SUBCONVEXITY BOUNDS FOR TRIPLE L-FUNCTIONS AND
REPRESENTATION THEORY

JOSEPH BERNSTEIN AND ANDRE REZNIKOV

ABSTRACT. We describe a new method to estimate the trilinear period on automorphic
representations of PGLy(R). Such a period gives rise to a special value of the triple
L-function. We prove a bound for the triple period which amounts to a subconvexity
bound for the corresponding special value of the triple L-function. Our method is based
on the study of the analytic structure of the corresponding unique trilinear functional
on unitary representations of PGLz(R).

1. INTRODUCTION

1.1. Maass forms. Let H denote the upper half plane equipped with the standard Rie-
mannian metric of constant curvature —1. We denote by dv the associated volume element
and by A the corresponding Laplace-Beltrami operator on H.

Fix a discrete group I' of motions of H and consider the Riemann surface Y = T"\H.
For simplicity we assume that Y is compact (the case of Y of finite volume is discussed
at the end of the introduction). According to the uniformization theorem, any compact
Riemann surface Y with the metric of constant curvature —1 is a special case of this
construction.

Consider the spectral decomposition of the operator A in the space L*(Y, dv) of functions
on Y. It is known that the operator A is non-negative and has a purely discrete spectrum;

we will denote the eigenvalues of A by 0 = pg < 1 < o < ...

For these eigenvalues, we always use a natural (from the representation-theoretic point of
2
view) parametrization p; = . 4)‘1' , where \; € C. We denote by ¢; = ¢,, the corresponding
eigenfunctions (normalized to have L?*-norm one).

In the theory of automorphic forms, the functions ¢,, are called automorphic functions
or Maass forms (after H. Maass, [M]). The study of Maass forms plays an important
role in analytic number theory, analysis and geometry. We are interested in their analytic
properties and will present a new method of bounding some important quantities arising
from functions ¢,.
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A specific problem that we are going to address in this paper belongs to an active
area of research in the theory of automorphic functions that studies an interplay between
periods, special values of automorphic L-functions and representation theory. One of the
central features of this interplay is the uniqueness of invariant functionals associated to
corresponding periods. The discovery of this interplay goes back to classical works of E.
Hecke and H. Maass.

It is well-known that uniqueness plays a central role in the modern theory of automorphic
functions (see [PS]). The impact that uniqueness has on the analytic behavior of periods
and L-functions is yet another manifestation of this principle.

1.2. Triple products. For any three Maass forms ¢;, ¢;, ¢, we define the following
triple product or triple period:

Cijk = /Yﬁbiﬁbjgbkdv'

We would like to estimate the coefficient ¢;;;, as a function of parameters \;, A;, Az In
particular, we would like to find bounds for these coefficients as one or more of the indices
1, J, k tend to infinity.

The bounds on the coefficient ¢;;;, are related to bounds on automorphic L-functions as
can be seen from the following beautiful formula of T. Watson (see [Wa], [Ic]):

2 A1/2,¢5 ® ¢; @ o)
/;¢”¢j¢kd“ = AT 0 AD)A(L 6, ADA(L dr, Ad) 1)

Here the ¢, are the so-called cuspidal Hecke-Maass functions of norm one on the Riemann
surface Y = I' \ H arising from the full modular group I' = SLy(Z) or from the group
of units of a quaternion algebra. The functions A(s, ¢; ® ¢; @ ¢;) and A(s, ¢, Ad) are
appropriate completed automorphic L-functions.

It was first discovered by R. Rankin [Ra] and A. Selberg [Se|] that the special case
of above mentioned triple product gives rise to an automorphic L-function (namely, they
considered the case where one of the Maass forms is replaced by an Eisenstein series). That
allowed them to obtain analytic continuation and effective bounds for these L-functions
and, as an application, to obtain one of the first non-trivial bounds for Fourier coefficients
of cusp forms towards Ramanujan’s conjecture. The relation (1.1) can be viewed as a
far reaching generalization of the original Rankin-Selberg formula. The relation (1.1) was
motivated by the work of M. Harris and S. Kudla ([HK]) on a conjecture of H. Jacquet.

1.3. Results. In this paper we consider the following problem. We fix two Maass forms
¢ = ¢, and ¢' = ¢, as above and consider the coefficients defined by the triple period:

qaéwmm (12)

as the ¢; run over an orthonormal basis of Maass forms.
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Thus we see from (1.1) that the estimates of the coefficients ¢; are essentially equivalent
to the estimates of the corresponding L-functions. One would like to have a general
method of estimating the coefficients ¢; and similar quantities. This problem was raised
by Selberg in his celebrated paper [Se].

The first non-trivial observation is that the coefficients ¢; have exponential decay in |\;]
as i — 0o. Namely, as we have shown in [BR2], it is natural to introduce the normalized
coefficients

d; = y(Ni)lel - (1.3)

Here v(\) is given by an explicit rational expression in terms of the standard Euler
[-function (see [BR2]) and, for purely imaginary A, |A\| — oo, it has an asymptotic
Y(A) ~ BIAPexp(F|A|) with some explicit S > 0. It turns out that the normalized
coefficients d; have at most polynomial growth in |);|, and hence the coefficients ¢; decay
exponentially. This is consistent with (1.1) and general experience from the analytic
theory of automorphic L-functions (see [BR2|, [Wa]). In Section 5 we explain a more
conceptual way to introduce the coefficients d; which is based on considerations from
representation theory.

In [BR2| we proved the following mean value bound

> d; < AT?, (1.4)

|\ |<T

for arbitrary 7" > 1 and some effectively computable constant A.

The constant A depends on the geometry of I' and on parameters 7, 7" of eigenfunctions
¢, 9.

According to Weyl’s law for the spectrum of the Laplace-Beltrami operator A on Y, the
number of terms in this sum is of order CT?. So this formula says that on average the
coefficients d; are bounded by some constant.

More precisely, let us fix an interval I C R centered at the point 7" and consider the
finite set of all Maass forms ¢; with parameter |)\;| inside this interval. Then the average
value of coefficients d; in this set is bounded by a constant provided the interval [ is long
enough (i.e., of size = T).

Note that the best individual bound which we can get from this formula is d; < A|\;|?.
For Hecke-Maass forms this bound corresponds to the convexity bound for the corre-
sponding L-function via Watson formula (1.1).

The central result of this paper is the bound for the sum of the coefficients d; over a
shorter interval. Namely, we prove the following
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Theorem. There exist effectively computable constants B, b > 0 such that, for an
arbitrary T > 1, we have the following bound

> d; < BTS (1.5)

where Iy is the interval of size b¥T'V? centered at T.

The exponent 5/3 above appears for the reason similar to the appearance of the exponent
1/3 in the asymptotic of the Airy integral (namely, a degenerate critical point in the phase
of an oscillatory integral; see Remark 2.7.2).

The constant B depends on the geometry of X and on parameters 7, 7’ (see Remark 6.6).
The constant b depends on parameters 7, 7/ only.

Note that the theorem gives an individual bound d; < B|A;|3 (for |A;] > 1). Thanks to
the Watson formula (1.1) and a lower bound of H. Iwaniec |L(1, ¢y, Ad)| > |\;| ¢ (see
[1]), this leads to the following subconvexity bound for the triple L-function (for more on
the relation between triple period and special values of L-functions, see [Wal, [Ic]).

Corollary. Let ¢ and ¢' be fired Hecke-Maass cusp forms. For any e > 0, there exists
C. > 0 such that the bound

L 0@ ¢ @a,) < CN[3T (1.6)
holds for any Hecke-Maass form ¢y, .

The convexity bound for the triple L-function corresponds to (1.6) with the exponent
5/3 replaced by 2. We refer to [IS] for a discussion of the subconvexity problem which
is at the core of modern analytic number theory. We note that the above bound is the
first subconvexity bound for an L-function of degree 8 which does not split in a product
of smaller degree L-functions. All previous subconvexity results were obtained for L-
functions of degree at most 4.

In [V] A. Venkatesh obtained a subconvexity bound for the triple L-function in the
level aspect (i.e., with respect to a tower of congruence subgroups I'(N) as N — o0).
His method is quite different from the method we present in this paper and is based on
ergodic theory.

We formulate a natural

Conjecture. For any e > 0 we have d; < |\|° .

For Hecke-Maass forms on congruence subgroups, this conjecture is consistent with the
Lindeldf conjecture for the triple L-functions (for more details, see [BR2] and [Wa]).
1.3.1. Remarks. 1. Our results can be extended to the case of a general finite co-volume
lattice I' C G (see Remark 7.2.2 for more detail).

2. First results on the exact exponential decay of triple products for a general lat-
tice T" and holomorphic forms were obtained by A. Good [Go] using Poincaré series. P.
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Sarnak [Sa] discovered ingenious analytic continuation of Maass forms to the complex-
ification of the Riemann surface Y to obtain somewhat weaker results for Maass forms
(for representation-theoretic approach to this method and generalizations, see [BR1] and
[KS]). Our present method seems to be completely different and avoids analytic continu-
ation.

3. We would like to stress that the bound for the triple product in Theorem 1.3 is
valid for a general lattice I', including non-arithmetic lattices. In fact, in our method we
do not use Fourier coefficients or Hecke eigenvalues through which one usually accesses
values of L-functions for congruence subgroups. Our method gives estimates for periods of
automorphic functions directly and L-functions appear only through the Watson formula
(1.1) (the same is true for the method of Venkatesh [V]).

The paper is organized as follows. The next section is devoted to a detailed explanation
of ideas behind the method of the proof of Theorem 1.3. The main body of the paper
(Sections 3-10) is devoted to the proof. Two Appendices containing technical calculations
conclude the paper. The numbering in the paper is organized as follows. Each subsec-
tion has a unique Theorem, Proposition, Lemma etc., and these are numbered by the
corresponding section. Equations are numbered continuously within each section.

Acknowledgements. It is a pleasure to thank Peter Sarnak for stimulating discussions
and support of this work. We would like to thank Hervé Jacquet for a valuable comment,
Misha Sodin for analytic advice, and the referee for constructive comments.

The research was partially supported by a BSF grant, by a GIF grant, by the Excel-
lency Center “Application of Algebraic Geometry and Logic to Representation theory”
of the Israel Science Foundation and by the Emmy Noether Institute for Mathematics
(the Center of Minerva Foundation of Germany). The results of this paper were mostly
obtained during our visits to the Max-Planck Institute in Bonn and in Leipzig, to the
Courant Institute, and to Weizmann Institute. We would like to thank these institutions
for their excellent atmosphere.

2. OUTLINE OF THE PROOF

We describe now the general ideas behind our proof. It is based on ideas from represen-
tation theory (for a detailed account of the corresponding setting, see [BR2] and Section 4
below). In what follows we sketch the method of the proof whose technical details appear
in the rest of the paper.

2.1. Automorphic representations. Let GG denote the group of all motions of H. This
group is naturally isomorphic to PG Ly(R) and as a G-space H is naturally isomorphic to
G/K, where K = PO(2) is the standard maximal compact subgroup of G.
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By definition, I" is a subgroup of G. The space X = I'\G with the natural right action
of G is called an automorphic space. We will identify the Riemann surface Y = I'\H with
X/K=T\G/K.

We use the standard language of automorphic representations (see [G6] and Section 3
below). Let (7,G,V) be an irreducible smooth representation of G. An automorphic
structure on V' is a continuous G-morphism v : V' — C*(X).

The pair (7, v) consisting of an abstract representation (7, V) and the automorphic
structure v will be called an automorphic representation. This terminology is slightly
more precise then the standard one. We find it more convenient for our purposes.

We always assume that (7, V') is unitary (i.e., V is equipped with a positive definite
G-invariant Hermitian form P), and that the automorphic structure v is compatible with
the invariant Hermitian form P.

We will usually present the abstract representation (7, V') by an explicit model. We will
deal mostly with class one irreducible representations of G (i.e., those with a non-zero
K-fixed vector). If (mw, V') is a non-trivial class one representation we use for it the model
V =V,, where A € iRU(0,1) and V), is the space of smooth even homogeneous functions
on R?\ 0 of the homogeneous degree A — 1 (see [G5], [BR2]). We denote by e, € V)
the function taking constant value 1 on S' C R?\ 0. This gives a K-invariant vector in
the representation V, which we call the standard K-fixed vector in V. We normalize the
invariant Hermitian form P on V) by the condition P(ey) = 1.

The theorem of Gelfand and Fomin states that all Maass forms (or more generally au-
tomorphic functions) could be obtained as special vectors in appropriate automorphic

representations (see [G6]). Namely, a Maass form ¢ = v(ey) corresponding to an auto-
1-)2
.

morphic structure v on a representation with a model V) has the eigenvalue p =

We translate various questions about Maass forms into corresponding questions about
associated automorphic representations. This allows us to employ powerful methods of
representation theory.

2.2. Let us fix two (nontrivial) automorphic representations (7, v) and (7, v'). We assume
that both are representations of class one (i.e., V ~V, and V' ~ V., 7, 7/ € iR U (0,1)).
These give rise to Maass forms ¢ = v(e;) and ¢/ = v/(e,). Let (m;,V;,v;) be a third
automorphic representation (which we a going to vary) with the parameter \; (i.e., V; ~

).

The triple product ¢; = fY od' p;dv extends to a G-equivariant trilinear functional on
the corresponding automorphic representations (¢ : V @ V' ®@ V; — C.

Next we use a general result from representation theory that such a G-equivariant tri-
linear functional is unique up to a scalar, i.e., that dim Morg(V @ V' @ V", C) < 1 for
any smooth irreducible representations V, V', V" of G (see [O], [P], [Lo] and the dis-
cussion in [BR2]). This implies that the automorphic functional [¢** is proportional to
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some explicit model functional [§*?. In [BR2] we gave a description of such a model func-
tional I7°4: V @ V' ® V), — C for any ) using explicit realizations of representations V,
V" and V), of the group G in spaces of homogeneous functions; it is important that the
model functional knows nothing about the automorphic picture and carries no arithmetic
information.

Thus we can write (% = q; - lﬁ:"d for some constant a;, and hence

ci =1""(e, ®en Rey,) =a;- lf\f"d(eT ®er ®ey,) (2.1)

where e, e,, ey, are the standard K-invariant unit vectors in representations V, V' and
V), corresponding to the automorphic forms ¢, ¢’ and ¢;.

It turns out that the proportionality coefficient a; in (2.1) carries important “automor-
phic” information while the second factor carries no arithmetic information and can be
computed in terms of ['-functions using explicit realizations of representations V,, V. and
Vi (see Appendix in [BR2] where this computation is carried out). This second factor is
responsible for the exponential decay, while the first factor a; has a polynomial behavior
in parameter )\;. An explicit computation shows (see loc. cit.) that |¢;|* = ﬁ|ai|2, and

hence d; = |a;|* (where the function v()\) was described in Section 1.3).

So, from now on we will deal with coefficients d; and no longer refer to coefficients a;
and ¢; at all.

2.3. Hermitian forms. In order to estimate the quantities d;, we consider the space
E =V, ®V, and use the fact that the coefficients d; appear in the spectral decomposition
of the following geometrically defined non-negative Hermitian form Ha on E (for a detailed
discussion, see [BR2]).

Consider the space C*°(X x X). The diagonal A : X — X x X gives rise to the
restriction morphism ra : C*°(X x X) — C*°(X). We define a non-negative Hermitian
form Hx on C*(X x X) by setting Hx = (ra)*(Px), where Px is the standard L?
Hermitian form on C*°(X) i.e.,

Ha(w) = Prlra(w) = [ fra(w)Pdes
X
for any w € C°°(X x X). We call the restriction of the Hermitian form Ha to the subspace
E C C®(X x X) the diagonal Hermitian form and denote it by the same letter.

We will describe the spectral decomposition of the Hermitian form Ha in terms of Her-
mitian forms corresponding to trilinear functionals. Namely, if L is a pre-unitary represen-
tation of G with G-invariant Hermitian norm || ||z, then every G-invariant trilinear func-
tional [ : V@ V'® L — C defines a Hermitian form H' on E by H'(w) = sup |l(w®u)|*.

|lull =1

Here is another description of this form (see [BR2]). The functional | : V@ V'®@ L — C
gives rise to a G-intertwining morphism 7% : £ — L* which image lies in the smooth
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part L* of L*. Then the form H' is just the pull back of the Hermitian form on L*
corresponding to the inner product on L.

Consider the orthogonal decomposition L?(X) = (D, V;)® (D, Vi) where V; correspond
to Maass forms and V|, correspond to representations of discrete series. Every G-invariant
subspace L C L?*(X) defines a trilinear functional [ : £ ® L — C and hence a Hermit-
ian form H' on E. Hence, the decomposition of L?(X) gives rise to the corresponding

decomposition
Ha= Y a4 Y

of Hermitian forms (see [BR2]).

We denote by H) the model Hermitian form corresponding to the model trilinear func-
tional I7°? : V @ V' @ V), — C. The uniqueness of trilinear functionals mentioned in
Section 2.2 (i.e., the formula (2.1)) implies that H* = d;H,,. This leads us to

The basic spectral identity

Hy =Y diHy +> H™, (2.2)

Of course, one can introduce similar model trilinear functionals for the discrete series
representations V;, and the corresponding coefficients d,, via H** = d, H,. We will not
need these in this paper (in fact, in this paper we are trying to avoid computations with
the discrete series representations; see Remark 8.1).

We will mostly use the fact that for every vector w € E this basic spectral identity gives
us an inequality

Z d;Hy,(w) < Ha(w) (2.3)

which turns into an equality if the vector rA (w) does not have projection to discrete series
representations (for example, if the vector w is invariant with respect to the diagonal
action of K on FE).

We can use this inequality to bound coefficients d;. Namely, for a given vector w € E we
usually can compute the values of the weight function H,(w) by explicit computations in
the model of representations V, V', V). It is usually much more difficult to get reasonable
estimates of the right hand side Ha (w) since it refers to the automorphic picture. In cases
when we manage to do this we get some bounds for the coefficients d;.

2.4. Mean-value estimates. In [BR2|, using the geometric properties of the diagonal
form and explicit estimates of forms H,, we established the mean-value bound (1.4):

S~ d; < AT? . Roughly speaking, the proof of this bound is based on the fact that while
[As] <T
the value of the form Ha on a given vector w € F is very difficult to control, we can
show that for many vectors w the value Ha(w) can be bounded by Pg(w), where Pg is

the Hermitian form which defines the standard unitary structure on E.
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More precisely, consider the natural representation o = 7 @7’ of the group G x G on the
space E. Then for a given compact neighborhood U C G x G of the identity element, there
exists a constant C' such that for any vector w € E, the inequality Ha(o(g)w) < CPgr(w)
holds for at least half of the points g € U. This follows from the fact that the average
over U of the quantity Ha(o(g)w) is bounded by CPg(w)/2.

This allows us, for every T' > 1, to show the ezistence of a vector w € E such that
Ha(w) < OT? and Hy(w) > ¢ for all A satisfying |A| < T. The bound (2.3) then implies
the mean-value bound (1.4).

2.5. Bounds for sums over shorter intervals. The main starting point of our ap-
proach to the subconvexity bound is the inequality (2.3) for Hermitian forms. For a given
T > 1, we construct a test vector wy € E such that the weight function A — Hy(wr) has
a sharp peak near |A\| = T (i.e., a vector satisfying the condition (2.6) below).

The problem is how to estimate effectively Ha(wr). The idea is that the Hermitian form
H A is geometrically defined and, as a result, satisfies some non-trivial bounds, symmetries,
etc. None of the explicit model Hermitian forms H) satisfies similar properties. By
applying these symmetries to the vector wr, we construct a new vector wy and from the
geometry of the automorphic space X, we deduce the bound Ha(wr) < Ha(wr).

On the other hand, the weight function H)(wr) in the spectral decomposition Ha () =
> d;H,y, (wr) for wr behaves quite differently from the weight function H)y(wr) for wy.
Namely, the function H,(w7) behaves regularly (i.e., satisfies condition (2.11) below),
while the weight function Hy(wr) has a sharp peak near |A\| = T.

The regularity of the function Hy(wz) coupled with the mean-value bound (1.4) allows
us to prove a sharp upper bound on the value of Ha (i) by purely spectral considerations
(in the cases that we consider there is no contribution from discrete series). We do not
see how to get such sharp bound by geometric considerations working on the automorphic
space X x X.

Using this bound for Ha(wr) and the inequality Ha(wr) < Ha(wr), we obtain a non-
trivial bound for Ha(wr) and, as a result, the desired bound for the coefficients d;.

We now describe this strategy in more detail.

2.6. Proof of Theorem 1.3. We only consider the case of representations of the prin-
cipal series, i.e., we assume that V = V., V' = V. for some 7, 7/ € iR; the case of
representations of the complementary series can be treated similarly.

We denote by v and v’ the corresponding automorphic realizations of V' and V’. We
choose an orthonormal basis {e, }neoz in V' consisting of K-types and similarly an or-
thonormal basis {e] } in V.

Vectors w, = e, ®¢' , € E =V ® V' will play an important role in our computations.
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Let us set
S=2(|r|+|7']) +1 (2.4)

the constant depending on parameters of representations V' and V' only. For a given
T > 8, we choose an even integer n such that |T'— 2n| < 10 and set

wr =w, =€, e . (2.5)
In fact, all we need is that |7 — 2n| remain bounded as T' — oc.

By a direct computation involving stationary phase method, we show in Section 9.2 that
the following lower bound holds

First spectral bound:

There exist constants b, ¢ > 0 such that
Hy(wr) > ¢ T for |\ € I, (2.6)
where I is the interval of length bT"/? centered at the point 7T

This inequality together with the bound ). d;Hy,(wr) < Ha(wyr) (see (2.3)) imply the
bound

> di < CT*Ha(wr) | (2.7)

|Xi|€lT
for some constant C.

Now we claim that the quantity Ha(wz) is uniformly bounded by some constant D
which does not depend on 7. Namely we can write

Ha(wr) = [ e P (e dix < 5 (Ien)llc + 7€) - (28)

Hence the necessary bound follows from the following result which, we feel, is of inde-
pendent interest.

Theorem. For a fized class one automorphic representation v : V. — C*(X), there
exists a constant D > 0 such that ||v(ey)||z2x) < D for all n.

This finishes the proof of Theorem 1.3. 0

Remark. One would expect that L*-norms of K-types for representations of the discrete
series are uniformly bounded as well. It is a very interesting and deep question to study
dependence of the constant D in Theorem 2.6 on the parameter 7 of the automorphic
representation and on the subgroup I' (for a discussion, see Remark 6.6). Moreover, it
would be interesting to identify (as a norm on an abstract representation 7,.) the invariant
(non-Hermitian) norm which the L*norm on X induces on the representation r, via
automorphic isometry v, (see a discussion in [BR1]).
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Another interesting question is an analog of the above theorem for a cuspidal repre-
sentation for a non-uniform I'. Specifically, we would like ask if L*-norm of K-types are
bounded for a fixed cuspidal representation (compare to Remark 2, Section 7.2.2).

2.7. L*-norms of K-types. We now explain the proof of the uniform bound for L*-norm
of K-types (i.e., Theorem 2.6).

Let V be the complex conjugate to V representation. The representation V is also an
automorphic representation with the realization 7 : V' — C(X) (see details in Section
6.1). For the proof of Theorem 2.6 it is enough to consider the setup described above
(i.e., the space E, forms Ha, H), etc.) for the special case when V' is isomorphic to the
representation V.

We only consider the case of representations of the principal series, i.e., we assume
that V =V, and V/ =V = V_, for some 7 € iR; the case of representations of the
complementary series can be treated similarly.

Choose an orthonormal basis {e, }neoz in V' consisting of K-types. We denote by {e;, =
€, = c(e_,)} the complex conjugate basis in V' (note that €/, is of the K-type n).

For a given n € 27, we set
w,=e,®e_, and W, = w, + W2 (2.9)
With such a choice of test vectors we have the following bounds.

Geometric bound:
Ha(wy,) < Ha(wy,) . (2.10)

Second spectral bound:

There exists a constant C’ such that
B C'(14 n)) YAt + ' |A=2 forall § < |\ < 4|n],
Hk(n)§{< n) A+ A A< 4jn

2.11
C'I\3 for all |\ > 4|n| . (2.11)

Here 8 is as in (2.4).

Using the bound (2.11) we will get the following sharp estimate of Ha(,) (see Propo-
sition 6.5):

Ha(w,) < D (2.12)

with some explicit constant D > 0 (for the proof, see Section 7.1). Bounds (2.12) and
(2.10) imply the bound for the L*-norm of K-types since in this case Ha(wy,) = ||v(en)]|74-

The bound (2.12) follows from the identity Ha(w) = > d;H),(w) (see (2.2)), the spectral
bound (2.11) and the mean-value bound (1.4) for the coefficients d;. The low spectrum
contribution for |\;| < 8 is bounded by an argument based on the Sobolev restriction
theorem (see Section 7.2.2) . We also use the fact that there are no contribution to
HA (W) coming from the discrete series since the vector @ is AK-invariant.
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2.7.1. Proof of the geometric bound (2.10). The inequality (2.10) easily follows from the
pointwise bound on X. Namely, in the automorphic realization, the vector w, =e, ®e’,
is represented by a function whose restriction u, = ra(vg(w,)) to the diagonal is non-
negative (see also Section 6.2)

un(z) = vlen)(w) - (e_,,)(x) = [v(en) (@)* = 0.

From this we see that

Ha(wT)Z/X\un(w)lzduxé/X|un($)+un+z(:v)l2duxzHA("U?T)- B

2.7.2. Sketch of proof of the spectral bounds (2.6) and (2.11). Proof of these bounds is
carried out by the standard application of the stationary phase method and the Van der
Corput lemma. It constitutes the main technical bulk of the paper. We will use the explicit
form of the kernel defining Hermitian forms H), in the model realizations of representations
V, V' and V). Namely, we use the standard realization of these representations in the space
C2e,.(S) of even functions on S! (see [BR2] and Section 2.1). Under this identification,

the basis {e, }necoz becomes the standard basis of exponents {e,, = ¢"}, where 0 <t < 27
is the standard parameter on S!.

In [BR2], Section 5, we described how to write down an invariant functional for principal
series representations. Namely, let V =V, V' =V, with 7, 7/ € iR. In the circle model
of representation V,, V., Vy, the following kernel on the space V, @ V., @ V) ~ C>((S')3)
defines an invariant functional kernel on (S')3:

Ky(z,y, z) = |sin(x — y)| e | sin(z — z))| DA | sin(y — 2)| T
where z, y, z € S*. We denote this functional by I, Using the kernel K, (z,y, 2), we
can define the Hermitian forms Hy on E ~ C°°(S! x S1) by the corresponding oscillatory

integral (over (S1)%; see Section 8.2). This allows us to use the stationary phase method
in the proof of bounds (2.6) and (2.11).

Here appears the main difference between test vectors w, and w, . It manifests itself
in the form of the oscillating integrals computing H)(w,) and H,(w,). Namely, both of
these integrals have the same phase function which has a degenerate critical point. The
main difference between them is that for the vector wy the corresponding integral has a
non-zero amplitude at this critical point (this gives the crucial lower bound (2.6)) and for
wr the amplitude vanishes at the critical point (resulting in bounds (2.11)).

In fact, we will use the values of Hy(w) only for AK-invariant vectors w € E. This
considerably simplifies our computations since we can reduce them to two repeated inte-
grations in one variable and use the stationary phase method in one variable.

Remarks. 1. The existence of vectors satisfying spectral conditions (2.6) and (2.11)
allows us to shorten the summation over the spectrum, comparatively to the range of
the summation in the convexity bound (1.4). This is necessary if one wants to deduce
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a subconvexity bound from the Bessel inequality of Hermitian forms (2.3) since the con-
vexity bound (1.4) is essentially sharp (see [Rel]). This approach to the subconvexity is
reminiscent of the classical amplification method introduced by Selberg (see [Mi], [MiV]
for the review of the state of the art subconvexity results). Usually one uses a variant of a
trace formula to control the so-called off-diagonal terms arising after shortening the sum.
In our approach there is no use of the Selberg or the Kuznetsov trace formulas. Instead,
we use the hidden symmetries of the diagonal form Ha.

2. The origin of our exponent 5/3 = 2(1/2 + 1/3) in the main Theorem 1.3 (i.e.,
the bound (1.5)) is directly related to the exponent 1/3 in the well-known properties of
the Airy function. In fact, we reduce the proof of the crucial lower bound (2.6) to the
asymptotic of the Airy integral (see Proposition 9.1).

3. After obtaining results presented in this paper, we realized that there exists another
possible approach to bounds for triple and other periods of automorphic functions. It
is based on the notion of strong Gelfand pairs (see [Gr] and references therein). This
approach is presented in [Re2].

There is one technical complication in the approach based on Gelfand pairs, though.
We where not able to produce the desired family of test vectors which is also AK x AK-
invariant. Without this property one has to consider terms in the spectral decomposition
(2.2) coming from the discrete series representations. It is more cumbersome to study
model trilinear functionals on discrete series as these representations do not have nice
geometric models. As a result, in this paper we use another property of the form Hx , the
extra positivity provided by the Cauchy-Schwartz inequality (see Section 2.7.1), instead
of the associated Gelfand pairs structure. We hope to return to this subject elsewhere.

3. REPRESENTATION-THEORETIC SETTING

3.1. We recall the standard connection between Maass forms and representation theory
of PGLy(R) (see [G6]). Most of the material in the next three sections is taken from
[BR2], where it is discussed in more detail.

3.1.1. Automorphic space. Let H be the upper half plane with the hyperbolic metric of
constant curvature —1. The group SLy(R) acts on H by fractional linear transformations.
This action allows to identify the group PSLy(R) with the group of all orientation pre-
serving motions of H. For reasons explained below (see Remark 4.2), we would like to
work with the group G of all motions of Hj this group is isomorphic to PG Ls(R). Hence
throughout the paper we consider the group G = PG Ly(R) and denote by K its standard
maximal compact subgroup K = PO(2). We have natural identification G/K = H.

We fix a discrete co-compact subgroup I' C G and set X =T"\ G. We fix the unique G-
invariant measure px on X of total mass one. The group G acts on X (from the right) and
hence on the space of functions on X. Let L?*(X) = L*(X,dux) be the space of square
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integrable functions and (ITx, G, L?(X)) the corresponding unitary representation. We
will denote by Py the Hermitian form on L?(X) given by the inner product.

3.1.2. Automorphic representations. Let (w, G, V') be an irreducible smooth Fréchet rep-
resentation of G (see [Ca] where they are called smooth representations of moderate
growth).

Definition. An automorphic structure on (m,V) is a continuous G-morphism v : V' —

C®(X).

We call an automorphic representation a pair (m,v) of a representation and the au-
tomorphic structure on it. In this paper we always assume that (7, V') is irreducible,
admissible and also assume that (7, V') is unitary. This means that V' is equipped with a
G-invariant positive definite Hermitian form P, and V' is the space of smooth vectors in
the completion L of V' with respect to P. An automorphic structure v : V' — C*°(X) is
assumed to be normalized, i.e., we assume that P = v*(Px).

3.1.3. Automorphic representations and Maass forms. Let (7, G, V) be a representation
of the generalized principal series corresponding to A € C. The space V), is the space of
smooth even homogeneous functions on R? \ 0 of the homogeneous degree A — 1 (which
means that f(az,ay) = |a|* 1 f(z,y) for all a € R\ 0) with the action of GL(2,R) given

by mx(g) f(z,y) = f(g~ (x,y))|det g|A~D/2 (sce [GH]).

In explicit computations it is often convenient to pass from the plane model to a circle
model. Namely, the restriction of functions in V) to the unit circle S* C R? defines an
isomorphism of the space V) with the space C22, (S') of even smooth functions on S?,
so we can think about vectors in V) as functions on S'. The constant function 1 on S*!
corresponds to the standard unit K-invariant vector e, € V). We normalize the invariant
Hermitian for P by the condition P(ey) = 1. For A € ¢R, this corresponds to the standard

Hermitian form (f, g)v, = 1/27 [, fgdf on (even) functions on S

Suppose v : V. — (C*(X) is an automorphic structure on V). Then ¢ = v(ey) €

C®(X)E = C>=(Y) is a Maass form with the eigenvalue y = 1_4>‘2.

This construction, which is due to Gelfand and Fomin, gives a one-to-one correspondence
between Maass forms and class one automorphic representations (and more generally
between automorphic forms and automorphic representations of G). We refer to [G6] for
a more detailed discussion (see also [BR2]).

3.1.4. Decomposition of the representation (Ilx, G, L*(X)). It is well-known that for a
compact X, the representation (Ilx, G, L?(X)) decomposes into a direct (infinite) sum of
irreducible representations of G with finite multiplicities (see [G6]). We will fix one such
decomposition and call it the automorphic spectrum of X. We can write
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where L; are irreducible representations corresponding to Maass forms (including the
trivial representation), and L, are irreducible representations of discrete series.

For us it will be convenient to write this decomposition as the following decomposition
of the Hermitian form Py on C*°(X)

Px=Y P + Y P, (3.1)

where P, = prf(Px) and P, = pri(Px).

4. TRIPLE PRODUCTS
We introduce now our main object of study.

4.1. Automorphic triple products. Suppose we are given three automorphic repre-
sentations (m;, V;,v5), 7 =1,2,3 of G

We define the G-invariant trilinear 