w € W,. One has b, (Y,) = {(x, ~wx), X € by} C by X byy = b, since
K'\'Y, isisomorphic to H,, with the (H, = H, x H,)-action given by the
formula (k,, k,)h = hyw(h; ')k . Then clearly b};(Y,) = {(x, —wx), x €
b:;(Qw)} , since ﬁz,—wx)liwx{}'} = fx Hence we are done by 3.5.1. 3

(ii) The general case. Consider the embeddings m,: X — X x X, m,: X

< X x X, defined by formulas mgy(x) = (x, 6(x)) and the same for m,.
These maps are equivariant with respect to the K-action on X and the diag-
onal action of K on X x X (via Ad: K — G); one has m,(x) € Y, For

o(x) :
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w € W consider the locally closed K-invariant subvariety X, = u;I(w) =
my 1(Yw) C X . The number of K-orbits on X is finite. This follows from

every K -orbit Q C X, is openin X, . (%)

This follows from the corresponding infinitesimal statement for any x €

Xow*
the tangent space Ty, , to the K-orbit

.. . -1 (xx)

coincides with dm, (TYw,mo(x))' ‘

We give a proof: one has Ty . ., = {(¢mod b, ,&mod 6b,), €g} =

{(¢modb, , 6(6modb,))}, dmy(Ty ,) = {(¢mod b, , 6(( modb,))};

hence ‘7}’.”,'"9(3‘) ndmy(7y ) ={(¢ modb,, 6(modb,)): (-0(¢)eb, )=

{(nmod b, 6(nmod b))}, where n = (¢ + 0(£))/2 € go , which proves
(x%).

In particular, (x) implies that for any K-orbit Q on X one has u,(Q) ¢
75 (Q\ Q). Thus for any homogeneous G°-invariant function f on Yﬂo(Q)

the function fom, is a homogeneous K-invariant function on Q, and if f
is positive, then fom, is also positive. Now the statement (i) above finishes
the proof.

3.6. Contravariant duality for standard modules. If (g, K) is a finite pair,
then we have the Verdier duality on the category of S(h)-finite coherent
(D, K)-modules (see 2.5.5(iv)). This duality is local with respect to X and
transforms to the Verdier duality on perverse constructible sheaves via the
Riemann-Hilbert correspondence. On the other hand, if (g, K) is a sym-
metric pair, or if K = N, then one has the usual contravariant duality for
(g, K)-modules. It is an interesting problem to find a geometric ( D-modules)
description of this duality. At the moment one knows how the contravariant
duality acts on the irreducible (g, K)-modules in terms of their geometric
Langlands parameters. We recall this description below.

3.6.1. Consider the involution ¢ on U, c(u) = wmax’u , where w_, € W
is the element of maximal length, which acts only on S(h). It coincides
with —1 on g and induces on S(h) the involution c(x) = W, (=2p — X),
x € b* = SpecS(h) ; one has ¢(A*) = A*. For a left U-module V let V'’
be the dual vector space to V considered as a left U-module via c: for
ueU,veV, v eV’ onehas (uv*,v) = (v, c(u)v). As a g-module
V? is just the module dual to ¥ ; we use c¢ instead of ! since it transforms
(regular) dominant weights to (regular) dominant ones, which is handy for
localization.

3.6.2. Let us first define the contravariant duality in the case K = N.
Choose a complementary maximal nilpotent subgroup N " N NN ={1}.
For a dominant regular y consider the subcategory .# (U, N );: cH (U, N)
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of finitely generated modules. For V € £ (U, N )§ denote by V° the sub-

space of those vectors in ¥’ on which n' = Lie N' acts in a locally nilpotent
way. Then V¢ is a U-submodule of ¥’ and the action of n' on V° inte-
grates to an algebraic action of N',so Ve .#(U, N') o) - One knows that
actually V° is finitely generated and V° = V', so the contravariant duality
c: (AU, N){)" —.#(U, N')cf(x) is an equivalence of categories.

The Bruhat decomposition identifies the set of N-orbits on X with the
set W equipped with the Bruhat order. By 3.3.3, # (U ,‘N)f, isa W-
stratified category. For w € W we have a single irreducible L in the
corresponding stratum. The corresponding standard modules j (L, ) are
the Verma modules.

Let ¢, be the involution on W, ¢, (w) = wmaxww;ix . One has an easy

3.6.3. LEMMA. One has L, ~ L

cy(w)

Using the fact that the involution ¢, preserves the Bruhat order, it is
easy to show that the duality ¢ is a ¢y -stratified equivalence of categories.
In particular it sends !-standard modules to x-standard ones (see 2.6.6(iii),
@iv)).

3.6.4. Consider now the case of a symmetric subgroup K. Then K is re-
ductive and for a finitely generated V € £ (U, K )§ one knows that any irre-
ducible representation of K occurs in ¥ with finite multiplicity. The group
K actson V° as an abstract group; denote by ¥ the maximal subspace on
which K acts algebraically. It is easy to see that V' =@V, c LiV, =V’,
where V = @V, is K-isotypic decomposition of V. Clearly Ve isa
U-submodule of ¥, hence V° € #(U, K),,,. One knows that V' is
also finitely generated and V° = V', so we have the contravariant duality
c: (AU, K)§)° ~ 4, K)f?«).

Let us describe how ¢ acts onlthe Langlands parameters. Consider, as in
2.6.3, the ordered set I of K-orbitson X. Then # (U, K)§ =H(X, K)f(i’h
is an I-stratified category. It turns out that ¢ is an I-stratified functor. Let
us define explicitly the corresponding involution ¢, of I. For i € I consider
the corresponding orbit Q. Put

Qi:={(x1,x2)eX><X:x1 €Q,,

B bx, n bx2 is a @-stable Cartan subalgebra}.
One knows (see, e.g, [Mil, (A2.3)]) that for x € Q, the fiber over x of the
first projection Qi - Q;, (x;,x,) = x,, is a nonempty (K N N_)-torsor.
Hence the second projection Qi - X, (x;,x,) = Xx,, maps Q,. onto a
single K-orbit ch(i) . Clearly ¢,: I -1, iw c(i), is an involution.

3.6.5. LEMMA. The involution ¢, preserves the order on the set I and the
Sunctor ¢: # (U, K)§ - M (U, K)Cf»(;) is a c,-stratified involution.
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For a proof see [HMSW2].

Let us describe the action of ¢ on the strata # (U, K )%i . By 2.6.5(i) for
x € @, we have the canonical equivalence F:#(U,K )%i =H#(X,K )%‘;hl
‘l(l’ ’ K( x) )5’ M

Take (x,x') € Q;,s0 x' € Q. ;- It is easy to see that the projections
K(x) ~K NnK, — K(x,) are surjective and have _the same kernel; therefore,
they define an isomorphism a: K - K,y . This isomorphism extends to.
an isomorphism of the Harish-Chandra pairs o: (b, K(x)) — (b, K( x,)) that
fo ~ f
); — .l(f), K(x'))‘j&’)
the duality functor c(x,x,)(V) = a*(VO ® ¢). Here a,: #(h, K(x)) —
A (Y, K(x:)) is the equivalence defined by «, ¥ is the dual module, and ¢
is the (b, K,))-module detn,.

acts on h as w_, . Denote by c(x’x/):l(b,K(

x)

3.6.6. LEMMA. The equivalences F,_, F_ identify the i-stratum of the
involution c: (# (U, K)L)’ = #(U,K)~  with ¢
x c(x)e; (i)
For a proof see [HMSW2]. This lemma describes how ¢ acts on the
irreducible representations in terms of their Langlands parameters. By 3.6.4
and 2.6.6(iii), (iv) ¢ interchanges !- and *-standard modules.

(x"xl) :

§4. The Jantzen filtration

" In this section we will define the Jantzen filtration on standard modules;
the main point is its relation with the monodromy filtration on nearby cycles.

4.1. The monodromy filtration. We will need a tiny complement to [D2,
1.6]. For an object Q of an abelian category and a nilpotent endomorphism
s € EndQ let u, = u,Q denote the monodromy filtration on Q (see [D2,
(1.6.1)]). Let P2 = P, := Ker(Gr* — Gr",) be the primitive part of
Gr' [D2, (1.6.3)]; one has the primitive decomposition [D2, ( 1.6.4)]fa
canonical isomorphism of graded Z[s]-modules Gr" ~ @j <«F;® Zsl/s™,
degs = -2, deng = —Jj.. Consider the following increasing filtration on
Kers:

J;:==KersnIms™" fori<O0, J; =Kers fori>0.
- Dually we define an increasing filtration
J, = (Kersi +Ims)/Ims
on Cokers. Wecall J, , J,. the Jantzen filtrations. Filtrations J,,, J, coin-

cide with the filtrations induced by x, on Kers, Cokers ; one has GriJ’ =P,
Gr,.J * = P_, [D2, (1.6.6)]. Consider now Q := Q/Kers together with the

nilpotent endomorphism 5 induced by s, and let %, be the corresponding
monodromy filtration.
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4.1.1. LEMMA. (i) The exact sequences

0 — (Kers, J.) = (Q, u.) = (@, A._,) — 0,
0 - (69 ﬁ-+1) _S_. (Q, #.) - (COkCI'S, J*.) - 0

are strictly compatible with filtrations.

(ii) Conversely, u. is the unique increasing filtration on Q such that su. C
K._, and either one of the above two sequences is strictly compatible with
filtrations.

PROOF. (i) is [D2, 1.6.5].

(i) Let u. be another such filtration strictly compatible with, say, the first
exact sequence. It suffices to show that u, D u;. But u, = u,; for i > 0 (since
Jo = Kers). For i <0 we have u, i+ s(u, ,), and s(;t, 2) = S(K;_5)»
and we are done by downard mductmn on i.

Assume now that our categories are over a field k& of characteristic 0, and
let ® be an exact k-bilinear bifunctor. Let (R, ¢) be another object with
nilpotent endomorphism, and y? be its monodromy filtration. Consider
the tensor product filtration ,u?’R =Y bei /,tf ® uf on QX R. We have
Gr,"Q’R = Grf“Z R Grf‘R , and the primitive decomposition together with [D2,
(1.6.11, 1.6.12)] implies

4.1.2. LemMa. (i) u2'® is the monodromy filtration with respect to s ®
id, +1d Xt .

(ii) One has an “almost canonical” isomorphzsm PQ?R ~ @PQ = PR Iz
where (j', j") run through the set of pairs {(j', PN -i"l<i<li +] |
j=Jj +j" mod2}.

4.2. The Jantzen and the monodromy filtration in a geometric setting. Recall
the construction of nearby cycles for D-modules [B K, M, V2]; we follow
mainly [B] Let Y be a smooth variety, f: Y — A! be a function, and Z :=
f_ (0) LyLbu:.= f' (A —{0}). For n > 0 consider a liss¢ D, _ —{0)"
module I™ with a Cl[s]/s"-action, which is a free rank 1 (&,:_ {0}®C[s]/s )-
module with generator “ £ ” such that ¢9 (t ) =st’ (here ¢ is the parameter
on A'); we have the obvious projections 1™ — 1"t =Y,

~ For a Dj-module M, put f"M(") Vol & ® M, : thisis a (D, ®

C[s]/s")-module, f"M(l) M, , and f’M(“) f“M(")/s for a <

Assume now that M, is holonomic. Fix some a > 0. Cons1der the
morphism s*(n): j,f*M) — j, M of (D, ®C[s]/s")-modules that co-
incides with s* on U; one has s*(n) mod s"~' = s?(n — 1). The lemma
about b-functions implies that the projective system Cokers®(n) stabilizes,
so we can put 77(M;) := Cokers®(n) for n > 0. This is a holonomic
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Dy-module with a nilpotent endomorphism s; the restriction to U of
n}(My) is equal to f“Mg').

The most important n°’s are n? =: ‘I’}“—the part of the nearby cycles
functor with unipotent action of monodromy (one has ‘I’}“(MU)|U =0),
and njl, =: E —the maximal extension functor (one has = A(My)ly = My).
We give a list of properties of n} (see [B]):

4.2.1. LEMMA. (i) n“f: MU),, — M(Y),, isan exact functor.
(i) For a, b > 0 one has canonical exact sequences

. b
0 — j(f' M) — n§** (M) — n(My) 0,
0 — 23 (My) — 2 (My) — j, (S M) - 0,

and

Im(sa . n_a+b - 7za+b) _ 7tb
f A A

(i) In particular one has exact sequences
0= jy(My) = E(My) — ¥ (My) — 0,
0— ¥ (My) = E,(My) - j,(My) — 0

with j, = Ker(s: Ef — &), Jj, = Coker(s: E - E/).
(iii) =% commutes with the duality.

Now 4.1 gives us the monodromy filtration x® on n;. On U the term
uga) coincides with s(=9/2. fsMg’) (here [-] := integral part). In particular,
we have the monodromy filtrations on ‘I‘;“ and E g and the Jantzen filtrations
Jps s 00 jp, j, (via E, and (i) above).

4.2.2. REMARKS. (i) 4.1 implies that, up to a shift, we will get the same
Jantzen filtration if we use the isomorphisms 4.2.1(ii), j, ~ Ker(s: n° — n“)
for any a > 1; the same holds for j, .

(i) One has J = ji, J,_; = Ker(j, — j,). The embedding ‘I’}“ -
E, identifies Ker(s: ‘I’}" - ‘I’;n) with J,_,; this isomorphism shifts the
corresponding Jantzen filtration by one.

- Dually, J,,_, =0, J.,=j, CJ,, etc.

(iii) Let Q, C U be a closed subvariety, and Q be the closure of Qy
inY. Let #(Q) C #(Y), #(Q,) C #(U) be the subcategories of D-
modules supported on Q. The above functors n; transform #Z(Q,) to
# (Q), and being restricted to #(Q,,) they depend on f |Q only. Since
everything is local, we get the functors n;: M (Qy) — #(Q) etc., for any
regular function f on Q with Q, =Q\ f '1(0).

(iv) The above functors will not change if we multiply f by a nonzero
constant ¢ € C, since one has an isomorphism of (D, 0 [s]/s")-modules
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I"~c"I", £ — (ct)’ (here c: t+— ct is considered as an automorphism of
A' —{0}).

(v) The above constructions have an obvious counterpart for constructible
perverse sheaves compatible with the Riemann-Hilbert correspondence (see
[Bo]). One identifies canonically ‘I’““ with the part of the nearby cycles
functor R‘P_[ 1] on which the geometnc monodromy acts unipotently, s
corresponds to the logarithm of monodromy; here % is the generic geometric

point Spec(ly C((t'/M))) of C((2)).

4.3. The case of standard modules. Assume we are in situation 3.1. Let
Q C X be an admissible orbit. For ¢ € h;J'(Q) consider the corresponding
functors nz " 4 (é) A (5) , see 4.2.2 (iii); since, by 4.2.2(iv), they depend
on ¢ only, we will write 7, := nz .

These functors preserve K -equivariance and monodromicity (by construc-

tion). Therefore, we have the functors 7: i AGRE K, )f RN 4 (Q K )!101 —

A0, K )h"l A (X, K) (here x € Q, see 2.6.2) and the Jantzen filtrations
P

Ji., J,. on the functors Jors Jou* H(h, K, ) > M (X, K)~ In particular,
we have the Jantzen filtrations on standard modules jQ,(V) ]Q*( V), where
V is an irreducible (h, K )) ~module. A priori these filtrations depend on

the choice of weight ¢ € b;(Q) .

Note that these constructions can be done directly in terms of the I-
stratification pattern (see 2.6.4). Namely, for an orbit Q_, a point x € Q_
and a weght ¢ € h;"(Q,) let I(") be the (b, K,))-module C[s]/s" such
that h € h acts as ¢(h)s and K (x) acts trivially. The equivalence of cate-

gories F,: #(Q,,K) > #(h, K, ) (see 2.6.2) identifies # @ £, (I") with
F (/ )® I ™ and we can repeat the constructions of 4.2 using the functors

Ja!’ ax ? and ®I

If (g, K) is an admlssible Harish-Chandra pair, we get the Jantzen filtra-
tions on !- and x-standard (U, K ) -modules (¥ € h* is a dominant regular
weight) using the equivalence 3.3. 2 If K =N or K is a symmetric sub-
group then j,-extension is contravariant conjugate to ] -extension (see 3.6);

hence the morphism j (V' ® I ")) = Ju(V oI, (") is just the contravari-
ant form. This shows that our deﬁmtlon of J, commdes with the original
Jantzen filtration.

In the Verma modules case one can define the Jantzen filtration by using
the deformations of the central character in an arbitrary nondegenerate di-
rection ¢, not necessarily in the positive one. According to Barbasch [Ba],
the result does not depend on the choice of ¢. In the geometric situa-
tion we can repeat, in principle, the same constructions and consider for any
nonzero meromorprhic function f on X the morphism j, (A, (1 ("))) —
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i Ay I ™)), where U := X \ div(f). To define vanishing cycles one
needs the stabilization of cokernels when n — oo. It would be very nice if
this fact were true for any f, just as in the case when f (or f =1 is regular
on X, but we have no idea how to prove it.

§5. Weight filtrations

5.1. Weights of nearby cycles. Gabber’s theorem, which is our main tool,
seems not to be published yet. (4) Below we reproduce the proof following
Gabber’s report at IHES in the spring of 1981.

Let us start with the Kiinneth formula for nearby cycles. Let S be the
spectrum of a strictly local Henselian ring; o and 7 be the closed and the
generic points of S; and 7 be a geometric point localized at 7.

i k
Let X — S be an S-scheme and X0¢>X Lx n Xﬁ be the correspond-

ing fibers. In what follows Db(Y) will denote either the bounded derived
category of étale constructible Z/t"-sheaves on Y (where £ is prime to char
0) or its Q,-counterpart [D1].

By [D1, (3.2)], there exist nearby cycles functors ‘P-ﬁ = ‘I’ﬁx: Db(X ”) —
Db(Xo) , Wiy = i*Rjk,k*. Let Y — S be another S-scheme, and Z =
X ;5 Y — S be the fiber product. Then for F € Db(X”) , G€e Db(Yn) one

has a canonical morphism in Db(ZO) :
Yoy (F)® ¥y (G) — Y., (FR® G). (%)
5.1.1. LEMMA. (*) is an isomorphism.

REMARK. The transcendental version (hence, the characteristic 0 case) is
almost obvious by the ordinary Kiinneth formula applied to local varieties of
vanishing cycles. This, together with the Riemann-Hilbert correspondence,
implies a similar fact for tame D-modules. To obtain a similar formula for
arbitrary holonomic D-modules one must use the total nearby cycles functor
of Deligne [D2].

ProoOF. We can assume that the coefficients are Z/¢ (the Z/Z" and Q,
version follow in a moment). Put m =dim X, n =dimY. The proof goes
by simultaneous induction in m and in 7.

Let C be the cone of (*). The induction assumption, together with the
trick of Deligne [D1, (3.3)], shows that the cohomology sheaves of C are
supported at a finite set of points. So the statement C = 0 is equivalent
to the statement RI'(C) = 0. The problem is local, hence we can assume
X, Y to be affine. Then replacing X and Y by their closures we can
assume that they are projective S-schemes. In this case RI'(C) = 0, since
RF‘I’W(F) = RI(Fj) in the projective case.

(4) Added in 1992: a proof appeared recently in a paper of Morihiko Saito.
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Now we can pass to Gabber’s theorem. Assume we are in a mixed situ-
ation, so we consider the schemes over a finite field F_ . Let #(X);.q C

Db(X )mixea D€ the category of mixed perverse sheaves on X and the corre-
sponding derived category. 4

Let T be a curve, o € T be a closed point, and U := T \ {0}. Let §
be a strict localization of T at o and % be the generic geometric point of
S. Fora T-scheme f: X —» T put X, = Yo, XU_=f'l(U). One has
the nearby cycles functor ¥ : D’ (Xt ) mixeda — Db(X o)mixea (5€€ [D2]). It
is convenient to use the twisted functor ¥ = ‘I’ﬁx[—l] . This functor is ¢-
exact, i.e., ¥ f(l (Xy)) € #(X,), and commutes with the Verdier duality as
follows: ¥ D = DY (1) (here (1) is the Tate twist). The monodromy group
acts on ¥ 5 for a perverse sheaf M let s € End¥Y f(MU) be the logarithm
of the unipotent part of geometric monodromy, and u. be the corresponding
monodromy filtration on ¥ (M, v)-

5.1.2. THEOREM. If My, is pure of weight w , then u.,, coincides with
the weight filtration W on ¥ (My;) .

ProOOF. The case when f is the identity (or a finite map) is Deligne’s
theorem [D2, (1.8.4)]. The proof in the general case follows similar lines:

(i) We can assume that M, is irreducible.

(ii) Replacing T by a finite cover, we can assume that the geometric mon-
odromy is unipotent. .

(iii) The weights on Kers (= invariants of monodromy action) are <
w-1.

PrOOF OF (iii). Consider the canonical isomorphism Kers = Ker(j, M, —
j.My). Since j, does not increase weights, the weights of j M, are <w.
This implies that the perverse sheaf j M, /W, _, (j,M,) is pure of weight
w, and hence is semisimple. But the only irreducible quotient of j M, is
JjiMy, , hence Kers C W, _,(j,My).

Dually, the weights of Cokers are > w — 1 (since Cokers =
Coker(jyM,, — j,My)(1) ).

(iv) Since the weight of s is —2, to prove the theorem it suffices to show
that the primitive part P_; is pure of weight w —1—i. We have GriJ! =P,

Gr,.J * = P_,(—i) (see 4.1), so (iii) implies the inequalities for weights {w,}

of P.: w,w-1, w,+2i>w-1,1ie, w-1-2i<w,<w-1.1In
particular, for i = 0 we are done.

(v) Consider the fiber square Msz [—1]: this is a perverse sheaf on X x X
(at least over the generic point of T—the only thing we need) of weight
2w-1. Since ¥, (Mg [-1]) = ¥ (M,)™ by 5.1.1, Lemma 4.1.2(i)
implies that P_, ® P_,(—i) occurs in Py(¥ >U,Mg‘?z[—l]). Hence, by (iv),
one has 2wi+2i=2w—2,or w,=w-—i-1.

5.1.3. Assume we have a parameter ¢ at o, t € @, (T). We can define
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the functors of 4.2 in the mixed situation (see [B]): namely, one has the
functors nf,: MU )mixed = M(X) ieq> (T fMU)|U is a consecutive extension
of twists M, My (1), ... , My (a—1). Now 5.1.2 together with 4.1.1, 4. 2.1,
and 4.2.2(v) gives

CoROLLARY. (i) If My, is pure of weight w then the filtrations J and
W.,w On jy(My) coincide. The same for the filtrations I and W, on
Ju.(My).

(ii) The monodromy filtration n, on © f(MU) coincides with W__, . ..
In particular, for _.f(MU) onehas p.=W,_, .

5.2. Pointwise purity and the socle property of the weight filtration. A mixed
complex F' on X is *-pointwise pure of weight w if for any closed point
x € X the complex i}(F") is pure of weight w (i.e., H'i F " is pure of
weight i+ w; here i, is the embedding x — X ). One defines !-pointwise
purity similarly using i; instead of i; ; the Verdier duality interchanges x-
and !-purity. Note that if a pure perverse sheaf is x-pointwise pure of weight
w, then w coincides with its weight.

Now let (X, X ) be a finite H-monodromic K-variety. Recall that any
pure monodromic sheaf M has finite geometric monodromy along the fibers
of X - X, hence, if M is geometrically irreducible, it liesin .# (X, K), for

some y € H, tm (by the local monodromy theorem; note that the restriction

of any monodromic sheaf to any fiber of the map X — X is tame by [V1]).

We will say that X is (K, x)-pointwise pure for ¥ € Htors if any pure
Me#(X,K )_ is *- and !-pointwise pure, and X is K-pointwise pure if
this holds for any ¥, i.e., any pure K-equivariant monodromic sheaf is *-
and !-pure.

5.2.1. ExampLEs. (i) Here is a simple sufficient condition for x-pointwise
purity. Let M be a pure perverse sheaf. Assume that for any x € X
there exists an étale neighborhood U of x such that the canonical map
H'(U,M)— H'i}M is surjective. Then M is *-pointwise pure (since the
weights on H'i,M are < -+ w by definition). In particular, this implies
that “toric” irreducible perverse sheaves on a toric variety are pointwise pure,
which leads to an explicit formula for Goresky-MacPherson Betti numbers
of toric varieties (J. Bernstein, 1981, unpublished).

(ii) According to Kazhdan-Lusztig [KL2] and Lusztig [L, Chapter 1] the

~ flag variety X is N-pointwise pure. Lusztig and Vogan [LV] have shown

that X is K- pomtw1se pure if K is a fixed point subgroup of an involution;
it seems that their method, together with the decomposition theorem, should
prove the K-pointwise purity of X for any symmetric pair (g, K).

Recall that one defines the socle ﬁltratlon S.(M) on an object M of an
abelian category by induction: S_, = 0, §, := maximal semisimple sub-
object of M, S,(M)/S,_ (M) := SO(M/Si_l(M)). One defines the cosocle
filtration M = Cy(M) > C_,(M) D --- in a dual manner.
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If M is a mixed perverse sheaf, then S.(M) and C. (M) will denote the
socle and cosocle filtrations on M considered as a geometric sheaf (Frobe-
nius forgotten). Clearly both S, and C, are (being functorial) Frobenius
invariant, hence S.(M) and C,(M) are mixed subsheaves of M .

5.2.2. LEMMA. Let Iy: Y — X be alocally closed subscheme, M, a pure
perverse sheaf on Y of weight w, and N C ”HOiY*MY a mixed subsheaf
such that any irreducible subquotient of N is !-pointwise pure. Then S (N) =
W wN).

PROOF. We have S_ (N)=0= W,_(N) (since i, increases weights),
So(N) = W, (N) = iy, (izN) (since, by the adjunction property of i, ,
So(’Hiy ,My) = i, M,). Since Gr" is geometrically semisimple, one has
S,(N) > W,_,(N), so it remains to prove that S;(N)c W, ,(N) fori>1.
We will do this by double induction: first in dim Y, then in i. So assume
that 5.2.2 is known for any (Y', M,,, N') with dimY’ < dimY , and that
S, (N) = W, .w(N) for j < i. Suppose that S;(N) ¢ W, ,(N). Then
S;/Si_y =S, /W,4i—; contains a pure geometrically irreducible subsheaf A4
of weight @ > i+w (possibly, after a finite extension of the finite base field).
Note that SuppAC Y\ Y.

() Assume that A4 is supported at a closed point x. Consider the ex-
tension 0 — Weysii(N)/W,,,.; ,(N) > B — A — 0 defined by N. Since
B ¢ S;_,(N), this extension is geometrically nontrivial, hence it corresponds
to a nonzero element in Homg (4, Hli; Wit (N)/W,, .. »(N)). By the
I-pointwise purity condition H' i;( Wit (N)/W,, .. »(N)) has weight w+i ;
but a > w + i, hence a contradiction.

(ii) If dimsuppA > 0 we will use induction in dim Y . The conditions of
the lemma are local, so we can assume that X is affine. Choose a “generic”
hyperplane section Z C X, namely such that for any irreducible subquo-
tient L of H'i, M, a canonical morphism i, L(1)[2] — i, L is an iso-
morphism. Then M, , = i!YnZ(MY)[l] is a pure perverse sheaf of weight
w+1 on YNZ. Consider the complex lynze(My ;) = i!Z[l]iY*My; one
has W H iy, My, = iy[11W,_ H'i, M, . A subsheaf N, := i,[1](N)
of ? HoiYnZ*MYnZ satifies the conditions of the lemma, hence, by the in-
duction hypothesis, i’z[l](A) has weight i + 1. Since i’z[l](A) # 0 (since
dimsupp4 > 0) our 4 has weight i, and we are done.

5.2.3. COROLLARY. Let M, , M, be pure perverse sheaves of weights w,,
w, that are both x- and -pointwise pure. Suppose that Extjl _ ed(M1 , M) #
0. Then exactly one of the following conditions holds (here YT: supp M, ):

(i) Y,CY,, Y, #7,, w, =w,+1.

(i) v,cvr, Y/#Y,, w,=w,+1.

(iii) ¥, =7,.
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PROOF. Clearly either ¥, C Y, or ¥, C Y, (otherwise Ext' = 0). Let 0 —

M, —» N — M, — 0 be a nonsplit mixed extension. If Y, # ¥, and ¥, C Y,,
. o . ok 0.

the.n a ca.mom?al morpl?lsm N - pHol(Yz\Yl)*le)Y.]Y = ".H '(}}\Y.)*(MZ]Yz\Y.)
is injective (since N is nonsplit), so we are in situation (i) by 5.2.2. If
Y, #Y, and Y, C Y, then N is a quotient of i(Y.\Yz)!(MllY.\Yz) , and (ii)
follows from a statement Verdier dual to 5.2.2.

5.2.4. Let X be a finite monodromic K-variety. Note that if M,, M,

are irreducible objects in .# (X, K); such that Extju@ K. (M, My) # 0,
’ X

then supp M, # supp M, (this follows, using the functor i, , from the fact
that the category #(Q, K )7,1 is semisimple if Q is a single orbit).

COROLLARY. Assume that X is K-pointwise pure. Let M be an object
in #(X, K) mixed such that W,_ (M) = 0 and W, (M) = Sy(M). Then
W, .i(M)=S8,(M) forany i.

Proor. This follows by induction in i, using 5.2.2, the previous remark,
and also the fact that any subquotient of M is K 0-equivariant.

5.2.5. ExampLE. Consider an irreducible M € # (X, K );, % € Ht\;rs.
Let I(M) be an injective envelope of M in .# (X, K )7 - Then I(M) admits
a mixed structure (possibly after a finite extension of the base field), and for
any such structure the weight filtration coincides with the socle filtration up
to a shift.

Proor. The only problem is the existence of a mixed structure. But
M clearly has one (being a middle extension of a lissé sheaf with finite
monodromy). Any extension of the Frobenius action M — Frob* M to
I(M) — Frob* I(M) defines some mixed structure on I(M) (since any irre-
ducible subquotient of 7(M) admits a mixed structure, and any Frobenius
action on an irreducible perverse sheaf is unique up to a twist).

5.3. Jantzen conjectures. Let us apply the above considerations to (g, K)-
modules. Let (g, K) be an admissible Harish-Chandra pair (see 3.2), and
X € ba be a fixed rational dominant regular weight. The irreducible objects of
MX,K )7 are of geometric origin (see 2.6.5(iii)), hence the corresponding
standard objects each carry a weight filtration defined up to a shift. According
to 5.1.3(i) it coincides with the Jantzen filtration. So an array of weight
filtration progerties also holds for its Jantzen counterpart via the equivalence

A
AU, K); - (X, K), (below we use freely the road from F to C,
see [BBD, Section 6]).

5.3.1. CorOLLARY. The Jantzen filtration on standard (U, K) x-modules

has semisimple consecutive quotients and does not depend on the choice of a
positive deformation direction ¢ (see 4.3).
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5.3.2. COROLLARY. Assume that X is (K , X)-pointwise pure (see 5.2).

(i) The Jantzen filtration J,. on a *-standard (U, K )y -module coincides
with the socle filtration; the Jantzen filtration J, on a '-standard module
coincides with the cosocle filtration.

(ii) If K = N, then J,. also coincides, up to a shift, with the cosocle
filtration, and J,. coincides with the socle one.

PRrooF. (i) follows from 5.2.2 plus the Verdier dual statement. (ii) follows
from 5.2.4 and the fact that any Verma module contains a unique irreducible
submodule.

5.3.3. REMARKS. (i) The statement (ii) above was proved in [Ba] by purely
algebraic methods. One can conjecture that it remains valid in the case of an
arbitrary symmetric pair.

(ii) In fact, in [Ba] the socle property of J,, for Verma modules was proved
for Jantzen filtration defined by means of deformations of the central char-
acter in arbitrary nondegenerate directions, and we (in Section 4) used only
those deformations in the positive directions. We do not know whether one
can use such arbitrary deformations in the definition of J,, for any symmetric
pair.

For a regular y € h* put AW .= {a €A: x(h,) € Z} . Tt is well known that
A% s a root system with the Weyl group W(") ={weW:wy—ye€ bz}
(recall that hz = ZA). The orbit W X contains a unique dominant welght,
and for ' ¢ W(")x one has Hom(M M ) =0 and [M,: L,]1=0 (here
M, e A (U, N) is the Verma module, L, 1s its 1rreduc1ble quotlent)

Let XX € bQ be regular weights such that Mz. C sz . Then for some

(unique) dominant weight x one has x, = w,x , where w; € w® and
w, < w, with respect to the usual order on ww

5.3.4. COROLLARY. One has J (M, ) = M, N\J; ) o) (M, ) (here ¢
is the length function on W),

ProoF. Since dim Hom(M. » M, ) = 1, the embedding of the corre-
sponding standard mixed sheaves is pure of certain weight a. Turning back
to representations we see that J, (M ) = M nJ. (M ) It remains to
show that a = {(w,) — £(w,). We can assume that" e(wz) L(w,) =1 (if

not, choose a chain M - M c---C Mw( - - M of Verma sub-
L(wp)—t(wy

' modules such that each consecutlve M has this property, and descend along
it). Then Shapovalov’s formula for the determinant of contravariant form
implies that the vacuum vector of M lies in J!—I(sz) / J!—z(sz) . Hence
a=1.
Let x € ha be a dominant regular weight, w, , w, € W@ | put

Py =) Gl (M, ): L, It
i
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5.3.5. COROLLARY. This polynomial equals the Kazhdan-Lusztig polyno-
mial for the group W%

ProOF. According to [L, Chapter 1], Kazhdan-Lusztig polynomials are
the matrix coefficients of the matrix that transforms the basis j,,(Q,) of
the K-grqup of the category .# (X' , N )fmixed to the basis j,,, (Q,). Since .
the Jantzen filtration coincides with the weight filtration, our polynomials
correspond to the entries of the inverse matrix. Since these matrices coincide
up to standard changes of signs of the coefficients [KL1], we are done.

5.3.6. REMARKS. (i) Corollary 5.3.4 is Jantzen’s Conjecture [J, (5.18)], see
also [GJ1, (4.2)]. Corollary 5.3.5 was conjectured in [GJ1, GM]; in [GJ1] it
was shown that 5.3.4 implies 5.3.5 by purely algebraic arguments.

(i) It would be nice to get the analogs of 5.3.4 and 5.3.5 for arbitrary
symmetric pairs. The only problem is to compute the weights in the space
of Hom’s between standard modules. Certainly one would like to know the
weights in all the Ext’s; we are ignorant of this even in the Verma modules
case.

(iii) For a regular y € h* let g(") be a semisimple Lie algebra with the
root system A®, UW its extended universal enveloping algebra, and )
its Cartan algebra. Then h(") is (canonically) a direct summand of b; let
Xz be the h(")-component of x,s0 x; € h(z")'. One knows (see [Sol] for
a stronger statement) that .# (U, N) 2 is equivalent to a product of several

copies of .# (U (x) , N (")) 2 this equivalence preserves the Verma modules.
This immediately implies that in all the above results about .# (U, N) L We
can drop the rationality assumption x € b;l . Moreover, it sufficies to provide
the proof for integral x’s only, which is the same as x =0.

(iv) For a treatment of mixed categories of representations and the Koszul
and Langlands dualities in this framework see [Sol, So2, BGSo].
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