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0. Let G be a l inear semisimple  algebraic  group on C; we assume that it is connected and simply 
connected. Let B be some Borel subgroup of the group G, X = G/B the fundamental project ive space of the 
group G. There  a re  two ways of approaching the study of homology proper t ies  of the space X. The first  
(see Sec. 1) sees the homology spaces  H.(X, Z) endowed with the basis  {Sw~ (w E W), where W is the Weyl 
group of the group G. The second (see Sec. 2) sees the cohomology ring H*(X, Q) identified with the factor  
ring P = P / J  of the r ing of polynomials P on the Lie algebra I} of the maximal torus H ~ G by the ideal 
J ~  P, generated by the W-invariant  polynomials without a free t e rm.  In this note we establish the relation 
between these two approaches (Theorems 4, 6) and also descr ibe  the the action of the group W on H.(X, Z) 
through the basis  ~Sw~ (Theorem 8). tn Sec. 5 we explain the geometr ica l  ideal behind the operations intro- 
duced in Sec. 3 in t e rms  of the r ing of correspondences  of the space X (Theorem 9). 

1. Homologies of X. Fix a Borel subgroup B ~ G. It is known [1] that X = G / B  is a complete nonsing- 
u la r  a lgebraic  manifold. Let H ~ B be the maximal torus of G, N a unipotent radical of B, and N_ the uni- 
potent subgroup "opposed" to N. Let $ be the Lie algebra of the group G, ~ the subalgebra corresponding 
to H~ 9" the dual space of ~, L ,  the sys tem of roots of ~ in g, A+ the set of all positive roots ordered ac-  
cording to our  choice of B, and let X be the set of simple roots.  For  each root 7 E A we denote by H 7 E 1~ 
the element such that z (H~) = 2 (x, '~)/(v, V) for all X E ~*. Here ( ,)  is the sca la r  product on ~*, defined by 
the Killing form of the a lgebra  $. If 7 E L+, then a7 is the element of the Weyl group W of the group G 
which is the reflection in I~* relative to the plane orthogonal to 7.  For  each w E W deno teby / (w)  the least 
number  of factors  in the decomposition w = %: . . . ~  (~ ~ ~). The decomposit ion for which l =/(w) is 
called the reduced decomposit ion.  If  we put Nw = N N w N w -1, tl~en Nw is the unipotent subgroup of dimen- 
sion l(w). 

Choose a maximal  compact  subgroup K ~ G such that T = K r3 H is a maximal t o m s  in K. Then (see 
[1]) the natural map K/T ~ X is a homeomorphism.  W acts on K/T,  by acting in fact on H*(X) and H*(X). 

THEOREM 1. (See [1]). Let x 0 E X be the image of e E G. The open-closed submanifolds Xw = 
Nwx 0 (w E W) give a part i t ion of X into N-orbi ts .  The natural  map Nw ~ Xw(n ~ nwx 0) i s  an i somorphism 
of algebraic manifolds. 

Suppose "~w is the c losure  of Xw in X, [Xw] E H2/{w)(.~w, Z) the fundamental cycle of the complex al-  
gebraic manifold -~w and Sw E H2I(w)(X, Z) the image of [~w] under the map induced by the natural inclusion 
X~, ~ X. 

THEOREM 2. (Bott [2]). The elements Sw form a free basis  in H,(X, Z). 

2. Cohomologies of X. Let* Z ~ bz and 0 = exp × be the cha rac t e r  of the group H. If we extend 6 
on B by putting 0(n) = 1 for n E N, then we specify a one-dimensional  representat ion of the group B. Since 
G ~ X is a principal  bundle space with group B, 0 defines a one-dimensional  vec tor  fiber E~( on X. Sup- 
pose c X E H2(X, Z) is the first  Chern class of E X. If we put ~I(X) cx, we get the i somorphism ~r I : ~ 
H2(X, Z) see [3]. Let P = S(I~ ® Ql be the algebra of polynomial functions on ~ with rational coefficients. 
The i somorphism a 1 extends naturally to the homomorphism of rings a :  P ~ H*(X, Q). 

t)z is the lattice in t)*, generated by the fundamental. 
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Extend the  a c t i o n  of  W f r o m  ~* to P ,  and deno te  by  I the  s u b r i n g  of  W - i n v a r i a n t  e l e n e n t s  in P.  Let  

THEOREM 3.  (See [3]). 1) The h o m o m o r p h i s m  ot is  c o m p a t i b l e  with the  a c t i o n  of  W on P and H*(X, 
Q). 2) K e r  ~ = J and ~,: P / J  --- H*(X, Q) is an i s o m o r p h i s m .  

We wi l l  iden t i fy  H*(X, Q) wi th  P = P / J .  

3.  The  I n t e g r a t i o n  F o r m u l a .  In S e c s .  1 and 2 we exp l a ined  the two ways  of d e s c r i b i n g  the h o m o l o g i -  
c a l  s t r u c t u r e  of  the  s p a c e  X. In the  f i r s t  c a s e  we in t roduced  the  b a s i s  (Sw~ into H*(X, Z),  and in the  second  
we iden t i f i ed  H*(X, Q) wi th  the  r i n g  P = p / j .  We now e s t a b l i s h  the  r e l a t i o n  b e t w e e n  t h e s e  two a p p r o a c h e s .  

Le t  (P~)wew be  the  b a s i s  in P ,  dua l  to the  b a s i s  s w f r o m  the  S c h u b e r t  c e l l s .  

T H E O R E M  4. Le t  w 0 EW be  the un ique  e l e m e n t  of  m a x i m a l  l e n g t h / ( w  0) = d i m  N = r .  Then  Pw 0 = 
p r / r !  (mod J) (p is  the  h a l f - s u m  of  the  p o s i t i v e  roots} .  

To c a l c u l a t e  the  e l e m e n t s  Pw for  o t h e r  w EW we c o n s t r u c t  fo r  e ach  r o o t  7 E A the  o p e r a t o r  AT:  P 
P ,  b y  pu t t ing  .4~/= (1 - %])/~ ~ p f o r !  E P. The  o p e r a t o r s  A ~ / h a v e  the  fo l lowing  p r o p e r t i e s .  

THEOREM 5. 1) A T ( J  ) ~ J .  2) Le t  ~o=%,. . .~t  (.~i ~ z).  I f  l(w) < l ,  then  A~i..A~I=O. If  I(w) = l ,  then  
the o p e r a t o r  A~ = A~,....4~ depends  only on w but  not  on the  r e d u c e d  d e c o m p o s i t i o n  of w. 

P r o p e r t y  1) e n s u r e s  tha t  the  o p e r a t o r s  Aw s p e c i f y  the  o p e r a t o r s  ,~w: P - -  P.  

THEOREM 6. P~ -- ~_,~° P~°. 

B. Kos t an t  had  p r e v i o u s l y  c a l c u l a t e d  the  e l e m e n t s  Pw by a n o t h e r  me thod .  

The e l e m e n t s  Sw can  be  d e s c r i b e d  s i m i l a r l y .  To do so ,  we c o n s i d e r  a r i n g  S of d i f f e r e n t i a l  o p e r a t o r s  
on ~ with  c o n s t a n t  r a t i o n a l  c o e f f i c i e n t s ,  and we i n t r o d u c e  and n o n d e g e n e r a t e  p r o d u c t  P × S - -  Q, b y  pu t t ing  
<D,/> = D/(0) . Each  e l e m e n t  s w s p e c i f i e s  a l i n e a r  func t iona l  on P to which t h e r e  c o r r e s p o n d s  a d i f f e r e n t i a l  
o p e r a t o r  Dw E S of  d e g r e e / ( w ) .  Le t  Fw: S --* S be  the  l i n e a r  t r a n s f o r m a t i o n  con juga te  to Aw with r e s p e c t  
to  the  p r o d u c t  ( , ) .  

THEOREM 6 ' .  D w = Fw.  
-f 

Le t  w~, w 2 ~ w ,  ~ a +  . If  ~o, =%w~, and l(wl)=l(~l,~)~-'I , t hen  we wi l l  w r i t e  w,-.w~. 

THEOREM 7. 1) Le t  w ~ w ,  l (w)=l  and z~ ..... Z ~ } .  Then  Dw(Z,...Z~) =~,Z,(H~,)...Z~(H~z), w h e r e  the  

~' ~' ~ = w - ' .  2) Le t  X E ~ .  Then  the  c o m m u t a t o r  of  D w with  the  m u l t i p l i -  s u m  runs  o v e r  a l l  cha ins  e-~ w, -* . . . .  ~"l 

c a t i on  o p e r a t o r  on X is  s p e c i f i e d  by  the  f o r m u l a  [D o, Z] = ~, ,  w'z(Hx)Dw, (the s u m  runs  o v e r  a l l  ~ '_,  ~ w) 

4. Ac t ion  of  the  W e y l  Group .  F i n a l l y ,  i t  is  e a s y  to d e s c r i b e  the  a c t i o n  of  W on H*(X, Q), if  we u s e  the  
i s o m o r p h i s m  ~ : p / j  --, H*(X, Q) f r o m  T h e o r e m  3. The  q u e s t i o n  of how to d e s c r i b e  the  a c t i o n  of  W on the  
b a s i s  {s w} in H , ( X ,  Z) is  i n t e r e s t i n g ,  h o w e v e r .  

T H E O R E M 8 .  Le t  ~ , w ~ W .  Then %s =- -%, .  i f  l(wz~)=l(w)--t, and % s ~ = - - s ~ ÷  ~ w'~(H.~)~. 

(the s u m  runs  o v e r  w' ~ ~:~ ) i f  / C~:~) = 1 (w) ÷ I. 

5. The  Ring of  C o r r e s p o n d e n c e s .  In  p a r a g r a p h  3 we c o n s t r u c t e d  o p e r a t o r s  "~w: H*(X, Q) -~ t t * ( x ,  
Q). Now we sha l l  g ive  a g e o m e t r i c a l  r e a l i z a t i o n  of  t h e s e  o p e r a t o r s .  Suppose  Y = X x X. F o r  each  w E W 
we put  Yw = {(gB,  gwB)}~ Y. The  s e t s  Yw s p e c i f y  a p a r t i t i o n  Of Y into o r b i t s  wi th  r e s p e c t  to the  ac t i on  of  
G. M o r e o v e r ,  d i m  Yw = d i m  X + l ( w ) .  Each  mani fo ld  Yw s p e c i f i e s  an o p e r a t o r  Yw: H*(X ,Q)  --* H*(X, Q), 
which  l o w e r s  the  d e g r e e  by 2l (w); to  app ly  the  c o n s t r u c t i o n  d e s c r i b e d  in [4] one m u s t  be  the  Po inca r~  d u -  
a l i t y  on Y).  

THEOREM 9. 1) Yw = '~w. 2) The  o p e r a t o r s  yw(w E W) and the m u l t i p l i c a t i o n  o p e r a t o r s  on a ( ~  E Z) 
g e n e r a t e  the  a l g e b r  a of a l l  o p e r a t o r s  in H*(X, Q}. 

w e  wish  to  note  t ha t ,  a s  the  e x a m p l e  of  GLn i n d i c a t e s ,  the  r e s u l t s  of S e c s .  4 and 5 a r e  i n t i m a t e l y  r e -  
la ted with the  f in i te  g roup  r e p r e s e n t a t i o n  t h e o r y  of  Cheva l l ey .  

In  c o n c l u s i o n  we wish  to  thank B. Kos t an t  who d r e w  o u r  a t t en t i on  to  t h e s e  ques t i ons  and c o m m u n i c a t e d  
h i s  r e s u l t s  to us .  
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