Part I. Derived category Dg(X) and functors.

0. Some preliminaries.

0.1. Let G be a topological group and X be a topological space. We say that X is
a G-space if G acts continously on X. This means that the multiplication map

m: GxX - X, (g,z) gz

is continuous.
Let X,Y be G-spaces. A continuous map f : X — Y is called a G-map if it
commutes with the action of G on X and Y.
More generally, let ¢ : H — G be a homomorphism of topological groups. Let
X be an H-space and Y be a G-space and f : X — Y be a continuous map. We
call f a ¢-map if
f(he) = d(h)f(z)

forallz € X, he H.

Let X be a G-space. We denote by X := G\ X the quotient space (the space
of G-orbits) of X and by ¢ : X — X the natural projection. By definition g is a
continuous and open map.

0.2. Let X be a G-space. Consider the diagram of spaces

Jo J°
GXxGxXAGxXZ X
Ay L,

where

do(g1,---10n ) = (g2, .-, gn, 97 @)
di(g1y---19n,%) = (g1, -+, §iGid1>---»9n,T), 1<i<n—-1
dn(g1,---390,%) = (g1, -y gn—-1,2)
so(z) = (e,7)

A G-equivariant sheaf on X is a pair (F,6), where F € Sh(X) and 8 is an
isomorphism

6:diF ~ djF,
satisfying the cocycle condition
dgfody0 =di8, s30=1idp.

We will always assume that F is an abelian sheaf or, more generally, a sheaf of
R - modules for some fixed ring R.

A morphism of equivariant sheaves is a morphism of sheaves F' — F' which
commutes with 6.



Equivariant sheaves form an abelian category which we denote by Sha(X).

Examples.
1. Shg(G) ~ R — mod.
2. If G is a connected group, then Sha(pt) ~ R — mod.

Remark. In case G is a discrete group, a G-equivariant sheaf is simply a sheaf F’
together with an action of G which is compatible with its action on X (cf. [Groth}).

0.3. Consider the quotient map ¢ : X — X. Let H € Sh(X). Then ¢*(H) € Sh(X)
is naturally a G-equivariant sheaf. This defines a functor

¢ : SK(X) — Sha(X).

Let F' € Shg(X). Then the direct image ¢.F € S h(f) has a natural action of
G. Denote by ¢°F = (¢.F)C the subsheaf of G-invariants of ¢,F. This defines a
functor

¢ : Sha(X) — Sh(X).

Definition. A G-space X is free if
a) the stabilizer G, = {g € G|gz = z} of every point x € X is trivial, and
b) the quotient map ¢ : X — X is a locally trivial fibration with fibre G.

A free G-space X is sometimes called a principal G-homogeneous space over
X.
The following lemma is well known.

Lemma. Let X be a free G-space. Then the functor ¢* : Sh(X) — Shg(X) is an
equivalence of categories. The inverse functor is ¢€ : Sha(X) — Sh(X).

0.4. The last lemma shows that in case of a free G-space we may identify the
equivariant category Shg(X) with the sheaves on the quotient Sh(X). Hence in
this case one may define the derived category Dg(X) of equivariant sheaves on
X to be the derived category of the abelian category Shg(X), i. e.

Dg(X) == D(Sha(X)) = D(SK(X)).

If X is not a free G-space, the category D(Shg(X)) does not make much sense
in general. (However, it is still the right object in case G is a discrete group (see
section 8 below)).

It turns out that in order to give a good definition of Dg(X) one has first of
all to resolve the G-space X, i.e. replace X by a free G-space, and then to use the



above naive construction of D¢ for a free space. This allows us to define all usual
functors in Dg with all usual properties.

It is possible to give a more abstract definition of D¢ using simplicial topological
spaces (see Appendix B). However, we do not know how to define functors using
this definition and hence never use it.



1. Review of sheaves and functors.

This section is a review of the usual sheaf theory on locally compact spaces
and on pseudomanifolds. The subsections on the smooth base change (1.8) and on
acyclic maps (1.9) will be especially important to us. We will mostly follow [Bol].

1.1. Let X be a topological space. We fix a commutative ring R with 1 and denote
by Cx the constant sheaf of rings on X with stalk R. We denote by Sh(X) the
abelian category of C'x-modules (i.e., sheaves of R-modules) on X.

Let f: X — Y be a continuous map of topological spaces. We denote by
f*: SA(Y) — Sh(X) the inverse image functor and by f. : Sh(X) — Sh(Y") the
direct image functor. The functor f* is exact and f*(Cy) = Cx. The functor f, is
left exact and we denote by R'f, its right derived functors.

Our main object of study is the category D®(X) - the bounded derived category
of Sh(X). We also consider the bounded below derived category D*(X).

A continuous map f : X — Y defines functors
f*:DYY)— D¥X) and Rf.:DH(X)— D¥(Y).

Remark. Since we mostly work with derived categories, we usually omit the sign

L
of the derived functor and write f, instead of Rf.,® instead of ® and so on.

1.2. Truncated derived categories (see [BBD])

For any integer a we denote by D<%(X) the full subcategory of objects 4 €
D*(X) which satisfy H'(A) = 0 for i > a. The natural imbedding D<*(X) —
D*(X) has a right adjoint functor 7<, : D(X)* — D<*(X), which is called the
truncation functor.

Similarly we define the subcategory D2%(X) C D*(X) and the truncation
functor >, : D¥(X) — D2%(X).

Given a segment I = [a,b] C Z we denote by D’(X) the full subcategory
D24(X)N DY X) c DY(X).

Subcategories D2¢(X), D<*(X) and D(X) are closed under extensions (i.e.
if in an exact triangle A — B — C objects 4 and C lie in a subcategory, then B
also lies in the subcategory). All these subcategories are preserved by inverse image
functors.

If J C I, we have a natural fully faithful functor D7(X) — D!(X). The
category D?(X) can be reconstructed from the system of finite categories DI(X),
namely

DYX) = li}nD[(X).

Since all functors D7(X) — D!(X) are fully faithful, there are no difficulties in
defining this limit.
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In the case when I = [0,0] the subcategory D(X) is naturally equivalent to
Sh(X). This is the heart of the category D?(X) with respect to t-structure defined
by truncation functors 7 (see [BBD]).

1.3. We assume that the coefficient ring R is noetherian of finite homological dimen-
sion (in fact we are mostly interested in the case when R is a field, usually of char-
acteristic 0). Then we can define functors of tensor product ® : D¥(X) x D¥(X) —
DY X) and Hom : D¥(X)° x D*(X) — D*(X) (see [Bol], V.6.2 and V.7.9 ).

1.4. For locally compact spaces one has additional functors fi, f' and the Verdier
duality functor D. In order to define these functors we will work only with a special
class of topological spaces. Namely, we say that a topological space X is nice if it
is Hausdorff and locally homeomorphic to a pseudomanifold of dimension bounded
by d = d(X) (see [Bol]).

Every nice topological space is locally compact, locally completely paracompact
and has finite cohomological dimension (see [Bol]). In particular every object in
D%(X) can be realized by a bounded complex of injective sheaves. In fact we could
consider instead of nice spaces the category of topological spaces satisfying these
properties.

Let f: X — Y be a continuous map of nice topological spaces. Then following
[Bol] we define functors f,, fi : D4(X) — D¥Y), and f*, f': D*(Y) — Db(X).

Functors described above are connected by some natural morphisms. We will
describe some of them; one can find a pretty complete list in [GoMa]. These proper-
ties are important for us since we would like them to hold in the equivariant situation
as well.

We denote by T the category of topological spaces.

In the rest of this section 1 (except for 1.9) we assume that all spaces are nice.

1.4.1. We have the following natural functorial isomorphisms.
Hom(A® B,C) ~ Hom(A, Hom(B, C)).
fF(A® B) ~ f*(A)® f*(B).
1.4.2. Composition. Given continuous maps f : X — Y and ¢ : Y — Z there are

natural isomorphisms of functors (fg)* = g*-f*,(fg)' = ¢ f',(f9)s = fa-gs,(fgh =
fr-g

1.4.3. Adjoint functors. The functor f* is naturally left adjoint to f, and the
functor f; is naturally left adjoint to f'.



1.4.4. There is a canonical morphism of functors fi — f, which is an isomorphism
when f is proper.

1.4.5. Exact triangle of an open subset. Let U C X be an open subset, ¥ =
X\U,i:Y — X and j : U — X natural inclusions. Then for every F € D} X)
adjunction morphisms give exact triangles

W' F = F — j,j*F

and
jij'F > F = i,i*F.

In this case iy = i, and j, are extensions by zero, j* = j' is the restriction to an
open subset, i1i' is the derived functor of sections with support in Y.

1.4.6. Base change. In applications we usually fix a topological space S (a base)
and consider the category 7/S of topological spaces over the base S. An object of
this category is a pair X € 7 and a map X — S.

Every continuous map v : T — S defines a base change ~: 7/S — T /T by
X—X=XxsT.

Given a space X/S we will use the projection v : X — X to define a base
change functor v* : D*(X) — D?(X). This functor commutes with functors f* and
fi, i.e. there are natural functorial isomorphisms

vVfr = f*v* and v'fi= fir’.
Similarly, there are natural isomorphisms

Vi =Y and Vf = ful

1.4.7. Properties of the functor f'.

The object Dy := f(Cy) € D*(X) is called the dualizing object of f.
1. We say that the map f is locally fibered if for every point & € X there exist
neighbourhoods U of z in X and V of y = f(z) in Y such that themap f: X = Y
is homeomorphic to a projection F x V — V.

Assume that f is locally fibered. Then for every A € D*(Y) there is a natural
isomorphism

Fi(4) > f*(4) ® f(Cy)

(see [Ve2]).
2. Let f: X < Y be a closed embedding. We say that f is relatively smooth if
there exists an open neighbourhood U of X in Y, such that U = X x R? and f is the



embedding of the zero section f(z) = (z,0). Let p: U — X be the projection. An
object F € D¥(Y') is called smooth relative to X if Fy = p*F" for some F' € D¥X).

Assume f : X — Y is a relatively smooth embedding. Then D; € D¥(X) is
invertible (see 1.5 below). Let F' € D*(Y) be smooth relative to X. Then we have
a natural isomorphism in D*(X)

f'F=fF®Dy.

In particular the dualizing object Dy (see 1.6.1 below) of Y is smooth relative
to X and we have
Dx = f'Dy = f*Dy ® Dy.

3. Let
Z, 2 2
Lf Lf
{p}> W

be a pullback square, where f : Z — W is a locally trivial fibration, and j : Z, — Z
is the inclusion of the fiber. Then we have a canonical isomorphism of functors

=l

1.5. Twist. An object L € D*(X) is called invertible if it is locally isomorphic to
Cx|[n] - the constant sheaf Cx placed in degree —n. Then for L~! := Hom(L,Cx)
the natural morphism L ® L=! — Cx is an isomorphism. Every invertible object L
defines a twist functor L : D*(X) — D®X) by A+— L ® A. If L, M are invertible
objects, then N = L @ M is also invertible and the twist by N is isomorphic to the
product of twists by L and M. In particular, the twist functor by L has an inverse
given by the twist by L=,

The twist is compatible with all basic functors. For example I ® (A ® B) =
(L® A)® B and L ® Hom(A,B) = Hom(A,L ® B) = Hom(L™' ® A, B).

Fix a base S and an invertible object L in D¥(S). It defines a family of twist
functors L in categories D¥(X) for all spaces X/S; namely if p : X — S and
A € D¥X), then L(A) = p*(L) ® A. This twist is compatible with all our functors,
i.e., for every continuous map f : X — Y over the base S there are canonical

isomorphisms of functors
fL=Lf fL=Lf, fL=Lf., fiL=Lf.

These isomorphisms are compatible with isomorphisms in 1.4.



1.6. Verdier duality

1.6.1. Let us fix an invertible object D, in D*(pt) and call it a dualizing object over
the point. For any nice topological space X we define its dualizing object Dx €
DY X) to be p'(Dy), where p: X — pt. If X is a smooth manifold of dimension d
the dualizing object Dy is invertible (1.5) and locally isomorphic to Cx[d]. Using
this dualizing object we define the Verdier duality functor D : D*(X) — D*(X) by
D(A) = Hom(A, Dx).

For any object A € D*(X) we have a canonical functorial biduality morphism

A > D(D(4)).

1.6.2. Theorem (Verdier duality). For any continuous map f there are canonical
funetorial isomorphisms

Dfi=f,D and f'D=Df"

1.6.3. Different choices of the object D, give rise to different duality functors,
which differ by a twist. We will choose the standard normalization Dy = Cpy (see
[Bol]).

Remark. This standard normalization is not always natural. For example, if
R = k(M) is an algebra of functions on a nonsingular algebraic variety M, the
natural choice for D, is a dualizing module for M, equal to Qp [dimM].

1.7. Smooth maps. Let f : X — Y be a continuous map of topological spaces.
We say that f is smooth of relative dimension d if for every point z € X there
exist neighborhoods U of z in X and V of f(z) in ¥ such that the restricted map
f:U — V is homeomorphic to the projection V x RY — V.

For a smooth map f the dualizing object Dy € D?(X) is invertible and is locally
isomorphic to Cx|[d].

1.8. Smooth base change. Consider a smooth base change v: T — S. If X is a
nice topological space (see 1.4.), then the space X = X xsT is also nice. The crucial
observation, which makes cur approach possible, is that in this situation the base
change functor v* : D¥(X) — Db(X) essentially commutes with all other functors.

Theorem (Smooth base change).
(i) We have canonical functorial isomorphisms

v*(A® B) = v*(4) @ v*(B),
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v*(Hom(A,B)) = Hom(v*(A),v*(B)).

(i) Let f : X — Y be any map of spaces over S. Let us denote by the same symbol
the corresponding map X — Y. Then for A € D¥(X), B € D}(Y') we have canonical
1somorphisms
v f(A) = for*(4), v*Ai(A) ~ fiv*(A)
v*f*(B) ~ f*v*(B), v*fi(B) =~ f'v*(B).
These isomorphisms are compatible with isomorphisms in 1.4.

(i) The Verdier duality commutes with v* up to a twist by the (invertible) dualizing
object D, of v:T — S. Namely

D(v*(A)) = D, ® v*(D(A)).

This isomorphism is compatible with the identities in 1.6. For ezample, if we
tdentify v*(DD(A)) ~ DD(v* A) using the last isomorphism then v* preserves the
biduality morphism (1.6.1).

We will discuss this theorem in Appendix A.

1.9. Acyclic maps. Fix n > 0. In this section we consider general topological
spaces. The proofs are given in Appendix A below.

1.9.1. Definition. We say that a continuous map f : X — Y is n-acyclic if it
satisfies the following conditions:

a) For any sheaf B € Sh(Y) the adjunction morphism B — R®f.f*(B) is an
isomorphism and R'f, f*(B) =0 for i = 1,2,...,n.

b) For any base change Y — Y the induced map f : X = X xy Y — ¥ satisfies
the property a).

We say that f is oco-acyclic if it is n-acyclic for all n.

It is convenient to rewrite the condition a) in terms of derived categories.
Namely, consider the functor ¢ = 7<n - fi : DY X) — DYY). Then the ad-
junction morphisms B — f,f*(B) and f*f.(A) — A define functorial morphisms
T<n(B) — o f*(B) and f*o(A) = 7<n(A).

The condition a) can be now written as

a') For any sheaf B € Sh(Y) C D}(Y) the natural morphism B — of*(B) is
an isomorphism.

1.9.2. It turns out that for an n-acyclic map f : X — Y large pieces of the category
DY(Y) can be realized as full subcategories in D?(X). Namely, let us say that an
object A € DY(X) comes from Y if it is isomorphic to an object of the form f*(B)
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for some B € D*(Y). We denote by D*(X|Y) C D*(X) the full subcategory of
objects which come from Y.

Let us fix a segment I = [a,b] C Z and consider the truncated subcategory
DI(X|Y) = DI(X)n D*(X|Y).
Proposition (see Appendix A). Let f : X — Y be an n-acyclic map, where n >
1| =b—a (resp oo-acyclic). Then
(i) The functor f* : DI(Y) —» DI (X|Y) (resp. f*: D¥(Y) = D¥(X|Y)) is an
equivalence of categories. The inverse functor is given by o = 7<p 0 fu : DY(X) —
D¥Y) (resp. fu:DH(X)— DT(Y))
(i) The functor f* gives a bijection of the sets of equivalence classes of exact tri-
angles in DI(Y) and DY(X|Y) (resp. in DY (Y) and DY (X|Y)). In other words a
diagram (T) in DI(Y) is an ezact triangle iff the diagram f*(T) in DY(X) is an
ezact triangle.
(13) The subcategory DY(X|Y) C DY X) (resp. DY(X|Y) C D*(X)) is closed
under exstensions and taking direct summands.

1.9.3. The following lemma gives a criterion, when an object A € D(X) comes
from Y.

Lemma. Suppose we have a base change q: Y Y in which q 18 epzmorphzc and

admits local sections. Set X = X Xy Y and consider the induced map f X7,

Then

(i) The induced | map f 18 n-acyclic if and only if f 1is n-acyclic.

(u) Suppose f, f are n-acyclic. Let A € DI(X), where |I| < n. Then A comes from
Y if and only if its base change A=gq *(A) € DI(X) comes from Y.

(iii) The above assertions hold if we replace “n-acyclic” by "co-acyclic” and DT by

D+,

1.9.4. The following criterion, which is a version of the Vietoris-Begle theorem,
gives us a tool for constructing n-acyclic maps.

We say that a topological space M is n-acyclic, if it is non-empty, connected,
locally connected (i.e. every point has a fundamental system of connected neigh-
borhoods) and for any R-module A we have H°(M, A) ~ A and H*(M, A) = 0 for
t=1,2,...,n

Criterion. Let f : X — Y be a locally fibered map (1.4.7). Suppose that all fibers
of f are n-acyclic. Then f is n-acyclic.

1.10. Constructible complexes.
Suppose that X is a pseudomanifold with a given stratification S (see [Bol] I.1).
We denote by D8(X; S) the full subcategory of S-constructible complexes in D¥(X),
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i.e. complexes whose cohomology sheaves are constructible with respect to S (see
(Bol]). Then D¥(X;S) is a triangulated subcategory of D?(X), closed with respect
to extensions and taking direct summands. It is also preserved by functors 7, ®,
Hom and D. For a constructible complex A the biduality morphism A — DD(A)
is an isomorphism. If f : (X,8) — (Y, &') is a stratified map of pseudomanifolds,
then functors f*, f', f. and fi preserve constructibility (see [Bol]).

Consider the natural partial order on the set of all stratifications of X (§ > 7T if
strata of S lie inside strata of 7). If § > T we have a natural fully faithful inclusion
functor D¥(X;7T) — Db X;S).

We define a constructible space to be a topological space X together with
a system {S} of stratifications of X (allowable stratifications), which is a directed
system with respect to >. For constructible space X we define

Di(X) = lim DY X,S).

Let (X,S) and (Y, T) be constructible spaces. A continuousmap f: X — Y is
called constructible if for any allowable stratifications § and 7 there exist allowable
stratifications §' > § and 7' > T such that f : (X,8') — (Y,7') is a stratified
map. For a constructible map f functors f*, f', f., and fi preserve constructibility.
Examples. 1. Let X be a complex algebraic variety. Then as a topological space
X has a canonical structure of a constructible space. Namely a stratification § is al-
lowable if all its strata are algebraic. Any algebraic map f: X — Y is constructible.

2. Similarly every real semialgebraic set has a canonical structure of a con-

structible space.
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Appendix A.

Al. Proof of Theorem 1.8
(i) See [Bol], V.10.1,10.21.
(i) Consider the pullback diagram

X %X

LFolf
y Ly

The isomorphism for f* follows from 1.4.2 and for f is a base change isomor-
phism 1.4.6 (here we do not use that v is smooth).

By 1.4.7 the functor ¢' is obtained from v* by the twist (see 1.5) by the relative
dualizing sheaf D, € D"(T), i.e., we have canonical isomorphisms v} ~ D, ® v* on
both X and Y. Since all functors commute with the twist ( see 1.5) it suffices to
find canonical isomorphisms v' f' ~ f'v' and v'f, ~ f,v' . Again this follows from
1.4.2 and 1.4.6.

The proof of the fact that smooth base change preserves all functorial identities
mentioned in the theorem is quite lengthy and is based on case by case considera-
tions. We omit the details.

(iii) This follows from 1.4.7 and 1.7.

A2. Proof of proposition 1.9.2
(i) Consider the functor o : D¥(X) — Db(Y) given by o(A) = 7<pfs(A4). Using
adjunction morphisms I'd — f, f* and f*f, — Id in combination with the truncation
functor 7<p we construct morphisms of functors a : 7<4 — o f* and 8 : f*o — 7<5-
Let C C D¥(Y) be the full subcategory of objects B for which the morphism a
is an isomorpism. This subcategory is closed under extensions and by the acyclicity
condition it contains subcategories Sh(Y')[—i] for i > a. Hence C contains D2°.
In particular on the category D(Y) we have a functorial isomorphism B —
o f*(B), which shows that the functor ¢ on this subcategory is left inverse to f*.
Let B € DI(Y). Properties of adjunction morphisms imply that the com-
position morphism f*(B) — f*of*(B) — f*(B) is an identity. This implies the
following

Criterion. An object 4 € DI(X) lies in D(X|Y) if and only if the morphism
B: f*o(A) — A is an isomorphism.

This criterion shows that the functors f and o are inverse equivalences of cat-
egories DI(Y') and DI(X|Y).
(ii) This follows from the fact that inverse functors f* and o are exact.
(iii) This follows from the criterion in (i).

The assertions about D¥(Y) and DT(X|Y) in case f is co-acyclic are proved
similarly.
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A3. Proof of Lemma 1.9.3.
(i) Since f~is obtained from f by a base change, the n-acyclicity of f implies that of
f~ (see 1.9.1). Conversely, suppose f is n-acyclic. Locally on Y the map ¢ : Y oY
has a section s and the map f can be obtained from fby the base change with s.
Thus f is n-acyclic locally on ¥ and hence is n-acyclic.
(ii) If A comes from Y then clearly A comes from Y. Let us show that if A comes
from Y then A comes from Y.

Using the criterion in A2(i) it is enough to check this locally on Y. But locally
A is obtained from A by the base change with the morphism s, and hence it comes
from Y.

(iii) Is proved similarly.

A4, Proof of criterion 1.9.4

Our proof is a refined version of the argument in [Bol],pp.80-82.

Step 1. Let f : X =Y x F — Y be a projection with a nonempty connected
fiber F. Then for any B € Sh(Y) one has I'{X, f*B) ~ I'(Y, B).

Step 2. If f: X — Y is locally fibered with locally connected fibers, then the
functor f* preserves direct products of sheaves.

Indeed, let B = [] B, be a product of sheaves on Y. Consider the natural
morpismy : f*(B) — [] f*(Ba). We claim that v is an isomorphism. It is enough to
check that v induces isomorphisms on sections over small enough open sets U C X.
By our assumption we can choose open subsets U C X and V C Y such that the
map f : U — V is homeomorphic to a projection V x F — V with a non-empty
connected fiber F. Then by Step 1

(U, f*(B)) =T(V,B) = [[ T(V, Ba)

and
(U, [] £(Ba)) = [ITW, £*(Ba)) = [I T(V, Ba)

which implies that v is an isomorphism.

Step 3. Let i : y — Y be an imbedding of a point (not necessarily closed),
j : F = f7'(y) = X the corresponding imbedding of the fiber over y. Then
functors i, and j, are exact and we have the base change f*i,(A4) ~ j.f*(A) for
A € Sh(y).

Indeed, since the statement is local, we can assume that X =Y x S. Consider
a point £ = (y,s) € X and a sheaf B € Sh(S). Then it is easy to see that the stalk
of j.(B) at the point = equals the stalk of B at the point s if 3’ lies in the closure
of y and equals 0 otherwise, and similarly for the map i. This implies the exactness
of functors 7., j«. Comparison of stalks proves the base change.



15

Step 4. As in A2(i) let us consider the functor o = 7<pfs : D(X)® — DY)
and the functorial morphism a : B — o f*(B).

Let C = C(Y) C Sh(Y) be the subcategory of sheaves B such that o is an
isomorphism a : B ~ o f*(B).

Let ¢ : y — Y be an imbedding of a point and B € Sh(y). Then by the
assumption on fibers of the map f, the sheaf B lies in C(y). Using step 3 we deduce
that its image 7.(B) lies in C(Y). Since the functor f. preserves direct products,
step 2 implies that C(Y) is closed under direct product. Hence any sheaf B € Sh(Y')
can be imbedded in a sheaf E which lies in C(Y").

Step 5. Using standard devissage one shows by induction on n that all sheaves
onY liein C(Y).

Step 6. For any base change Y — Y the corresponding map X o Y satisfies
the same conditions as f. Hence f is n-acyclic.



2. Equivariant derived categories.

This section contains the definition of our main object - the derived category
Dg(X). This is not a derived category in the usual sense, i.e. it is not the derived
category of an abelian category. However, Dg(X) is a triangulated category with a
t-structure, whose heart is equivalent to the abelian category Shg(X) of equivariant
sheaves on X. We give several equivalent definitions of Dg(X) - each one appears
to be useful.

We start with the bounded derived category D% (X) - definition 2.2.4. Other
definitions of D% (X) are given in 2.4 and 2.7. The bounded below category DE(X)
is defined in 2.9 in a similar way. One notices that there is a quick definition of
categories D%, D using co- dimensional spaces (2.7, 2.9.9). However, the most
part of this section is devoted to showing that in the case of the bounded category
D% (X) we may work only with finite dimensional spaces. This is important for the
definition of functors in section 3 below. On the other hand, co-dimensional spaces
appear to be convenient for DY. In particular the definition (in section 6) of our
main functor Qy, - the general direct image - essentially uses co-dimensional spaces.

In this section we work with arbitrary topological spaces; in particular we do
not assume that they are Hausdorff.

We fix a topological group G and consider the category of G-spaces.

2.1. Categories Dg(X, P).
Let us recall some definitions from section 0.
2.1.1. Definition. a) A G-space is a topological space X together with a continuous
(left) action of G on X. A G-map f: X — Y is a continuous G-equivariant map.
For a G-space X we denote by X the quotient space X = G \ X and by ¢ the
quotient map ¢: X — X.
b) A G-space X is called free if G acts freely on X and the quotient map g : X — X
1s a locally trivial fibration with fiber G.

Lemma. Let v : P — X be a G-map. Suppose the G-space X is free. Then
P=X XYF and in particular P is free.
This lemma is proved in 2.3.1.

2.1.2. Definition. Let X be a G-space. A resolution of X isa G-mapp: P —» X
in which the G-space P is free. A morphism of resolutions is a G-map over X.

We denote the category of resolutions of X by Res(X) or Res(X,G).

We will be mostly interested in resolutions which are epimorphic and moreover
n-acyclic for large n.
Examples. 1. Let T = G x X be a G-space with the diagonal action of G. Then

the projection p : T — X is a resolution of X, which we call the trivial resolution
of X.
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2. More generally, let M be any free G-space. Then the projectionp: X x M —
X is a resolution of X.

3. If P - X and R — X are two resolutions of X, then their product S =
P xx R also is a resolution of X, which has natural projections on P and R ( this
is the product of P and R in the category Res(X)).

4. Let f : X — Y be a G-map. Then every resolution P — X can be considered
as a resolution of Y. This defines a functor Res(X) — Res(Y).

This functor has a right adjoint functor f° : Res(Y) — Res(X). Namely for
any resolution R — Y we set f°(R) = R xy X (it is called the induced resolution
of X).

2.1.3. For any resolution p : P — X of a G-space X we consider the following
diagram of topological spaces

Q(p) : XEpPpLP=G\P

Definition. We define the category D%(X, P) as follows:

an object F of D%(X, P) is a triple (Fx, F, 8) where F, € D*(X), F € D¥P)
and 8 : p*(Fx) ~ ¢*(F) is an isomorphism in D*(P).

a morphism a : F — H in D%(X, P) is a pair a = (ax, @), where ax : Fx —
Hx and @: F — H satisfy 8- p*(ax) = ¢*(@) - 8.

Examples. If G = {e}, the category D%(X, P) is canonically equivalent to the
category D*(X). If X is free and P = X, the category D%(X, P) is canonically
equivalent to the category D(X).

2.1.4. For any G-space X we define the forgetful functor For : D%(X, P) — D¥ X)
by For(F) = Fx.

2.1.5. Let v : P — R be a morphism of two resolutions of a G-space X. Then
we define the inverse image functor v* : D(X, R) — D%(X, P) by v*(Fx,F,B) =
(Fx,7*(F),v), where 7 : P — R is the quotient map and v = v*(8) : p*(Fx) =
v*r*(Fx) — v*¢*(F) = ¢*7*(F).

2.1.6. More generally, let f : X — Y be a G-map. Suppose we are given two
resolutions p : P — X and r : R — Y and a morphism v : P — R compatible
with f (i.e, f-p = r-v). In this situation we define the inverse image functor
f*: D&(Y,R) — D%(X, P) by f*(Fy,F,8) = (f*(Fy),7*(F),7), where7: P - R
is the quotient map and v = v*(8) : p*(f*(Fy)) = v*r*(Fy) — v*¢*(F) = ¢*7*(F).

We will use this functor mostly in two situations: when R = P and when
R = fO(P) is the induced resolution (see 2.1.2, example 4).
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2.1.7. Let p: P — X be a resolution of a G-space X and X be the quotient
space of X. We define the quotient functor ¢* : D*(X) — D%(X, P) by ¢*(A) =
(¢*(A),p*(A),7), where ¢ : X — X is the quotient map, : P — X the natural
projection and v the natural isomorphism p*¢% (4) ~ ¢*p*(A4).

2.2. Categories D5(X) and D%(X).
2.2.1. We want to define the equivariant derived category D%(X) as a limit of
categories D%(X, P) when resolutions P — X become more and more acyclic.

We fix a segment I = [a,b] C Z and first define the category Dé(X ).

Definition. For any resolution p : P — X we define a full subcategory D5(X, P) C
D%(X, P) using the forgetful functor, i.e., F € D5(X, P) if Fx € D!(X) (see 1.2).
For an epimorphic map p this is equivalent to the condition ¥ € DI(P).

We say that a resolution p : P —» X is n-acyclic if the continuous map p is
n-acyclic (see 1.9). The following proposition, which we prove in 2.3.3. is central
for our purposes.

Proposition. Let p : P — X be an n-acyclic resolution, where n > |I|. Suppose
that X is a free G-space. Then the quotient functor ¢* : D'(X) — DL(X, P) is an
equivalence of categories (2.1.7).

2.2.2. We will mostly work with the following corollary of the proposition, which
describes how the category DL(X, P) depends on the resolution. Let P, R be two
resolutions of a G-space X, § = P x x R their product and prg : S — R the natural
projection.

Corollary. Suppose that the resolution P — X is n-acyclic, where n > |I|. Then
the functor pr : DL(X, R) — DL(X,S) is an equivalence of categories.

2.2.3. Fix an n-acyclic resolution p : P — X, where n > |I|. For any resolution
R — X we define the functor Crp : D5(X,P) — DL(X,R) as a composition
Crp = (prg)™' - prp : DE(X,P) — DL(X,S) ~ DL(X,R), where S = P xx R
and prp, prrg - projections of S on P and R. This functor is defined up to a canonical
isomorphism.

Let us list some properties of this functor, which immediately follow from the
definition.
(i) If v : R - R' is a morphism of resolutions, we have the canonical isomorphism
of functors Crp ~ v* . Cgr p (2.1.5).

In particular, for any morphism v : R — P we have the canonical isomorphism
C R,P ™ v*.
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(ii)) Let @ be another n-acyclic resolution. Then we have a canonical isomorphism
of functors Cr,p =~ Cp,q - Co,p; since the functor Cp p is the identity, in this case
the functor Cg, p is an equivalence of categories ( the inverse functor is Cp,g).

2.2.4. From now on we assume the following property of a G-space X:

(%) For every n > 0 there exists an n—acyclic resolution p: P — X.

Definition. For every segment I C Z we define the category D5(X) to be DL(X, P),
where P is some n-acyclic resolution of X with n > |I|. As follows from 2.2.3 this
category is defined up to a canonical equivalence. If J C I, we have a fully faithful
functor ¢ : D’(X) — D¥(X), defined uniquely up to a canonical isomorphism. We
define the equivariant derived category D% (X) to be the limit

DY(X) = lim DL(X)
(compare with 1.2).

Passing to the limit in constructions defined in 2.1.4, 2.1.6 and 2.1.7 we define
the following functors:
(i) The forgetful functor For : D%(X) — D% X)
(ii) The inverse image functor f* : D4(Y) — D¥%(X) for a G-map f: X =Y.
(iii) The quotient functor ¢* : D*(X) — DL(X).

For example, let us describe the inverse image functor. Let F' € D%(Y'). Choose
a segment I C Z such that F € DL(Y). Fix n > {I| and find an n-acyclic resolution
R — Y. Then by definition F is an object of D5(Y,R). Consider the induced
resolution P = f%(R) — X with the natural projection » : P — R. Using the
construction from 2.1.6 we define the inverse image v*(F) € DL(X, P). Since P is
an n-acyclic resolution of X this gives an object f*(F) € DL(X).

These constructions are compatible, which means that we have canonical iso-
morphisms of functors For - f* ~ f*. For, ¢* F* o~ f*.q*, where f : X — Y is the
quotient map, and For - ¢* ~ ¢*, where ¢ : X — X is the quotient map.

2.2.5. Proposition. Let X be a free G-space. Then the gquotient functor ¢* :
Db(X) — D%(X) is an equivalence of categories.

Indeed, in this case X is an co-acyclic resolution of X, so D%(X) ~ D%(X, X) ~
D).

2.3. Proofs.
2.3.1. Proof of lemma 2.1.1. Set Y = X and consider the natural map a : P —
S = X xy P. Since G acts freely on X, « is a bijection and G acts freely on
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P. In order to prove that « is a homeomorphism we can replace Y by its small
open subset. Since X — Y is a locally trivial fibration with fiber G we can assume
X=G«xY.

Let 7 : X — G be the projection and ¢ = 7v : P — G. Consider the continuous
map 7 : P — P given by 7(p) = u(p)~(p). Since y is a G-map, 7 is constant on
G-orbits. Hence 7 induces a continuous map 7 : P — P, such that 7 = 7¢. The
action of G then defines a continuous map 8 : G x P — P. Identifying G x P with
X xy P we see that 3 is the inverse to a. This proves lemma 2.1.1.

2.3.2. Lemma. Let I C Z be a segment and p: P — X be an n-acyclic resolution
of a G-space X, where n > |I|. Let D'(P|p) be the full subcategory of DT(P) defined
by

D'(Plp) = {H € D(P)lq*(H) € D' (PIX))

(i.e. it consists of objects H for which p*(H) comes from X, see 1.9.2).

Then the restriction functor DL(X, P) — DI(P|p), F —— F, is an equivalence
of categories. The subcategory DI(P|p) C D(P) is closed under eztensions and
taking direct summands.

Indeed, by definition an object F € DIG(X,P) is a triple (Fix, F, ) with Fx €
D!(X), F € DI(P) and B : p*(Fx) ~ ¢*(F). By Proposition 1.9.2 the functor
p* : DI(X) — D!(P|X) is an equivalence of categories. Hence we can describe F
by a triple (H € DI(P|X),F € D'(P), § : H ~ ¢*(F)).

Such a triple is determined by F up to a canonical isomorphism, so F can be
described by an object F € DY(P) such that ¢*(F) € DI(P|X).

Since the subcategory D! (P|X) C DY(P) is closed under extensions and taking
direct summands (1.9.2), the subcategory D!(P|p) C D(P) also has these proper-
ties. This proves the lemma.

2.3.3. Proof of proposition 2.2.1.

By lemma 2.1.1 we have P = X x5 P. Since the resolution map p: P — X
is n-acyclic and ¢ : X — X is epimorphic and admits local sections, we can apply
lemma 1.9.3. In particular, we see that the map p: P — X is n-acyclic and hence
D!(X) ~ D'(P|X) = {H ¢ D!(P)|H comes from X}. By Lemma 1.9.3 this last
category equals {H € D!(P)|¢*(H) € D'(P|X)} ~ D!(P|p). It remains to apply
lemma 2.3.2. This proves the proposition.

2.3.4. Proof of corollary 2.2.2. Let F € D5(X, R). By definition F is described
by a triple Fx € DI(X), F € D'(R) and 8 : ¢*(F) ~ r*(Fx). Applying proposition
2.2.1 to the n-acyclic resolution p : § — R of a free G-space R we can replace the
object F' € DI(R) by an object H of an equivalent category D§(R, S). Thus F can
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be described by the 5-tuple
(Fx,Hg,H,B:r*(Fx) ~ Hg, v: p"(Hg) ~ ¢*(H)).

Clearly the triple (Fx, Hg, B) is determined by the object Fix up to a canonical
isomorphism. Replacing in our 5-tuple this triple by Fx, we see that F' can be
described by a triple (Fx,H,6 : s*(Fx) ~ ¢*(H)), where § = v - p*(B). But the
category of such triples is by definition DL(X, $). This proves the corollary.

2.4. Description of the category D%(X) in terms of fibered categories.

We will mostly work with another description of the equivariant derived cat-
egory Dg(X ), which uses the notion of a fibered category over the category 7 of
topological spaces. Let us recall this notion.

2.4.1. Definition. A fibered category C/T is a correspondence which assigns to
every object X € T a category C(X), and to every continuous map f: X — Y a
functor f*: C(Y) — C(X), and to every pair of composable maps f : X — Y and
h:Y — Z an isomorphism (hf)* ~ f*h*, which satisfy the natural compatibility
conditions.

We will work with the following two examples of fibered categories: C(X) =
Sh(X) and C(X) = D¥(X).

Usually the fibered category C'/T is described in a slightly different way. Namely,
consider the category C defined as follows:

An object of C is a pair (X, A), X € T,4 € C(X).

A morphism ¢ : (Y, B) — (X, A) in C is a pair , consisting of a continuous map
f:X —Y and a morphism ¢ : f*(B) — A in C(X).

A composition of morphisms is defined in a natural way.

By definition we have the natural contravariant projection functor = : C —
7. This functor completely describes the fibered category C/7T, since one can
reconstruct the category C(X) as the fiber of 7 over an object X (see [Gi]).

A morphism ¢ : (Y, B) — (X, A) in C is called cartesian if the corresponding
morphism ¢ : f*(B) — A is an isomorphism. This notion can be described directly
in terms of the functor 7 : C — T (see [Gi]).

Let K be any category . We call a functor ® : K — C cartesian if for any
morphism a € Mor(K) its image ®(a) € Mor(C) is Cartesian.

2.4.2. Fix a fibered category 7 : C — 7. Let K be any category and ® : K — 7T
be a covariant functor. We want to define the category C(®) which is the fiber of
the fibered category C over the functor ®.

By definition, an object F € C(®) is a cartesian functor F : K — C, such
that 7 - F = ®. A morphism in C(F) is a morphism of functors @ : F — H such
that 7(«) is the identity morphism of the functor &.
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In other words, an object F' € C(®) is a correspondence which assigns to every
object a € K an object F(a) € C(®(a)) and to every morphism o : a — b in K an
isomorphism F(a) : ®(a)*F(b) ~ F(a) in C(®(a)) such that
a) If @ = id, then F(a) =id.

b) For any pair of morphisms a:a¢ — b, 8: b — ¢ in K we have

F(Ba) = F(a) - $(«)"(F(8)).

Examples. 1. Let K be the trivial category (one object, one morphism). Then a
functor @ : K — 7 is nothing else but a topological space X and C(®) = C(X).

2. Let K be the category with 3 objects in which morphisms are described by the
following diagram

Oﬁ—p-o—qbo.

For any resolution p: P — X of a G-space X the diagram Q(p) (2.1.3) repre-
sents a functor @ : K — 7 and the category D®(®) is equivalent to D%(X, P).

2.4.3. Let X be a G-space. Consider the category K = Res(X, G) of resolutions of
X and the functor ®: K - T, ®(P)=P =G\ P.

Proposition. The fiber D¥(®) of the fibered category D®/T is naturally equivalent
to the category D%(X).

In other words, we can think of an object F € D%(X) = D¥$) as a collection
of objects F(P) € D*(P) for all resolutions P — X together with a collection of
isomorphisms v*(F(R)) ~ F(P) for morphisms of resolutions v : P — R, satisfying
natural compatibility conditions.

Proof. (i) Suppose we are given an object F € D%(X). For any resolution p : P —
X consider the object p*(F) € D%(P). Since P is a free G-space, by proposition
2.2.5 we can find an object F(P) € D*(P) and an isomorphism p*(F) ~ ¢*(F(P)).
For any morphism of resolutions v : P — R we have a canonical isomorphism
v*(F(R)) ~ F(P) in D*(P), which corresponds to a natural isomorphism v*r*(F) ~
p*(F) in D%(P). This collection defines an object F' € D*(®).

(ii) Conversely, let H = {H(P) € D*(P), H(v)} be an object of D*(®). Denote by
T the trivial resolution T = G x X — X. For any resolution P consider a diagram
of resolutions

T« Py =TxxP— P,

in which morphisms are projections. Note that the diagram

T(—P+—+P

in 7 coincides with the diagram Q(p) in 2.1.3. Thus H defines objects Hx = H(T) €
DY X), H = H(P) € D*(P) and an isomorphism p*(Hx) ~ H(P;) ~ ¢*(H), ie.,
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an object H(P) € Dg(X,P). It is clear that the collection of objects H(P) is
compatible with morphisms of resolutions.

Chose a segment I C Z such that H(T) € D!(X). Choose an n-acyclic resolu-
tion P — X where n > |I|. Then the object H(P) € DL(X, P) by definition can
be considered as an object of D5(X).

If R is another n-acyclic resolution and S = P x x R, then the objects prp(H(P))
and pr}(H(R)) in DL(X, S) are canonically isomorphic to H(S), which shows that
the objects H(P) and H(R) in D5(X) are canonically isomorphic. This defines the
inverse functor D¥(®) — DY(X).

Remark. Let us describe explicitly the functor D%(X) — D¥(®).

Given an object F € DL(X) we can find an n-acyclic resolution P — X
with n > |I| and realize F as an object in D!(P). For any resolution R — X
consider the product resolution S = P x x R and define an object F(R) € D!(R)
by F(R) = (prk)~'pr5(F) (here we use the fact that the functor prj gives an
equivalence of categories since the map prr : § — R is n-acyclic; see also 2.2.3).
This construction gives us a collection of objects F(R) € D*(R), i.e., an object in
Db(®).

2.4.4. Analyzing the proof of proposition 2.4.3 we see that in order to reconstruct
the category D%(X) we do not need to consider all resolutions and all morphisms
between them. We can work with a smaller family of resolutions and their mor-
phisms, provided it is rich enough. The following proposition, whose proof is just a
repetition of the proof in 2.4.3, gives the precise statement of the result.

Proposition. Let J be a category and j : J — K = Res(X,G) be a functor.
Consider the composed functor ¥ = & ] :J = T and denote by j the fiber functor
j : D¥@) — D¥W¥).

Suppose that the pair J,j has the following properties:

a) The category J has direct products and the functor j preserves direct products.

b) The image j(J) contains the trivial resolution T.

¢) For everyn > 0,7(J) contains an n-acyclic resolution.

Then j : D&(X) ~ D¥(®) — D¥(T) is an equivalence of categories.

Example. Let f : X — Y be a G-map. Set J = Res(Y), j = f° : Res(Y) —
Res(X) (2.1.2 example 4), ¥ = j - & Then D*(¥) ~ Db(®). In other words in
order to compute D%(X) it is enough to use only those resolutions which come from

Y.

2.4.5. Summarizing, in order to describe an object F € D%(X) it is enough to do
the following;:
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(i) To fix some sufficiently rich category J of resolutions of X closed with respect
to direct products.

(ii) For every resolution P € J to describe an object F(P) € D¥(P).

(1ii) For every morphism of resolutions v : P — R in J to construct an isomor-
phism a, : v*(F(R)) ~ F(P).

(iv) To check that the system of isomorphisms constructed in (iii) is compatible
with the composition of morphisms in J. Namely, given a composition of two
morphisms P% R4S, we should have an equality a, - via, = au.

Remark. Similar results hold for the fibered category Sh/7. Namely, the category
Sh(®), and more generally Sh(¥) as in 2.4.4, is naturally equivalent to the category
Shg(X) of G-equivariant sheaves on X (0.2,2.5.3). We will prove a slightly stronger
statement in Appendix B.

We will construct the category D(X) in 2.9 by the same method.

2.4.6. Let us describe some basic functors for the equivariant derived category using
the language of fibered categories.

(i) The forgetful functor For : D%(X) € Db X) (2.1.4). Identifying D%(X)
with the category D®(®) we can describe this functor by For(F) = F(T) € D¥T) =
D¥(X), where T = G x X is the trivial resolution of X.

(ii) The inverse image functor (2.1.6). Let f : X — Y be a G-map. It defines
a functor Res(X) — Res(Y), P — P (see 2.1.2, example 4). Using this functor
we define the inverse image functor f* : D%(Y) — DY%(X) by f*(F)P) = F(P) €
Db(P).

We also have another description of this functor, which uses induced resolutions.
Namely, consider the category Res(Y) of resolutions of ¥ and the functor fO :
Res(Y) — Res(X), R — f%(R) (2.1.2, example 4). For every resolution B — Y
we have the canonical map f : fO(R) — R. We define the inverse image functor
f*: DE(Y) — DY(X) by f*(F)(f°(R)) = f*(F(R)) € D*(fO(R)). Note that this
formula defines the value of the functor f*(F) € D%(®) not on all resolutions of X,
but only on resolutions of the form f°(P). However the proposition 2.4.4 shows,
that this gives a well defined object in DY (X) = Db(®).

(iii) The quotient functor (2.1.7). The quotient functor ¢* : D*(X) € DY (X)
is defined by ¢*(A)(P) = p*(A4) € D*(P), where p: P — X is the natural map.

2.5. Truncation and the structure of a triangulated category on D%(X).

2.5.1. Let F € D%(X). We will interpret F' as a functor P +— F(P) on the
category Res(X) as in 2.4.

Fix an interval I C Z and suppose that for some resolution P for which the
map P — X is epimorphic we have F(P) € D!. Then for any other resolution R,
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F(R) also lies in D', since for § = P x R the projection of S on R is epimorphic
and inverse images of F(P) and F(R) are isomorphic.

It is clear that the full subcategory of objects F € D¥%(X) satisfying this con-
dition is the subcategory D5(X) described in 2.2.1.

Similarly we define subcategories D5*(X), D3%(X) and truncation functors
7<a and Ty, (for example, 7<o(F)(P) = 7<,(F(P))).

2.5.2. Definition. A diagram F — F' — F" — F[1] in Dg(X) is called an exact
triangle if for any resolution P — X the diagram F(P) — F'(P) —» F"(P) —
F(P)[1] is an exact triangle in D(P).

Proposition. (i) The collection of ezact triangles makes D%(X) into a triangulated
category.

(1) The truncation functors 7< and > define o t-structure on the category

DY(X) (see [BBD)).
Proof. (i) We have to check the axioms of triangulated categories. Each axiom
deals with a finite number of objects 4; € D%(X). Let us choose a segment I C Z
such that all objects A;[k] for k = —1,0,1 lie in DL(X). Then choose n > |I|, fix
an n-acyclic resolution P — X and identify D5(X) with DL(X, P).

As was proved in 2.3.2, the natural restriction functor D5(X, P) — D!(P) gives
an equivalence of the category DL (X, P) with the full subcategory D!(P|p) C D*(P)
which is closed under extensions.

Each axiom of triangulated categories asserts the existence of some objects and
morphisms, such that certain diagrams are commutative and certain diagrams are
exact triangles. We find the corresponding objects and morphisms in the category
D!(P) and extend these diagrams to other resolutions of X as in remark in 2.4.3.
Using proposition 1.9.2 we see that this extension preserves commutative diagrams
and exact triangles.

(i) Since all the functors in the definition of the category D%(X) commute
with truncation functors, the assertion is obvious.

2.5.3. Proposition. The heart C = DéO(X) n DCZ;0 (X) of the t-category D%(X)
is naturally equivalent to the category Sha(X).

We will prove this result in Appendix B.

By definition, an object F € D%(X) lies in C iff F(P) is a sheaf for every
resolution P. In other words, we can identify the category Shg(X) with the fiber
Sh(®) of the fibered category Sh/T over the functor ® : Res(X) — 7 (or with the
fiber Sh(T) as in 2.4.4).

2.5.4. There is a natural functor i : D*(Shg(X)) — D%(X) from the bounded
derived category of equivariant sheaves to the equivariant derived category. Namely,
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if F'is a complex of equivariant sheaves on X, then for any resolution p : P — X
it defines a complex p*(F') of equivariant sheaves on P . We denote by i(F)(P)
the corresponding object in D*(P) (use lemma 0.3). This functor i induces an
equivalence of abelian categories i : Shg(X) =~ DéO(X) N DgO(X) (2.5.3), but
in general is not an equivalence of the triangulated categories. However, it is an
equivalence if the group G is discrete (8.3.1).

2.6. Change of groups. The quotient and the induction equivalences.

2.6.1. Let H C G be a subgroup and X be a G-space. Then it is intuitively
clear that restricting the action of G to H one should get a restriction functor
Resp g : Dg(X) — D?I(X).

Here is an explicit description of this restriction functor.

For any H-resolution p : P — X we consider the induced G-resolution ind(P) =
G x g P, with the morphism v : ind(P) — X given by v(g,!) = g(p(l)), where l € P.
Note that we have a canonical isomorphism ind(P) = P.

Let F € D%(X) be an object, which we interpret as a functor P — F(P)
like in 2.4.3. Then we define the object Resy g(F) € D%(X) by Resu,g(F)(P) =
F(ind(P)) € D*(P).

In case when H is a trivial group this functor is naturally isomorphic to the
forgetful functor For : D%(X) — D%(X) = D X).

More generally, let X be an H-space and Y be a G-space. Let f: X — Y be
a ¢-map, where ¢ : H — G is the embedding (0.1). In this situation we define the

inverse image functor

f*:Dg(Y) — Dy(X) by f*(F)(P)=(F(ind(P)).

(Here ind(P) = G x g P and the G-map v : ind(P) — Y is given by v(g,1) = gfp(l)
for g € Gand!l € P).

By definition the functor f* preserves the t-structure.

2.6.2. Quotient equivalence. We saw in proposition 2.2.5. that for a free G-space
X we have the equivalence D%(X) ~ D*(X). This is also clear from the description
of the category D%(X) in terms of fibered categories, since in this case the category
Res(X,G) has a final object X.

Similar arguments prove the following more general result.

Let H C G be a normal subgroup, B = G/H the quotient group. Then for any
G-space X the space Z = H \ X is a B-space and the projection ¢ : X — Z is a
¢-map, where ¢ : G — B is the quotient homomorphism.

Theorem. If X is free as an H-space then the t-categories DY (H \ X) and DY%(X)
are naturally equivalent.
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Proof. Let P — X be a resolution of a G-space X. Then Py = H\ P is a resolution
of the B-space Z. This defines a functor Res(X,G) — Res(Z, B). Since X is free as
an H-space, lemma 2.1.1 implies that this functor is an equivalence of categories (the
inverse functor is Py — P = X x z Py). Since Py = P we see that this equivalence is
compatible with quotient functors ®x : Res(X) — 7 and &z : Res(Z) — T. This
implies that the fiber categories D¥(®z) and D*(®x) are equivalent.

2.6.3. Induction equivalence. Let ¢ : H — G be a embedding of a subgroup.
For an H-space X consider the induced G-space ind(X) = G xg X. We have a
canonical ¢-map v : X — ind(X),z + (e,z). It induces an inverse image functor

v* : DY (ind(X)) — DY(X) (2.6.1).

Theorem. The functor v* is an equivalence of t-categories.

Proof. The functor P — ind(P) is an equivalence of categories ind : Res(X,H) —
Res(ind(X),G) such that P = ind(P). Hence by definition of the functor v* in
2.6.1 it is an equivalence of categories.

Remark. Let X be a G-space and H C G be a subgroup. Then X can be considered
as an H-space and we have a canonical G-map r : ind(X) — X . Using the inverse
image functor and the induction equivalence we get a functor

x* : D%(X) — D% (ind(X)) ~ D%(X).

It is easy to see that this functor is canonically isomorphic to the restriction functor

RCSG’H (2.6.1).

2.7. Other descriptions of the category D% (X).
We are going to give two more alternative descriptions of the category D¥%(X).

2.7.1. Fix a sequence of resolutions Py — P; — --- — P, — - of X where P, is an
n-acyclic resolution (if G is a Lie group, we can take P; = X x M;, where {M;} is the
sequence of free G-manifolds constructed using the Stiefel manifolds as in section 3.1.
below). Then we can define D%(X) as the 2-limit of the categories D%(X, P;). In
other words, an object F € D%(X) is a sequence F = {Fx € D¥X),Fn € D*(Py)},
together with a system of isomorphisms p4(Fx) = ¢4(Fn), v}(Fn) ~ F;, where
pn: Py, — X, ¢gu: P, » P, and Vigp : Py = P,, satisfying obvious compatibility
conditions. Corollary 2.2.2 implies that this category is equivalent to the category
D(X).

2.7.2. The following description of the category D%(X) probably provides the most
satisfactory intuitive picture.
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Let us fix an oco-acyclic locally connected free G-space M (for example, take
M =lm M,

as in section 3.1. below). Then P = X x M is an oo-acyclic resolution of X and by
definition D%(X) = D&L(X, P).

Note that if M is in addition contractible, then the fibration P — M is nothing
else but the standard fibration Xg — BG over the classifying space of G with the
fiber X. By definition an object F' € D% (X, P) is essentially an object in DY P)
whose restrictions to all fibers are isomorphic.

For example, let us describe the category D% (pt).

Proposition. Let M be a contractible locally connected free G-space, BG := G\ M
- the classifying space for G. Then the category D%(pt) 1s equivalent to the full
subcategory of D¥(BG) which consists of complezes with locally constant cohomology
sheaves. If G is a connected Lie group, then this subcategory consists of complezes
with constant cohomology sheaves.

Proof. By the criterion 1.9.4 the map p : M — pt is oo-acyclic. Hence by 2.3.2
D% (pt) is equivalent to the full subcategory D*(BG|p) C D*(BG). We claim that
an object F € D*(BG) lies in this subcategory iff its cohomology sheaves are locally
constant. Indeed, consider the object H = ¢*(F) € D*(M), where ¢ : M — BG is
the quotient map. If F € D*(BG|p), then H comes from pt and hence its cohomology
sheaves are constant. Therefore the cohomology sheaves of F are locally constant.

Conversely, suppose that F' has locally constant cohomology sheaves. Let us
show that F' € D*(BG|p). Since by 2.3.2 this subcategory is closed under extensions
we can assume that F is a sheaf. Then H is a locally constant sheaf on a contractible
space M. Hence it is constant, i.e. comes from pt.

If G is a connected Lie group, then BG is simply connected and hence every
locally constant sheaf on BG is constant. This proves the proposition.

This picture will be used for example to describe the behavior of the equivariant
derived category when we change the group. Unfortunately the space M in this case
is usually infinite-dimensional, so it is difficult to define functors like f' or the Verdier
duality using this picture. However we will use co-acyclic resolutions in section 2.9
below in the discussion of the category DE(X).

2.8. Constructible objects.

Suppose that a G-space X is a stratified pseudomanifold with a given stratifi-
cation S.
Definition. We say that an object F € D%(X) is S-constructible if the object
Fx € D% X) is S-constructible. We denote the full subcategory of S-constructible
objects in D%(X) by Dg’c(X).
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Remark. We do not assume that the stratification § is G-invariant.
2.9. Category D}(X).
Let G be a topological group with the following property:
(%) There exists a oo — acyclic free G — space M.

For example, any Lie group satisfies this condition. It follows that every G-
space X has an oco-acyclic resolution X x M — X (1.9.4).

We now proceed exactly as in section 2.4 replacing everywhere D (or D)
by D¥ and n-acyclic resolutions by co-acyclic ones. Namely, fix a G-space X.
Consider the category K = Res(X,G) of resolutions of X and the functor @ : K —
T, & P)=P =G\P.

2.9.1. Definition. Define DE(X) := D*(®) - the fiber of the fibered category
D% /T over the functor & (2.4.1, 2.4.2).

In other words to define an object F ¢ D(X) mcans for every resolution
P — X to give an element F(P) € D*(P) and for every morphism of resolutions
v : P — R to give an isomorphism v* F(R) ~ F(P) satisfying natural compatibility
conditions (2.4.2).

2.9.2. Given a resolution P — X we define the category DE(X, P) replacing D*
by D% in the definition 2.1.3.

Lemma. (A D7-version of lemma 2.3.2.) Let p : P — X be en oo-acyclic
resolution. Let D¥(P|p) C D*(P) be the full subcategory consisting of objects H
such that ¢*H comes from X. Then the restriction functor DE(X, P) — D*(P|p)

18 an equivalence of categories.

2.9.3. Let X be the quotient space. We have the obvious quotient functor ¢* :
D*(X) — DE(X,P) asin 2.1.7.

The following D*-analogues of proposition 2.2.1 and corollary 2.2.2 are proved
similarly using proposition1.9.2, lemma 1.9.3 and lemma 2.9.2 above.

Proposition. Let P — X be an oo-acyclic resolution. Suppose that X is a free
G-space. Then the quotient functor ¢* : D¥(X) — DE(X, P) is an equivalence of
categories,

Corollary. Let P — X and R — X be two resolutions and S = P xx R be
their product. Assume that P is co-acyclic. Then the functor pry : DE(X,R) —
DE(X, S) i3 an equivalence of categories.
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2.9.4. The following proposition provides a "realization” of the categoty Dg(X )
asin 2.7.2.
Proposition. Let P — X be an co-acyclic resolution. Then the categories DE(X)
and DE(X, P) are naturally equivalent.

The proof is similar to the proof of the proposition 2.4.3 above.

2.9.5. Combining the above proposition with lemma 2.9.2 we get the following
geometric realization of the category DGt (pt).

Proposition. Let M be a contractible locally connected free G-space, BG := G\M
- the classifying space for G. Then the category DE(pt) is naturally equivalent to
the full subcategory of DY(BG) which consists of complezes with locally constant
cohomology sheaves. If G is a connected Lie group, then this subcategory consists of
complezes with constant cohomology sheaves.

The proof is the same as in proposition 2.7.2.

2.9.6. The proposition 2.4.4 remains true if we replace D® by D* and require
that j(J) contains an co-acyclic resolution. For example, if P — X is oo-acyclic
and T = G x X — X is the trivial resolution, then the following subcategory of
Res(X,G) is rich enough to define DE(X):

T—TxxP—P

(cf. example 2.4.2 and the proof of proposition 2.4.3).
Also the discussion in 2.4.5 is valid for D*.

2.9.7. We define exact triangles and truncation functors 7<, 7> in DE(X) exactly
as in 2.5.1, 2.5.2. The same proof (using co-acyclic resolutions) shows that Dfisa
triangulated category with a t-structure given by the functors 7.

2.9.8. All constructions and results of section 2.6 are valid for the category DZ.
Namely, just replace the symbol D by D}, everywhere.

2.9.9. Remark. We see that using co-acyclic resolutions P — X one gets a quick
and "geometric” definition of the category DE(X) =~ DE(X,P) C D*(P) (2.9.4,
2.9.2). We could do the same with the bounded category D%(X). However, as was
already mentioned, the space P is usually co-dimensional, which makes it difficult
to apply this construction in the algebraic situation or in the case of functors like
f' or the Verdier duality.

The category DY is needed in order to define the general direct image functor Q«
(when the group changes) (section 6). Although we did not use co-acyclic resolutions
in the definition of D} (2.9.1), they become essential in the definition of the direct
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image Q.. This is unpleasant in the algebraic setting. We manage to avoid this
problem in some special cases (see section 9 below).
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Appendix B. A Simplicial description of the category Dg(X).

B1. Let us describe the category D%(X) in the simplicial language. For a discussion
of simplicial spaces and simplicial sheaves we refer to [D1].

Let X be a G-space. Following [D1], we denote by [G\X]. the usual simplicial
space

[G\X]. = .GxGxX = GxX = X.

——>

Recall that a simplicial sheaf F- on [G\X]. is a collection of sheaves F" =
{F™ € Sh(G™ x X)}n>o with the following additional structure. Let A : G x X —
G™ x X be a composition of arrows in [G\X].. Then h defines a structure morphism
ap : h*F™ — F™, such that

app = ap - h*ap,

whenever the composition hA'h makes sense.

The abelian category of simplicial sheaves on [G\X]. is denoted by Sh{{G\X].).

B2. Definition. Denote by Sh.y([G\X].) the full subcategory of Sh([G\X].) con-
sisting of simplicial sheaves F"- for which all structure morphisms are isomorphisms.

B3. Fact. The category Shey([G\X].) is naturally equivalent to the category
Sha(X) of G-equivariant sheaves on X (see [D1](6.1.2,b)).

In proposition B4 below we extend this equivalence to derived categories.

Let D*([G\X].) be the bounded derived category of simplicial sheaves on [G\X]..
Denote by ng([G\X].) the full subcategory of D®([G\X].) consisting of complexes
A, such that H'(A) € Shey([G\X].).

B4. Proposition. Triangulated categories qu([G\X].) and D%(X) are naturally
equivalent.

Proof. Let us first prove a special case.

B5. Lemma. The proposition holds if X is a free G-space.

Proof of the lemma. Consider the quotient map ¢ : X — X. Then ¢ defines an
augmentation of the simplicial space [G\X]. and hence defines two functors

(1) "+ Sh(X) = Sheo([G\X].),

(2) ¢": D*(X) — Dg,([G\X].).

We know that D% (X) ~ DbX) (2.2.5). Hence it suffices to prove that the
second functor is an equivalence.

It is known (see [D1]) that the first functor is an equivalence. So it suffices to
show that for any two sheaves 4, B € Sh(X) we have

Ext) p@) (4 B) = Extpa\x])(2° 44" B).
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Using the standard method (see [H],7.1) we reduce the proof to the case of an
elementary sheaf A = Cy for an open set U C S. Then we may assume that X = U
and the above equality becomes

HY(X,B) = H'(IG\X].,¢"B),

which is well known (see[D1](6.1.2,c)). This proves the lemma.
Let X be any G-space. Let P — X be an oo-acyclic resolution. It defines a
map of simplicial spaces p : [G\X]. — [G\P]. and hence induces the functor

" Dey(IG\X].) — D¢, (IG\P].).
By the lemma this last category is equivalent to D*(P). So we get the functor
¢~ -p" DY([G\X].) — D*(P).

It is clear that for F € D} (|G\X].) its image ¢*~'p* F lies in the subcategory
DbP|p) ~ D&4(Plp) ~ D%(X) (lemmas 2.3.2, 2.9.2, proposition 2.9.4). So we
actually have the functor

(%) ¢t p": DL((G\X].) = Dg(X).

We claim that it is an equivalence.

Indeed, by a simplicial version of section 1.9 we conclude that the map p :
[G\P]. — [G\X]. is co-acyclic, that is the functor p* : D¥([G\X].) — D*([G\P].)
is fully faithful and its right inverse is p,. This implies that the functor (*} is fully
faithful. On the other hand, it is clear that if F € Sh(X) is such that p*F €
Sha(P), then also canonically F € Shg(X) (use again the acyclicity of the map p).
Therefore the functor (*) induces the equivalence of abelian categories Sha(X) and
DéO(X) N D% (X) and hence is an equivalence. This proves the proposition.

B6. Remark. Note that the last argument also proves the proposition 2.5.3



3. Functors.

In this section we consider a G-map f : X — Y and describe functors ®,Hom,
f*.f'.fe.fr and D in the categories D%(X) and DY%(Y). We also study relations
between these functors and the ones introduced earlier in 2.6. In section 3.7 we
define the integration functors D& (X) — D%(X) which are (left and right) adjoint
to the restriction functor D&(X) — D% (X) for a closed subgroup H C G.

3.1. In this section 3 we assume that G is a Lie group, satisfying the following

condition
(*+) For every n there exists an n-acyclic free G-space M which is a manifold.

It follows that every G-space X has an n-acyclic smooth resolution M x X — X
(see 1.7, 1.9, 2.1.2).
Let us show that this property holds in most interesting cases.

Lemma. Let G be a Lie group with one of the following properties:

a) G is a linear group, i.e., a closed subgroup of GL(k,R) for some k,

b) G has a finite number of connected components.

Then the property (*+) holds for G.

Proof. a) The Stiefel manifold M,, of k-frames in R™* is an n-acyclic free G-
manifold.
b) By a result of G.Mostow there exists a compact Lie subgroup K C G such that
the manifold G/K is contractible. By Peter-Weyl theorem K is a linear group, so
by a) it has an n-acyclic free K-manifold M’. Then M = G x g M’ is an n-acyclic
free G-manifold. This proves the lemma.

For a G-space X we denote by SRes(X) the category of smooth resolutions of
X and smooth morphisms between them. It follows from the property (*+) that this
category is sufficiently rich, so we can define D&(X) to be the fiber of = : DT
over the functor &x : SRes(X) — T, P — P (see 2.4.5). This is the definition of the
category D&(X) which we use in order to define all functors. The main reason for
sticking to smooth resolutions is the fact that all functors commute with a smooth
base change (see 1.8).

3.2. Functors @ and Hom.

Let F,H € D%(X). We will consider F and H as functors on the category
SRes(X) of smooth resolutions of X (see 2.4.5).

Now define objects ' ® H and Hom(F, H) in D%(X) by

F® H(P) := F(P)® H(P),
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Hom(F, H)(P) := Hom(F(P), H(P))

for every smooth resolution P. For any smooth morphism of smooth resolutions
v : S — P we define isomorphisms

F(S)® H(S) ~ v*(F(P) ® H(P)),

Hom(F(S),H(S)) ~ v*(Hom(F(P), H(P)))

using the smooth base change (see 1.8).

3.3. Functors f*, f', f, and fi.

Let f : X — Y be a G-map of nice topological spaces. Then P — f%(P)
defines the functor f° : SRes(Y') — SRes(X) (see 2.1.2, example 4), which takes
n-acyclic resolutions into n-acyclic ones. Hence the category f®(SRes(Y)) is rich
enough to define objects in D&L(X).

We will define the above functors using the smooth base change. For example,
consider the functor f,.

Given an object F' € D(X) we define f.(F) € D%(Y) by

F(F)(P) := £ (F(f*(P))),

for P € SRes(Y'), where f : fO(P) — P is the natural projection.

Given a smooth morphism v : S — P in SRes(Y) we define the isomorphism
F(F)v) - v*(fu(F)P)) ~ f(F)S) as f(F)v) := f«(F(v)) using the smooth
base change applied to the pullback diagram

Fo(8) = fo(P)
Lf Lf
s LP

The collection of objects f.(F)(P) and isomorphisms f.(F)(v) defines an object
fu(F) € DE(Y).

Similarly we define functors f*, f', fi. Note that functors f* and fi can be
defined using arbitrary (not necessarily smooth) resolutions.

3.4. Properties of functors ®, Hom, f*, f*, f., fi.

3.4.1. Theorem. (i) Let H C G be o subgroup of G. Then the above functors
commute with the restriction functor Resy g (2.6.1). This means that there ezist
canonical isomorphisms of functors Resy g - fe ~ fu - Resu,g, etc. In particular,
these functors commute with the forgetful functor For : D%(X) — Db(X).

(i) Let H C G be a normal subgroup, B = G/H. Let f : X - Y be a G-map of

G-spaces which are free as H-spaces. Then the above functors commute with the
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quotient equivalences ¢* : DY (H \ X) — D%(X) and ¢* : DY(H \'Y) — D%(Y) in
theorem 2.6.2. In particular, when H = G these functors commute with the quotient
equivalences ¢* : D*(X) — DL(X) and ¢* : D*(Y) — D&(Y).

(111) Let H C G be a subgroup. Then the above functors commute with the induction
functor D (Y) ~ D&(G xg Y) for an H-space Y as in theorem 2.6.3.

Proof. Immediately follows from definitions.

3.4.2. Examples.

1. We want to show that the constant sheaf Cx and the dualizing object Dx
for a G-space X always have a natural structure of a G-equivariant object. Let
p: X — pt be a map to a point.

We define the equivariant constant sheaf Cx = Cx,¢ € D%(X) by Cx(P) :=
Cy. Clearly Cx,g = p*(Cypt,¢) and For(Cx,¢) = Cx.

Define the equivariant dualizing object on X to be Dx ¢ = p'(Cpr.c) € DL(X).
By theorem 3.4.1 we have For(Dx ¢) = Dx.

More generally, for a G-map f : X — Y we define the equivariant relative
dualizing object Ds g := f'(Cy) € D4(X) . Again by theorem 3.4.1 it corresponds
to the usual relative dualizing object under the forgetful functor.

2. Let Y C X be a closed G-subspace, U = X\ Y. Consider the natural imbeddings
i:Y - X and j : U —» X. Then for F € D%(X) we have the exact triangles

#i'(F) = F — j,j*(F) and jij'(F) = F — 1,*(F).

These triangles are functorial in F. They are compatible with the forgetful func-
tor, the restriction functor Resy g (2.6.1) and with the quotient and the induction
equivalences of theorems 2.6.2 and 2.6.3.

3.4.3. Theorem. All properties of the functors @, Hom, f*, f., f', fi listed in 1.4
hold in the equivariant case.

Proof. Since the functorial identities listed in 1.4 commute with the smooth base
change (theorem 1.8), they automatically lift to the equivariant category (see the
argument in 3.3).

3.5. The equivariant Verdier duality.

Assume that X is a nice G-space (1.4).
3.5.1. Definition. Consider the equivariant dualizing object Dx ¢ = p'Cpt,c €
D%(X) (3.4.2 example 1). For F € D%(X) define its Verdier dual as

D(F) = Hom(F,Dx c).
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3.5.2. Theorem (The equivariant Verdier duality).
(i) There exists a canonical biduality morphism

F — D(D(F))

in D%(X).
(i) For a G-map f : X — Y we have canonical isomorphisms of functors between
the categories D%(X) and DY(Y)

Dfi~f,D and f'D~Df*.

(ii1) The Verdier duality commutes with the forgetul functor For : D%(X) — D¥(X).
Proof. As in section 3.3 we work with the category SRes(X, G) of smooth resolu-
tions of X.

(i). Let us first of all analize the equivariant dualizing object Dx g.

Let P — pt be a smooth resolution of the point pt, i. e. a smooth free G-space.
Consider the induced resolution of X:

PP(P)=PxX—-X
and the corresponding map of quotient spaces
p:p°(P)— P.

By definition Dx,g(p’(P)) = p'Cy € D*(p°(P)). Since P is a smooth free
G-space, the quotient space P is also smooth. Hence the dualizing object Dy is
invertible (1.6.1). Since P is a locally trivial fibration, by 1.4.7 we have

[ P S & o WP o . Tt SN o WP ot |
Dx c(p"(P)) =pCp=pDpQ®p DF = DpO(P) ®p DF .

Therefore, for F € D%(X), the object D(F)(P) is canonically isomorphic to
the usual Verdier dual D(F(P)) of F(P) € D¥(P) twisted by D%l (1.5). In particu-
lar, D(D(F))(P) is canonically isomorphic to D(D(F(P))). So the usual biduality
morphism

F(P) — D(D(F(P)))

(1.6.1) induces the desired biduality morphism
F(P) — D(D(F))(P).

It remains to check that this morphism is compatible with the smooth base
change by smooth maps R — P of smooth resolutions of pt. This follows from
theorem 1.8(iii). This proves (i).

(ii) is proved similarly.
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(ii1) follows immediately from theorem 3.4.1(1).

The theorem is proved.

Some further properties of the Verdier duality (in particular its behavior under
the quotient and the induction equivalences) will be studied in section 7 below.

3.6. Equivariant constructible sheaves.

Let X be a G-space, which is a pseudomanifold with a stratification §. Let
DEYC(X ) C DY%(X) be the full subcategory of G-equivariant S-constructible objects
(2.8). Then it is preserved by functors ®, Hom and D and the biduality morphism
F — D(D(F)) is an isomorphism for F € D} (X).

If f: X - Y is a stratified G-map of pseudomanifolds, functors f*, f', f. and -
fi preserve constructibility. This follows from the corresponding properties of the
category D%(X) (see 1.10), the definition of Dg},c in terms of D (see 2.8) and the
fact that all functors commute with the forgetful functor (theorem 3.4.1(1)).

Similarly for a constructible G-space X, as described in 1.10, we define the
full subcategory D% (X) C D&(X) of G-equivariant constructible objects. This
category is preserved by all functors for constructible G-maps.

3.7. Integration functors.
Let X be a nice G-space (1.4) and H C G be a closed subgroup.

3.7.1. Theorem. The restriction functor Resy g : D&(X) — D%(X) has a right
adjoint functor Ind, and a left adjoint functor Ind;.

In particular, in case of a trivial subgroup H we have a right and a left adjoint
functors to the forgetful functor For : D%(X) — D¥(X).

Proof. Consider X as an H-space, and denote by Z the induced G-space Z =
ind(X) = G xg X and by = : Z — X the natural G-map. Denote by v : X —
Z, z v (e,z) the natural embedding. By theorem 2.6.3 we have an equivalence of
categories v* : DY (Z) ~ D% (X). As was remarked in 2.6.3 the restriction functor
Resy,g : D%(X) — D%(X) is naturally isomorphic to v* - 7*.

Let us put Ind, = 7, -v*71 : D% (X) — D%(X). By theorem 3.4.3 this functor
is the right adjoint to Resy g.

Consider the equivariant dualizing object Dy = Dy, € D%(Z) of the smooth
map 7 (1.4.7, 1.7, 3.4.2). Then we have the canonical isomorphism of functors
7* ~ D;! . 7', where D! stands for the twist functor by D;! (1.4.7, 1.5, 3.4.3).

Let us put Indy = m - Dy - v*"1 : D'I’r{(X) — Dg(X)‘ Then by theorem 3.4.3
this functor is left adjoint to Resy,g.
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3.7.2. Proposition. Let f: X — Y be a G-map of nice topological. Then the
functor Ind, commutes with functors f, and f', and the functor Indy commutes
with functors fi and f*.

Proof. This follows from 3.4.1, 3.4.3, 1.4.6.

3.7.3. Theorem. Suppose that the space G/H is oo-acyclic (1.9), for ezample
contractible. Then the restriction functor Resy g i3 fully fasthful and its left inverse
18 the functor Ind,.

In particular, if G 1s an oo-acyclic group and H is trivial, then the forgetful
functor For : DL(X) — D¥(X) is fully fasthful.
Proof. Since the functor Ind, is the right adjoint to Res it is enough to check that
Ind, - Res is isomorphic to the idenfity functor. Using the explicit description of
the functor Ind, in the proof of 3.7.1 we see that it amounts to an isomorphism
mum* ~ Id. Since the map 7 : Z — X is a fibration with the oo-acyclic fiber G/H
it is co-acyclic (see 1.9.4). Then the statement follows from 1.9.2 and 3.4.3.



4. Variants.

In sections 2, 3 we have shown that the standard theory of constructible sheaves
on topological spaces has a natural extension to the egivariant situation. The reason
for this was the existence of the smooth base change (see 1.8).

There are several theories which are parallel to the theory of constructible
sheaves - étale sheaves on algebraic varietes, mixed sheaves on varieties over a finite
field, D-modules on complex varieties. In all these situations there exists a smooth
base change, so they have natural equivariant extensions. In this section we briefly

discuss some of them.

4.1. Let X be a complex algebraic variety, D}(X) be the category of complexes
on the topological space X which are constructible with respect to some algebraic
stratification. If X is acted upon by a linear algebraic group G we can define
the equivariant category D%,C(X ) in the same way as in section 2. All properties
discussed in sections 2 and 3 hold in this case.

4.2. Let X be a complex algebraic variety. Consider the derived category D*(Dx)
of D-modules on X and full subcategories D¥(Dx ) and D%, (Dx) of holonomic and
regular holonomic complexes (see [Bo2]).

These categories have functors and properties similar to category D?(X) in
section 1. In particular the smooth base change holds for D-modules (this easily
follows from the definition of the functor f* in [Bo2}).

Let G be a linear algebraic group acting algebraically on X. Using smooth
(complex) resolutions as in section 3 we define the equivariant derived categories
D&(Dx), DY 4(Dx) and DY ,(Dx) and functors between them.

Let Df«j, (X) be the category described in 4.1. Then the de Rham functor DR,

described in [Bo2], establishes the equivariant Riemann-Hilbert correspondence
DR: DY ,,(Dx) = D (X).

Remark. A. Beilinson has shown that the category D*(Dx) can be described di-
rectly in terms of D-modules on X in a language analogous to [DV]. We will discuss
this interpretation elsewhere.

4.3. Let k be an algebraically closed field. Fix a prime number [ prime to char(k).
For an algebraic variety X over k we denote by D%(X) the bounded derived cate-
gory of constructible Q;-sheaves on X (see [D2]). This category has all functorial
properties listed in section 1.

Let G be a linear algebraic group defined over k which acts on X. Then using
smooth resolutions as in section 3 we can define the eqivariant derived category

DY, (X) and corresponding functors.



5. Equivariant perverse sheaves.

In this section we assume that G is a complex linear algebraic group acting
algebraically on a complex variety X. We are interested in the category DEYC(X )
of equivariant constructible objects on X, defined in 4.1. For a complex variety M
we denote by dps its complex dimension. In the algebraic setting we always assume
that the basic ring R is a field of characteristic 0.

5.1 Equivariant perverse sheaves.

We want to define the subcategory of equivariant perverse sheaves Pervg(X) C
DE, AX).

Definition. An object F' ¢ DEYC(X) lies in the subcategory Pervg(X) if Fx lies
in Perv(X).

It is clear from this definition that all the elementary results about perverse
sheaves hold in the equivariant situation. For example, this category is the heart
of the “perverse” ¢-structure on the category Dg’ (X); in particular it is an abelian
category. Every object in Pervg(X) has finite length and we can describe simple
objects in Pervg(X) in the usual way (see 5.2 below).

Proposition. (i) D(Pervg(X)) = Pervg(X).

(#¢) Let H C G be a closed complez normal subgroup, acting freely on X,
B = H\G. Then the quotient equivalence ¢* : D%(H\X) — D2%(X) induces the
equivalence g* : Pervg(H\X) — Pervg(X)[—du] (2.6.2).

(iii) Let H C G be a closed complex subgroup, X - a complez H-variety, ¥ =
GxygX and v: X — Y the obvious tnclusion. Then the induction equivalence
v* : DL(Y) — D%(X) induces the equivalence Pervg(Y) — Pervy(X)lde — dn)
(2.6.3).

Proof. (i) and (ii) are obvious, since all functors commute with the forgetful functor
and the category Pervg(X) is defined in terms of Perv(X).

(iii) Note that it suffices to work only with complex smooth resolutions P — X
(for example using complex Stiefel manifolds as in 3.1). If P is such a resolution,
then an object F € D%’C(X) lies in Pervy(X) iff the object F(P) € D*(P) lies in
Perv(P)ldx + dg — dp]. This implies (iii).

5.2. The equivariant intersection cohomology sheaf.

Let j : V < X be the inclusion of a smooth locally closed irreducible G-
invariant subset, and £ € Shg(V) be a G-equivariant local system on V. Consider
the intermediate extension ji.L[dv]| € Pervg(X), where dv is the complex dimen-
sion of V ([BBD]). We call this extension the equivariant intersection cohomology
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sheaf ICG(V,L). In case V = X and the local system is trivial £L = Cv € Shg(V)
we denote it by ICg(X). As in the nonequivariant case one can show that simple
objects in Pervg(X) are exactly the intersection cohomology sheaves [ Cce(V,L),
for an irreducible local system £ € Sha(V).

Remark. Note that the quotient and the induction equivalences of proposition 5.1
(i1),(iii) preserve the equivariant intersection cohomology sheaves (up to a shift).

5.3. Decomposition theorem.
An object F' € DY%(X) is called semisimple if it is isomorphic to a direct sum
of objects Li[n], for some irreducible perverse sheaves L; € D%(X).

Theorem. Let f : X — Y be a proper G-map of complez algebraic varieties. Let
F € D%(X) be a semisimple object. Then its direct image H = f.(F) € D%(Y) is
semisimple.

Proof. Choose a large enough segment I C Z such that H € DL(Y) (see 2.2).
Choose a smooth complex n-acyclic resolution p : P — Y with n > |I|. Then the
category DL(Y) is by definition equivalent to the category DE(X,P). By lemma
2.3.2 this category is equivalent to the full subcategory D!(P|p) C DI(P).

Using the usual decomposition theorem (see [BDD]), we deduce that the object
H € D!(P) is semisimple, i.e. is of the form @H;, H; =~ L;[n;], where L; are simple
perverse sheaves in D¥(P). Since the subcategory D!(P|p) C D’ (P) is closed with
respect to direct summands, all objects H; lie in this subcategory, which gives the
decomposition H ~ @H; in DL(X, P) ~ D5(X). 1t is clear that every H; in D%(X)
has the form H; ~ L;[n!], where L; are irreducible perverse sheaves. This proves
the theorem.



6. General inverse and direct image functors Q*, Q..

6.0. Let ¢ : H — G be a homomorphism of topological groups and f : X — Y
be a ¢-map of of topological spaces (0.1). In this situation we will define functors
Q* : DL(Y) — D% (X) (DL(Y) = D}(X)) and Q. : DH(X) — DE(Y). Many of
the functors defined earlier are special cases of these general functors (see 6.6, 6.12
below).

6.1. Assume that the groups H,G satisfy the condition (*) in 2.2.4 (for exam-
ple, they may be Lie groups). As usual, denote by Res(X) = Res(X,H) and
Res(Y) = Res(Y, G) the categories of resolutions of X and Y (2.1.2). We interpret
the categories D% (X) and D%(Y) as fibers of the fibered category Db /T over the
functor & (2.4.3).

6.2. Definition. Let P — X, R — Y be resolutions, and f : P — R be a ¢-map,

such that the diagram
X +—P

VfLf
Y —R

is commutative. Then we call resolutions P and R compatible.
The following construction produces many compatible resolutions.
Cousider the bifunctor

Xt : Res(X) x Res(Y) — Res(X), (S,R)— S xx f(R).

Indeed, f°(R) = X xy R is naturally an H-space and the projection f°(R) — X
is an H-map. Note that if R — Y is n-acyclic then f°(R) — X is also n-acyclic.
However, f(R) is not a free H-space in general, hence not a resolution of X.

We have the obvious map of quotients f : m — R, induced by the projec-
tion f: 8§ x¢yR— R.

Remarks. 1. If S, R are n-acyclic, then § x5 R is also such.

2. The trivial resolutions H x X — X and G x Y — Y are naturally compatible.
3. If P, » R; and P, — Ry are compatible resolutions then P, x x P, — R1 Xy R
are also compatible.

6.3. Definition. A resolution P € Res(X) is compatible (with themap f: X — Y)
if it fits into a compatible pair P — R (6.2). A morphism P; — P, between
compatible resolutions is compatible if it fits into a commutative square

P— P

! !
Ry — R;
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where columns are compatible pairs. Denote by C'Res(X) C Res(X) the subcate-
gory of compatible resolutions and compatible morphisms.

6.4. Remark. It follows from remarks in 6.2 and proposition 2.4.4 that the category
CRes(X) is rich enough to define an object in D% (X).

6.5. Definition of Q%. Let F € D&(Y) and P € CRes(X). Let P —» Rbea
compatible pair of resolutions and f : P — R be the induced map of quotients.
Define

Q}F(P) = f F(R).

We must check that the value of Q}F on P is well defined (i.e. is independent
of the choice of R), and that Q}F is an object on DY (X).

Let P — R’ be a different compatible pair with the induced map 7 P> TR.
Then P — R xy R' is also a compatible pair, which shows that objects ?*F(R) and
f"F(R') in D*(P) are canonically isomorphic.

Let v : P, — P, be a morphism in CRes(X). We can complete it to a diagram

P — P

! 1
Rl—’R2

as in definition 6.3 above. This shows that objects v*(Q}F(P,)) and Q}F(F) are
canonically isomorphic. Hence Q} F is a well defined object in D4 (X).

6.6. Properties of )*.
The properties listed below follow immediately from the definitions.
1. The functor @Q* : D%(Y') — D% (X) is exact and preserves the t-structure, i.e.

Q* : Sha(Y) — Shu(X).

2. Let B be another topological group satisfying the condition (*) in 2.2.4. Let
% : G — B be a homomorphism and ¢ : Y — Z be a 1-map. Then we have a
canonical isomorphism of functors

Qr Qg = Qs

3. Suppose that H = G and ¢ = id. Then Q* is canonically isomorphic to the
inverse image functor f* in 2.2.4, 3.3.

4. Suppose that ¢ : H — G is an embedding of a subgroup. Then @Q* is canonically
isomorphic to the inverse image f* in 2.6.1. In particular if X = Y, we have
Q* = Resy g, and if moreover H = {e}, then Q* = For.
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5. Suppose that ¢ : H — G is surjective with the kernel K, such that X is a free
K-space and ¢ : X — Y is the quotient map by the action of K. Then Q] is
naturally isomorphic to the quotient equivalence ¢* : D4(Y) ~ D% (X) in 2.6.2.

6. Suppose that ¢ : H — G is injective, Y =G xg X andv: X —» Y, z+— (e, z).
Then @} is naturally isomorphic to the induction equivalence v* : D%(Y') o~ D% (X).

6.7. Let us assume that the groups H, G satisfy the condition (**) in (2.9). Then
we can use the definition of D};, D, in 2.9.1 to define the inverse image functor

Q} : DE(Y) — D{(X),

by replacing everywhere in 6.5 the category D* by D¥.

Alternatively, let P — R be compatible co-acyclic resolutions of X and Y
respectively, and f : P — R be the induced map of quotients. By lemma 2.9.2 the
categories D};(X) and DE(Y) are naturally identified as certain full subcategories
in D*(P) and D*(R) respectively. Under this identification we have

Q;=f :D"(R)~ D*(P).
All the remarks in 6.6 apply also to Dt.

6.8. Let us define the direct image Q. : DF;(X) — DE(Y). For simplicity we
assume that H,G are Lie groups (and hence satisfy the condition (**) in 2.9).

First we need some local terminology.

Let p: W — Z be a continuous map of topological spaces. We call p a good
map if p is locally fibered (1.4.7) with a locally acyclic fiber. This means that for
every point w € W there exist neighbourhoods U of w in W and V of z = p(w) in
Z such that U ~ F x V where F is acyclic and p is the projection.

Let GRes(Y') C Res(Y,G) be the subcategory consisting of good resolutions
r: R —Y (ie. the map r is good) and good morphisms between them. It follows
from our assumptions on the group G that the category GRes(Y') is rich enough
to define the category D% (Y) (2.4.4, 2.9.6). Indeed, let N be a locally acyclic free
G-space. Then the following diagram of resolutions lies in GRes(Y ):

GxY «—GxYxN-oSYxN,

(all maps are projections).
Note that if Ry — R, is a morphism in GRes(Y'), then the induced map
Ri — R, is also good.

6.9. Definition of Qy.. Let F € D}(X) and R € GRes(Y'). Choose an oco-acyclic
resolution P — X. Consider the compatible pair of resolutions (6.2)

PxsR— R
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and the induced map of quotients

f : P Xf R — E
We define
Qs F(R) := f,F(P x5 R).

We must check that the value of Q. F on R is well defined (i.e. does not
depend on the choice of P), and that Q. F is an object in DE(Y).
Let P' — X be a different oo-acyclic resolution. Consider the commutative

diagram
(P xx P XfR—t>P’><fR
Ls T
Px;R LR

where all maps are induced by the obvious projections. Put Fp = F(P x5 R),
Fp = F(P' x s R). By definition, we have a canonical isomorphism

Note that morphisms s, ¢ are co-acyclic, and hence t. - t* = id, s. - s* = id (Propo-

sition 1.9.2(i)). So we have canonical isomorphisms
tus"Fp = Fpr,
545*Fp =Fp,
and therefore a canonical isomorphism
7.Fr=F.Fr.

which shows that Q. F(R) is independent of the choice of P.
Let ¢ : S — R be a good morphism of resolutions. Consider the pullback
diagram

Px;5-LPx, R

17 LT

S R

In order for Q. F to be a well defined object in DE(Y') it suffices to show that
the base change morphism
g fF - f.gF

is an isomorphism, where F = F(P x; R) € D*(P xs R). Since g is a good map
this follows from the good base change lemma C.1 proved in Appendix C below. So
Qy.F is an object in DE(Y).
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6.10. Let us give an alternative description of the functor Q.. Choose a compatible
pair § — R of oo-acyclic resolutions (6.2) such that R € GRes(Y). Let f: § — R
be the induced map of quotients. Recall that categories Df;(X) and DE(Y) are
canonically identified as certain full subcategories in D*(S) and Dt(R) (2.9.2).
After this identification we have

Qs = f.: D*(5) —» D*(R)

(cf. 6.7 above).

6.11. Example. Let X =Y = pt. Let
é:BH — BG

be the map of classifying spaces induced by the homomorphism ¢ : H — G. By
proposition 2.9.5 the categories Df;(pt) and D} (pt) are naturally realized as full
subcategories of DY (BH) and D¥(BG) consisting of complexes with locally con-
stant cohomology. After this identification we have

Q* =¢" : D¥(BG) — D*(BH),

Q.=9,: DY(BH) — D*(BG).

6.12. Properties of Q,.
1. The functor Q. is the right adjoint to Q* : DE(Y) — DF(X).
Indeed, this is clear from 6.7 and 6.10.
2. Let B be another Lie group and ¢ : G — B be a homomorphism. Let ¢ : Y — Z
be a 1-map. Then

QoeQyr = ng*'

This is clear.
3. Let K C H be the kernel of the homomorphism ¢. Assume that X is a free
K-space. For example, ¢ may be injective. The . commutes with the forgetful
functor. In particular, if X and ¥ are nice topological spaces, then Q. preserves
the bounded equivariant category Q. : D% (X) — D%(X).

Indeed, let R — Y be a good oo-acyclic resolution. Then the H-space f°(R) =
X xy R is free, and hence is an oo-acyclic resolution of X. So we can use the map
f : F°(R) — R to define the direct image Q. = f,. Consider the commutative
diagram, where both squares are cartesian

X — f°(R) — f(R)
VFLf i
Y — R — R
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Since horizontal arrows are good morphisms (6.8) we conclude by the good base
change lemma C1 that @, commutes with the forgetful functor.
4. Suppose that H = G, ¢ = id and f : X — Y be a G-map of nice topological
spaces. Then Q. preserves the bounded category D% and is naturally isomorphic
to f. in 3.3.

This follows immediately from the property 3 above, since both f, and Q. are
right adjoint to the same functor f* = Q* : D4(Y) — D%(X).
5. Suppose that ¢ : H — G is injective. Let X =Y and f = id. Then (), preserves
the bounded category D® and is canonically isomorphic to the integration functor
Ind, (3.7).

This follows immediately from the properties 1,3 above and from 6.6(4).
6. In the situation of the quotient or the induction equivalence (6.6 (5,6)) the
functor Q. preserves the bounded category D® and is equal to @Q*~!.

Indeed, in both cases the functor @, preserves the bounded category D® (see
3 above) and hence is equal to Q}'l by 1 above and 6.6(5, 6).



7. Some relations between functors.

We establish some relations between the earlier defined functors that we found
useful. Roughly speaking, subsections 7.1 - 7.3 contain some commutativity state-
ments, and in 7.4 -7.6 we discuss the behavior of the quotient and the induction
equivalences with respect to the Verdier duality.

In this section we assume for simplicity that all groups are Lie groups satisfying
the condition (*+) in 3.1 and all spaces are nice (1.4).

7.1. Theorem. (Smooth base change) Let ¢ : H — G be a homomorphism of
groups. Consider the pullback diagram

X-Lx
VLS
vy L v

where g: X — X (resp. ¢ : Y — Y ) is @ smooth map of H-spaces (resp. G-spaces)
and f 13 a ¢-map. Then

(i) All functors ®, Hom, f*, f., f', fi, Q% Qs between categories D% D%,
(or DY, D;) when defined commute with the smooth base change g*.

(i) The functor g* commutes with the Verdier~ duality D : D%(X) — D% (X)
up to the twist by the dualizing object D,y € D4 (X) (3.4.2(1)), 1.e.

D-g*=D,u®¢" - D.

Proof. This is nothing but the smooth base change (1.8). When oo-dimensional
spaces are involved (functor Qy.) one may use the good base change lemma C1.

7.2. Proposition. Let ¢ : H — G be o« homomorphism of groups and f: X =Y
be ¢ G-map of G-spaces. Consider X as an H-space and id : X — X as a ¢-map.
Let Q* = Qf; : Dg(X) — Du(X) be the corresponding inverse image. We have a
similar inverse image for the space Y.

Then all functors ®, Hom, f*, f., f', fi, D, Q% Qg+ between categories Dg,
Dy when defined commute with the inverse image Q*. In particular Q* preserves
the dualizing objects.

For ezample, if H is a subgroup in G then all the above functors commute with
the restriction functor Resy g = Q.
Proof. In this case Q} = f*, Q. = fi, s0 it suffices to consider the first seven
functors defined in section 3.

Let N be a free smooth G-space, M' be a free smooth H-space. Later on we
can assume that N, M' are sufficiently acyclic. Put M = M' x N - free smooth
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H-space. Denote by P = NxX - X, Pu=MxX - X,Rg=NxY =7,
Ry = M xY — Y the corresponding smooth G- and H-resolutions of X and Y.
They form the pullback diagram

Py — Pg

1 !

Ry — Rg

where horizontal arrows are projections and vertical ones are induced by f.
This induces the pullback diagram of quotients

Py 4 Pg

where the map ¢ is smooth. By the smooth base change (1.8) the functor ¢g* com-
mutes with all functors ®, Hom, f , f o f f. But g* represents the inverse image
@* on the given resolutions. Hence @Q* commutes with the corresponding functors
in the equivariant category.

Let us prove that Q* commutes with the Verdier duality. It suffices to show
that @* preserves the dualizing objects.

Consider the pullback diagram

Py L Pg
Ip lp

M N

Then by definition Dx ¢(Pg) = p!CTv‘v Dx,n(Py) = p'Cy;. Hence again by the
smooth base change
9" Dx,c(Pc) = Dx,n(Pn)

and so @Q*Dx ¢ = Dx,u. This proves the proposition.

7.3. Let us prove another base change theorem. Let ¢ : H — G be a homomorphism
of groups. Let G' C G be a closed subgroup, and H' = ¢~1(G’) C H be its preimage
in H. So we get a commutative diagram of group homomorphisms

H — H

i !

G — G

Let f: X — Y be a ¢-map. We get a diagram of functors

Resg/

Dh(X) =" DR(X)
Qs - 1 Qs
DE(Y) T2 DE(Y)
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Theorem. Assume that ¢ induces an isomorphism H/H' ~ G/G'. Then there is a
natural 1somorphism of functors

Qf* : ResH’,H = RCSG’,G . th

from D}(X) to DL, (Y).
Proof. Consider the H-space H X g+ X with the H-map

g: Hxm X — X, (hz)+ hz,

and the H'-map
v: X 2 HxgpX, z+(erx).

Similarly for Y with G and G'.
The restriction functor Resgyr g : DH(X) — D}.(X) is isomorphic to the
composition of the inverse image

9" : DH(X) — DL(H xm X)
with the induction equivalence
v* = Q% : DH(H x g X) — Dh(X).

The induction equivalence Q% commutes with the direct image Qr« because
v g I
(Q%)"! = Q4. So it remains to prove that the inverse image g* commutes with

Qfx-

We have a commutative diagram

Hxp XL X

Lf Lf
GXG/Y —g-PY

where f is the ¢-map and ¢ is an H-map (resp. a G-map). Because of our assumption
H/H' = G/G' it follows that this is a pullback diagram. Since g is smooth, the
assertion follows from 7.1.

7.4. Definition. Let ¢ : H — G be a homomorphism of groups and f : X —» Y
be a ¢-map. Consider Y as an H-space via the homomorphism ¢ and define the
dualizing object Dy = Dy y € D4 (X) of the map f as

Df = f!Cy,H.

7.4.1. Lemma. In the above notations assume that the map f is smooth. Then the

inverse image

Q} : Dg(Y) — Dy(X)
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commutes with the Verdier duality up to a twist by the invertible object Dy, i.e.

D-Q;=D;®Q}-D.

Proof. Follows immediately from 7.1, 7.2.

7.5. We know that the quotient equivalence ¢* commutes with the functors ®, Hom,
f*, fs, f', £ (3.4.1). Since ¢* is the inverse image (and ¢*~! is the direct image) it
also commutes with the functors @* and Q. in the appropriate setting. We claim
that ¢* commutes with the Verdier duality up to a twist by the invertible dualizing
object D, (7.4).

Namely,let 0 - H - G 2% B — 0 be an exact sequence of groups. Let X be
a G-space which is free as an H-space. Consider X = H\X as a B-space and the
quotient morphism ¢ : X — X as a ¢-map. The following proposition is a special
case of lemma 7.4.1 above.

7.5.1. Proposition. The quotient equivalence
¢ : Dp(X) = Dg(X)
commutes with the Verdier duality D up to a twist by Dy (7.4). Namely

Dq*qu®q*D

For a manifold M denote by djps its dimension.

7.5.2. Proposition. Assume that in the previous proposition the group G is con-
nected. Then the dualizing object Dy is the constant sheaf shifted by the dimension
of H

Dy = Cx cldn]

and hence

D-¢" =(¢" - D)du]-

That is the quotient equivalence commutes with the Verdier duality up to the shift
by dy.

Proof. Put X =Y. Consider both X,Y as G-spaces and f : X — Y as a G-map.
Let P — Y be a smooth resolution of Y and f°(P) — X the induced resolution of
X. Consider the obvious pullback diagram

Py 4 (P
Lf LT
p P
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‘We must show that
f Cp = Cospyldnl-

Since f is a smooth map we know that T! Cp = DT is invertible (1.4.7, 1.6.1) and
locally isomorphic to C’W[d g]- The map ¢ is a smooth fibration with connected
fibers (=G). Hence it suffices to show that the local system q*T!CF is trivial. By
the smooth base change

¢'fCp=fqCp=fCp.

But the map f is a principal H-bundle, so f'Cp = Cjo(p)[dn] by the following
lemma.

7.5.3. Lemma. Let T be a Lie group and g : Z — W be o principal T-bundle.
Then

¢'Cw = Czldr].

Proof. The fibers of ¢ are orientable (=T) and we claim that one can orient the
fibers in a compatible way. Indeed, the transition functions in the principal T-
bundle are given by the (right) multiplication by elements of T', which preserves the
orientation of the fibers.

7.5.4. Corollary. Under the assumptions of the previous proposition 7.5.2 we have

a canonical isomorphism of functors

Qg+ - D = (D - Qqv)ldn]-

Proof. Indeed, Q4 = ¢*~! (6.12(6)). So apply 7.5.2.

7.6. We know that the induction equivalence (2.6.3) commutes with all functors in
section 3 except for the Verdier duality (3.4.1). Here we prove that it commutes
with the duality up to a twist by the invertible object D, (7.4).

Namely, let ¢ : H < G be an embedding of a closed subgroup and X be
an H-space. Consider the induced G-space Y = G xy X and the natural ¢-map
v:X Y.

7.6.1. Proposition. The induction equivalence

Q; : Dg(Y) = Dy(X)
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commutes with the Verdier duality D up to a twist by the invertible dualizing object
D, € DY (X):
D-@Q;=D,9Q; D.

Proof. Since the embedding v : X < Y is relatively smooth (1.4.7(2)), the dualiz-
ing object D, is indeed invertible.
Since @} commutes with Hom it suffices to prove that

Dx,n=D,®Q;Dye.
By proposition 7.2 @Q* Dy, = Dy g. So the desired identity is
Dx,y=D,®v*'Dyy,
which is the equivariant analogue of 1.4.7(2) (see theorem 3.4.3). This proves the

proposition.

7.6.2. Proposition. Assume that in the previous proposition the group H is con-
nected. Then the dualizing object D, is the constant sheaf shifted by the difference
of dimensions of H and G

D, = Cx,uldn — dg]
and hence
D-Q; =(Q5 - D)ldn - dgl.

That is the induction equivalence commutes with the Verdier duality up to the shift
by dH - dG'.
Proof. Consider the obvious pullback diagram

X5y

lp lp

pt — G/H

where p : Y — G/H is a locally trivial fibration with fiber X. By the equivariant

analogue of 1.4.7(3) we have

Hence it suffices to show that

#Co,n = Cpe,uldn — dc).

Note that G/ H is a manifold of dimension dg—dp. Hence i!CG/H,H € D4 (pt)is
an invertible equivariant sheaf concentrated in degree dg —dy. But H is connected,
hence it is actually constant.
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7.6.3. Corollary. Under the assumptions of the previous proposition 7.6.2 we have
a canonical 1somorphism of functors

D-Quu= (Qu* ' D)[dG - dH].

Proof. Indeed, Q.. = (Q%)™! (6.12(6)). So apply 7.6.2.



56

Appendix C.
In this appendix we prove the good base change lemma.
C1. Lemma. Consider a pullback diagram of continuous maps of topological spaces

XX
Vfolf
vy LY,
where g is a good map (6.8). Then the base change morphism of functors
g femfrg”

18 an 1somorphism.

Proof. Let S € D*(X) and z € Y. We must prove that the induced map on stalks

(9" fuS8)z = (f*9x5)2

is an isomorphism.

Since g is a good map, there exists a fundamental system of neighbourhoods U
of z such that U = F x V, where F is acyclic and g : U — V is the projection. It
suffices to show that over such U we have a quasiisomorphism of complexes

(*) g*f+5(U) = fug"S(U).

Let us compute both sides in (*). We may assume that the complex § consists
of injective sheaves and that Y =V, Y = U. Since F is connected the cohomology
on the left hand side of (*) is

HY(I(g* f.9)) = H'(T(£.5)) = H'(X, S).

On the other hand, since tha map g : X — X is oo-acyclic (1.9.4, 1.9.2) the
complex ¢g*5 consists of I-acyclic sheaves and we have

HY(I(f.g"S)) = H'(T(¢*S)) = H'(X, $).

This proves the lemma.



8. Discrete groups and functors.
In this section all groups are assumed to be discrete, except in subsection 8.7.

8.0. Let G be a group and X be a G-space. As we mentioned in section 0, a
G-equivariant sheaf F on X in this case is simply a sheaf with an action of G which
is compatible with its action on X. As usual Shg(X) denotes the abelian category
of G-equivariant sheaves (of R-modules) on X. This category was studied by A.
Grothendieck in [Groth] who showed in particular that Shg(X) has enough injec-
tives. He also considered some functorial properties of Shg(X) and our discussion
here is a variation on the theme of {Groth]. The main point is that we have a natural
equivalence of categories

D(Sha(X)) ~ Da(X),

where D stands for D® or D (8.3.1). In other words in the case of a discrete group
G the "naive” category D(Shg(X)) is good enough. Our main objective here is to
give a different description of the direct image Q. in this case (8.4.2) and to study
its properties when the action is almost free. In section 9 we apply these results to
some actions of algebraic groups.

Notice that given a discrete group G and a G-map X — Y (of locally compact
G-spaces), it is not absolutely clear how to extend the usual functors like f' to the
derived categories D*(Shg(X)), D*(Shg(Y)). So it may be still useful to work with
the equivalent category DY, and to use the definition of functors in section 3 above.
8.1. Let ¢ : H — G be a homomorphism of groups and f : X — Y be a ¢-map. It
induces a natural inverse image functor

£ Sha(Y) — Shy(X).
Namely, if F' € Sha(Y'), then f*F € Sh(X) is a sheaf associated to the presheaf
fF: U~ F(f(U)), Uopenin X.

The group G acts naturally on the presheaf f°F (and hence on the sheaf f*F') by

the formula
#(9)

g: F(F(UN=—=F(f(V)),
where g(U) = V.

Assume that the homomorphism ¢ is surjective with the kernel K. Let S €
Shy(X). Then the direct image f..S € Sh(Y) is naturally an H-equivariant sheaf
on Y, considered as an H-space. Hence its subsheaf of K-invariants (f.S)¥ = fXS
is naturally a G-equivariant sheaf on Y.

8.1.1. Proposition. Let ¢ : H — G be a surjective homomorphism of groups with
the kernel K. Let X be an H-space which is free as a K-space. Let Y = K\X and
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f: X =Y be the quotient map. Clearly, Y is ¢ G-space and f is a ¢-map. Then
f*: Shg(Y) — Shu(X) is an equivalence of categories, and the inverse functor is
f¥.

Proof. One checks immediately that the natural morphisms of functors
Idghe vy — FEF,

FFE - Idshyx)

are isomorphisms.

8.2. Let H C G beasubgroup and X be a G-space. Consider the natural restriction
functor

ResH : Sha(X) — Shu(X).

8.2.1 Definition. Let S € Shy(X). We say that F € Shg(X) is induced from
S, F = Ind§(S)if

(a) S is a subsheaf of F,

(b) F = ®@uec/usS.

Clearly,
Homgsh (Ind$(S), F') = Homghy (S, Res& F')

for every F' € Sha(X).

8.2.2. Lemma. For every S € Shy(X) there exists a unique induced sheaf Ind$(S) €
Sha(X). The functor
' Ind$ : Shy(X) — Sha(X)

18 exact.

Proof. Consider the G x H-space G x X with the action (g, k)(¢',z) = (g¢'h™*, hz)
and the projection p : G x X — X. Then p*S is naturally a G x H-equivariant
sheaf on @ x X. Since G x X is a free H-space, by proposition 8.1.1 there exists
a unique G-equivariant sheaf S’ on the G-space G xpy X such that p*S = q*s',
where ¢ : G x X — G xg X is the quotient map by H. Let m : G xg X — X
be the G-map (g,z) — gz. Note, that G xg X = HseG/H(s,X), where (s, X) is
homeomorphic to X. Consider the exact functor my : Sha(G xu X) — Sha(X).
Then myS' = @,eq/usS = I nd$(S) is the desired induced sheaf. The uniqueness
of the induced sheaf is obvious. This proves the lemma.

8.2.3. Corollary. The restriction functor Resf (8.2) has a left adjoint ezact in-
duction functor Indg.
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8.2.4. Corollary. The restriction functor Res¥ maps injective sheaves to injective.
In particular, the forgetful functor Resg} = For : Shg(X) — Sh(X) preserves
injectives.

Proof. Indeed, the functor is the right adjoint to the exact functor I ndg.

8.2.5. Corollary. The functor Ind§, : D(Shy(X) — D(Sha(X)) is the left adjoint
to ResH : D(Shg(X)) — D(Shu(X)), where D denotes D® or D, and the functors
are the trivial eztensions of the corresponding ezact functors between the abelian
categories.

Proof. This follows immediately from 8.2.3 and 8.2.4.

8.2.8. Proposition. The induction functor Ind commutes with the inverse image.
Namely, let ¢ : Gy — G2 be a homomorphism and f : X — Y be a ¢-map. Let
H; C G be a subgroup and Hy = ¢71(H,) C Gy. Assume that ¢ induces a bijection
G1/H, = G2/H,. Then there is a natural isomorphism o f functors

Indg: - f* = f* - Ind§ : Shir,(Y) - She, (X).

Proof. Indeed, let S € Shy,(Y). Then the inverse image f‘(Indgz(S)) € Shg,(X)

is the induced sheaf I ndgt( f*F) (the functor f* preserves direct sums).

8.3. Let us recall the definition of the functor
i: D(Sha(X)) = Da(X),

where D denotes D® or Dt (2.5.4).

Let M be a contractible free G-space. Consider the oo-acyclic resolution p :
P=MxX — X of X and let ¢ : P — P be the quotient map. Then Dg(X) ~
Dg(X, P), where the last category is the full subcategory of D(P) consisting of
objects F such that ¢*F comes from X.

Let S € D(Shg(X)) be a complex of equivariant sheaves on X. Then p*S €
D(Shg(P)), and since P is a free G-space there exists a unique T' € D(P) such that
¢*T = p*S (lemma 0.3). We put «(S)=T.

8.3.1. Theorem. The above functor i : DY (Sha(X)) — DE(X) is an equivalence
of categories.
Proof. Using 2.5.3 it suffices to prove that for F, H € D*(Shg(X))

Homp(snq(x))(F, H) = Hompg(x)(i(F),i(H)).
Note that

Hom pg(x)(#(F),i(H)) = Hom p, ) (i( F),3(H)) = Homp(sn(py) (p* F, p" H).
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Hence we should prove that

(%) Hom p(she(x ) (Fy H) = Homp(sne(p))(p" Fyp™H).

We will reduce (*) to its nonequivariant version, which holds because the map
p is oo-acyclic.

Put Ind(.) = Ind?e}(.). Assume first that F' = Ind(Cy) € Shg(X). Then
p*F = Ind(Cp-1(vy) (8.2.6). By corollary 8.2.5 the left and right terms in *
are equal to Hom p(x)(Cu, For(H)) and Hom p(py(Cp-1(v7), p* For(H)) respectively.
But these two groups are equal, since the map p is co-acyclic.

Let F € Sha(X). We can find a left resolution of F' of the form

.. = ByInd(Cy) — ®ylnd(Cy) = F — 0.

By standard arguments (see [H],7.1) we deduce that (*) holds for F € D¥(Sha(X)).
A general F € D*(Shg(X)) can be represented as an inductive limit of bounded
complexes

F =limt<, F.

Assume that H consists of injective sheaves. Then the complex Hom (F, H) is the
surjective inverse limit

Hom (F,H) = lim Hom (1<n F, H).

Hence the isomorphism (*) for F € D® implies the isomorphism for F € D¥.
This proves the theorem.

8.4. By the above theorem we may identify the categories D+ (Shg(X)) and DE(X).

Let ¢ : H — G be a homomorphism of groups anf f : X — Y be a ¢-
map. Clearly, the inverse image f* : D(Shg(Y)) — D(Shp(X)) defined in 8.1
corresponds to the inverse image Q* : Dg(Y) — Dp(X) under the identification
D(Shg) = Dg. We want to identify the direct image Q. (6.9) explicitly when the
homomorphism ¢ is surjective.

Assume that ¢ : H — G is surjective, K = ker(#). Consider the functor fX :
Shp(X) — Shg(Y) defined in 8.1. This is a left exact functor (as a composition of
two left exact functors), and we denote by RfJ its right derived functor

RFX . D¥(Shu(X)) — D (Sha(Y)).

8.4.1. Proposition. Let ¢ : H — G be a surjective homomorphism, K = ker(¢)
and f: X =Y be a ¢-map. Then the following hold.
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(i) The functor f¥ : Shy(X) — Shg(Y) is the right adjoint to f* : Sha(Y) —
Shu(X).

(ii) The functor RfX : DY (Shy(X)) — D*(Shg(Y)) is the right adjoint to
7 DH(Sha(Y)) — DE(X)).

8.4.2. Corollary. The functor RfEX corresponds to the direct image Q. under the
identification D (Shg) = D.
Indeed, both functors are right adjoint to the same functor f* = @*.

Proof of 8.4.1. (i) We must show that
Homgy, (x)(f* F, S) = Homgp (v)(F, fX S),

where F € Shg(Y), S € Shu(X).
As in the proof of theorem 8.3.1 we may assume that F = Ind(Cy) for some
open subset U C Y. Then f*F = Ind¥(C-1(y)) (8.2.6). We have

Homgg(v)(F, fX S) = Homgneyy(Cu, For f 8) = T(U, £K $) = T(f (1), $)¥,

HomShH(X)(f*F, S) = Homghx(x)(Cf—l(U), ResﬁS) = P(f_l(U), S)K
This proves (i). Now, (ii) follows from (i) and the fact that fX maps injectives to

injectives (being the right adjoint to the exact functor f*).

8.5. In this section we work in the following setup. Let ¢ : H — G be a surjective
homomorphism, K = ker(4). Let f : X — Y be a ¢-map which is the quotient map
by the action of K.

8.5.1. Lemma. (i) Let F' € Shg(Y). The edjunction map
F o K f P

13 an isomorphism.

(i) Let F € Shu(X). The adjunction map
a: f*fEKF S F

is ¢ monomorphism. Moreover a is an isomorphism if and only if F comes from
Y, ie. F = f*F' for some F' € Sha(Y).
Proof. (see [Groth] in case G = {e}.)

8.5.2. Corollary. (i) The functor f*: Sha(Y) — Shu(X) is fully faithful.
(i) For each F € Shy(X) the subsheaf im(a) C F is the mazimal subsheaf of
F that comes from Y.
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8.5.3. Consider the following full subcategories of Shy(X):
Ix = {F € Shu(X)| for each z € X, its stabilizer K, C K acts trivially on Fy},

Sk = {F € Shy(X)| for each z € X, the stalk F, has no nonzero K,—invariants}.

Remark. The subcategoty Ik is closed under subquotients, but not under exten-
sions in general. The subcategory Sk is closed under extensions, but not under
subquotients in general. However, if for each point z € X the stabilizer K, is finite
and if the basic ring R is a field of characteristic 0, then both subcategories are

closed under extensions and subquotients.

8.5.4. Recall the following
Definition. Let B be a group and Z be a B-space. We say that B acts on Z
properly discontinuously, if

(1) the stabilizer B, of each point z € Z is finite,

(ii) each point z € Z has a neighbourhood V, such that 8V, NV, = if b €
B, b ¢ B,.

8.5.5. Lemma. Assume that the group K acts properly discontinuously on X. Let
F € Shy(X) and consider the adjunction map

a: f*fKF S F

Then for every point x € X the stalk im(a), C F, 1s equal to K, -invariants of Fy.
Proof. Fix a point z € X. Since K acts properly discontinuously on X, there exists
a fundamental system of neighbourhoods V, of r with the following properties.

1. K.V, =V,,

2.kV, NV, =0ifkeK, k¢ K,.

The stalk (f*fX F), is equal to the limit

(f* 1R = Hm F(f (V)"
But f~1(f(V;)) = [l.cx/x. $Ve and hence
F(f T (F(V2)X = F(V)Re.

Therefore,

(f* FEF); = Hm F(Vo)F> = Ff-.

This proves the lemma.
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8.5.6. Proposition. Assume that the subgroup K C H acts properly discontinuously
on X. Then the following hold.
(i) A sheaf F € Shy(X) belongs to Ix (8.5.8) if and onty if it comes from Y.
(i) Assume that the basic ring of coefficients is a field of characteristic 0. Let
F € Shy(X). Consider the canonical ezact sequence

0—-F—-F—>Fs—0,

where the map Fr — F is the adjunction inclusion o : f*fKF — F (8.5.1(i)).
Then Fy € I, Fs € Sk.
Proof. Let F € Shy(X). Consider the adjunction monomorphism

a: f*fAF o F

By lemma 8.5.1(ii) we know that it is an isomorphism if and only if F' comes from
Y. On the other hand, by the previous lemma, it is an isomorphism if and only if
F € Ix. This proves (i).

Fix a point ¢ € X. Consider the exact sequence of stalks

0— Fy.— F; —st,,QO.

By the previous lemma, the image of Fr . in F; coincides with the K -invariants.
Since K, is finite and the basic ring R is a field of characteristic 0, the stalk Fs
has no K,-invariants. This proves (ii).

8.6. Let the basic ring R be a field of characteristic 0.

Let ¢ : H — G be a surjective homomorphism of groups, K = ker(#$). Let
f: X — Y be a ¢-map, which is the quotient map by the action of K on X.
Assume that K acts on X properly discontinuously.

8.6.1. Theorem. Under the above assumptions the following hold.

(i) The functor fX : Shy(X) — She(Y) is ezact.

(i) RfX - f* ~ Idp+(she(y))-

(i) Q.Q* ~ IdDg(Y)'

(iv) Let F € Shy(X). If F € Sk, then Q.F = RfKF =0.

(v) The functor f* induces an equivalence of categories f* : Shg(Y') =~ Iy
Proof. (ii) and (iii) are equivalent using the identification D¥(Shg) = D§;, RfF =
Q., f* = Q" in 8.4.2. In view of lemma 8.5.1(i) the assertion (i) implies (ii). So it
remains to prove (i), (iv), (v).

(i). Let F — F' be a surjective morphism in Shy(X). It suffices to show
that fXF — fKF' is surjective. Fix a point y € ¥ and let z € X be one of its
preimages, f(z) = y. There exists a fundamental system of neighbourhoods U of
y such that f~1(U) = [] s€K/K. sV,, where V, is a neighbourhood of & with the
following properties:
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1. K,V, =V,.
2. kVenV,=0ifkecK, k¢ K,.
We have

RO =( [ Fv)® =F(va)¥,
SEK/K,

and similarly

FEF(U) = F'(Vo)Fe.

* z

Hence fK F, = FkK=, ,KFS', = F' K= and it suffices to show that the map Ffs —
F! K< is surjective. This follows from the surjectivity of F;, — F}, since taking K,-
invariants is an exact functor (K, is a finite group and we work in characteristic 0).
This proves (i) and hence also (ii) and (iii).

(iv). It suffices to show that ffF = 0 if F € Sk and then to use (i). So let
F € Sk. Using the above argument we find that fX F, = FX: = 0. This proves
(iv).

(v). We have f*Shg(Y) C Ix (8.5.6(1), and fE - f* = Idgns(y) (8.5.1(1)).
Hence it suffices to show that fX : Ix — Shg(Y) is injective on morphisms. But
this again follows from the proof of (i) above. This proves (v) and the theorem.

8.7. Let us consider the algebraic situation.

As usual, the basic ring R is assumed to be a field of characteristic 0. Let
¢ : H — G be a surjective homomorphism of groups with a finite kernel K = ker(¢).
Let f: X = Y be a ¢-map. Assume that X, Y are complex algebraic varieties, f
is an algebraic morphism, which is also the quotient map by the action of K.

8.7.1. Theorem. Under the above assumptions the following hold.

(i) The functor Q. : DF(X) — DL(Y) preserves the t-structure, i.e. Qu :
Shu(X) — Sha(Y).

(i) Q.Q* ~ IdDg(y).

(#%3) The functor Q. is ezact in the perverse t-structure, i.e. Q. : Pervg(X) —
Pervg(Y).

(1) QuICH(X) = IC(Y).
Proof. Since X is a Hausdorff topological space (in the classical topology) and the
group K is finite, it acts on X properly discontinuously. Hence (i), (ii) follow from
theorem 8.6.1(i),(iii).

(iii). Notice that f : X — Y is a finite morphism of algebraic varieties and
hence f,Perv(X) C Perv(Y).

Let P € Pervy(X) be a complex of equivariant sheaves (using the equivalence
D% (X) ~ D¥(Shu(X))). We have to check that the complex fXP € D*(Shg(Y))
satisfies the support and the cosupport conditions. Namely, let i : Z < Y be an
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inclusion of a locally closed subvariety of codimension k. We need to show that
() HWSEPL =0, s>k

(*¥) H'(flP), =0, s<k

at the generic point z € Z.

We know (*) and (**) for f,P instead of fX P. The functor i* commutes with
taking K-invariants, which is an exact functor. Hence H*(i* f P) = (H*(:* f.P))¥
and (*) holds.

In order to prove (**) we may assume that the complex P consists of injective
H-equivariant sheaves. Since functors f,, fX, For preserve injectives, the complexes
f«P € DYSh(Y)) and fEP € DY Shg(Y)) also consist of injective sheaves. The
functor ¢' - taking sections with support in Z - is left exact, hence applicable to the
complexes f,P and fKP. It commutes with taking K-invariants and H(i'fEP) =
He(i' f. P)¥, s0 (**) holds. This proves (iii).

(iv) Since Q. = fEK we may assume that H = K, G = {e}. Recall that
the intersection cohomology sheaf IC(W) on a stratified pseudomanifold W can
be constructed from the constant sheaf Cy on the open stratum U by pushing it
forward to the union with smaller and smaller strata and by truncating (see [Bol]).

Let &S be a stratification of Y and 7 = f~1(&) be the induced stratification of X
such that IC(Y') and IC(X) are constructible with respect to S and 7. Let V C Y
be the open stratum on Y and f~(V) = U be the one on X. Let Cy,x € Shg(U)
be the constant K-equivariant sheaf on U. Its direct image fXCyx = Cv is the
constant sheaf on V. We claim that constructions of IC(X) and IC(Y) from Cu
and Cy commute with the direct image f¥. Indeed, the operations of pushing
forward (direct image) and truncation obviously commute with the exact functor
fe. The functor ( )¥ of taking K-invariants commutes with the pushforward, and
since ( )¥ is exact it also commutes with the truncation. This proves (iv) and the
theorem.



9. Almost free algebraic actions.

9.0. In this section we consider almost free actions (only finite stabilizers) of reduc-
tive algebraic groups and extend theorem 8.7.1 to this situation. As always in the
algebraic setting we assume that the basic ring R is a field of characteristic 0. We
denote by dps the complex dimension of a complex algebraic variety M.

Let ¢ : H — G be a surjective (algebraic) homomorphism of affine reductive
complex algebraic groups with the kernel K = ker(¢). Let X and Y be complex
algebraic varieties with algebraic actions of H and G respectively. Let f: X —» Y
be an algebraic morphism which is a ¢-map. Assume that the following hold.

a) The group K acts on X with only finite stabilizers.

b) The morphism f is affine and is the geometric quotient map by the action
of K (all K-orbits in X are closed).

9.1. Theorem. Under the above assumptions the following hold.

(i) The functor Q, : D (X) — DE(Y) preserves the t-structure, i.e. Q. :
Sh(X) — Sha(Y). In particular Q. preserves the bounded category D°.

(1) Q.Q" = Idp(y).

(i1} The functor Q. preserves the perverse t-structure, i.e. Qy : Pervy(X) —
Pervg(Y)[dk].

(iv) QICH(X) = ICa(Y )d].

Proof. Let us first prove the theorem in the absolute case H = K, G = {e}.

All assertions of the theorem are local on Y (at least for the Zariski topology).
Hence we may assume that X is affine. By our assumptions all K-orbits are closed.
Hence by a fundamental theorem of D. Luna (see [Lu}) at each point £ € X there
exists an etale slice. This means the following.

There exists an affine K,-invariant subvariety S C X containing z with the
following properties. Consider the following natural diagram

Kxg, §S-5X
Uf Lf
U =Y

where f and f are quotient maps by K, & is the obvious K-map and « is the induced
map of the quotients. Then

1. This is a pullback diagram.

2. The morphism a (and hence also &) is etale.
Claim. It suffices to prove the theorem for the map f instead of f.

Indeed, by the smooth base change theorem (7.1) the assertions (i),(ii),(iii) for
Q. imply those for Q.. Suppose we proved (iv) for Qf-‘. Then a* - Q. ICy(X) =
IC(U) and hence Q. ICy(X) is a simple perverse sheaf on Y. It remains to show
that for some smooth open dence subset V C'Y we have Q7. ICy(X)ly = Cv. We
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can choose a smooth V in such a way that f~!(V) C X is also smooth and hence
ICH(X)lf—l(V) = Cf—l(v) = @*Cy. But the adjunction map Cy — Q.Q*Cy is an
isomorphism by (ii), which is what we need. This proves the claim.

So we may (and will) assume that U =Y, K xg, S = X.

Denote by ¢ : K, < K the natural embedding.

Consider S as a K;-space and the embedding v : § — X as a ¢-map. Put
g = fls: 8 = Y. We have the following commutative diagram

sS4 X
lg Lf
Y=Y

Hence Q. : D}L(E(S') — D*(Y) is equal to the composition of @, : DF_(S) —
D{(X) with Q. : DE(X) — D¥(Y). But Q,. is the inverse functor to the induc-
tion equivalence Q} = v* : DH(X) ~ D'}}t (S) (6.12(6)) and hence it preserves the
t-structure and the intersection cohomology sheaves (up to a shift) (5.2). Hence it
suffices to prove the theorem for @y, instead of Q.. It remains to apply theorem
8.7.1 above. This proves the theorem in the absolute case H = K and G = {e}.

Let us treat the general case.

Let P — Y be a smooth complex resolution of the G-space Y. Consider the

pullback diagram
Pxy X — X
l i
P — Y

where horizontal arrows are smooth H- and G-maps respectively and vertical arrows
are ¢-maps. The statements (i),(i1),(ii1) of the theorem are invariant under the
smooth base change (7.1). If the fibers of P — Y are connected (which we can
assume) then (iv) is also invariant. Hence it suffices to prove the theorem for the
map P xy X — P instead of X — Y. In other words we may (and will) assume
that Y is a free G-space.

Let ¢ : Y — Y be the quotient map by the action of G. Consider the composed
morphism ¢+ f : X — Y as a ¢-map, where 1 : H — {e}. Then this map qf satisfies
the assumptions of the theorem, i.e. it is affine and is the quotient map of X by
the action of H, which has only finite stabilizers. So by the absolute case of the
theorem which was proved above we know (i)-(iv) for the map ¢f.

Notice that Qqr« = QguQy. and Qg is the inverse functor to the quotient
equivalence @} = ¢* : D*(Y) ~ DE(Y) (6.12(6) , which preserves the t-structure
and intersection cohomology sheaves (5.2). Hence we deduce that (i)-(iv) hold for
Qs+ as well. This proves the theorem.



