
BRIEF COMMUNICATIONS 

D I M E N S I O N  O F  C O M M U T A T I V E  S U B R I N G S  I N  R n ,  k 

I .  N .  B e r n s h t e i n  

The r ing  Rn, k was  in t roduced  in [1]. This  r ing  is an a lgeb ra  o v e r  a f ield K of c h a r a c t e r i s t i c  0 with 
g e n e r a t o r s  Pl, • • -, Pn, ql . . . .  , qn, xl . . . .  , Xk and defining r e l a t ions  

[Pi, P/] = [ql, qi] = [Pi, x i]  = [qi, x i]  = [xi,  x i] = O, [Pi, qi] = ~ii .  

The pu rpose  of the p r e s e n t  a r t i c l e  is to p rove  the fol lowing t h e o r e m .  

THEOREM 1. If A C  R n , k  is  a c om m uta t i ve  subr ing  (always c o n s i d e r e d  o v e r  a f ield K), then 
d i m A  -<n + k .  

H e r e  the t e r m  d imens ion  is used as  in [1]. In o r d e r  to p r o v e  the t h e o r e m  we wil l  in t roduce  an o th e r  
def ini t ion of d im  A: Namely ,  we in t roduce  the i n c r e a s i n g  f i l t e r  K = L ° C L t ~ . . .  C L t C . • • in Rn,k, 
w h e r e  L t is the se t  of e l emen t s  in Rn, k that  can be r e p r e s e n t e d  in the f o r m  of po lynomia l s  of d e g r e e  - t in 

Pi '  qi, and xj. 

Le t  a(t, A) = dimK(A N Lt), and se t  

dim A = li-~ In a (t, A) 
t--,~ In t 

It is  e a s y  to see  that  the d i m e n s i o n  in o u r  c a s e  is no l e s s  than the d imens ion  as  def ined in [1], so  we can 
p r o v e  T h e o r e m  1 f o r  ou r  def ini t ion.  As  a m a t t e r  of fact ,  we wil l  p r o v e  a somewha t  s t r o n g e r  t h e o r e m :  

THEOREM 2. If A C Rn, k is a c o m m u t a t i v e  subr ing ,  then a (t, A) <- C t 
• t+n+k" 

P r o o f .  C o n s i d e r  the a s s o c i a t e d  g radua ted  r ing  g r  = ~ gr t f o r  Rn, k with r e s p e c t  to the f i l t e r  L t .  
t=0  

H e r e  g r  t = L t / L  t-1 . It is e a s y  to show that  L t • L s C L t+s and [L t, L s ] C  Lt+s-2([L t, L s] is the l i nea r  space  
g e n e r a t e d  by the  e l e m e n t s  [a, b], w h e r e  aE L t, b E LS). Thus ,  in g r  we can  in t roduce  a mul t ip l ica t ion  and 
P o i s s o n  b r a c k e t s  [,] so  that  g r  s - g r  s+t C g r  s+t and [gr  s, g r  t ] C g r  s+t-2.  It was  shown in [1] tha t  g r  is a r ing  of  p o l y -  
nomia l s  in Pi, qi, and xj. With r e s p e c t  to [,], g r  is a L ie  a lgebra ,  w h e r e  [Pi,Pj] = [qi,qj] = 0, [Pi,qj] = dij, and x i b e -  
l o n g s t o t h e  cen t e r .  It is e a s y  to show tha t  the Le ibni tz  f o r m u l a  lab, c] =a[b,  c] + b[a,  c] holds .  W i t h e a c h  e l e -  
men t  rE  Rn, k we a s s o c i a t e  the homogeneous  e l emen t  [r] in g r  a s f o l l o w s :  If rE  L t and r f¢ L t - l ,  then f o r  
[r] E g r  t we take  the image  of r u n d e r  the f a c t o r i z a t i o n  L t - - g r t .  Le t  [A] denote  the  l i n e a r  space  gene ra t ed  
by  the e l e m e n t s  [a], w h e r e  a6  A.  Then  [A] is a subr ing ,  i ts  e l e m e n t s  c o m m u t e  with r e s p e c t  to P o i s s o n  
b r a c k e t s  (s ince a la  z = a2a I impl i e s  tha t  [[at], [a2] ] = 0), and 

a(t, [AI)=  dim ([.J gr ~ f'l [A]) = ~, dim (gr i [-} lAD 

= ~, [dim (L i p A) - -d im(U - t  N A)I = a ( t ,  A ) .  

It  is  t h e r e f o r e  suf f ic ien t  to show tha t  if B is a subr ing  in g r  tha t  is  c o m m u t a t i v e  with r e s p e c t  to P o i s s o n  
b r a c k e t s ,  then a(t, B) t -< Ct+n+ k. 

We wil l  t r e a t  g r  as  a r ing  of  po lynomia l s  o v e r  the l i n e a r  space  M (conjugate to the  space  {Pi, qi, xj}). 

T r a n s l a t e d  f r o m  Funkts iona l ,ny i  Anal iz  i Ego  P r i lozhen iya ,  Vol. 1, No. 4, pp.  79-81,  O c t o b e r -  
D e c e m b e r ,  1967. Original  a r t i c l e  submi t ted  June  16, 1967. 
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LEMMA i. If P, Q E gr, c~ E M, then the value of [P, Q] at the point ~ depends only on the linear terms 

OR aR 
d P ( ~ )  and dQ(~)  at  th is  point  (for R Egr we let  dR denote the di f ferent ia l  f o r m  dR = ~ 5-~dp~ + '~,~dq~ 

~ x / , . ~ /  . [P, Q](~)  is a s k e w - s y m m e t r i c  2 - f o r m  of v e c t o r s  dP (~ )  and dQ(~)  of the space  M_~ (which is 

the co tangent  space  a t  the  point  cx). 

P r o o f .  We have  

PtandQx are lir~ar mrms at ~, P = P ( c 0 + P t + P I  , where 
Q .= Q (¢t) + Qt + Qs P~andlQ s have a first-order zeroth. 

[P, Q l ( a )  does  not depend on the  cons tan t s  P ( a )  and Q ( a ) ,  n o r  on Pz and Q2, s ince  P2 (Q2) can be r e p r e -  

sented in the f o r m  P2 = ~YiZ~. , w h e r e  Y i ( a )  = Z i ( a )  = 0, and then f o r  any RE g r  

tv~, R] (~) = Y [z,, R1 (~) Y, (~) +Y,  iv,, ~] (~) z, (~) = 0 

The second p a r t  of the  l e m m a  is  obvious .  

Le t  T a denote the  f o r m  obta ined on M~.  Then Ta  (dp i, dq i) = - Tcx (dqi, dp i) = 1, and Ta is equal  to 0 
on the r ema in ing  p a i r s  of  b a s i s  v e c t o r s  dPi, dqi,  dx i. I ~  denotes  the subspaee  in 1 ~  defined by the  equa -  

t ion L~ = {db(a~bE B}. Then the form Ta degenerates on L~, since lot, b2] = 0 for bi, b 2 E B. Since the 

rank T~ is 2n, we have dim I~ -< n + k (this is fundamental to the proof). Theorem 2 is now an immediate 

consequence of the following lemma. 

LEMMA 2. Let R be a ring of polynomials over a linear space M(i.e., R = K[Y i ..... YN], where Yi 

are the coordinates in M), and let A be a subring of R, such that dim 4 - l for all a E M. Then 

a(t, A) -< C ~ + I .  

Proof___.~. We can a s s u m e  tha t  d i m I ~  = l f o r  s o m e  a E M, s ince  o t h e r w i s e  the l e m m a  would be r educed  

to the case  of a s m a l l e r  I. We take  cz f o r  the eoo rd ina t e  o r ig in ,  d im L0 A = l ,  so  we can  choose  gi . . . . .  g/EA, 

such that  dg i (0L dg2 (0) . . . .  , dg/(0)  a r e  l i nea r ly  independent .  Changing coo rd ina t e s  and sub t r ac t ing  the  a p p r o -  

p r i a t e  cons tan t s  f r o m  gi, we find that  dgi(0 ) = dYi, gi(0) = 0 (i - I). The condi t ion d im L ~  <- l is  equiva len t  to 

the condi t ion dal(*t)A , . .  Adat (~) A da~-1-i (~) = 0 fo r  a t , . . . ,  al  +t E A, a E M (here  A is the ou t e r  p r o -  

duct) .  Since this equa t ion  is  t r u e  f o r  al l  a E M, i t  is  t r u e  in the polynomial sense, i.e., the coef f i c i en t  of 

dye,~" k . . .  AdY~+x is  a po lynomia l  tha t  i s  iden t ica l ly  equal  to 0 f o r  any s e t  i t . . . .  , i / +  i . Le t  [r] with r ~R 

denote a homogeneous  po lynomia l  c o m p o s e d  of l o w e r - o r d e r  t e r m s  in r .  Then 

d~ A ~ A -.- A dal+1 = d [all A . . .  A d [az+, , ]  

-}- terms with htgher-degxee coefficients. 

Thus,  d[at] A . . -  /~ d ia l+l ]  = 0_for a t . . . .  , al+t_E A_. Le t  A denote the l i n e a r  space  gene ra t ed  by [a] with 
aEA.  It is  e a s y  to  see  that  a(t, A) - act, A). If a E A, then,  s ince  Yi = [g i lEA (i -< I ) ,  

dY~ A .. .  /X dY~ /X ~ -- V.. ~-~- dY~ A . . .  A dY, A dY, --0.  
~> l c~Yi 
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i .e . ,  0K/OYi = 0 fo r  i > l .  This  m e a n s  that  E is a po lynomia l  in Yl, • • . ,  Y l .  Since the n u m b e r  of p o l y n o m -  
i a l s  of l v a r i a b l e s  of deg ree  - < t is  C tt+l , we have a(t,  A) -< C~+/ , and a f o r t i o r i  a(t, A) - < C tt+l. This  c o m -  

p l e t e s  the proof  of T h e o r e m s  1 and 2. 

We can  s i m i l a r l y  p rove  

THEOREM 3. Let  L be a f in i te  d i m e n s i o n a l  Lie  a l g e b r a  o v e r  a f ie ld  K of c h a r a c t e r i s t i c  0. U(L) is  
an  a l g e b r a  con t a in ing  L, and A is  a c o m m u t a t i v e  sub r i ng  of U(L). Then  d im A --< n + k, w h e r e  k is  the c o -  
d i m e n s i o n  of the o r b i t s  of c o m m o n  pos i t i on  in  the r e p r e s e n t a t i o n  con juga te  to the a s s o c i a t e d  r e p r e s e n t a -  
t ion,  2n + k = dim L. 

L I T E R A T U R E  C I T E D  
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