
T H E  A N A L Y T I C  C O N T I N U A T I O N  O F  G E N E R A L I Z E D  

F U N C T I O N S  W I T H  R E S P E C T  TO A P A R A M E T E R  

I .  N .  B e r n s h t e i n  

Let P be a polynomial  in N variables  with real  coefficients,  and let @ be a region in the space R n 
such that P is nonnegative inside e and is equal to ze ro  on the boundary.  

Let X be a complex number  with Re A > 0. We define a continuous function P q  (X) by the formula 
P®(D (x) = {P(x)X for x E ® and 0 for  x f~ 6~. We shall consider  P~(D as a function of X with values in 
the space S' of slowly increas ing  general ized functions. It is c l ea r  that for Re A > 0 P®(D is an analytic 
function of X. In the f i rs t  chapter  we shall prove the following theorem.  

THEOREM 1. P8  (D extends as a meromorph ic  function of X to the entire complex plane A of the 
var iable  X. The poles of this function lie on a finite number  of ar i thmet ic  p rogress ions  A i, where A i = 
{X i - n [ n =  0 , 1 , 2 , . . ~ .  

This theorem (in a stronger form) has been proved in [1] and [2] using a theorem of Hironaka on the 
resolution of singularities. Our proof makes no use of the resolution of singularities and is therefore con- 
siderably simpler. 

We make use of the method of analytic continuation applied by Riesz in [7] for the case of quadratic 
polynomials. Indeed, Theorem 1 follows from the following theorem. 

THEOREM 1'. There exist a differential operator ~)v with polynomial coefficients which has poly- 
nomial dependence on ~ and a nonzero polynomial dp in X such that for all 7t 

~ v  0,) (Po (~ + 1)) = dv (~) Po 0,). 

The der iva t ion  of Theorem 1 f rom Theorem 1' can be found in [5] (Ch. III) and in [4]. 

The proof  of Theorem 1' is purely  algebraic;  it is based on the study of modules over  the ring D of 
differential  opera tors  with polynomials coefficients.  

In the second chapter  we study integral  t ransformat ions  in the space S' .  

Suppose that there  is given a polynomial mapping A: X -* Y, where X and Y are  f ini te-dimensional  
l inear spaces over  R. F rom a general ized function $ ~ 8~ we wish to const ruct  the "corresponding" 
function A*$ ~ Sx . Such a construct ion can be ca r r i ed  out for  functions $ ~  S'ro , where the space 
S~0; which is defined in [3], consis ts  of functions which sat isfy a " large" sy s t em of differential  equations 
with polynomial coefficients (see Definition 4.2 and Theorem 4.3). With the same  methods it is possible to 
obtain a number  of interest ing coro l la r ies  which a re  gathered together  at the end of ,s4. Here is one of 
them. 

Let P be a posit ive polynomial  in N variables  which increases  at infinity. We consider  the integral  
f p - X  dx 1 . . . . .  dxN. When Re A is large it is defined and gives an analytic f unc t i on f (D .  

Proposi t ion.  The func t ionf (D extends as a meromorphic  function to the entire complex plane of the 
var iable  A and sat isf ies  the following equation which is s imi l a r  to the functional equation for the r - f u n c -  
tion: 

! (z,) = a~ (~) I (z, + 1) + . . .  + ak (7,) / (7, + k), 
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w h e r e  a l ,  . . . ,  ak  a r e  c e r t a i n  r a t i o n a l  func t ions  of  k. 

CHAPTER I 

THE ANALYTIC CONTINUATION OF THE FUNCTION P@(k) 

§Modules over a Ring of Differential Operators 

Let K be a field of characteristic zero, and let X be a finite-dimensional linear space over K. We 
denote by Rx(K) the ring of polynomial functions on X and by DX(K) the ring of differential operators with 
polynomial coefficients on X. If x i, .... XN are coordinates on X, then Rx(K) = K[x i .... , XN], and DX(K) 
is an algebra over K with generators xl, . .., XN, a/Sx I, • •., 8/ax N and the relations 

[x~,xjl  = 0 ~ '  O~j 

w h e r e  6i j  is  t he  K r o n e c k e r  s y m b o l .  

I f  s o m e  a r g u m e n t  i s  v a l i d  fo r  any  K and X o r  fo r  a K and  X g iven  b e f o r e h a n d ,  t hen  in p l a c e  of  Dx(K) 
we s h a l l  w r i t e  DX, D(K), DN(N = d i m  X), o r  s i m p l y  D. 

In DN we fix a f i l t r a t i o n  D ° ~  D l ~  . . . ~  D n ~  . . . ,  w h e r e  D n i s  t he  l i n e a r  s u b s p a c e  of  DN c o n s i s t i n g  
o f  p o l y n o m i a l s  of d e g r e e  no g r e a t e r  t han  n in t he  g e n e r a t o r s  x i and 3 / 3 x j .  

The  a s s o c i a t e d  g r a d e d  r i n g  ~N ~ ~ P(~) (where  Z (n) = Dn/Dn-1) is  a r i n g  of  p o l y n o m i a l s  in  the  g e n -  

o o Z '~ ~ Z (~) g ive  a n a t u r a l  f i l t r a t i o n  in t he  r i n g  of  e r a t o r s  x i ,  . . . .  XN, ~ . . . . .  ~ ~ Z(~) . The  s p a c e s  ~ ~ 

p o l y n o m i a l s  Z .  

We s h a l l  c o n s i d e r  m o d u l e s  o v e r  t he  r i n g  Dx(K) .  

I f  M i s  a D N - m o d u l e *  and11,  . . . , f s  i s  a s y s t e m  of  g e n e r a t o r s ,  t hen  we s e t  M n = D n ( f l  . . . . .  f s )  and  
dM(n) = d i m  M n .  

P r o p o s i t i o n  1.1.  dM(n) i s  a p o l y n o m i a l  in n fo r  l a r g e  n.  

P r o o f .  Le t  M b e  the  f r e e  m o d u l e  wi th  g e n e r a t o r s  g l ,  . . . .  g s ,  le t  p:  M -~ M b e  the  ma pp ing  g iven  b y  
P(gi) = f i ,  and  le t  L = K e r  p .  I t  i s  c l e a r  t ha t  M n / L  A Mn, i . e . ,  d i m  Mn = d i m  ~l n - d i m  (L N ~ n ) .  

S ince  d i m  ~ s .d im D r ~ s -dim E ~ -~ s.( n 
÷ 2N~ 

---- \ 2N ] , i t  s u f f i c e s  to  show tha t  d i m  (L N ~n)  i s  a p o l y -  

nomial in n for large n. 

We set ~ = ~ ~'/~-~ 
n-~0 

It is easy to verify that 

and Ls = O L N M'~/L N M ~-~ c Ms. 
n ~ 0  

a) l~y. is a free Z-module and LZ is a Z-submodule of ~Ix; 

b) dim (LE fl M~ = dim L A Mn, where ~ ~- G M~/I~ ;-~ 

Proposition 1.1 now follows easily from the following proposition. 

Proposition 1.1' (see [9], Theorem 4.1). Let Z be a ring of polynomials, let H be a free Z-module 
with the natural filtration H n, and let E be a E-submodule in H. Then dim (E A H n) is a polynomial in n for 

large n. 

Definition 1.1. Let M be a finitely generated D-module, and letfi,' .... fs be a system of generators. 
We denote by d(M) the degree of the polynomial dM(n) and set e(M) = a • d(ND!, where a is the leading coeffi- 
cient of the polynomial dM(n). 

LEMMA 1.2. 1) d(M) and e(M) do not depend on the choice of the system of generators fl .... ,fs. 

* Unless otherwise specified, we assume that M is a left DN-module. However, all definitions and results 
of this section go over without change to the case of right DN-modules. 
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2) e(M) is a natural  number .  

3) If 0 - -  M l --* M ~ M 2 --- 0 is an exact sequence of D-modules ,  then d(M) = max (d(Ml) , d(M2)), and 
e(M) = e(M1) (or e(M2)) if d(M l) > d(M2) (or d(M z) > d(M1)), e(M) = e(M I + e(M2), if d(M 1) = d(M2). 

Proof.  1) If two sys tems  of genera tors  and the fi l trations [M n} and {l~t~}, corresponding to them are 
given, then it is c l ea r  that M n - k ~  i~n~  Mn+k for  some k. Therefore ,  the polynomial dM(n) is defined up 
to polynomials of lower degree ,  i.e., d(M) and e(M) are  uniquely defined. 

2) Since dM(n) assumes  integer values,  it is a l inear  combination with integer  coefficients of poly- 
nomials  of the form /n~ (see [9], Ch. VII). F r o m  this it follows that e(lVl) is an integer.  The number  e(M) 

is positive, s ince dM(n) >- 0. 

3) L e t f  i . . . . .  f s  be a sys tem of genera tors  in M. Then thei r  images in M 2 fo rm a sy s t em of gener -  
a tors .  It is c lea r  that M~ = Mn/M1 • Mn, and there fore  dM.(n) = dM(n) - d~l(n) ,  where dMl(n) = d im (M l N 
Mn). As has been shown in [3] (Proposit ion 1.3), for  some 1~ we have M~ -K~ M I f'l MnC M[ #k ,  i .e. ,  d~l(n) - 
dMl(n) has degree  less than dMt(n). This implies the required formulas .  

The numbers  d(M) and e(M) cha rac te r i ze  the "functional dimension" of the finitely generated D-mod-  
ule M. We shall  need s imi la r  charac ter iza t ions  for  D-modules which are  not finitely generated.  

Definition 1.2. Let M be a D-module,  and let d >- 0, e > 0 be in tegers .  A (d, e)-f i l t rat ion of the mod-  
ule M is a sy s t em of subspaces M°~ M I ~ . . . ~  Mn~ . . .  in M such that 

a) DiMn~ M n+i, 0 M n = M, 
n 

b) dim M n -<(e/d!)n d + o(nd). 

If  M is a finitely generated D-module,  then the s tandard fi l trat ion [M n} is a (d(M), e(M))-fil tration. 
It is c lear  that if a D-module M has a (d, e)-f i l t rat ion,  then for any finitely generated submodule L ~  M 
ei ther  d(L) < d, o r  d(L) = d and e(L) --< e (it will be shown below that this is a sufficient condition for the 
existence of a (d, e)-f i l t rat ion).  

THEOREM 1.3. Let M be a finitely generated DN-module.  Then ei ther  M = 0 o r  d(M) -> N. 

The proof  of this theorem will be given in .~ 5. 

COROLLARY 1.4. Suppose that a DN-module M admits a (d, e)-f i l t ra t ion.  Then 

a) d < N, implies that M = 0, 

b) if d = N, then the module M has finite length not exceeding e (and, in par t icu lar ,  the module M is 
finitely generated).  

Proof .  a) Par t  a) follows immediately  f rom Theorem 1.3. We shall prove b). 

In M let the re  be given submodules 0 = M0~ MÂ~ . . . ~  Mk = M, with Mi-i  ¢ Mi (i = 1, 2 . . . . .  k). 

We will show that k --< e. We choose e l e m e n t s f t  . . . . .  f k  such t h a t f i  E Mi a n d f i  ~ Mi-t ,  and we set  
Li = DN(fI  . . . . .  f i ) -  The module Lk admits an (N, e)-f i l t ra t ion (as a submodule of M), and the re fo re  
d(Li/Li-1) -< N(i = 1 . . . . .  k). By Theorem 1.3 d(Li/'Li-1) = N. Since e(Li /Li- t )  ~ 1, it follows f rom Lem-  
ma 1.2 that e(L k) -> k. This means that k --<- e(Lk) -< e,  i .e. ,  the length of M does not exceed e. 

§ 2 .  P r o o f  o f  T h e o r e m  1 '  

We f irs t  p resen t  a purely algebraic  formulation of Theorem 1' .  

Definition 2.1. Let P be a polynomial in N var iables  over  the field C. We const ruct  over  the r ing 
DN(C(M) (where C(D is the field of rational functions of the var iable  X) a module Mp as follows: the e le -  
ments of the module Mp are  express ions  of the form Q • pX-k, where Q is a polynomial(in x 1 . . . . .  XN 
with coefficients in C(D. (We identify the expressions Q • pX-k and Q' • P X-n, if Q • pn = Q~. pk.) The 
action of the r ing DN(C(M) on Mp is defined by the following formulas :  

x~ (Q. pX-k) = (xiQ) pX-~, 

o~ (q" ~ + (~.- k) Q. 
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Definition 2.2. We denote by S A the space of analytic functions g (~) of the var iable  7t ~ A with val -  
ues in S' defined in a region Re 7t > C (where the constant C depends on ~ ). We regard  the functions g and 
g '  as defining the same element in S A if they agree  in some region Re )t > C. 

S A is equipped in a natural  way with the s t ruc ture  of a D(C0t))-module. 

LEMMA 2.1. The mapping ~I,: Mp --~ S A, given by the formula ~(Q . p)t-k) = Q . P® ( ) t -  k), is a 
mapping of DN(C()t))-modules. 

The proof  is by direct  computation; use is hereby made of the fact that for Re 7t > m P®(X) is an m 
t imes continuous differentiable function. 

Lemma 2.1 reduces the proof  of Theorem 1' to the study of the module Mp. Indeed, it must be shown 
that there  exists  an opera tor  ~ ~ D~ (C (k)) such that ~ (P. P~) -~ P'~. 

To this end we consider  in Mp the fil tration M~ = {Q • p~t-k, where deg Q -< (p ÷ 1)r~(here p is 
the degree of the polynomial P). 

It is easy  to ver i fy  that the filtration { M ~  is an N (p + 1)N)-filtration and therefore  the DN(C()0)- 
module Mp has finite length. 

In Mp we consider  the increas ing sequence of submodules Mi = DN(C0t)) (pk-i) .  Since the module 
Mp has finite length, Mi_ 1 -- Mi for some i. In o ther  words ,  there  exists an opera to r  ~ ~ DN (C (~)) such 
that ~ (P~-~+~) = P~-~. 

If  now in the coefficients of the opera tor  ~0~ we let )t - i --~ k, then we obtained the required opera -  
to r  ~0 such that ~ (P.P~) =~ P~.  This completes the proof  of Theorems 1 and 1' .  

C H A P T E R  I I  

I N T E G R A L  T R A N S F O R M A T I O N S  IN T H E  S P A C E  S '  

§3. Algebraic Constructions 

In this chapter we shall apply the methods of Chapter I to the regularization of certain integral trans- 
formations in the space S'. 

We first state precisely what we mean by the space of generalized functions S' and the space of gen- 
eralized forms f/'. 

Let X be an N-dimensional space over the field R, x I ..... x N be coordinates on X. We denote by S 
(by fl) the space of infinitely differentiable functions (differential forms of degree N) on X which are rapidly 
decreasing together with all derivatives. We provide S and ~ with the usual topology (see [5]). The form 
dx i . . . dxN gives an isomorphism S --- ~ (cp ~ ".pdx!... d × N). 

The bilinear form (cp, co) -- ~cpc0 (~ ~ S~ o~ f~) provides a pairing of the spaces S andfl. 

We consider on S the natural structure of a left Dx-module (in the case of the field of real numbers 
we mean by D X the ring Dx(C)). Then ~ has a unique structure of a right Dx-module such that (~, e~) 

:- (~, e) for all q E S, co ~fi, ~ ~ Dm• Indeed, if ~)is a polynomial in the x i, then o~ ~ ~. co ; if ~) is 
a vector field, then e~ - --L~ , where L~o) is the Lie derivative along the field ~) of the form ~. 

We set S~ = ~* and ~ = S*. We define on S~ the structure of a left Dx-module and on (~g, ~> 

<~f, oJ~), < ~ ,  ~> = <~, ~ )  , where ~ ~ Dx, ~ ~ 3 x ~  ~" ~ Qx, ~p ~ S c o  ~ Q, <,> - - i s  the pairing of S' with 
and G' with S. The form (~ ,  co) here  gives a homomorphism of Dx-modules  S -~ S~ and ~ - -  ~ .  

We denote by F: S~ ~ S~ the Four ier  t r ans fo rm (F depends on the choice of coordinates) .  As is 
known (see [5]), for  any function 

F ( x ~ - ~ - - i  ~-~-F~, F'(~-~ ) 8zj ~ = --  iXjF~. 

In this chapter  we shall consider  the following situations. 

I. Let X and Y be finite-dimensional spaces over  R, and let A: X ~ Y be a polynomial mapping. If 
is a continuous function on Y, then it is possible to define a function A*$ on X by the equation A*~ (x) = 

$ (A z). We wish to define the operat ion A* on functions ~ @ 3y . 
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II. Let A: X ~ Y be a polynomial mapping as before.  We wish to define the opera to r  A.  of in tegra-  
tion on sect ions .  This operat ion must take a fo rm ofg~( into a form in i~f .  For example,  if ~ ' ~ f l x -  has 
compact  support ,  then it is possible to define the form A . ~  ~ .Q~ by the equation <A.~', ¢p) ----- <~', A*cp), 
where ~p E Sy.  

III. We wish to def ine the  product ff = 8'r'$2 of general ized functions $~ and $~ and also the 
product of a function $ ~ Sx. and a form ~" ~ ~Jr. 

Situation I has  been considered in detail in the case d im Y = 1 in [3]. We are  interested in the follow- 
ing two questions:  

1) how to define the operat ions A*, A , ,  and the product  for  a sufficiently broad c lass  of general ized 
functions; 

2) what equations (with polynomial coefficients) should the functions so obtained sat isfy.  

We f i rs t  take up the second question. We shall present  the algebraic  construct ions for the situations 
I, II, and III. 

Definition 3.1. Let K be a field of cha rac te r i s t i c  ze ro ,  let X and Y be f ini te-dimensional  spaces over  
K, and let A: X - -  Y be a polynomial mapping with coefficients in K. Let x 1 . . . .  , XN and Yi . . . . .  Ym be 
coordinates on X and Y, and let Aj be the express ion of yj as a polynomial in the xi. 

1. Let M be a left Dy-module .  We construct  a left Dx-module  A*M as follows: as an Rx-module  
A*M = Rx ® M (where in RX the s t ruc tu re  of an R y  algebra is defined by means of  the mapping A*: 

ay 
Ry  - -  RX), and the opera tors  8/ax i act as follows: 

0 OQ ~ OAj 0 
Oz (Q®])=-g~z. ® l +  ~ O ~ ® - ~ j ]  (QERx, /~M).  

I f f  E M, then we set A*f = l ® f  E A ' M ,  

2. If L is a rigl~ Dx-module  , then we define a right Dy-module  A . L  as follows: 

A.L ----- (L @ Dy)/Lo, 
Ry 

where L0 is the subspace generated by the elements 

0Aj on 

• j ~ l  i 

Dy) .  

module 

( f ~ L ,  ~ E Dy). 

The s t ruc tu re  of a Dy-module  is introduced by the equation ( / ®  ~) ~1 = / ® ~ r  ( / ~  L~ ~), ~ 
I f f  E L, then we set  A . f  =f@ 1 E A . L .  

3. a) If  M 1 and M 2 are  left Dx-modules ,  we define the Dx-module  Mt[]Ms, as follows: as an RX- 
M1 [ ]  M~ ---- M1 ® M~ , and the opera tors  0/Sxi act as follows: 

/IX 

8 0 8 

I f f  I EM l a n d f  2 EM 2, then we set ] x [ ] , / 2 = h  ® / ~ M I [ ] M ~  

b) If M is a left and L a right D x - m o d u l e ,  then we consider  the right Dx-module ,  L []o M --/~ ® M 
RX 

in which the opera tors  a /axi  act as follows: 

0 
® / - - g ®  o~ i /  ( g E L ,  ]~M). 

Remarks .  1. Definition 3.1 (in the case  K = R) agrees  with the natural  representa t ions .  For  example, 
the natural  mappings A*: S y - ~  Sx, A.:  ~x--~ g~ and S X x SX -'- SX extend to mappings of D-modules 
A*Sy into S~(, A~42 x into ft~ and Sx [] Sx into SX. 

If $ ~ S y ,  then it is natural  to suppose that the function A* ff ~ Sx "must" sat isfy the same  equa- 
tions as the element A* ff sat isf ies i n t h e  Dx-module  A* (Dr ($)) (s imilar ly  for A . ,  [ ]  and [~0) • 
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2. The modules A*M and A .  L can be obtained f rom a single construction.  Indeed, for any right 
Dx-module  L and left Dy-module  M we consider  the l inear space <L, M )  = (L ® M)/LMo , where LM0 

~r  
is the subspace generated by the elements 

I -  gTE:-. ®-~jl/,j (g~L, I E ~ .  L J=l i 

T h e n  A*M - (Dx,  lVI) , A . L  = Moreover ,  (L,  M) = A.L ® M = L ( ~  A'M. 
D y  D X 

The following proposit ion descr ibes  the proper t ies  of the operations A*, A . ,  [ ]  , and ~;~o- 

Proposit ion 3.1. 1) The operations A*, A.,  [ ]  and []0 are  well defined and do not depend on the 
choice of sys tems of coordinates on X and Y. 

2) For  a f ini te-dimensional  space Z over  a field K we denote by Sz (~z) the ca tegory  of left (right) 
Dz-modu les .  Then the operat ions A* and A.  define functors A* : ~y --~ Sx, A.  : ~ x  --~ ~Y . The ope ra -  
tions [ ]  and []0 define bifunctors [] :  ($x,  Sx) --~ Sx, ~0: (~x ,  Sx)  ---,- .~x. 

3) Suppose that polynomial mappings A: X --~ Y and B: Y ~-~ Z are  given. Then (BA)* --- A ' B *  and 
(BA). = B . A . .  I f M ,  M' ~ Sy, L ~ x , t h e n  

A" (M [] M') = A*M [] A*M' and A. (L []o A'M) -~ A.L []o M. 

4) Let A: X -* Y be an invertible polynomial mapping, and let A: DX -~ Dy  be the corresponding 
ring i somorphism.  The i somorphism A induces ca tegory i somorphisms A x  : ~x  --,- Z r  and A~: S x  -~ ~ r  • 
Then A .  = A 2, A* = Ax.-* 

The proof  of Proposit ion 3.1 consists  of simple verif icat ion.  

The following bas ic  t heo rem descr ibes  the behavior  of the numer ica l  charac te r i s t i c s  d and e intro-  
duced in .~ 1 for the operations A*, A, ,  [ ]  and [ ]o  

THEOREM 3.2. Let K be a field of charac te r i s t i c  zero ,  let X and Y be f ini te-dimensional  spaces  
over  K, and let A: X -* Y be a polynomial mapping of  degree q (if A is a mapping at a point we set q = 1). 
Then 

1) If  a left Dy-module  M admits a (d, e)-f i l t rat ion,  then the Dx-module  A*M admits a (d', e') f i l t ra-  
tion, where d - dim Y = d'  - d im X, e '  = e • qdim X + dim Y. 

2) If a right Dx-module  L admits a (d, e)-f i l t rat ion,  then the right Dy-module  A . L  admits a (d', e ' ) -  
fi l tration, where d - dim X = d '  - dim Y, e '  = e • qdim X + dim Y. 

3) If the left Dx-modules  Mi, M~ admit  fi l trations of the type (dp e l) and (d,, e 2) , then the Dx-module  
M, [ ]  M2 admits a (d',  e ' ) - f i l t ra t ion ,  where d '  = d I + d z - dim X, e '  = e i • e 2. 

(A s imi la r  asser t ion  holds for  the operat ion [~0.) 

Theorem 3.2 will be proved in ~ 5. 

COROLLARY 3.3. Fo r  any finite-dimensional space Z we denote by Sz0($z0) the ca tegory  of finitely 
generated left (right) Dz-modules  M for  which d(M) -< dim Z. 

Let A: X -~ Y, be a polynomial mapping as before .  Then A* (St0) ~ ~xo, A. ($xo) c SYo, [ ]  (~x0, ~x0) 

c ~xo and i[:~ (.~'xo, ~xo)C ,~xo. 

Corol lary  3.3. follows immediately  f rom Theorem 3.2 and Corol lary  1.4. 

[ 4 .  R e g u l a r i z a t i o n  o f  I n t e g r a l  T r a n s f o r m a t i o n s  

We will c a r r y  out the regular izat ion of functions of the type A*$ (and s imi la r ly  $ , .g ,  ) according 
following program.  

1. We first  construct  a smoothing family of functions g (X) depending analytically on the pa rame te r  
A such that 

a) $ (x) ~ s t ,  ~ (o) = $, 

to the 
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b) when Re )~ is l a rge ,  ~f (~) is a function which is continuously di f ferent iable  many t i m e s .  

2. When Re ~ is l a rge ,  it is poss ib le  to define a function A*~ (~) by  the equation A*~ (L) ( x ) =  ~f (~) 
(Ax). This function (as an e lement  of the space  S~) depends analyt ica l ly  on A. 

3. Under  ce r t a in  hypotheses  on the genera l ized  function ~ the function A*~f (~) with values in S X 
extends analyt ica l ly  to a neighborhood of the point k = 0 (possibly as a m e r m o r p h i c  function). It is then 
possible to set 

A*~--thezero-order term of the Laurent series at X = 0 of the function A*~ (X). 

We first construct the smoothing family. 

Definition 4.1. Let Y be a finite-dimensional space over R, and let Yl, • •., Ym be coordinates on Y. 

We choose a strictly positive polynomial in Yl .... , Ym which is increasing at infinity (for example, P = 

1 + ~i+... +y~n)- 

For any function ~ ~ Sr and any complex number X we set /fv (~) = F -~ (P-~F~). 

LEMMA 4.1. For any function ~ ~ Sy there exist constants c~,/~ > 0 such that for Re (~X - ]~) > I 
the function F -~ (P-x~) is I times continuous differentiable. 

Proo.~f. As is shown in {5], ~ = ~33d~, where  ~ ~ Dy, f.i ~ L1 (Y). We will find ~ and fl for  each 
t e r m  ~)/ 

k 

I t  is e a s y  to check that  P - ~ / =  ~, ~p-~-~/ , where  k =deg ~ ,  and the ~i  a r e  e l ements  of Dy  

which have polynomial  dependence on k .  This  means  that  the function F --i (P-~)f) can be wr i t t en  in the 

f o r m  ~ F  -~ (P-~.-~/) where  the ~)i a r e  o p e r a t o r s  of D y  of bounded deg ree  which depend on A. It t h e r e -  

fore  suff ices  to find the constants  ot and B for  the func t ionf .  

F r o m  the S e i d e n b e r g - T a r s k i  t h e o r e m  it follows that  P(y) > C[[y~ c~ for  al l  y E Y and some  or, C > 0. 
T h e r e f o r e  for  Re ~k  >l the function P - ~ f ,  mult ipl ied by  any polynomial  of degree  I Lies in i t (Y) ;  thus,  for  
Re c~A > I the function F- t (P-Af)  is  l t imes  continuously d i f ferent iable .  This  comple tes  the p roof  of the 
l emma .  

We have  shown that for  Re k la rge  Sp (~) is a suff icient ly smooth function. T h e r e f o r e ,  i f  we a r e  gi*e~ 
a polynomial  mapping A: X -~ Y, then (for la rge  Re M it is poss ib le  to define the function A*~e(X) . We 
wish to de t e rmine  under  what conditions on ~f the function A* ~ (~) extends analy t ica l ly  to a ne ighbor-  
hood of the point ~ = 0. 

It tu rns  out that for  this it is  sufficient that  the function ~f should sa t i s fy  a " la rge"  s y s t e m  of d i f fe r -  
ential  equations with polynomial  coeff ic ients .  We give the p r e c i s e  definit ion o f  the space  S~ of such func- 
t ions.  

Definition 4.2. Let  Z be a f in i te -d imensional  space  o v e r  R. 

1 .  F o r  any function ~ ~ Sz we denote by D (~f) the Dz - submodu le  in S~. genera ted  by ~f and we 
Set d~ (n) = dr~)  (n), d (~') = d (D (g)). 

2. We denote by S '  Z0 the subspace  in SZ consis t ing of functions if, for  which d (~) ~ dim Z. 
! 

3. S imi la r ly ,  we introduce the numbers  d~ (n), d(~)  for  f o r m s  ~ @ f ~ z  and the space  OZ0~f l  Z. 

The space  S~ was introduced in [3] (see Definition 2.1 and T h e o r e m  3.1). It is p roved  the re  that  func- 
t ions of the space  S~ have nice analyt ic  p r o p e r t i e s  (see T h e o r e m  A). 

We shall  p rove  ce r t a in  e l e m e n t a r y  p r o p e r t i e s  of  the space  S~ (we will not formula te  the analogous 
p r o p e r t i e s  fo r  the space  ~ ) .  

Proposi t ion  4.2. 1)S~ i s  a D-submodule  of  S ' .  

2) We cons ider  the Four i e r  t r a n s f o r m  F :  S~ -~ S~.  Then if f f ~ S z ,  it follows that  d~ (n) = dF~ (n). 
In p a r t i c u l a r ,  d (if) = d (Fff) ; and hence the space  S~, 0 is invar iant  under  Four i e r  t r a n s f o r m .  

3) suppose  that  in a connected region C ~ C the re  is given an analyt ic  function ff (~) with values in 
! 

S Z" Then the re  ex is t s  a countable set  E ~ C such that if ~, ~t ~ C \ E , then d~ (~) (n) ---- d~ (~) (n),  and if 
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k ~ C \ ~ , ~ E ,  then d ~ . ) ( n ) ~ d ~ ) ( n )  f o r a l l n .  In pa r t i cu la r ,  if  g ( ~ ) ~  3z0 for  all  k in s o m e  region 
C l ~ C ,  then g ( ~ ) ~ 3 z 0  f o r a l l k  EC° 

3a) If in a connected region C ~ C the re  is given a m e r o m o r p h i c  function g (k) with values  in S~.0, 
then all  the coeff icients  of the Lauren t  s e r i e s  of the function g(~) at any point k E C lie in S Z0- 

Proof .  1) I f  gl, ~ ~ 80, ~1, ~ D and ~f - ~l~f~ + ~ f ~ ,  then D(~) ~ D (gD + D (g~), and t h e r e f o r e  
d (~) ~ max Cd (~ ) ,  d (~) )  , i . e . ,  ~ ~ ~.  

2) Let  zj be coordinates  on Z. We define the i s o m o r p h i s m  F :  DZ -~ DZ by  F(zj) = - i ( 0 / 3 z j ) ,  F(8!  
3zj! = - izj .  It  is  c l e a r  that  if  ~ ~ S~, ~ ~ Dz then F ( ~ )  = F (~) (F~) and F(D~) = D~.  T h e r e f o r e  
' v t  

ffi Dz  (F~) d~ (n) = dv~ Cn). FDz (g) , i .e . ,  

3) Fo r  each k ~ C we define in the f in i te -d imens ional  space  D~ the s y s t e m  of equations < ~ f  (~), co> 
-- 0, where  o~ run  through the  space  ft. Each of these  equations depends analyt ical ly  on k, and hence e v e r y -  
where  except  on a countable se t  ~ of points k the s y s t e m  has  max ima l  rank.  The rank o f  this s y s t e m  at 
the  point ~ is by definit ion equal to d~ )  (n). This impl ies  the a s s e r t i o n  of the l e m m a  if we take ~ = U ~ .  

3a) Multiplying g (~) by a s c a l a r  function, it can be a s sumed  that  it is analyt ic .  We will show that  

- ~  g(~) ~ S o  for  all  X E C. The function ~ (~) = (~ (~) - -  ~f (~o))/(~ --  ~o) l ies in S~ for  k ~ k, and hence 

(~-~ g)(~o)= ~(~o) l ies i n s t .  Continuing this  p r o c e s s ,  we find that  al l  the de r iva t ives  o f t h e  function ~f (~) 

l ies in S O . 

THEOREM 4.3. Let  X and Y be  f in i te -d imens ional  spaces  ove r  R,  and let A: X -* Y be a polynomial  
mapping.  Let  us suppose  that a function ~ ~ St0 is given. Then the function A*g~ (~,) (defined for  large 
Re ~ extends analyt ica l ly  as a m e r o m o r p h i c  function to the ent i re  complex plane A of the va r i ab le  ~,, and 
m o r e o v e r  A*gv (~) ~ 3xo. 

We will analyt ica l ly  extend the function A*~v (M by the s a m e  method as  in § 2. We f i r s t  formula te  
the method in a genera l  form.  

Definition 4.3. 1. We denote by ~ the au tomorph i sm o f  the field C(k) ove r  the field C obtained f r o m  
~, - -  k + 1; i f  X is a l inea r  space  o v e r  C, we denote by ~ the cor responding  au tomorph i sm of the r ing 
DX(C(~)) = DX(C) ® C(~). 

2. An ~/-module is a D(C(k))-module M in which t he r e  is defined an i s o m o r p h i s m  ~ : M -~ M l inear  
o v e r  C such that  ~ (~]) ---- ~ (~) ~ (1) for  al l  ~ ~ D (C (~)), / ~ M .  Fur the r ,  an ~ - m o r p h i s m  of ~ -modu les  
is a m o r p h i s m  of D(C(k))-modules which p r e s e r v e s  the  opera t ion ~. 

3. In the  D(C(k))-module S A we define the a u t o m o r p h i s m  B by  the fo rmula  (~/f) (k) = f ( k  + 1). 

Propos i t ion  4.4. Suppose tha t  t he re  is given an ~-module  M which is f in i te ly -genera ted  as a D(C(k))- 
module and an B - m o r p h i s m  ~:  M -~ S A. Then 

a) for  any e l e m e n t f  ~ M the function ~,f extends as a m e r o m o r p h i c  function to the en t i r e  complex  
plane A of  the va r i ab le  k; the poles  of the function ~ f  belong to a finite number  of a r i thmet ic  p r o g r e s s i o n s  
of  the f o r m A i = { k  i - n  ~n= 0 , 1 , . . ~ .  

b) The function ~ f ( D  sa t i s f i es  the equation 

~/(~) = ~ ,  (~) ~ / (~  + t) + ... + ~k (~) ~ / ( ~  + k), 

where  ~ , . . . ,  ~h E D (C (~)). 

Proof .  It is c l e a r  that  a) follows f r o m  b). We will p rove  b). 

We cons ider  in M an inc reas ing  chain of  submodules  Mi = D ( C ( ~ ) )  x ~ f ,  1 / ' ~  . . . .  , 7/- i f) .  Since the 
r ing  D(C(~)) is Noether ian  (see [3]) and the module M is finitely genera ted,  it follows tha t  the sequence of 
modules M i s t ab i l i zes ,  i .e. ,  Mk_ I = M k for  s o m e  k. 

This  means  that  t he re  exis t  o p e r a t o r s  ~1 . . . . .  ~ @ D(C (~)) such that  R-k/----- ~ - k + ,  I + -.. + ~k / .  
Applying the ope ra to r  ~k  to th is  equali ty,  we obtain / -  ~ i  ~ / +  - .  + ~ k  ~ t  , w h e r e  ~ i  = ~ i .  The proof  
of the propos  ition is complete .  
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To p rove  T h e o r e m  4.3 it r e m a i n s  to ve r i fy  that the function A* Sp (~) belongs to a finitely genera ted  
~/-module. For  this we invest igate  the a lgebra ic  const ruct ions  of all  the mappings .  

1. We denote by F the au tomorph i sm of the r ing Dy  (and the ring Dy(C(D)) ,  given by the fo rmulas  

F ( Y J ) = - - i o ~  j , F ( ~ - ~ ) = - - i y j , w h e r e y i ,  . . . .  y m  a r e  the coordina tes  on Y. 

If  L is a D y - m o d u l e  (or a Dy(C(X))-module) we denote by FL the D y - m o d u l e  which is cons t ruc ted  as 
follows: as a l inear  space  the module FL is i somorphic  to L and under  the natura l  i s o m o r p h i s m  F: L 
F L w e h a v e  F ( 2 : g ) = F ( ~ ) F ( g )  for  all  ~ D ~ . ,  g ~ L  

2. We cons t ruc t  the Dy(C{X))-module M~. The e lements  of  M~ a re  express ions  of the fo rm Q p - k - k ,  
where  Q ERy(C(X)) {here Qp--k-k = Q,p-X-n ,  if Qpn  = Q,pk) .  The o p e r a t o r s  8/0yj (j = 1 . . . . .  m) a r e  de-  
fined by 

bye° (Qp-~-k) = Oy'---~OO p-~,-~ -- (~, + k) q '~Y--f-~P p-~,-k-1. 

In M~ we define the a u t o m o r p h i s m  T/ by the  equation y (Qp-X-k) = 7/(Q)p-X-k-t  {we note that  the mod-  
ule M~ is obtained f rom the module Mp introduced in s 2 by letting • ~ - X). 

As shown in ,~2, the module M~ admits  a (m, (p + 1)m)-f i l t ra t ion ,  where  m = d im Y and p is the de -  
g ree  of the polynomial  P. 

3. Let M0 : D~,($), and let M = M 0 ® C(~t) be a Dy(C(D)-module .  Since $ ~ S~-0, it follows that  M 
admi ts  an (m,  e ) - f i l t r a t ion  for  some  e. 

4. It is e a s y  to ve r i fy  that the mapping $ -~ A*gp (~,) defines a mapping $ Dx(C(~))-module !~I = 
A*F -x (M'v [] FM) into the Dx(C(~0)-module S A. If  the na tura l  s t ruc tu re  of an r/-module is introduced in ~ ,  
then the mapping g, is an ~ / -morph ism.  

F r o m  Coro l l a ry  3.3 it follows that the module 1~I is f ini tely genera ted  and d(l~) -< d im X. There fo re ,  
T h e o r e m  4.3 follows f r o m  Propos i t ions  4.4 and 4.2. 

THEOREM 4.5. Suppose that t he r e  is given a polynomial  mapping A: X ~ Y and a pos i t ive  poly- 
nomial  P on X which is i nc reas ing  at infinity. 

1) I f  $, $ '  ~ Sx0 , then the  function $p (X) • $ '  ~ Sx which is defined fo r  la rge  Re ~ extends as a 
m e r o m o r p h i c  function to the whole plane A. Moreove r ,  Se (~) • $' ~ Sxo~ 

2) Let  ~" ~ Qx~ • Fo r  la rge  Re ~. we define the f o r m  A . f e  (~) ~ f~'r by 

( A ~  (~), T) = (P -~ f ,  A'¢) (q~ ~ Sy). 

Then the fo rm A.~p  (£) extends as a m e r o m o r p h i c  function of h to the en t i re  plane A. Moreover ,  
A, cp (~) ~ ~o- 

The p roo f  of T h e o r e m  4.5 is s i m i l a r  to that  of T h e o r e m  4.3 and is t h e r e f o r e  omit ted .  

The means  of cons t ruc t ing  the function A* ~ [and s i m i l a r l y  A,  ~ and $~-$~) p r e sen t ed  in Theo-  
r e m  4.3 depends on the choice of the polynomial  P. However ,  fixing P, we obtain a l inear  mapping A~ : 

t 
Sy0 ~ Sj~0. The re  a r e  he r eby  not always equali t ies  which "mus t"  hold (for example ,  the equal i ty 8/0x i 

A*$ = ~ ~ . ~  A'[-~,~. $t~. However,  they a r e  Satisfied if we go o v e r  f r o m  S~  to the space  S ~ / L ,  where  L is 

the Dx-modu le  in S~ genera ted  by  the negat ive t e r m s  of the Laurent  s e r i e s  at the point X = 0 of  the func- 
t ion A*~p(£). 

We p re sen t  s e v e r a l  in te res t ing  co ro l l a r i e s  of  T h e o r e m s  4.3 and 4.5. 

COROLLARY 4.6. Let  a polynomial  P, a region 0 ,  and a function P6(X) be given as in the in t roduc-  
t ion, and let the function $ ~ S~.  Then the function g (X) = $ .Pe  (X) which is defined in the region Re X > 
C, l ies in S~, extends as a m e r o m o r p h i c  function to the en t i re  plane A, and sa t i s f i es  the equation 

where  ~ . . . . .  ~ ~ D(C ()~)). 
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C O R O L L A R Y  4.7.  L e t  P b e  a p o l y n o m i a l  in  N v a r i a b l e s ,  S ~_ So , and  s u p p o s e  tha t  in the  r e g i o n  

Re k > C the  i n t e g r a l  ] (~) = IP-  . $ . d x i . . , d x ~  i s  d e f i n e d .  ( F o r  e x a m p l e ,  S = t , and P is  s t r i c t l y  p o s i t i v e  
and i n c r e a s e s  a t  in f in i ty . )  Then  the  s c a l a r  f u n c t i o n f ( k )  ex tends  as  a m e r o m o r p h i c  func t ion  to  t he  e n t i r e  
A p l a n e  and s a t i s f i e s  the  equa t ion  

/ (x) = al (~) I (~ + 1) + ... + an (~) / (~ + ~), 

w h e r e  a l ,  . . . ,  a k  a r e  c e r t a i n  r a t i o n a l  func t ions  of k. 

C O R O L L A R Y  4.8 .  L e t  L b e  a d i f f e r e n t i a l  o p e r a t o r  wi th  c o n s t a n t  c o e f f i c i e n t s  on the  s p a c e  R N, S'0 

S~. Then  t h e r e  e x i s t s  a funct ion  S '  ~ S0 such  t ha t  LS '  = S0. 

P r o o f .  Going  o v e r  to  the  F o u r i e r  t r a n s f o r m ,  we o b t a i n  t h e  equa t ion  Q.S  = So, w h e r e  S0 ~ S ~ ,  
and Q i s  a p o l y n o m i a l .  I t  can  be  a s s u m e d  tha t  Q is  nonnega t i ve  ( o t h e r w i s e  we r e p l a c e  Q b y  the  p o l y n o m i a l  
QQ). L e t P :  l + x ~ l + . . . + X ~ .  

F o r  Re  )~ > 0 and  l a r g e  Re ~ we  c o n s i d e r  t h e  func t ion  S (~., IX) = QXF -~ (P-~FSo) • J u s t  a s  in T h e o r e m  
4.3 ,  we  p r o v e  t h a t  S (X, ~)  ex t ends  as  a m e r o m o r p h i c  funct ion  of  X and ~ to  t he  e n t i r e  s p a c e  C 2 = {X, pJ, 
w h i l e  S (~, ~) ~ S~. 

I t  is  c l e a r  t h a t  Q. S (~, ~) = S (L + 1, ~) and S (0, ix) = S0 (ix) = F-I(P-~'FSo) . In p a r t i c u l a r ,  So (0) = S0. 

We def ine  t h e  func t ion  Sl (ix) a s  t h e  z e r o - o r d e r  t e r m  of  t he  L a u r e n t  s e r i e s  wi th  r e s p e c t  to  7t of the  
funct ion  S ( k ,  ix) a t t h e p o i n t  ( - 1 , # ) .  I t i s  c l e a r  tha t  Q.$x(ix) = S0(ix). 

I f  w e  now deno te  b y  S t h e  z e r o - o r d e r  t e r m  of  t he  L a u r e n t  e x p a n s i o n  of  the  funct ion  S~ (ix) at  the  
po in t  ~ = 0 ,  t hen  S E So and Q.S = $o. Th i s  p r o v e s  t he  c o r o l l a r y .  

§ 5 .  P r o o f  o f  T h e o r e m s  3 . 2  a n d  1 . 3  

I f  a f i l t r a t i o n  {Mn} is g iven  in a D - m o d u l e  M, t h e n  we have  the  s e q u e n c e  of n u m b e r s  a n = d i m  Mn.  
We s h a l l  p r e s e n t  s e v e r a l  s i m p l e  a s s e r t i o n s  r e g a r d i n g  such  s e q u e n c e s .  

Def in i t ion  5 .1 .  1) We deno te  b y  II t he  s e t  o f  n o n d e c r e a s i n g  s e q u e n c e s  a = (a0, a l ,  . . . .  an  . . . .  ) of  
n o n n e g a t i v e  r ~ m b e r s .  

2) I f  a ,  b E l I ,  t hen  a -- b m e a n s  tha t  a n  -> bn fo r  a l l  n.  

3) I f a  E II,  t hen  we de f ine  t he  s e q u e n c e  oa  by  (aa)n  = a0 + • • • + an .  

4) I f  a ,  b E If,  t hen  we de f ine  t he  s e q u e n c e  a * b b y  

(a • b)~ = ao (b, - -  b~-0 A- a~ (b=_~ - -  b~_s) q- ... q- a,,bo = bo (a,~ - -  a,_ 0 q- . . . .q-  b,~ao. 

It  i s  e a s y  to v e r i f y  t h e  fo l lowing  a s s e r t i o n .  

L E M M A 5 . 1 .  1) I f a ,  b ,  c E I l ,  a - - - b ,  t h e n a a  > - a b , a * e  > - b * c .  

2) I f a  n i s  a p o l y n o m i a l  fo r  l a r g e  n wi th  an  = ( e / d ! )  n d + o(nd),  t hen  (qa) i s  a p o l y n o m i a l  f o r  l a r g e  n 
w i th  (aa)n  = ( e / (d  + 1) !)n d+i + o(nd+l) .  

3) I f a  n - ( e / d ! ) n  d + o(nd),  bn - ( k / m ! ) n  m + o (nm) ,  t hen  (a * b) n -< ( k e / ( d  + m) !)n d+m + o(nd+m).  

We s h a l l  now p r o v e  s e v e r a l  f a c t s  r e g a r d i n g  f i l t r a t i o n s  o f  a D - m o d u l e  M. 

P r o p o s i t i o n  5 .2 ,  L e t  M b e  a D ( K ) - m o d u l e ,  and  le t  d -> 0, e > 0 be  i n t e g e r s .  Then  the  fo l lowing  c o n d i -  
t i o n s  a r e  e q u i v a l e n t .  

1) 
d(L)  = d 

2) 

3) 

a) 

b) 
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M h a s  a coun tab le  b a s i s  o v e r  K and  fo r  any  f i n i t e l y  g e n e r a t e d  s u b m o d u l e  L ~ M e i t h e r  d(L) < d,  o r  
and  e(L) ~ e .  

The  m o d u l e  M a d m i t s  a (d,  e ) - f i l t r a t i o n .  

In  t h e  m o d u l e  M t h e r e  e x i s t s  a f i l t r a t i o n  {MN~such tha t  

D~M'~ ~ Mn+i, U M n = M,  

i f  we  s e t  a n = d i m  M n,  t hen  fo r  s o m e  k we  have  (aka) n -< ( e / (d  + k) !)tad +k + o(nd+k). 



P r o o f .  2) ~ 3) . O b v i o u s .  

3) ~ i) . L e t  L be  a D - s u b m o d u l e  in M, and let  f t ,  . . . .  f s  E M m b e  i t s  g e n e r a t o r s .  Then  dL(n) -- 
a n + m .  If  we se t  bn = dL(n  - m) (bn = 0 f o r  n < m) ,  then  b n <- an .  It i s  c l e a r  t ha t  bn is a p o l y n o m i a l  in n 
fo r  l a r g e  n and b n = (d(L)/ 'd(L) !)nd(L) + o(nd(L)) .  T h e r e f o r e  

(~kb)n = (e (L)/(d (L) -q- k)!) nd( r')~ -}- o (rid(L) +~) ~ (~a),~ ~ (e/(d + k)!) n ~÷~ -]- o (n~+k). 

Thus ,  d(L) < d o r  d(L) = d,  e(L) -- e .  

l) ~ 2 ) .  L e t f l , f  2 . . . .  be  a b a s i s  fo r  M. We s e t  r(n) = ( e / d ! ) n  d + n d - i / 2 .  It fo l lows f r o m  the  h y p o -  
t h e s i s  t ha t  f o r  e ach  i t h e r e  e x i s t s  a n a t u r a l  n u m b e r  s(i)  such  tha t  d i m  Dn0el . . . . .  f i )  <-- r(n) f o r  a l l  n -> s ( i ) .  

o o  

We i n t r o d u c e  in t he  modu le  M the  f i l t r a t i o n  M n = ~, D"-'(~)[~ and show tha t  d i m  M n -<- r(n) f o r  a l l  n .  

F o r  t h i s  i t  s u f f i c e s  to  show tha t  d i m  D'~-'(~)[~ ~ r (n) f o r  a l l  n and  m.  

We c a r r y  out t h e  p r o o f  b y  induc t ion  on m .  F o r  n -> s(m) we have  

dim ~ D~-':~)I~ ~<dim Dn(l~ . . . . .  1,,) <~r(n).  
i = I  

F o r  n < s(m) we have  
Vii--1 

dim D~-8(¢)]i = dim ~_~ Dn-S(¢)]i, 
i ~ l  i ~ l  

w h e r e  the  r i g h t  s i de  i s  no g r e a t e r  than  r(n) by  the  i nduc t ion  h y p o t h e s i s .  T h u s ,  we have  c o n s t r u c t e d  a (d, e ) -  
f i l t r a t i o n  of  the  modu le  M, i . e . ,  we have  p r o v e d  the  i m p l i c a t i o n  i ) ~  2) . Th i s  c o m p l e t e s  t h e  p r o o f  of  P r o p -  
o s i t i o n  5.2.  

P r o o f  of  T h e o r e m  3.2,  P a r t  1). We d e c o m p o s e  the  m a p p i n g  A: X -~ Y into a p r o d u c t  o f  t he  m a p p i n g s  
Ai :  X - - -  X + Y , A 2 :  X + Y - -  X + Y a n d A 3 :  X + Y - - - Y , w h e r e A i ( x )  = (x, 0 ) , A 2 ( x , y )  = ( x , y  + A x )  and 
A3(x, y) = y.  I t  is  su f f i c i en t  to  p r o v e  t h e  t h e o r e m  fo r  A t, A 2, and A 3 s e p a r a t e l y .  

1. The  Mapp ing  A~. It is  p o s s i b l e  to  d e c o m p o s e  t h e  m a p p i n g  A t into a c o m p o s i t i o n  of i m b e d d i n g s  of  
the  f o r m  B: Z ~ T,  w h e r e  B i s  a l i n e a r  i m b e d d i n g  o f  c o d i m e n s i o n  1. 

On T we i n t r o d u c e  c o o r d i n a t e s  t ,  z l ,  . . . ,  ZN in such  a way  tha t  t he  equa t ion  t = 0 s p e c i f i e s  the  s p a c e  

Z ~ T .  

Le t  M be a D T - m o d u l e  wi th  a (d, e ) - f i l t r a t i o n  [Mn}. Then  b y  de f i n i t i on  3.1 B*M = M/ ' tM. 

We Set L = [ f E M I f o r s o m e n t n ]  = 0}. L i s  a D W - s u b m o d u l e o f M ,  s i n c e i f  ~ D ~ , t h e n  
t , , * ~  / = ~ t n / -~  O .  

L E M M A  5.3.  Suppose  t h e r e  is  g iven  a D l - m o d u l e  L (he re  D i = Ki t ,  Of 0t]) such  tha t  fo r  e a c h f  E L 
tn f  = 0 fo r  l a r g e  n.  Then  t L  = L .  

P r o o f .  L e t f  E L .  We s e t  L i = D t ( t n - t f  . . . . .  t n - i f ) ,  w h e r e  t n f  = 0. Then  0 = L0C L l ~  . . . ~  Ln,  
a n d f  E L n, It i s  su f f i c i en t  to p r o v e  tha t  fo r  e a c h  modu le  ~ i  = L i / L i - l  the  e q u a l i t y  t L i  = Li  i s  s a t i s f i e d .  

The  modu le  Li  i s  g e n e r a t e d  b y  one  g e n e r a t o r  g (equal  to  the  i m a g e  of  t n - i f )  such  tha t  t g  = 0; t h i s  
m e a n s  tha t  t he  e l e m e n t s  (0/0t)Jg  f o r m  a b a s i s  in ~i"  M o r e o v e r ,  t (0 /0 t ) Jg  = - j ( 0 / o t ) J - l g ,  i . e . ,  ~ i  = L i -  
Th is  c o m p l e t e s  the  p r o o f  of  t h e  l e m m a .  

We r e t u r n  to  t h e  p r o o f  of  T h e o r e m  3 .2 .  We have  shown tha t  t L  = L .  T h e r e f o r e ,  i f  we se t  M0 -~ M / L ,  
then  B* M0 = M0/tM0 = M / ( t M  + L) = B*M. R e p l a c i n g  the  modu le  M by  M0, we m a y  a s s u m e  tha t  t f ~  0 fo r  
any  n o n z e r o  e l e m e n t f  E M. 

In the  m o d u l e  B*M we i n t r o d u c e  the  f i l t r a t i o n  B*M n = M n / M  n N tM and we le t  an  = d i m  B * M  n. Then 
a n = d i m  M n - d i m ( M n / M  n N tM) -< d i m  M n - d i m  M n-1.  Th i s  m e a n s  tha t  (aa) n -< d i m  M n <-- (e / ' d ! )n  d + o(nd).  
F r o m  P r o p o s i t i o n  5.2 i t  fo l lows tha t  t h e  m o d u l e  B*M p o s s e s s e s  a (d - 1, e ) - f i l t r a t i o n .  

2, The  Mapp ing  A~. Le t  M be  a D x + y - m o d u l e  wi th  a (d, e ) - f i l t r a t i o n  [Mn~. The  m o d u l e  A~M is  i s o -  
m o r p h i c  to  M a s  a l i n e a r  s p a c e .  It i s  e a s y  to  v e r i f y  tha t  the  f i l t r a t i o n  A~M n = Mq n i s  a (d, e: • qdimX+dimY) - 

f i l t r a t i o n  of  the  modu le  A~M. 
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We r e m a r k  that for  q > 1 the es t imate  q dimx+dimY can be made more  prec ise  by using the special  
fo rm of the mapping A s. 

3. The Mapping A S. It is possible to decompose the mapping A 3 into a composition of project ions B: 
T - -  Z, where Z is a subspace of T of codimension 1. 

Let t be the coordinate on T such that the equation t = 0 spec i f ies  the subspace Z. Then for  any D Z- 

module M B*M = K[t] @ M. If in M there  is the (d, e) "fi l trat ion [Mn[, then we set B*M ~ ~, t ~ ® M ~-i 

Then (dim B*Mn) = a(dim Mn), i .e. ,  B*Mn is a ( d  + 1, e)-f i l t rat ion of the module B*M. This completes  the 
proof  of par t  1) of Theorem 3.2. 

The proof  of part  2) of Theorem 3.2 is s imi l a r  to that of par t  1). 

We now prove par t  3) of Theorem 3.2. We consider  the space X × X and the diagonal mapping A : 
X--XxX. 

In the space M~ ® Ms it is possible to introduce the structure of a D X x X -m°dule in a natural way. 
K 

In this module we define a filtration (M~ ® M2) ~ = ~ ,  M~ ® M~ -f . Then dim (M l @ M2)n = (dim M~)* 
i=~0 

(dim M~), i .e . ,  M I ® M z admits a (d 1 + d2, eie2)-filtration. 

It is easy to ver i fy  that M, [ ]  Mz = A ~ (M~ ® Ms). Therefore ,  par t  3) follows f rom part  1). 

Proof  of Theorem 1.3. We will c a r r y  out the proof  by induction on N; we may assume that for  any 
module L over  the r ing DN_ 1 ei ther  L = 0 or  d(L) -> N - 1. 

We assume that there  exists a nonzero finitely generated DN(K)-module M such that d(M) < N and 
a r r ive  at a contradict ion.  

If~,  is a field containing K, then for  the module M~ = M ® / ~  over  the r ing DN(K) = DN (K) ® K" 
K K 

we have M~ # 0 and d(MK) = d(M) < N. Therefore ,  replacing the field K by K it can be assumed that the 
field K is uncountable and algebraical ly closed.  

We let t denote tl~e last coordinate x N. 

LEMMA 5,4.* The opera tor  t in the module M has a nontrivlal  spect rum,  i .e. ,  for  some a E K the 
opera tor  (t - a) is not invertible.  

Proof.  If  for all  c~ E K the opera tor  (t - a) is invertible, then we obtain a homomorphism of the field 
of rat ional  functions K(t) into the opera tors  on the linear space M over  K. We c h o o s e r  E M , f  # 0, and a s -  
sign to each element Q E K(t) the element of Q.f E M. 

We note that K(t) has uncountable dimension over  K (since elements of  the form ( t - a )  - i  a re  l inearly 
independent). Since M has countable dimension over  K, it follows that for some Q E K(t) we have Q f  = o. 
But t h e n f  = Q-1Q] = 0 which contradicts  the choice o f f .  

F rom the lemma just proved it follows that there  are  two possible cases .  

a) For  s o m e ~ E K ( t - ~ )  M *  M a n d K e r ( t - ~ )  = 0. 

b) For  some a E K K e r ( t - a )  ~ 0. 

We consider  both possibi l i t ies .  

a) We consider  the DN_l-module M = M/(t - ~) M and introduce in it the fi l tration ~In = MnfM n fl (t - 
~) M. Then dim ~ n  _< dim M n - dim M n-1 = an. Since an is a polynomial in n of degree less than N - 1, 
it follows that for any finitely generated DN_l-module L ~  M we have d(L) < N - 1. F rom the induction 
hypothesis it follows that ~I = 0, i.e., (t - cz) M = M. 

*The proof  of this lemma coincides almost  exactly with a proof  of Hilbert,s Nullste!lensatz sent to me by 
M. Novodvorskii.  (Hilbert 's  Nullstellensatz can be formulated as follows: the f ac to r  r ing of the r ing of 
polynomials C [xp . . . ,  XN] by a maximal ideal is isomorphic to the field C.) 
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b) Making the change (t - a) --- t,  it can be assumed that Ker  t ;~ 0. Replacing M by the submodule 
L = {f  E M I tnf  = 0 for large n~, it can be assumed that for a l l f  E M t n f  = 0 for large n. 

We shall prove that the opera tor  (0/at - ~) has a t r ivial  kernel  on M for any ot E K. 

indeed, let ( o )  ( 0 )  t~(o  a) j=nt~_l /=O,i .e . , tn_l f  = O. D y - - a  / = 0  a n d t n f =  O. Then -ST - a  t~]-- -~7 

Continuing this argument ,  we find that t n - ~  = . . .  = t f  = f = 0. 

( 0 )  0 L e t o b e a n a u t ° m ° r p h i s m ° f t h e r i n g D N g i v e n b y o ( x i ) = x i ,  0 ~ =-g~-= ( ~ = t ,  . , N - - t ) , p ( t ) =  

0-7-' p = -- t . We cons ider  the DN-module Mp which is obtained f rom the module M by means of this 

automorphism.  It is c lear  that d(Mp) = d(M) < N and that in the module Mp Ker (t - o~) = 0 for  all ~ E K. 
By Lemma 5.4 (t - a) Mp ~ Mp for some a E K, and we again re turn  to case a). This completes the proof  
of Theorem 1.3. 

Remark .  Theorem 1.3 is a simple consequence of the hypothesis on the "integrabili ty of c h a r a c t e r -  
i s t ics"  formulated in [6]. Moreover ,  the method of proof is c lose ly  related to methods of [8]. 
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