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In this paper  we study modules over  the ring D of differential opera tors  with polynomial coefficients 
on the space R N. 

An example of such a module is tl~e space S' of general ized functions on R N. 

To eachD-module M with a finite number of generators  there corresponds  i t s  c a r r i e r  A(M) which is 
an algebraic submanifold in C N × C N*. In par t icular ,  to each general ized function ~ ~ S" there c o r r e s -  
ponds the manifold A(D(~)), where D(~) is the submodule of S' generated by the function g .  

The f irs t  chapter  is devoted to the study of the space S~ c S' ,  which consis ts  of general ized functions 
, for which dim (A(D(~)))~N. 

The main result  of this chapter is the proof  of the following theorem.  

THEOREM A o Let $ ~ S~. We set h '  = h (D ($ ) ) \C  ~' × 0 and denote by A and ~R the projections of the 
sets ~ '  and/~ '  f3 RN xRN* onto C N. Then 

a) d i m c ~  < dimR~ R < N. 

b) 3~ is a real analytic function of the set ~R.  

c) The function $~ has a continuation as a multivalued analytic function to the region c N \ ~ .  

d) The distinct branches of the function $ generate a f ini te-dimensional  l inear space.  

The proof  of Theorem A is based on the construct ion over the set c N \ ~  of a cer tain algebraic  bundle 
with an integrable connection, while the function $ is a coordinate of its flat section. 

IN the f i rs t  chapter it is also shown that the space S~ is a D-module and is invariant under Four ier  
t r ans form.  

In the second chapter the following theorem is proved.  

THEOREM B. Let f be a general ized function on the line lying in the space S' , .and let P be a poly-  
? 

nomial on RN with real coefficients.  Then the general ized function f ( P )  E So on R N. 

In g7 of Chapter 2 we use Theorem B to study the fundamental solutions of equations with constant 
coefficients.  In par t icular ,  we prove the following theorem. 

THEOREM C. Any linear differential operator  L with constant coefficients has a fundamental solu-  
tion ~r. lying in S~. 

COROLLARY. Assert ions a), b), c), and d) of Theorem A hold for the function Sr • 
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C H A P T E R  1 

M o d u l e s  O v e r  t h e  R i n g  o f  D i f f e r e n t i a l  O p e r a t o r s  a n d  t h e  S p a c e s  S~ 

1. The C a r r i e r  of a Module Over a Noncommutative Ring. The ring of differential operators  with 
polynomial coefficients is naturally considered as an example of a noncommutative fi l tered algebra.  We 
begin by studying a cer ta in  class of such a lgebras .  

Let D be an algebra with identity over  the field C and let 0 = D - i  ~ D o ~ . . .  ~ D n C ° . . be its fil-  
t ra t ion by subspaces with the following conditions satisfied: 

A0. (~ D ~ ~ D ,  

A1. D m •  D n ~  Din+n, 

A2. [D m, D n ] ¢  D m+n-1, 

A3. 1 E D °. 

For ~ED we set deg~ = min{nI~EDn } , deg 0 = -oo. We introduce the notation z(n) = Dn/D n-i and 

Z (n)-- Da/D ~-' a ~ = • Y,(~). 
t ~ 0  

In ~- a graded ring structure is introduced in a natural way (see [10]); • is then a commutative ring 
with identity. 

We will assume that the following conditions are satisfied: 

A4. ~- is a ring without zero divisors. 

A5. E is a finitely generated algebra over C. 

Definition 1.1. 1. If ~ D  thenby ~(~) we denote the element in )(n) (where n = deg~), which is 
the image of ~ under the mapping Dn -~ ~-(n); ~(0) -- 0. 

2. If L is a linear subspace of D, then by o(L) we denote the linear subspace of ~-, generated by the 
elements v(~) , where ~ L .  

Elements of the ring D we call operators; if ~ D ,  then the element ~(~)E~ we will call the sym- 
bol of the operator  ~. 

It is easy to verify the following lemma.  

LEMMA 1.1. 1. If  ~ ,  ~2ED,  then 

( ~  ~2) ---- ~ (~x) • g (~2)and deg ( ~ 2 )  = deg ~ .  -k deg ~ .  

2. If L is a left ideal in D, then q (L) is an ideal in Z. 

3. If  L is a finite-dimensional subspace of D, then dim L = dim (r(L). 

Definition 1.2. We denote by W the affine var ie ty  corresponding to the ring L (see [6]). As a set,  
W coincides with the set of maximal ideals of the ring ~-. 

Example. Let V be a linear space over C, DV the ring of differential opera tors  with polynomial co-  
efficients on V, I ~  the space of operators  of degree not g rea te r  than n. It is easy to ver i fy  that the ring 
D V satisfies conditions A0-A5, while ~ is canonically isomorphic to the ring of polynomial functions on 
W = V x V*,  and q is the usual  symbol of the operator .  
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Def in i t ion  1.3. 1. If M is  a D - m o d u l e , *  e I . . . . .  e s  E M, then  by  D(e I . . . . .  e s) we denote  the  D - s u b -  
modu le  of  M g e n e r a t e d  by  e p  . . . .  e s ,  and by  Dn(ep  . . . .  es) the  l i n e a r  s u b s p a c e  of  M (over  C),  g e n e r a t e d  by  
the e l e m e n t s  ~e~ , w h e r e  .~ E D'L 

2. The  D - f i l t r a t i o n  {M n} in  the D - m o d u l e  M we c a l l  tha t  f i l t r a t i o n  of  M by s u b s p a c e s  0 = M - f  ~ M°~  
c¢ 

• . . ~ M n c  . . . ,  fo r  which D m . M n ~  M m + n a n d  t J M ~ =34. 
n ~ 0  

3. Two D - f i l t r a t i o n s  {Mn} a n d ~ n }  of  the  D - m o d u l e  M wi l l  be  c a l l e d  equ iva l en t  i f  t h e r e  e x i s t s  a 
n u m b e r  k ,  such  tha t  M n ~  ~In  +k and M n c  M n+k  fo r  a l l  n . t  

LEMMA 1.2. I f  e!  . . . .  , eq a n d f i  . . . . .  f s  a r e  two s y s t e m s  of  g e n e r a t o r s  of the D - m o d u l e  M, then  
the D - ~ n ' ~  {Mn} = {Dn(e I . . . . .  eq)} and {~I n} = { D n ( f !  . . . . .  f s ) }  a r e  equ iva len t •  

P r o o f ,  We choose  k such  tha t  e l,  . 0 ", eq E ~Ik and  f l  . . . . .  f s  E M k. I t  i s  c l e a r  tha t  M n ~  ~ n + k  and 
~I n ~ M n÷k  fo r  a l l  n.  

Def in i t ion  1.4. If  e l, . ° . ,  e s  i s  any s y s t e m  of  g e n e r a t o r s  o f  the  D - m o d u l e  M, then  the D - f i l t r a t i o n  
{Mn} = {Dn(ei  . . . . .  es)} wi l l  b e  c a l l e d  s t a n d a r d .  I t  fo l lows f r o m  L e m m a  1.2 that  a l l  s t a n d a r d  f i l t r a t i o n s  
a r e  equ iva l en t .  

PROPOSITION 1.3. L e t  M be  a f i n i t e ly  g e n e r a t e d  D - m o d u l e ,  and  le t  L be  a D - s u b m o d u l e  of M. Then 

1) L is  a f i n i t e l y  g e n e r a t e d  D - m o d u l e .  

2) I f  {M n} i s  the  s t a n d a r d  f i l t r a t i o n  of  M, then the D - f i l t r a t i o n  {~n} = { a  n M n} is  equ iva l en t  to the 
s t a n d a r d  f i l t r a t i o n  {Ln}. 

COROLLARY.  D is  a N o e t h e r i a n  r i n g  ( see  [10]). 

P r o o f  of  the P r o p o s i t i o n .  We f i r s t  c o n s i d e r  the  c a s e  in which  M is  a f r e e  modu le  with b a s i s  e l . . . . .  e s .  

We put  M n = D n (e l ,  . . ; ,  es)  and c o n s i d e r  the L - m o d u l e  Mz : :  Q M~"~, w h e r e  M (n) = M n / M  n-1. We def ine  
t z ~ o  

the  mapp ing  a : M -~ M£ in ana logy  wi th  Def in i t ion  1.1. The  s p a c e  a(L)  is  a £ - m o d u l e .  S ince  the r i n g  £ 
i s  N o e t h e r i a n ,  i t  fo l lows tha t  a(L) c o n t a i n s  a f in i te  n u m b e r  of  g e n e r a t o r s  v i ,  which  can  be a s s u m e d  to be  
h o m o g e n e o u s  e l e m e n t s .  Le t  vi  = a(u i ) ,  u i E L.  

We wi l l  show tha t  any e l e m e n t  e E M n N L be longs  to Dn(ui) .  Suppose  tha t  th is  has  been  p r o v e d  for  

a l l  e E M n - I  N L.  We w r i t e  a(e) in  the f o r m  ~(e) = ~czv~, w h e r e  the  c i a r e  homogeneous  e l e m e n t s  of  ~- of  

N L and by  d e g r e e s  n - d e g  vi -< n. Le t  ~zED be  such  tha t  ~(~i)  =c~ Then  ~ z E D ' ~ , e ~ - ~ i u ~ E M  ~-~ , 

h y p o t h e s i s  e - ~ u ~  E D "-~ (uJ ; hence  eE D~(lz~) • The  a s s e r t i o n  of  the l e m m a  has  now been  p r o v e d  for  a 

f r e e  modu le  M, s i n c e  Dn(u i) ~ M n+k  f~ L,  w h e r e  k i s  the  m a x i m a l  d e g r e e  of  the  e l e m e n t s  u i .  

We now c o n s i d e r  an  a r b i t r a r y  D - m o d u l e  M and a s y s t e m  of g e n e r a t o r s  e 1 . . . . .  e s .  We deno te  by  
the f r e e  D - m o d u l e  wi th  g e n e r a t o r s  f l  . . . . .  f s  and by v the  m a p p i n g  v :  M --* M, g iven  by  the f o r m u l a  

v ( f i )  = e i .  L e t  L = v - t  (L) ~ M, let  ~i be the  g e n e r a t o r s  of  L, c h o s e n  in the  m a n n e r  i n d i c a t e d  above ,  and 
le t  ui = r(u~).  Then  ui  a r e  the  g e n e r a t o r s  of  L, and L n M n = r ( I~ n l~n) ~ T(~n) = L n. S ince  ui  ~ M k fo r  
s o m e  k,  i t  fo l lows  tha t  Ln ~ L N M n+k.  Th i s  c o m p l e t e s  ihe p r o o f  of  the p r o p o s i t i o n .  

Def in i t ion  1.5. Given  a s e t  of e l e m e n t s  e l ,  . . . .  e s  in the D - m o d u l e  M, we denote  by  Ann(e l ,  . . . .  e s) 
the  lef t  i d e a l  in D c o n s i s t i n g  of  t hose  o p e r a t o r s  ~ ,  such  tha t  ~ e ~ 0  fo r  a l l  i .  

PROPOSITION 1.4. Le t  the D - m o d u l e  M be  g e n e r a t e d  b y  the e l e m e n t s  e i . . . . .  e s ,  and le t  c be  a 
h o m o g e n e o u s  e l e m e n t  in  ~ .  Then  the  fo l lowing  cond i t ions  a r e  e q u i v a l e n t .  

1. c E rad~r(Ann(e  l . . . . .  e s ) ) . $  

2. I f  ~ E D  is  an  o p e r a t o r  such  tha t  ~(~))=~c and {M n} i s  the s t a n d a r d  f i l t r a t i o n  of  the  modu le  M, 
then  fo r  a l l  n ~)kM~ C M "+k~l~g~-q~k), w h e r e  q(k) g r o w s  unbounded ly  t o g e t h e r  wi th  k.  

*By  a D - m o d u l e  we  m e a n  a l e f t  u n i t a r y  D - m o d u l e .  
~ T h i s  concep t  is  an  e q u i v a l e n c e  r e l a t i o n  in  the  s e t  of  D - f i l t r a t i o n s  o f  the  modu le  M. 
$If  J i s  an  i d e a l  in  Z ,  then  r a d  J = {c E Z I for  s o m e  n c n  E J} .  
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P r o o f .  S ince  cond i t i on  2 does  not  depend  on the cho ice  of  s t a n d a r d  f i l t r a t i o n ,  we wi l l  a s s u m e  tha t  
M n = Dn(e l  . . . . .  e s) • 

Condi t ion  2 i s  e q u i v a l e n t  to  the  s t a t e m e n t  tha t  fo r  s o m e  k g)~M ~ ~ M  "+~a~'-~ fo r  a l l  n. T h e r e f o r e ,  
cond i t ion  2 depends  on ly  on ~ (.~)). 

1 ~ 2. L e t  c ~ r a d  o(Ann(e 1 . . . . .  e s ) ) .  

I t  i s  su f f i c i en t  to  v e r i f y  cond i t ion  2 for  the  e l e m e n t  cP fo r  s o m e  p .  We choose  p such  tha t  cP ~ a(Ann 
(e l,  • . . ,  e s ) ) ,  i . e . ,  cP = ~ ( ~ ) ,  w h e r e  ~EAnn(e~ . . . . .  es). 

L e t  e = ~ e ~ ,  w h e r e  ~ D  ~.  Then  

~)e = ~ e ;  = ~ [~,  ~1  e: E M " + ~ - L  

Thus ,  ~ M  ~ C: M~+de~£-'; i . e . ,  cP s a t i s f i e s  cond i t ion  2. 

2 ~ 1. L e t  c s a t i s f y  cond i t ion  2. We wi l l  show tha t  fo r  e ach  e l e m e n t  f E M i t  i s  p o s s i b l e  to c o n s t r u c t  
an  o p e r a t o r  ~ f ~ D ,  such  tha t  a) 50~. } ~= 0 ; b) ~(g)~) i s  the  d e g r e e  of  the e l e m e n t  c .  

I ndeed ,  l e t  ~ E D be  an e l e m e n t  such  tha t  ( ~ ( ~ ) - - c  , and le t  L f  = D ( f ) .  S ince  the  f i l t r a t i o n  {L}}  = 
{Lf  N M n} i s  equ iva l en t  to the  s t a n d a r d  one ,  i t  fo l lows  tha t  2 ~ f E D ~ " ' ( f )  fo r  s o m e  k; i . e . ,  ~ f  = "~'f, 
w h e r e  deg ~ '  ~ k • deg ~ .  I t  is  c l e a r  tha t  the o p e r a t o r  ~ a - -  ~ '  s a t i s f i e s  cond i t ions  a) and b) .  

We now c o n s i d e r  the  o p e r a t o r s  

50, = .~,,, ~ :  = ~ , ~ ,  " gJl . . . . .  ~ = "<YJ(~V~-~,) " ~ - 1 .  

Then  ~ ,  6 Ann (e~ . . . . .  e~), and  ~(~s)  i s  the  d e g r e e  of  the  e l e m e n t  c .  T h e r e f o r e ,  c E r a d  a ( A n n  (e 1 . . . . .  
e s ) ) .  

Def in i t ion  1.6. 1. F o r  any idea l  J in the  r i n g  Z we denote  by  Z(J) c W the s e t  of z e r o s  of  the  i d e a l  J 
( i . e . ,  the  s e t  of a l l  m a x i m a l  i d e a l s  in  Z ,  which  conta in  J ) .  

2. L e t  M be a f i n i t e l y  g e n e r a t e d  D - m o d u l e .  We put  J(M) = r a d  Or(Ann (e 1 . . . .  , es)) and A(M) = Z 
(a (Ann(e  l ,  . . . .  es))) = Z(J) ,  w h e r e  e 1 . . . . .  e s  i s  any  s y s t e m  of  g e n e r a t o r s  of  the modu le  M. 

I t  fo l lows  f r o m  P r o p o s i t i o n  1.4 tha t  J(M) and hence  A(M) a r e  i ndependen t  of  the  cho ice  of  s y s t e m  of  
g e n e r a t o r s .  Indeed ,  J(M) can  be  def ined  as  the  i d e a l  in  Z ,  g e n e r a t e d  by  h o m o g e n e o u s  e l e m e n t s  s a t i s f y i n g  
cond i t ion  2 of  P r o p o s i t i o n  1.4. 

LEMMA 1.5. I f  0 - - M  1 --~ M - - M ~  - - 0  is  an  e x a c t  s equence  of f i n i t e ly  g e n e r a t e d  D - m o d u l e s ,  then  
A (M) = A(M l) IJ A(M~) and J(M) = J (M i) r) j (M2).  

P r o o f .  I t  is  su f f i c i en t  to show tha t  J(M) = J(M 1) t~ J(M2). L e t  c be  a h o m o g e n e o u s  e l e m e n t  of  Z .  We 
choose  a s y s t e m  of  g e n e r a t o r s  e l ,  . . . .  e s in M and l e t  f l  . . . . .  f s  be  t h e i r  i m a g e s  in M 2. We in t roduce  
the s t a n d a r d  f i l t r a t i o n s  {Mn}, (Mn},  and  {M~}. I t  fo l lows i m m e d i a t e l y  f r o m  P r o p o s i t i o n s  1.3 and 1.4 tha t  
J(M) ~ J (M 1) t) J(M2). 

We now p r o v e  the r e v e r s e  i nc lu s ion .  L e t  c E J(M 1) t~ J(M2). T h e r e  e x i s t  a n u m b e r  p and an  o p e r a t o r  
50 6 Ann (f, . . . . .  t,), such  tha t  ~ (&) = cp . Then  g) (¢) E M~ , and s i n c e  ~ (50) E J (M1) , i t  fo l lows tha t  50k+, (e~) 

l~kdcg~--q(k)  (.,-- 1 ~_/~kdeg~--q'(k) w h e r e  q ' (k)  g r o w s  unboundedly ,  t o g e t h e r  wi th  k .  T h e r e f o r e ,  (~(~)=cPEJ(M) 
T h i s  m e a n s  tha t  c 6 J (M).  

82.  Beginn ing  in  t h i s  s e c t i o n ,  the  r i n g  D w i l l  be  a r i n g  of  d i f f e r e n t i a l  o p e r a t o r s  wi th  p o l y n o m i a l  c o -  
e f f i c i en t s  on an N - d i m e n s i o n a l  c o m p l e x  l i n e a r  s p a c e  V ( see  the  e x a m p l e  of  § 1). 

We fix a s y s t e m  of  c o o r d i n a t e s  x l , . . . ,  x N in V and a dual  s y s t e m  of  c o o r d i n a t e s  Yl, • • . ,  YN in V * .  

We deno te  b y  R the r i n g  of  p o l y n o m i a l  funct ions  on V and by  ~. the  r i n g  of  p o l y n o m i a l  funct ions  on 
V x V*(R  = C Ix I . . . . .  XN] , Z = C Ix 1 . . . . .  XN, Yt . . . . .  YN])- 

a / 8 \  ~ 
Each  o p e r a t o r  ~ 6 D  c a n  be  w r i t t e n  in a unique way  in  the  f o r m  ~ = ~ca~  (50)x [ ~ )  , w h e r e  

= ( i l ,  • iN), fl (Jl, • . ,  iN),  c a ~  6 C ,  x cf x~l iN a,~ • .,  = . = • . . . x  N , ( a / a x ) ~  = ( o / ' ~ x l ) J i . . . . .  ( a / aXN)JN,  

and each  e l e m e n t  c 6 Z can  be  w r i t t e n  un ique ly  in  the  f o r m  c = ~ c~r,(c)x'~y~, w h e r e  y/~ = y{1 . . . . . ;biN. 
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In the ring D we introduce the filtration {Dn}, by putting D" = {3)~.DIca~(~) --0 for [ ~ l >  n}.* The ac-  
companying graded ring relative to this fi l tration is isomorphic  to 2;. The mapping a: D -~ Z is given by 

deg~ 
the formula ca~(a(~)) --- ca~ (~) - ul,~l , where 5 is the Kronecker  delta. 

The affine manifold W, corresponding to the ring E, is isomorphic  to V x V*. We denote by 7r the natu- 
ral project ion 7r: W ~ V. 

We will consider  V as the complexification of the real  l inear space V R. The coordinates xi will be 
assumed to be real .  

We denote by S the space of rapidly decreasing,  infinitely differentiable differential forms of degree 
N on VR and by S ~ the dual space of slowly increasing general ized functions (see [1]). We consider  S' as a 
D-module (see [1]). 

Definition 2.1. S~ - { g ' f : S ' l d i m h ( D ( ~ ) ) ~ % N  ~i}. 

PROPOSITION 2.1. S[ is a D-submodule of S' .  

Proof .  Let g l, ~.~ SI, ~1, ~2~ D and ~ :- ~ $ ~  ! ~,$~. 

It follows f rom Lemma 1.5 that 

,A (D ($)) ~ A (D (~, ~,)) C A (D ($,) 9 D (~)) --- A (D ($~)) [j A (D (~._,)). 

Therefore ,  dimA(D(~)) .<:N ! i, i .e. ,  ~ S ~ .  

We proceed to the study of functions ~(~ So' • Each such function $ sat isf ies a sys tem of equations 
I (~)  =0 ,  where I is some ideal in D such that dim Z(Cr(I)) -< N. We fix such an ideal I and ir~roduce the 
notation 

A = Z((y(I)) = A(D/I), h~ = A N (V~ × V~), A = g(&~(V × 0)), AR = g(A~\(V × 0)). 

We note that dim ~ - N - l ,  since the manifold A is given in W by equations homogeneous in {Yi}. 

THEOREM 2.2. Any solution g (~ S' of the sys tem of equations I(~) = 0 is analf i ic  in the region 

Va\ h. 
Proof.  Let e t . . . . .  Ck S a(I) be a choice of homogeneous elements which are  simultaneously zero 

nowhere except on A. By ra is ing them to the appropriate power it can be assumed that c 1 . . . .  , c k have 
the same degree of homogeneity n. Let ~ . . . . .  3)~ E I be elements such that a (~)  = c, 

We consider  the opera tor  ~ = ~ : ~  (here ~ is obtained f rom ~ by replacing all the coeffi-  
cients by their complex conjugates), o~ has order  2n, and a (3~)=~(~) ( r (~ )=~ ,c~c~ .  On the set  V R × 

V ~ \ A  a this symbol is nonzero.  Therefore ,  the operator  ~ is elliptic off the s e t h R  (see [7]). Since 
~(~) = 0 ,  it follows from Theorem 7.5.1 of [7] that ~ is an analytic function o f fA  R. This completes the 
proof  of the theorem.  

We now study the analytic continuation of the function ~ . We denote by ~2 a connected component of 
the set V R ~ R .  

THEOREM 2~ .  1. Any solution ~ of the sys tem I ( $ ) = 0  can be continued analytically f rom the 
set ~2 to the set V \ ~  as a multivalued analytic function. 

2. In a neighborhood of any point x ~ V \ A  all the analytic solutions of the sys tem I ( ~ ) = 0  from a 
finite-dimensional space.  

COROLLARY. The multivalued function obtained as the analytic continuation of ~ is finitely de- 
pendent, i .e. ,  all its branches are  linear combinations of a finite number  of branches .  

P roof  of the Theorem.  We consider  the module M = D/I as an R-module.  Let U be an a rb i t r a ry  
open affine subset of V \ ~ ,  (see [6]), and let RU be the ring of regular  functions on U. We study the be-  
havior of the function ~ in the region U. 

*1~1 = h + . . .  ÷ iN-  
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LEMMA 2.4. For  each such set  U the module Mu=R~., ~M has a finite number of genera tors  as an 
R 

Ru-module .  

Proof .  We consider  elements e t, e 2 . . . . .  E M, which are  images of operators  (~/~x) ~ under the map-  
ping D --* M. They generate  M as an R-module.  We consider  the set  f- l(U) ~ V x V* and the ideal aU(I) 
in the ring of regular  functions on it generated by a(I). Since Z(aU(I)) ~ U x 0, it follows f rom Hilber t ' s  
Nullstellensatz* that there exists a number m such that yB EaU(I) for }/3[ > m. This implies that the RU- 
module M U is generated by the images of the opera tors  (O/ax)/J with ]Bl <- m. 

We choose a sys t em of genera tors  e 1 = 1, e z . . . . .  ek of the Ru-module  MU. Then for any i and j 

k 
0 (ej) ~ t - -  = A~iet, where Aii~ Ru. 

Ox~ l=l 

Now let ~ be an analytic solution of the sys t em I((e) = 0 in (an analytic) neighborhood of the point 
x E U. We consider  the vec tor -va lued function {~i} = {ej(~)}, ] = 1, 2 . . . . .  k. It sat isf ies  the sys tem of 
equations 

o~. (~i) = ~ Alia' (1</, l<k,  l < i < N ) .  (*) 

The next lemma is proved by standard methods f rom the theory of ordinary  differential equations. 

LEMMA 2.5. In a s imply connected region V0 of the complex__linear space V with coordinates x t, 
let there  be given the sys tem of equations (*), where the A~j are  analytic functions in V 0. Then: XN 

1. If  the sys t em (*) has an analytic solution ~ = ($t . . . . .  gk) in a neighborhood of the point x E V0, 
then this solution can be continued analyt ical ly to the entire region V0. 

2. Each analytic solution ~ of the sys t em (*) in the region V0 is defined by its value at the point x 
(in par t icular ,  the dimension of the space of such solutions does not exceed k). 

Each point x E VX~ is contained in an affine neighborhood Ux ~ V \ A .  Therefore ,  Theorem 2.3 is 
easi ly deduced f rom Lemmas 2.4 and 2.5. 

f3 .  In this section we shall give a cer ta in  method of computing dim A(M) for the D-module M. 

In the r ing D we introduce the fil tration {Dit}, by putting 

If  ~ E D ,  then al (~) E X, and 

={~EDlc ,~(~)=Ofor  l a l - . i ~ l > n L  

gdegt~ 
c ~  (~1 (~V)) = c ~  ( ~ ) .  -I~l+l~f 

Similarly,  we define in x the fil tration Z~ and the symbol by putting ~t: Z ~ Z : 

The fil trations {D[ t} and {x~} are  convenient, since all the spaces D~ and x~ are  finite dimensional.  

Definition 3.1. 1. Let M be a D-module (or a Z-module) ,  and let e 1 . . . . .  es be its sys tem of gener-  
a tors .  We put d~ (M) = dim D~(e i . . . . .  es) (respectively dim X~(e i . . . . .  es)). 

2. If  L is a subspace of D (or of x), then we set  L~ = L ¢~ D[ ~ (respect ively L f~ ~ ) .  

It is easy to verify that if I is an ideal in D and M = D/I ,  then d~(M) = dim D ~ - d i m  I~.l" 

THEOREM 3.1. Let  M be a finitely generated D-module.  Then the following conditions a re  equiv- 
a lent :  

*We present  the formulation of Hi lber t ' s  theorem.  Let A be a finitely generated algebra over  C, and let tI 
be the corresponding affine variety.  Let  J1, J2 be ideals in A with Z(J 1 c Z(J2). Then for some n J~ ~ Ji .  
~ e  assume that in the module M = D/I a generator  is fixed which is the image of the identity under the 
mapping D -~ M. 
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1. d im ~(M) - m (A(M) is cons t ruc t ed  with the f i l t ra t ion  Dn). 

2. dE(M ) = o ( n m ) . *  

It  follows f r o m  L e m m a  1.5 that  it is suff ic ient  to c o n s i d e r  the case  M = D/I .  

For  the p r o o f  of  T h e o r e m  3.1 we need an analogous  r e s u l t  fo r  the r ing  Z.  

PROPOSITION 3.2 (see T h e o r e m s  41 and 42 of  [2]). I f  J is an ideal  in Z,  then d~(Z/J)  is a p o l y n o m -  
ial in n for  l a rge  n. The d e g r e e  of  this po lynomia l  is equal  to d im Z(J).  

We p roceed  to the p roo f  of T h e o r e m  3.1.  

2 ~ 1. It is e a s y  to ve r i fy  that  q(I~) ~ a(I)~. T h e r e f o r e ,  d im  a(I)~ - d im q(I~) = d im I [ ,  whence 
d~(Z/a(I ) )  - dE(D/I  ) = O(nm). It  follows f r o m  P ropos i t i on  3.2 that d i m  A(M) -< m.  

1 ~ 2. In o r d e r  to prove  this  impl ica t ion,  we in t roduce  in the r ing  D a countable  n u m b e r  of  f i l t r a -  
t ions {DE} such that  d im D~ < ~o and for  l a rge  k the f i l t ra t ions  {D E} app rox ima te  the f i l t ra t ion  {Dn}. 
Namely ,  we se t  

D ~ = ( ~ E D i c ~ ( ~  ) -  0 for [ a [ - - k [ , 3 t ~ }  

degk~" 
and define the mapping  O-k: D --* Z by the f o r m u l a  c~(~k(~)) ~= car~(~') • 6l~i-:-ki~l • S imi l a r ly ,  we define f i l t r a -  
t ions L~  of  the r ing  L.  If  I(J) a r e  ideals  in D (in Z) then we define d~(D/I) [ r e spec t ive ly  dE(Z/J) ]  in ana logy 
with Definit ion 3.1. 

We note that the a s s e r t i o n s  {dE(D/I) = O(nm)} and {dE(D/I) = o (nm)}  a re  equivalent  for  any k. In-  
deed,  D~ c D~ l c  D kkn, whence dE(D/I) -- < dE(D/I  ) - < d~n(D/I) .  

A s i m i l a r  a r g u m e n t  shows that d~(Zfak(I))  -< d~(Z/ak( I ) ) .  Since d~(X/ak(I)) = d~(D/I) ,  for  the p r o o f  
of  the impl ica t ion  1 ~ 2 it is suff ic ient  to ve r i fy  that  d~(Z/ak(I)) = O(n m) for  s o m e  k. 

I t  follows f r o m  Propos i t i on  3.2 that  d~(X/a(I)) = o (nm) .  This  means  that  d~(Z/a~a(I)) = d~(r./a(I)) = 
o (nm) .  

Thus ,  for  the p r o o f  of the impl ica t ion  1 ~ 2 it is suff ic ient  to show that  ak(I) D ~la( i )  fo r  s o m e  k. 

Le t  ~ E ! be o p e r a t o r s  such that  the e l emen t s  ~ g  I ~ )  g e n e r a t e  the ideal  ~ iq (I). We take k = max 
deg t (~)  . I t  is  then e a s y  to v e r i f y  that  ~ g ( ~ j  : = g k ( ~ ) ,  i .e . ,  ak(I) m ~ la ( i ) .  T h e r e f o r e ,  d~(V-/akI) -< d E 
(Z/Yla(I)) = o (nm) .  This  comple t e s  the p r o o f  of  T h e o r e m  3.1.  

COROLLARY 3.3. L e t  t he re  be given an a u t o m o r p h i s m  ~ of  the a l g e b r a  D, D-modules  M 1 and M 2, 
and a l inear  Cover C) i s o m o r p h i s m  F:  M! --* M 2 such that  F~=o)(~)F fo r  any o p e r a t o r  ~ E D .  Then  for  
any e l emen t  e E M d im A(D(e)) = d im A (D(Fe)). 

P roof .  T h e r e  ex is t s  a k such that  D~ C ¢O(D k) and aJ(D l) ~ D k. Then  D~. ~ a~(D kn) andw(D~)¢  D kn for  all  n.  
T h e r e f o r e ,  F(D~(e)) c Dkn(Fe) c F(DI k2n (e)), i .e . ,  dln(Die)) <--- dl kn (D(Fe)) --< d k n (D(e)). I t  follows f r o m  
T h e o r e m  3.1 that  d im A(D(e)) = d im  A(D(Fe)) .  

Example  1. Let  ~ be an inver t ib le  po lynomia l  mapping  V ~ V, with a~(V R) = VR. We put M i = M 2 = S' 
and denote by  ~ and F the a u t o m o r p h i s m s  of D and S'  induced by  the mapping  ~ .  C o r o l l a r y  3.3 shows that  

T F(S~) =%. 

Example  2. We put M i = M 2 = S ' .  Let  F be F o u r i e r  t r a n s f o r m a t i o n  with r e s p e c t  to the v a r i a b l e s  
xl . . . . .  Xk (k -< N) and let u~ be given by the fo rmulas  

It is ea sy  to v e r i f y  (see [1]) that  the condit ions of  C o r o l l a r y  3.3 a r e  sa t i s f ied .  Thus ,  we obta in  

C O R O L L A R Y 3 . 4 .  I f  F : S'  - ~ S '  is F o u r i e r  t r a n s f o r m a t i o n  with r e s p e c t  to p a r t  of  the v a r i a b l e s ,  
then F(8~) = S[ for  all  i. 

*It  can be shown that  dE(M) is a po lynomia l  in n for  l a rge  n. 
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C H A P T E R  2 

T h e  F u n c t i o n s  f ( P )  

§ 4. We fix a polynomial P with real  coefficients on VR. Let f be a generalized function on the line. 
We wish to study a sys t em of equations which the function f (P)  satisfies on V R. 

We f irs t  define what we mean by the function f ( P ) .  We introduce the notation: T i s  the line, t is the 
coordinate on T; RT -- C [t]; D T is the ring of differential operators  with polynomial  coefficients on T 
with the fil tration {D~}with respect  to the degree  of the opera tors .  The derivatives (SP/fl~xi) we denote by 

Pi. 

We set  sing P = {x E vl  Pi(x) = 0 for all i}. As is known, P(sing P) ~ T is a finite set. 

we  fix an open region ® ~ VR such that P(~ O) is a finite set  (80 is the boundary of the region 0) .  
We set  ~ = P ( O ) \ P ( 8 0 ) \ P ( s i n g  P n 0) .  ~ is the closure of ~, 8[~ = ~ \ ~ .  

Definition 4.1. We denote by C the space of continuous functions on ~ and consider  the mapping W : 
S ~ C  defined as follows: if q~ ES, t o ~ ~,  then we set  

~(~)(to) = p-,!t~)~e ~o, 

where co is the differential form of degree N - 1  on the manifold P-l( t  0) • O, such that w A dP =~o (see [1], 
Ch. 3, §4). 

PROPOSITION 4.1. If  ~ ES, then ~(g0) is an infinitely differentiable function on ~, which is rapidly 
decreas ing  at infinity. In a neighborhood of each point h E 8[~ ~(q~) admits a representat ion of the form 

~i (~0) = ~(p~ (z). f~ (z), where g0i E C "° (T), and ~fi} is a fixed (independent of ~) finite set of functions of the 

fo rm f i  = (In Iz ~kiJz Jr i, 0 - ki -< N - I ,  ri E Q. (Such an expansion is possible separa te ly  in a r ight and 
left neighborhood of the point h; z is a local pa ramete r  in this neighborhood.) 

The proof  does not differ essential ly f rom arguments given in [3] and [4]; we therefore  only sketch 
the proof.  

The definition of Tt(~) is f i rs t  general ized to the case in which X is a nonsingular algebraic manifold, 
P is a rational function on X, and ~ is an infinitely smooth complex-valued measure  on X. Since V is im-  
bedded in a projective space X of dimension N, the original problem reduces to the analogous problem for 
a compact  manifold X. Using the theorem of Hironaka on the resolution of singularit ies (as is done in [3] 
and [4]) and then localizing the problem by means of a partit ion of unity, the problem can be reduced to the 
following case:  X = RN, P-~x~ • ....x~ , O = {x ERN}xi > 0 for all i}, ~0 is an infinitely differentiable form 
with compact  support (the numbers ik E Z are  not necessar i ly  positive). In this case H(~o) can be described 
direct ly  (see [1], Ch. 3, §4). 

Definition 4.2. 1. We denote by C k the space of k t imes continuously differentiable functions f on 

( ' / such that f (i) (h) = 0 f o r h  E89,  i =  0 , 1  . . . . .  k, and vk(/)=sup (1 ~- I t l  k) .(~]f(~)(t) l)  < ~  ( h e r e f ( i )  = 
r E °  ~ i ~ 0  , 

(~ /a t ) i f ) .  

The norm ~'k defines a Banach space s t ructure  in ck .  

2. We set Z=11(S) and Z k = ~ N  C ~(k=0 ,1  . . . .  ). 

Corol lary  of Proposit ion 4.1.  dim (Z/Z~)~ oo. 

Definition 4.3. 1. We put C~. = (ck) * and Z'k=(Z~- Ck) * (k =0,  1 . . . .  ) .  ( Z ~-C ~ we provide with the 
norm induced by the norm ~'k on C~. Since (Z -~ C~)/C ~ --- Z /Z  ~ is finite dimensional this can be done uniquely 
up to equivalence.) 

2. We put C"  --U C~ and Z'  = U Z~, k = 0, 1 . . . . .  The spaces C "  and ~ ' w e  provide with the in- 
ductive limit topologies. 

3. We denote by u the natural  projection ×: ,~-~C~ and put ~ = Ker× (= (Z/Z~) *) and 0~ = U Z~, 
k = 0, 1, . . . .  
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R e m a r k  1. The spaces  .~k a re  finite dimensional .  

Remark  2. The space  C "  is a space of genera l ized  functions on ~ which do not grow rapidly near  
the boundary.  

LEMMA 4.2, 1. The sequence 0-~--~o~'---~C~--*0 is exact .  

2. Each e lement  u E ~ '  is defined by its values  on ~ .  

Proof.  Asse r t ion  I follows f rom the definit ions.  We prove  a s se r t i on  2. F r o m  the definition of 71 it 
follows eas i ly  that .~ ~ C~(.o.) ; t he re fo re ,  T is dense in any of the spaces  5~ ~ C ~ . There fo re ,  any e le -  
ment  u E ~ is defined by its values on Z . 

Definition 4.4. 1. We denote by ~*: 5e ' -+S '  the mapping which is the t r anspose  of the mapping 
~: S-+  ~ . (It is easy  to ve r i fy  that it is defined and continuous.) 

2. I f f  E C ' ,  then we put f ( P )  = ~ / , (× - l ( f ) )  ES ' ,  where  ~<-l(f) is any p r e - i m a g e  o f f .  

We note that the function f ( P )  E S'  is not defined uniquely, but r a the r  only up to e lements  of 7" (~)- 
If  f E Ct~, then this nonuniqueness can be reduced by choosing ×-t(f)(~Z~. Thus,  f ( P )  is defined up to e l e -  
ments  of the finite dimensional  space  '1" (~h). 

If  the function f is continuous on ~,  then it is poss ib le  to choose for f ( P )  E S'  the following regu la r  
function on VR: f [ P ]  = (0 for x ~ ®, f (P(x) )  for x E ®). 

We now proceed  to study the different ia l  equations which the functions f (P)  sa t i s fy .  
! 

THEOREM 4.3. If  f E Coo and sa t i s f ies  a nontr ivial  equation Yf (f) = 0 ,  where  ~ I- D r ,  then the func- 
• ! 

tion f ( P )  lies m So. 

Example .  The function e iP  E S~. In pa r t i cu la r ,  its Four i e r  t r a n s f o r m  is analyt ic  eve rywhere  except  
for a ce r t a in  semia lgeb ra i c  se t .  

T h e o r e m  4.3 follows eas i ly  f rom the following two theo rems ,  the proofs  of which f o r m  the content of 
§ §5, 6. 

THEOREM 4.3 ' .  L e t f  E C~ and ~ f  -= 0 , where 50 EDr, 50 =~0 . We denote by f ' ~ )  the image of the 
function f ( P )  in the D-module  S ' / D ( q ' ( ~ ) .  Then d im A(D('-J~))) --< N. 

THEOREM 4.3".  I f  u ~  , then t/*(u) ES~). 

5. P r o o f  of  T h e o r e m  4-3' .  

PROPOSITION 5.1. Let  f E C ' .  Then 

Proof .  We note that the a s se r t i on  (*) does not depend on the choice of the f u n c t i o n s / ( P )  and (8j/Ot) 
(P). Let f E  Cl~. It  is c l e a r  that the a s se r t i on  is local in t, and it may  the re fo re  be assumed  that f is con- 
centra ted  in a neighborhood of the point to = 0. 

Let  ~, EC and Re;% - 0. We s e t f k  = f  • It] A ECl~. This is an analyt ic  function of),. When Re A is 
la rge ,  we define analytic functions of ~, u/ ,  and v / w i t h  values  in 5~+, by the fo rmulas  uj(~) = f ( I t t  ~ q') and 
v](¢) = - / ( I t l  ~ (a/at) q'), where  , E ~ • It is c l ea r  that ~ ( u f ( 6 ) ) =  f~, and × (v/(D) = ( 0 / a t ) f ~ .  We will p rove  
that (~}/~xi)T/* (uf) = Pi " 7/*(v/). 

Indeed, let  f n  be a sequence of functions in C 1 which converges  to f in CI~. Then for  each k Urn - * u f  
and Vjn - - - v f  in the space  ~ e ~ .  I t  is the re fo re  suff ic ient  to show that (0/0xi)~i* (urn) = Pi • ~7 *(Vfn). But in 
this case  

( °  ) "  ~l* (a~) (D := f,,~. [PI n* (v~,,) (~.) ~-= ~ f,,~ [ 1, 

where  fn~, = I n  • I tl 7' E C i. The re fo re ,  the equation (0/~xi)~? * (Urn) = Pi~ * (Vfn) is s imply  the formula  for 
the der iva t ive  of a composi te  function. 

We have thus shown that (a/~xi)T/. (uf) = PiT * (v f ) .  
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Since the kerne l  ~ + ,  of the mapping ×: Z~+,--> C~+, is f in i te-dimensional ,  it is poss ible  to find 
functions u(h and v(D with values in Zk+,, defined for  Re ~ ~ 0, such that n(u(D) = f x  and z(v)(~)) = 
(~f  h/~t). When Re ~ is l a rge ,  it follows that u (~)-- u~ (~) ~ ~e~+, and v (~)-- v~ (~) E ~ ;~ ; t he re fo re ,  

Since the space  on the r ight  is f in i te-dimensional ,  and the left side depends analyt ical ly  on k, this inclusion 
is t rue  a lso  for  )~ = 0, which completes  the proof  of Proposi t ion 5.1. 

Proposi t ion  5.1 enables us to formula te  T h e o r e m  4.3' in pure ly  a lgebra ic  t e r m s .  

Definition 5.1. 1. Let  M be a DT-module .  We cons t ruc t  a D-module Mp a s  follows. As an R-  
module,  Mp is equal to R Q M (R is cons idered  as an R T a lgebra  re la t ive  to the imbedding p: RT ~ R, 

RT 

p(t) = P). The act ion of the ope ra to r s  (~}/0xi) is given by  the fo rmulas  .--o.~.~° (r ® e) = --O.rl°r _~, e -r-Pir' ®~t'° where  

r ~ R , e  EM. 

2. I f f  E M, then we put f p  = 1 ® f E MP, Mp( f )  = D(fp), I p ( f )  = Ann ( fp )  ~ D. 

I t  is easy  to ve r i fy  that Definition 5.1 is good. The mapping M ~ Mp gives a functor f r o m  the ca t e -  
gory  of DT-modules  to the ca tegory  of D-modules .  

We note that even if M is finitely generated,  the module Mp may  not be finitely genera ted.  

I t  follows f r o m  Proposi t ion  5.1 that it is poss ib le  to cons t ruc t  a mapping of D-modules  ~?0: (C~o)p --* 
S ' /D  01* (~)) such that  71°(1 ® f !  = f ( P ) m o d  D(q*(~)) for any f E C ' .  T h e r e f o r e ,  T h e o r e m  4.3'  follows f rom 
the following pure ly  a lgebra ic  theorem.  

THEOREM 5.2. Let  M be  a DT-module  , f E M. If  d im A(M) -< 1, then d im A (Mp(f))  -< N. 

Proof~ 1. We f i r s t  cons ider  the case  in which the pr incipal  pa r t  of  the polynomial  P, which we de-  
note by P,  is nondegenerate ,  i .e . ,  sing P = {0}. In this case  the se t  sing P is compact  and hence finite. 

Our a i m  is to cons t ruc t  suff iciently many e lements  in the ideal I p ( f ) .  We note f i r s t  of all  that for 

any i and j the ope ra to r s  3( ,  :- p~O___p o__(: D belong to I P ( f )  
• Ox  i J Ox~ * 

. . . .  O) k 
Let  ~o (f) ": 0 ,  where  ~o E Dr .  We wri te  -~o in the fo rm :~:0 = Q (t) ( ~  i ~i', where  3?' ~. D~- ' .  

LEMMA 5 2 .  Let  s = k ( k - 1 ) / 2 .  Then for  any indices i, j(1 - i, j -< N) there  exis ts  an ope ra to r  
~q ~ l ,  (f), such that cs ( ~ j ) :  Q (p) P~i/~. 

.Proof. I f e  EM, r ~ R , ~  = (Jl . . . . .  JN) , then  

• ' a \ l D i  , iN 
(,O)"(r ~)e)=: r -P '~@ ~ )  e - e  ,where P'~ : - ~ ' .  . . . .  PN .e'e-R@D~'-'(e). 

F r o m  this it follows eas i ly  that pS ® Dk-i  (f)  ~ Dk-i  (1 ® f ) .  

Since ~0o(r)= ( Q ( t ) ( ~ ) ~ + ~ ' ) f - - o ,  it follows that Q(t ) ( ° )k tED~- l ( [ ) .  There fo re ,  Q(P) (~/axj) k 
kt~¢/ 

(1 @ f )  ~ R ® D~ - I  ( f ) ,  and hence Q(P) • p.S (O/Oxj)t~l @ j)  = .~ (1 ® f) where  deg~ ~< k - -  l . I t  is thus possible  
0 ~ 

to se t  ~i i=Q(P) ×P~ (~/xi) - -  ~ .  

Thus,  in cr(Ip(f))  there  a r e  e lements  (~(~i) = PiYj-PjYi  and a ( D i j )  p s  . Q(p) . y k .  

T h e r e f o r e ,  ~ (Mp(f))  is contained in the union of the following se t s :  sing P × V* and 

Ai -= {(x,y)QY × l/*IPi(x)#=O, Q(P)(x) = O, y! =y i .  Pi(x)/Pi(x)}. 

All these se ts  have dimension no g r e a t e r  than N; the re fo re  d im A(Mp(f))  -< N. 

2. We will now prove  T h e o r e m  5,2 for  an a r b i t r a r y  polynomial  P ~ R. We wish to show that 
d~ (®//Mr)) = 0 (n N) (see T h e o r e m  3.1). For  the case  in which ~ is nondegenerate ,  we have a l ready  proved 
this .  
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We denote the deg ree  of the po lynomia l  by  q(q > 0) and c o n s i d e r  a f ami ly  of  po lynomia l s  o f  deg ree  q 
depending on the p a r a m e t e r  r E C, 

• , . , . - ;  X N )  . P,  -..= P (I - -  ~) -!- (x~ -~- ' " 

Since the se t  o f  po lynomia ls  of  d e g r e e  q with nondegenera te  p r inc ipa l  p a r t  is open in the Zar i sk i  
topology and Pi  is conta ined in this se t ,  it follows for  al l  T E C, except  fo r  a finite n u m b e r , t h a t  the po ly-  
nomia l  PT is nondegenera te .  

LEMMA 5.4.  F o r  any  na tura l  n u m b e r  n the  inequal i ty  d im I P r ( f )  p <-- d i m  I p ( f ) ~  is sa t i s f ied  for  al l  
r E C, except  a :countable num ber .  

P roo f .  This  follows f r o m  the fact  that  the space  I P r ( f ) r ~  is s ingled out in D~ by l inear  equat ions  
whose  coeff ic ients  a re  ra t iona l  funct ions of  r .  We desc r ibed  this in m o r e  deta i l .  We se t  B : R ,~M and 

C 

n 
define m a p p i n g s # r :  D ~ B a n d v r :  B - ) B :  

where  (0/Oxi) (r  @ e) =(Or/Oxi) ® e + r (PT)  i $ (0/0t) e (we a s s u m e  that  each  e l e men t  

in the f o r m  ~ _ X ' c ~ . ( ~ ) x  ~ { o ~  
- - -  LOx] ); 

~'~ (r ~ e) ~ Pr ® e - -  r ~ re. 

3 (! D is wr i t t en  

I t  is  e a s y  to ve r i fy  that  v 0 is an imbedding.  

We deduce L e m m a  5.4 f r o m  the fact  that  I p r ( f )  ~ = (tsn)-IVT(B). We se t  Bk = Dk(1) @ D k l ( f ) .  Then 
v ~. (]3k) ~ B2k and/~ n T (D~) ~ B k for  l a rge  k, and d i m  I p  T(f) ~ = li,n dim (,u~)-L. Vr ( B k ) .  

/ ~ o  

T h e r e f o r e ,  L e m m a  5.4 follows f r o m  the fol lowing a s s e r t i o n ,  the p r o o f  of  which we omi t :  if  # T: 
~ B and vT: Y, ~ B a r e  l inear  mappings  of  f i n i t e -d imens iona l  spaces  involving r as  a polynomia l  and 

v 0 is an imbedding,  then d im g~.lVr (~.) -< d im jaolV0(~) for  a l l  v excep t  a finite n u m b e r .  

L e m m a  5.4 impl ies  the ex i s t ence  of  a point r E (2, such that d i m  I p r ( f ) ~  a -< d im I p ( f ) ~  for  all  n 
and the po lynomia l  P r  is nondegene ra t e .  Fo r  this point  the following inequal i t ies  a r e  sa t i s f i ed :  

,~': (D/tp (f)) .<. d'~ (D.'[p, ( f ) )  .= 0 ( n x ) .  

T h e r e f o r e ,  d im ~ (Mp(f ) )  ~ N, 

This t e r m i n a t e s  the p r o o f  of  T h e o r e m  5.2,  and hence  a l so  T h e o r e m  4 ,3 ' ,  

§6, P r o o f  of  T h e o r e m  4 J " ,  We mus t  show that  if  u (~ ~ ,  then d i m  ~ (D()/*u)) <- N. It ma y  be a s -  
sumed without  loss  of  gene ra l i t y  tha t  0 E 0n  and uE.~]. , where  ~ c o n s i s t s  o f  funct ionals  v E Z. , for  
which v(~o) is defined by the b e h a v i o r  of  the funct ion ~o in a sma l l  r igh t  ne ighborhood  of  z e r o  ~I). 
M o r e o v e r ,  we will  a s s u m e  that  P(0 @) = (0}, 

Definit ion 6.1,  Let  ~, E C, Re ~, > 0. We denote by  tX+ the cont inuous function on T which is equal  to 
0 for  t < 0 and equal to t ~' f o r  t > 0. We cons ide r  the funct ion t~+ as an e l e men t  of  :~',  

LEMMA 6.1,  1, The function t~+ depends ana ly t ica l ly  on ~ for  Re X > 0 and can  be cont inued as a 
m e r o m o r p h i e  funct ion with values  in ~ '  to the en t i r e  plane of  the va r i ab le  ~, 

2.. We wr i te  the expans ion  of tX+ in a La u ren t  s e r i e s  in a ne ighborhood  of  the point  7~0: 

t+ ~ ~ a_l, ( ~ o ) ( > , -  ~,o)-i, - :  . . .  -i- ao ( to ) - : -  . . .  

Then the coef f ic ien ts  a_kO, 0) . . . . .  a - I  (~o) E ~+. 

3. The coef f ic ien ts  a_i(Z o) for  all poss ib le  i > 0 and ~,0 E C f o r m  an a lgeb ra i c  bas i s  in ~+. 

The p r o o f  follows im m ed ia t e ly  f r o m  the a sympto t i c  expans ion  for  functions cp 6 Z obtained in P r o p -  

os i t ion  4.1 (see [1], Ch. 1, 4). 

We wil l  s tudy the equat ions sa t i s f ied  by the funct ions t~+:. Fo r  this we will  have to c o n s i d e r  equa-  

t ions depending on X. 
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Let  D[~,] be the r ing of polynomials  in the var iable  ~, with coefficients in D. In it we introduce the 
f i l t ra t ions  {Dn[X]} and {D~[~]}. The assoc ia ted  r ing with r e spec t  to the f i l t ra t ion {Dn[X]} is i somorphic  to 
2; [~,], and the cor responding  affine va r i e t y  is equal to W × A (A is the complex line). 

I f  X0 ~ C, then by s~0 we denote the evaluation mapping D[~] --* D and Z[~] --* ~-, obtained by replacing 

;~ --'~0. 

LEMMA6.2 .  We s e t e  i = t i  EDT(i  = 0 ,  1 , . . . ) , e i = ( D / ~ t )  - i E D T ( i = - I , - 2 ,  . . . ) .  :Then e a c h e l e -  
o o  

merit ~ E D r  canbeuniquelydescribedintheform ~=~e,.Qi(t~t), wheretheQiarepolynomialsof 
a single var iab le .  

The p roof  of the l e m m a  follows immedia te ly  by induction on the degree  of ~ .  

We cons ider  the DT[~]-module M = DT [~]/DT [~] [ t ( a / a t ) -  P,] and denote its genera to r  by f .  L e m m a  
6.2 impl ies  that the e lements  ei f o rm a base  for the C[~]-module M. In analogy with Definition 5.1, we 
cons t ruc t  the D[?,]-module Mp( f )  and the ideal Ip( f )  in D[~]. 

THEOREM 6.3. The se t  A(Mp(f))  ~ W × A cons i s t s  ent i re ly  of lines of the fo rm w × A, w E W. 

Proof.  We set  M' = DT [~]/DT [~,] (t(a/Ot) -- ~ -  1), and let f '  be the genera to r  of M' .  Since t(O/Ot) (t f )  = 
(~, ÷ 1) t f ,  it is poss ib le  to define a mapping of DT[~]-modules /z: M' --* M, by pu t t ing / l ( f ' )  = t f .  It  follows 
f r o m  L e m m a  6.2 that # is an imbedding. The mapping which it induces /~p: M ~ ( f ' )  -~ MP(f)  (here pp  
(1 ® f ' )  = P @ f )  is a lso an imbedding. It follows f rom L e m m a  1.5 that A(M~(f ' ) )  ~ A(MP(f)) .  

The ideal I p ( f ' )  is obtained f rom the ideal I p ( f )  by replacing ~ ~? ,  + 1, and there fore  A(M~(f ' ) )  = 
Z(~(Ip(f ' ) ) )  is a t rans la t ion  of ~(Mp0e)) a long the line A by - 1 .  If  the point (w, ~0) E A(Mp(f ) ) ,  then the 
points (w, ~0-1) . . . . .  (w, ~0-n) . . . .  E A(Mp(f ) ) .  Since ~, (Mp(f))  is a closed a lgebraic  va r i e ty  in W × A, 
it follows that w × A - -  A(Mp(f ) ) ,  which comple tes  the proof  of T h e o r e m  6.3. 

Definition 6.2. 1. We se t  A p  = {w E Wiw × A c  A(Mp(f ) )} ,  2. For  any ~ E C we denote by MT~ the 
DT-  module D T / D T  It (0/~)t) - ~,] with gene r a to r  fh  and put D, = Ip (f~) ~ D. The ideal I p ( f )  c D [~] we denote by I. 

I t  follows f r o m  T h e o r e m  6.3 that Ap = Z(sx0(a(I))) for any ~0 E C. 

PROPOSITION 6.4. d im Ap ---< N. 

Proof .  F r o m  L e m m a  6.2 it is easy  to der ive  the following L e m m a  6.5. 

LEMMA 6.5. The C [A]-submodule I~ of D~[A] is given by l inear  equations with coeff icients  in C [A]. 
If  in these  coeff icients  we make the r ep lacemen t  / --- ~0, where A0 6 C, then they go over  into equations for 
the subspaces  (IA0)~ in D~. 

We choose a point k0 ~ C which is a lgebra ica l ly  independent of all  the numer ica l  coefficients  which 
en te r  in the equations defining the ideal I .  

I t  then follows f r o m  L e m m a  6.5 that sA0(I ?) = I~0 ~ for  all n. There fo re ,  sA0(a(I)) = a  (sA0(I)), i .e . ,  
A p  = A ((MA0)p(f},0)), and by  T h e o r e m  5.2 d im ~ p  -< N. 

LEMMA 6.6. I f  $ E I C D [~.], then ~ (,]* (t+ ~ )) ----0 identically in A. 

Proof .  We se t  m = deg~. It  is e a sy  to ve r i fy  that for  Re A > m the re la t ion  (~)/~)xi) ~*(u) = 
Pi*l*(Su/~t) is sa t is f ied for all  u ~ D~a-l(t~+). This impl ies  that ~(,] '(t+ ~ ) ) =  0 fo r  Re A > m. The proof  of 
the l e m m a  is complete .  

PROPOSITION 6.7. Let  tA+ = a_k(A-A0)-k + . . .  + a 0 +at(A-A0) + . . .  ÷ be the expansion of  the func- 
tion tA+ in a Lauren t  s e r i e s ,  a i ~ :~ ' .  Then A(D(~ *(~i))) c APn for any i(i = - k  . . . . .  0, 1 . . . .  ). 

Proof .  Let  ~=~0+(~ . - -~0 )~ ) , -  . . .  -~-(L--k0)~),E I. We put ~i = ~l*(a~) • Applying L e m m a  6.6, we 
obtain the s y s t e m  of equations 

• ~ o f - ~  = .~o~=-k÷ ,  -t- - % ~  . . . . .  -~o~'~ -t- • • • • ~ k ÷ i ~ - ,  = 0 .  

We se t  M i = D(~-k . . . . .  ~ )  . It  is evident f rom these equations that the genera to r  ~i  i n  the mod-  
ule Mj/Mj_ i sa t i s f ies  the equation s~0(D) ( ~ ) = 0  for  any ~ 1 .  This means  that A(Mj/Mj-~) c Z(~r (sA0(I))) 

Ap. 
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Proposit ion 6.7 follows f rom Lemma 1.5. 

Theorem 4.3" is a direct  consequence of Lemma 6.1 and Proposit ions 6.4 and 6.7. 

§7. Fundamental Solutions of Equations with Constant Coefficients 

PROPOSITION 7.1. L e t / '  be a polynomial with real  coefficients on VR. Then the function IP[ ~, de-  
fined for Re ~ > 0, can be continued analytically as a meromorphic  function with values in S' to the entire 
complex plane of the variable ~. If P '  is any coefficient of the Laurent ser ies  for the function [Pl ~t at any 
point ~t, then A(D(P')) c Ap  (in par t icular ,  dim A(D(P')) --< N, i.e., P '  6S~). 

This proposit ion follows immediately f rom Proposit ion 6.7 and Lemma 6.1. 

We will now prove Theorem C of the introduction. We seek a solution of the equation L(-i(a/~Xk) 
($L) = 6 in the form $L = F(~) (F is Four ier  t ransformation) .  

The function ~ must satisfy the equation L(xk) • 7 =1 . We put P = L • L and take as ~ the zeroth 
t e rm of the Laurent  ser ies  of the function I , .  P~. at the point ;t = - 1. Then L • ~:= l, and, as follows f rom 
Proposi t ion 7.1, 7(~ S~. Using Corol lary  3.4, we deduce that the fundamental solution g L lies in S~. This 
completes the proof  of Theorem C. 

Hypothesis. A p e  {(x, y) EV x V* I(x, y) 6 ~ P ,  P(x)} = 0, where [~p = {(x, y) 6V x V* Ix ~ sing P, 
PiYj = PjYi for all i, j}. 

In the case in which L is a homogeneous polynomial this hypothesis enables us to find a cone contain- 
ing the singulari t ies  of the fundamental solution of the opera tor  L[-i(~/~Xk)].  It evidently contains the cone 
constructed by Hhrmander  in [5], but it does not always coincide with it. 
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