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Definition. (CA) Let A be a commutative algebra (with 1). For any A-module N
consider the functor TN :M(A)→M(A) given by M 7→M ⊗A N .

1. (i) Show that the functor T = TN is right exact.

(ii) Show that functor T has a cohomological derived functor (LiT :M(A)→M(A))
such that LiT = 0 for i > 0, L0T = T and functors LiT are erasing for i < 0.

(iii) Show how to compute the derived functors LiT using projective (or free) left
resolutions.

2. Show that there is a natural isomorphism LiTN (M) = LiTM (N).

Remark. For historical reasons these groups are denoted as TorA−i(M,N).

Definition. An A-module N is called flat if the functor TN is exact.

3. (i) Show that free and projective modules are flat. Show that direct sums of flat
modules are flat.

(ii) Show that directed direct limits of flat modules are flat. In particular show that
localizations of flat modules are flat.

(iii) Show that the tensor product of flat modules is flat.

4. (i) Show that an A-module N is flat iff the functor L−1TN is 0.

(ii) Suppose A is Noetherian. Show that an A-module N is flat iff the functor TN is
exact on the subcategory of finitely generated A-modules.

Definition. Let π : X → Y be a morphism of algebraic varieties. We say that an
OX -module F is flat over Y if for every point x ∈ X the stalk Fx is flat over the local
algebra OY, y, where y = π(x).

Morphism π is called flat if OX is flat over Y .
5. Let π : X → Y be a morphism of algebraic varieties and F an O-module on X.
(i) Show that if X and Y are affine then F is flat over Y iff F (X) is flat asO(Y )-module.

(ii) Show that if π is flat then every flat OX -module F is flat over Y .

(iii) Suppose F is flat over Y and π∗-acyclic. Show that then OY -module π∗(F ) is flat.
Show that for any OY -module G the module F ⊗ π∗(G) is π∗-acyclic

We have proven in class the following result by Grothendieck
Proposition. Let π : X → Y be a projective morphism of algebraic varieties and F a

coherent OX -module flat over Y . Then locally on Y there exists a complex K · = (Ki) of
free OY -modules of finite rank that ”computes” the derived functors Riπ∗ for F and for
all of its base changes.

This module is defined not uniquely - we can always replace is by another quasiiso-
morphic complex of free modules since they will compute the same derived functors. For
this reason it is important to analyze such complexes in detail.

6. Let Y be an affine algebraic variety and K · = (Ki) be a complex of free OY -modules
of finite rank such that Ki = 0 for i < 0 and for i > n. Set di = rkKi.

For every point b ∈ Y consider the fiber complex K ·|b and denote by ai = ai(b)
sequence of dimensions of cohomologies of this complex.

(i) Show that for every i the function ai(b) is upper-semicontinuous.

(ii) Suppose that at some point b we have an(b) = 0. Show that then in some neigh-
borhood of B we can replace the complex K · by quasiisomorphic complex of free modules
L· = (Li) of smaller length (i.e. Li = 0 for i < 0 and for i > n− 1).



Show that this happens iff the module Hn(K ·) equals 0 in some neighborhood of the
point b.

(iii) More generally, suppose we know that the function an is constant near some
point b. Show that in some neighborhood of this point we can replace the complex K ·

by a quasiisomorphic complex L· ⊕ F · where L· has smaller length and F · is a complex
consisting of one free module F placed in degree n.

Show that this happens iff the module Hn(K ·) is free in some neighborhood of b.

7. Let K · be a complex of length n from problem 6.

(i) Show that we always have a base change in the last degree n. This means that for
any OY -module G we have Hn(G⊗K ·) = G⊗HN (K ·).

(ii) Show that the Euler characteristic χ(a) :=
∑

(−1)iai equals to the Euler charac-
teristic χ(d).

(iii) for every l consider the partial Euler characteristic χl(a) :=
∑

i≤l(−1)iai. Show
that as a function on Y it is upper semi-continues for even l and lower semi-continuous
for odd l.

Compare it with the partial Euler characteristic χl(d).

8. Consider the situation described above. We have π : X → Y projective morphism
and F coherent OX -module flat over Y . For every point b ∈ Y describe the natural
morphism ψi(b) : Riπ∗(F )|b → H i(Xb, Fb).

Let us assume that for some i and some point b this is an epimorphism.

(i) Show that in some neighborhood U of the point b the functor Riπ∗ commutes with
base change.

(ii) Show that the module Riπ∗(F ) is locally free near the point b iff the morphism
ψi−1(b) is onto.


