ABELIAN GALOIS COHOMOLOGY OF REDUCTIVE GROUPS

MIKHAIL BOROVOI

INTRODUCTION

In this paper we introduce a new functor H ;b(K ,G) from the category of con-
nected reductive groups over a field K of characteristic 0 to abelian groups. We
call H}, (K, G) the first abelian Galois cohomology group of G. The abelian group
H}, (K, G) isrelated to the pointed set H! (K, G) by the abelianization map ab': H* (K, G) —
H}, (K,G). When K is a local field or a number field, the map ab! is surjective. We
use the map ab! to give a functorial, almost explicit description of the set H (K, Q)
when K is a number field.

We describe the contents in more detail. For a reductive group G over a field K
of characteristic 0, let G denote the derived group of G (it is semisimple) and let
G*° denote the universal covering group of G (it is simply connected). Following
Deligne we consider the composition

p: G — G — G.

Let K be an algebraic closure of K. We write G for G. In Section 1 we define
the algebraic fundamental group 71 (G) as follows. Let T C G be a maximal torus
defined over K. We write 7% for p~'(T') and set

11 (G) = X (T)/pu X (TC)

where X, denotes the cocharacter group. The group 71 (G) is a finitely generated
abelian group endowed with a Gal(K/K)-action. If K = C then 7 (G) is just
the usual topological fundamental group 7.°?(G(C)). For any K our algebraic
fundamental group is related to the invariant Z(G) of Kottwitz [Ko2], where G is
a connected dual Langlands group for G and Z(G) is its center. Namely, (@) is

~

the character group of the C-group Z(G).

In Section 2 we define the abelian Galois cohomology groups
L(K,G) =H(K,T®) - T)  (i>-1).

Here H* denotes the Galois hypercohomology of the complex

-1 0
0 T6) 5T -0

of tori, where —1 and 0 above the letters denote the degrees. We show that the
abelian groups H!, (K, G) depend only on m(G).

Typeset by ApS-TEX
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In the third section we construct the abelianization map
ab! = ab: HY(K,G) — HL (K, G)

with kernel p,H(K,G®¢). Observe that in the case of a semisimple group G we
have

G =G*/ker p, HL(K,G)= H?*(K, kerp)

(where ker p is a finite abelian group), and ab® in this case is the connecting homo-
morphism §: HY(K,G) — H?(K, ker p). We construct also a homomorphism

ab”: G(K) = H*(K,G) — HY, (K,G)

with kernel p(G*¢(K')). When K is a local field, the map ab! was earlier constructed
by Kottwitz [Ko3] and the homomorphism ab® was earlier constructed by Langlands
[Lal] (see also [Bo], 10.2).

Our construction of the abelianization maps ab! and ab® differs from those of
Kottwitz and Langlands. It is based on the non-abelian hypercohomology theory of
groups with coefficients in crossed modules. This theory was initiated by Dedecker
[Ded] and developed by the author [Brv5] to be used in the present paper and by
Breen [Brn] in a very general setting. In the beginning of Section 3 we state the
main facts about crossed modules and their hypercohomology.

In Section 4 we compute explicitly the groups H L(K, G) for a local field K in
terms of 71 (G). We write I' for Gal(K/K) and M for m1(G). Then

H'(I,M) if K=R
(M1 )sors if K is non-archimedian,

HY(K,G) = {

where (Mr)iors denotes the torsion subgroup of the group of coinvariants Mrp. For
a number field K we compute H} (K, G) for i > 3 and compute it in a sense for
1 = 2. For 1 = 1 we compute the group

1Ly, (K, G) = ker[Hy, (K, G) — [ [ Hap (K0, G)]

in terms of 71 (G). All these results are of abelian nature and generalize the Tate-
Nakayama duality theory for tori. The results concerning the case ¢ = 1 are essen-
tially due to Kottwitz.

In Section 5 we prove that if K is a local or a number field, then the abelianization
map ab! is surjective. For local fields this is very close to a result of Kottwitz [Ko3].
This surjectivity means, in particular, that for a local non-archimedian field K

Hl(Ka G) ~ (Mf‘)tors

([Ko2], 6.4.1). In this case the map ab! is not only surjective but also injective.

We use the surjectivity of ab! over local and number fields to investigate the
usual, non-abelian Galois cohomology H' (K, G) when K is a number field.
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Theorem 5.11. For any finite subset = C H'(K, G) there exists a K-torus j: T —
G such that = C j.HY(K,T).

In other words, for a number field K all the H' (K, G) comes from tori.
Further, we compute H! (K, G) in terms of H}, (K,G) and the real cohomology:

Theorem 5.12. The commutative diagram with surjective arrows

HY(K,G) — . H\(K Q)

loce | |

IHY(K,,G) — IH. (K, G)
identifies H'(K,G) with the fiber product of HY, (K,G) and 1 H (K, G) over I(K,, G).

This result generalizes a theorem of Sansuc [Sa].

From Theorem 5.12 we obtain

Theorem 5.13. The restriction of ab! to the Shafarevich-Tate kernel defines a
bijection I (K, G) — 11}, (K, G).

Thus we see again after Voskresenskii [Vol], Sansuc [Sa] and Kottwitz [Ko2], that
[II(G) has a natural structure of an abelian group. Combining this bijection with

the results of Section 4, we can compute III(G) in terms of 71 (G). The obtained
formula is equivalent to a formula of Kottwitz [Ko2].

Remark 0.1. The results of this paper can be easily adapted to the case of any,
not necessarily reductive, connected K-group. Let G" denote the unipotent radical
of G. We set G™4 = G/GY; this is a reductive group. We set

m(G) = m(G™Y),  Hy,(K,G) = Hy, (K, G™)

and so on. With this notation almost all the results of the paper remain true for
all connected K-groups.

Remark 0.2. In the case of a semisimple group G all the results of this paper were
already known (cf. [Sa]). On the other hand, for local fields our results are just a
more functorial reformulation of results of Kottwitz [Ko2], [Ko3]. The contribution
of the present paper is that we construct the abelian Galois cohomology and the
abelianization map for any reductive group over an arbitrary field of characteristic
0. This enables us to obtain new results concerning usual, non-abelian Galois
cohomology of reductive groups over number fields.

Remark 0.3. Our computations in Section 5 of the Galois cohomology of reduc-
tive groups over number fields are based on the fundamental results on the Galois
cohomology of semisimple groups due to Kneser [Knl|, [Kn2] and Harder [Hal],
[Ha2].

Remark 0.4. The main results of this paper were exposed by J. S. Milne in Ap-
pendix B to [Mi3].
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Notation

K is a field of characteristic 0, K is an algebraic closure of K. We write I' for
Gal(K/K). For an aglebraic variety Xover K we write X for Xj.

When K is a number field, let V = V(K), Vo and Vy denote the set of all places,
the set of infinite (archimedian) places and the set of finite (non-archimedian) places
of K, respectively. We often write just oo for V. If v € V, we let K, denote the
completion of K at v.

We denote by u,, the group or roots of unity of order dividing n, and set 2(1) =
m i,

(G is a reductive K-group. By a reductive K-group we always mean a connected
reductive K-group. Let G* denote the derived group of G. We set G** = G/G*.
We denote by Z the center of G and set G2 = G//Z. Let G¢ denote the universal
covering of the semisimple group G*. We have the canonical homomorphism

p: G — G® — G.

Let T C G be a maximal torus (defined over K). We write T(°) for the maximal
torus p~1(T) C G=.

We let Z°) denote the center of G*¢. Then Z°) = p=1(Z2).

Let S be a K-group of multiplicative type, e.g. a torus. We let X*(5) de-
note the character group Hom(S, G,,) and let X, (S) denote the cocharacter group

Hom (G, S), where G, is the multiplicative group. We usually consider X*(S5)
and X, (9).

For a reductive K-group G and a split maximal K-torus T' we let R(G,T) denote
the root system of G with respect to T. We denote by RY(G,T) the system of
coroots. By definition R(G,T) C X*(T) and RV(G,T) C X.(T).

Let L be a torsion free abelian group. We write LY for Hom(L, Z).
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Let M be an abelian group. We let M5 denote the torsion subgroup of M. We
set Mg = M /Miors; this is the maximal torsion free quotient of M.

Let A be a group and M a A-module. We say that M is a finitely generated
(resp. torsion free) A-module if M is finitely generated (resp. torsion free) as an
abelian group.

Let M be a finitely generated A-module. By a short torsion free resolution of
M we mean an exact sequence

0—-L 'L M—=0

of finitely generated A-modules such that L=! and L° are torsion free. We write
L for the complex 0 — L=1 — LY — 0.

Let M be a A-module. We write M“ and Ma to denote the subgroup of
invariants and the group of coinvariants of M, respectively. We often consider the
functors (Ma )tors and (Ma )t

We often regard a homomorphism a: F' — G of groups as a short complex

-1 0
1—- F —-G—1

where —1 and 0 over the letters denote the degrees: F' is in degree —1 and G is in
degree 0.

A crossed module is a complex of groups F — G endowed with an action of G on
F satisfying certain conditions. We often write just (F' — G) for a crossed module.

Let (F — G) be a crossed module of A-groups. We write H'(A, F — G) or just
H(F — G) (i = 1,0,1) for the hypercohomology of A with coefficients in F' — G
(see Section 3 for definitions).

Let G be an algebraic group. As usual, we write H ‘(K,G) to denote the Galois
cohomology HY(T',G(K)) where I' = Gal(K/K). We denote by Z*(K,G) the set
of i-cocycles and by B'(K,G) the set of i-cobords.

If (FF — G) is a crossed module of algebraic K-groups, we write H (K, F — G)
or just H'(F — G) for its Galois hypercohomology H'(T', F(K) — G(K)).

For any I'-module M (where I' = Gal(K /K)) we write H'(K, M) for H(T', M).
Similarly, if F'/K is a Galois extension with the Galois group A and if M is a
A-module, we write H (F/K, M) for H(A, M) and H(F/K, M) for H'(A, M),
where H' are the Tate cohomology groups.

If K is a number field, we use the notation loc to denote the localization maps

loc,: H'(K,G) — H'(K,,G)

locoo: H'(K,G) — ] H'(K,.,G)
VEVoo

and so on.
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1. THE ALGEBRAIC FUNDAMENTAL GROUP OF A REDUCTIVE GROUP

In this section we define the algebraic fundamental group m (G ) of a reductive
group G defined over a field K of characteristic 0.

1.1 Let G be a (connected) reductive K-group. First suppose that G is split.
Choose a maximal split torus 7" C GG. Consider the canonical morphism p: G*¢ — G.
We write TG for p~'(T) € G*. Set

(G, T) = Xo(T)/pu X (TF)).
It is a finitely generated abelian group.

Lemma 1.2. For two split mazimal tori, T,T' C G, the groups m1(G,T) and
m1 (G, T") are canonically isomorphic.

Proof: Choose an element g € G(K) such that T" = gTg~!. The isomorphism
int(g): T — T’ induces an isomorphism g,:7(G,T) — 71 (G,T"). We will show
that g, does not depend on the choice of g.

Let N denote the normalizer of 7" in G. It suffices to show that if ¢ € N(K)
then the automorphism g, of m (G, T) is trivial. The group N(K) acts on T and on
7m1(G,T) through its quotient group W := N(K)/T(K). One knows that the Weyl
group W is generated by the reflections r, corresponding to the roots a € R(G,T).
It remains to show that for a € R(G,T) the reflection r,, acts on 71 (G, T) trivially.

We have

ro(X) =X — <a,X>aV
for X € X, (T), where a is the corresponding coroot. Since all the coroots come
from X, (T0%)), we see that

ro(X) =X mod p, X, (TE),
thus ro acts on X, (T)/p, X, (T®9)) trivially. The lemma is proved.

Definition 1.3. Let G be a split reductive K-group. Let T' C G be a split max-
imal K-torus. We set m(G) = m(G,T') and call this abelian group the algebraic
fundamental group of G.

By Lemma 1.2 this definition is correct.

1.4. Now let G be any (not necessarily split) reductive K-group. By the algebraic
fundamental group of G we mean 7 (G) (recall that G = G ).

The Galois group I' = Gal(K /K) acts on G and thus on 71 (G). This action can
be described as follows.

Choose a maximal torus 77 C G. For o € T’ choose an element g, € G(K) such
that g, - 71" - g;1 =T’. Then o acts on 7 (G,T") as the composition

(G, T') 25 m(G,oT') 2% (G, T)
In particular, if 7" C G is a maximal torus defined over K, then the action of I' on

71(G) is the action on X, (T)/p. X, (T®)) induced by the action on X, (T).

Our algebraic fundamental group is a functor from the category of reductive
K-groups and K-homomorphisms to the category of finitely generated I'-modules.
The following lemma shows that this functor is in a sense exact.
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Lemma 1.5. Let 1 — Gy — G2 — G3 — 1 be an exact sequence of connected
reductive K-groups. Then the sequence

0 — m(G1) — m(G2) — 71 (G3) — 0

18 exact.

Proof: Left to the reader as an easy exercise.
1.6. Examples.
(1) For a K-torus T' we have 71 (T) = X..(T).

)
(2) Suppose G** to be simply connected. Then the canonical homomorphism
71 (G) — w1 (G*™") is an isomoprhism, thus 7 (G) = X, (G"™").

(3) Let G be a semisimple group. Then G = G*°/ker p, where ker p is a finite
abelian K-group. Let T' C G be a maximal torus defined over K. Then T =
T /ker p. One can easily show that 71(G) = (kerp)(—1) := Hom(z(l),ker ).
Note that 7 (G) and ker p are isomorphic as abelian groups, but are in general non-
isomorphic as I'-modules. E.g. if G = PGL,,, then ker p = p,,, but 7 (G) = Z/nZ.

Corollary 1.7. For any reductive K-group G we have an exact sequence

0 — (kerp)(—1) — m(G) — X.(G¥") — 0

Proof: We consider the canonical exact sequence 1 — G% — G — G** — 1 and
apply Lemma 1.5 and the statements 1.6(1,3).

Now let 1 € Z'(K,G?) be a cocycle. Consider the twisted form 4G of G. By

definition (wG)K = Gg, but o € Gal(K/K) acts on (,G) g by g — ¥(0)-7g-1(o)~?
where g — g is the action of o on G .

Lemma 1.8. Letvy € Z'(K,G*) be a cocycle. Then the map m (G ) — m1((4G)g),
induced by the canonical isomorphism Gz — (4G) g, is an isomorphism of Galois
modules.

Proof: The assertion follows from the description 1.4 of the Galois action on 71 (G).

In the remaining part of this section we prove some comparison results, which
will not be used later.
1.9 Consider the functor Z (@) of Kottwitz. Here G is a connected Langlands dual
group for G, and Z(G) is the center of G (cf. [Ko2]). By definition G is a connected
reductive C-group endowed with an algebraic action of I' = Gal(K / K). The group
Z (G) is an algebraic C-group of multiplicative type; I' acts on Z (G) algebraically.
The character group X*(Z(G)) is a finitely generated I'-module.

Proposition 1.10. The I'-modules w1 (G) and X*(Z(@)) are canonically isomor-
phic.

Proof: By definition (cf. [Ko2]) there is a maximal torus 7' C G such that X*(T') =

A~

X, (Tg), where T is a maximal torus of G defined over K. Moreover, R(G,T) =
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RY(Gg,Tx), where R and RY denote the system of roots and the system of co-
roots, respectively. We have Z(G) = Nker[aV: T — G,,c] where " runs through
R(G,T)=RY(Gg,Tx). Hence

X*(2(G) = X*(T)/(R(G,T)) = X.(Tx)/(R")

where we write RV for RV (G, T) and we use ( ) to denote the subgroup of X, (T)
generated by the set in brackets.

All the coroots o¥ € RY C X,(T) come from X,(T®%); moreover the set
RY C p X, (TG9) generates p, X, (T)) (cf. [St2], Lemma 25). Thus X*(Z(G)) =
X.(T)/ )

P+ X, (TE)) = 71 (@), which was to be proved.

Remark 1.10.1: Let ¢:G; — G2 be a homomorphism of reductive K-groups.
First suppose that ¢ is normal, i.e. ¢(G1) is normal in G5. Then one can define
a homomoprhism ¢*:Gy — Gy (cf. [Bo], [Ko2]). But if ¢ is not normal, then
we cannot define ¢*. In other words, G is functorial with respect to normal ho-
momoprhisms only. Proposition 1.9 shows, however, that the center Z (@) of G is
functorial with respect to all homomophisms.

Proposition 1.11. Let K be C and let K be either R or C. For a connected
reductive K-group G there is a canonical isomoprhism

m1(G) = Hom(m ™ (G, (C)), ;™ (G(C)))
where WEOP s the usual topological fundamental group.

For brevity we write 71 (G(C)) for 7;°°(G(C)) and 71 (G(C))(—1) for Hom(r;°? G, (C)),
top

™ (G(C))).

We recall that in the case K = R the Galois group I' = Gal(C/R) acts on
m1(G(C)) and (non-trivially) on m(G,,(C)). Since 71(G,,(C)) is isomoprhic to Z
as a group, but not as a I'-module, we see that w1 (G(C)) and 71 (G(C))(—1) are
isomorphic as groups, but in general not as I'-modules.

In the case K = C we have I' = 1, and 7 (G(C))(—1) is isomorphic to w1 (G(C)).
To fix this isomoprhism it suffices to fix an isomorphism 71 (C*)—>Z (or a square
root of —1 in C).

Proposition 1.11 justifies the term “algebraic fundamental group”. The proposi-

tion means that 71 (G) is “the topological fundamental group, defined algebraically”.

Proof: First we consider the case of a torus. Let T, T' be two K-tori. There is a
canonical map

Hom(T¢, Tc) — Hom(m (T7(C)), m1(T(C)))

This map is I'-equivariant, and one can easily see that it is an isomoprhism of
groups. Taking G,,, for 7" we obtain the required isomoprhism

m(T) = X.(Tc) — m(G(C))(-1).

In the general case we define the map 71 (G) — 71 (G(C))(—1) as follows. Choose

a maximal torus T C G defined over K; then m(G) = X.(T)/p. X, (T®9)). We
consider the composition

ap: X.(T) — m(T(C))(=1) = m(G(C))(=1).
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One can easily check that ar(p.(X.(T®%))) = 0, hence ar induces a homomor-
phism

(ar)w:m(G) — m(G(C))(-1)

It is not hard to check that (ar). does not depend on the choice of T

Now we have the diagram

(1.11.3) ) ) )
0 — w1 (G™®) — ™1 (G) — 7(G*r) — 0

! !

0 — m(G*(C))(-1) — m(G(C))(-1) — m (G (C))(-1) — 0

The upper row is exact by Proposition 1.5. The lower row comes from the exact
sequence of the fiber bundle G(C) over G**(C).

We have already shown that the right vertical row in (1.11.3) is an isomorphism.
The Proposition 1.11 is well known for semisimple groups (cf. e.g. [O-V]), hence
the left vertical arrow is an isomorphism. We conclude that the middle vertical
arrow is an isomorphism.

1.12. Our definition of 71 (G) uses explicitly the group structure of G. We are now
going to show how to define 71 (G) in a more “algebraic-geometrical” way. We make
no further use of this construction here.

Let again K be any field of characteristic 0. Consider the algebraic-geometrical
fundamental group 7" (G) defined by Grothendieck [Gr] (see also [Mil]) (we take
1 € G(K) as the base point). Set 77(G)(—1) = Hom(Z(1),75*(G)). Note that
2(1) = m1(G,,z). To any regular map m:G,,z — G such that m(1) = 1, we
associate its class m, = Cl(m) € 7¢*(G)(—~1) = Hom(7$*(G,,z), 7 (Gg)). Let

75 (G)(—1)a1g denote the subset of such algebraic classes in 73 (G)(—1).

Proposition 1.13. (i) 75 (G)(—1)ayg is a subgroup of the abelian group n{*(G)(—1).
(ii) The map m — CI(M) induces an isomorphism of I'-modules w1 (G) — 7 (G)(—1)alg-

(iii) 7$*(G)(—1) is isomorphic (as a T'-module) to the completion of 71 (G) with re-
spect to the topology defined by the subgroups of finite index.

We omit the proof.

Remark 1.14. Let H be a connected K-subgroup of G. Consider the homogeneous
space X = H\G. It has a canonical base point, namely the image of the neutral
element of GG. In this case one can similarly define the algebraic fundamental group

m1(X) as the set of algebraic classes in
71" (X)(=1) = Hom(n" (G, g ), 71 (X g))-

One can show that 7T(X) is an abelian group and that m1(X) = 787 (X)(—1)ayg
is a subgroup. In the case K = C we have 71 (X) ~ 7}°?(X(C))(-1).



10 MIKHAIL BOROVOI

2. ABELIAN GALOIS COHOMOLOGY

2.1. Let K be a field of characteristic 0. We write I' for Gal(K/K). Let G be a
(connected) reductive K-group. Choose a maximal torus 7' C G (defined over K).
We consider the complex of tori

—1 0

where T is in degree —1 and T is in degree 0. We define the abelian Galois
cohomology of G as follows:

Definition 2.2. H!, (K,G) =H'(K,T").

Here H' means that Galois hypercohomology of the complex TGN K) — T(K)
of Gal(K /K)-modules. We may regard H;, (K,G) as the hypercohomology of the
double complex

0 — T(E) — C(ITK) — CALT(K) — -

T I

0 — TG)NK) — CYI[,TENEK)) — C*(T,TE)NK)) — ---

(2.2.1)

where C are the usual groups of non-homogeneous continuous cochains. Note that
the bidegree of Tt (K) is (—1,0).

We see that the groups H i (K, G) do not depend on the choice of the algebraic
closure K of K. We are going to show in this section that they neither depend on

the choice of T'. Moreover, they depend only on m(G).

2.3. Let A be a group, and let (A~'-25A4%) be a short complex of A-modules. A
morphism
e (AT 25 A% — (A712249)

of complexes is called a quasi-isomorhism if it induces isomorphisms on cohomology,
i.e. if the induced homomorphisms ker a; — ker ap and coker oy — coker ap are
isomorphisms. It is well known that a quasi-isomorphism ¢ of complexes of A-
modules induces isomorphisms

gt Hi(A, Al_l — A?);Hi(A, A2_1 — Ag)

on hypercohomology.

Now let e: (S;h — S9) — (S;' — S9) be a quasi-isomorphism of complexes
of abelian algebraic K-groups. We see that the induced Galois hypercohomology
homomorphisms

e HY(K, S — 8% — HY(K,S; ' — S9)

are isomorphisms.

2.4. Let G be as above. Following Deligne [Del] we consider the complex (Z(¢) —
Z) of abelian K-groups, where Z is the center of G and Z (5¢) is the center of G*°.
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Lemma 2.4.1. Let F C G be a mazimal torus. Then the embedding (Z°) —
Z) — (T — T) of complezes of K-groups is a quasi-isomorphism.

Proof: ker p C Z®%) and T®%) > Z(°) hence

ker[Z9) — Z] = ker[p: G*° — G] = ker[T®®) — T

Set G'*' = G/p(G*) = cokerp. Since G = G -T = G* - Z, the maps
coker [T — T] — G** and coker [Z(¢) — Z] — G are surjective. Since
p(TG)) =T NG and p(Z69)) = Z N G*, these maps are injective. Thus

coker [Z(59) — Z] = coker [p: G*° — G] = coker [T*?) — T7,

and we conclude that (Z(%) — Z) — (T — T) is a quasi-isomorhism, which was
to be proved.

It follows from Lemma 2.4.1 that we have canonical isomorhisms
HY (269 — 2)H (TS — T)

Thus the groups HY, (K,G) = H'(K, TG — T) are defined correctly, i.e. do not
depend on the choice of T

2.5. For a homomorphism 3: Gy — G2 we define 3,: H', (K,G1) — H!. (K, G>).
Let T7 C G1 be a maximal torus, and let T C G5 be a maximal torus containing
B(T1). The morphism

(1) — 1) — (15 — Ty)
defines homomorphisms
Bl Hiy (K, Gh) = HU(TPY — Ty) — BT — Ty) = Hi\(K,Ga).

We must show that the maps (3% are defined correctly, i.e. do not depend on the
choice of T} and T,. For this end we are going to show in this section that the
group H!, (K,G) depends only on the fundamental group m (G) and that the maps
(¢ can be described in terms of the map B,: 71 (G1) — m1(G2).

2.6. The functor H:.

2.6.1. Let A be a finite group and M a finitely generated A-module. One can
easily see that there exists a short torsion free resolution of M, i.e. a short exact

sequence
0L 'S M—-0

of A-modules such that L=! and L° are finitely generated and torsion free as abelian
groups.

Let D be a A-module. Consider the complex L' = (L™! — L°) and the complex

L'eD=(L"'®D— L°®D).
Z

Definition 2.6.2. H'(A, M, D) =H (A, L’ ® D).
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We observe that the groups H'(A, M, D) are defined correctly. Indeed, the
complex L’ is quasi-isomorphic to (1 — M). If we choose two short torsion free
resolutions L; — M and L; — M, then L] and L, are canonically isomorphic in
the appropriate derived category. Since L; and L are torsion free, the complexes
Li®D and L;®D are also canonically isomorphic in the derived category. It follows
that the groups H (A, L; ® D) and H(A, L, ® D) are canonically isomorphic, which
was to be proved. Note that in the language of derived categories we have just

. . L
H{(A, M, D) = H(A, M & D),
Z

L
where ® denotes the left derived functor of the tensor product.
Z

Remark 2.6.3. We can also define the “Tate groups”

HiI(A, M, D) :=H(A,L'®D) (i€ Z),
Z

where L' — M is a short torsion free resolution. Here H' denotes the hypercoho-
mology of the double complex Hom(P", L"), where P is a complete resolution for
A (see e.g. [A-W]).

2.6.4. If A is a finite group and U is a normal subgroup of A, then we have inflation
homomorhisms

HY(A/U,MY, DY) — H' (A, M, D)

Now let T be a pro-finite group and M a finitely generated (over Z) discrete
['-module. Let D be a discrete I'-module. We set

(T, M, D) = lim H(T/U, MY, DY),
U
where U runs over the open normal subgroups of T'.
Let L' — M be a short torsion free resolution of M, i.e. an exact sequence
0—-L 'L M-=0

of discrete I-modules, where L' and L? are finitely generated torsion free abelian
groups. Let HY(T', L' ® D) denote the hypercohomology of the double complex

0 — C'IL°®D) — CHI'L°® D) — C?*T,L°®D) — ---
0 — C'IL'®D) — CYI',L7'® D) — C*T, L™ '®@D) — ---

where C*(T, ) denotes the groups of continuous non-homogeneous cochains. Since
MV = M for sufficiently small U, we have

H(T',M,D) = HT', L’ ® D).
Z

The functor H(I', M, D) is a cohomological functor of M in the following sense.
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Proposition 2.6.5. Let
0— M — My — Mg —0

be a short exact sequence of finitely generated (over Z) T'-modules. Then we have
an exact sequence

(2.6.5.1)
.. — HYT, My, D) — HYT', My, D) — HT', M3, D) —

— H*YT, My, D) — - -

Proof: Easy.

Corollary 2.6.6. Let
0—-L 'L M-=0

be a short torsion free resolution of M. Then there is an exact sequence

0—H YT',M,D) - HT,L ' ®@ D) - H*(T,L° ® D) —
(2.6.6.1)
— KT, M,D) - H'(T, L '®D) — ---

2.7. Let I again denote the Galois group Gal(K/K). Let M be a discrete finitely
generated T-module. We are interested in the groups H'(I'(K/K), M; K*); for
brevity we write just H*(K, M, K*).

2.7.1. Let L' — M be a short torsion free resolution. Consider the complex
T~ — T? of K-tori such that L' = (L~ — L) is the complex X, (Tlf(l) — X, (T})
of cocharacter groups of these tori. By definition

H(K,M,K*)=H(K,L '@ K* — L°@ K*) =H"(K, T — T?
Thus H!(K, M, K*) is the Galois hypercohomology of a complex of tori.

2.7.2. Examples.

(1) If M is torsion free, then we set L=' = 0, L% = M, X,(T°) = M. Thus
HYK,M,K*) = H(K,T°).

(2) Suppose that M is finite. Choose a resolution L' — M and define the
complex T" = T—1 — T9 as above. Then the homomorphism T-!(K) — T°(K)

is surjective. Set B = ker[T~! — T9]; it is a finite abelian K-group. Then the
morphism of complexes

(B(K) — 0) = (TH(K) — T°(K))
is a quasi-isomorphism. Hence

HY(K,M,K*) :=H (K, T""(K) - TY(K)) = H(K, B(K) — 0) = H" (K, B).

Now let G be a connected reductive K-group.
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Proposition 2.8. H{ (K,G) = H!(K,m(G), K*)

Proof: Let T C G be a maximal torus (defined over K). Set L° = X, (Tk), L™ =
X, (T®%)). Then by definition of 71 (G), (L™' — L% — 71(G) is a resolution of
71(G). Hence, as it was shown in 2.7.1, H* (K, (G), K*) = H (K,T®% — T). By
definition H*(K, T — T) = H{, (K,G). This proves the proposition.

We see from Propositioni 2.8 that the groups H! (K,G) depend only on the
Galois module 71 (G).

Corollary 2.9. Lett € H'(K,G??) be a cocycle. There are canonical isomorhisms
Hy, (K, G) — Hy, (K, 4G).

Proof: The assertion follows from Lemma 1.8 and Proposition 2.8.

Proposition 2.10. Let1l — G; — G2 — G3 — 1 be an exact sequence of connected
reductive K-groups. Then there is a long abelian cohomology exact sequence

(2.10.1) 0 — Hy'(K,G1) — H, ' (K,G2) — H, | (K,Gs) — H},(K,Gy) — -

Proof: The assertion follows from Lemma 1.5 and Proposition 2.6.5.

The exact sequence (2.10.1) can be defined more explicitly as follows. Let Ty C
(G5 be a maximal torus. Let T3 be the image of T5 in GG3, and let T} be the inverse
image of 75 in GG;. We have the short exact sequence

0— (T = Ty) — (TS — T) — (T9) — Ty) — 0

of complexes of tori. Then (2.10.1) is the corresponding long hypercohomology
exact sequence.

2.11 Examples.
(1) G is a torus. Then (T¢®) — T) = (1 — G), and H! (K,G) = H(K,G).

(2) Suppose that G is simply connected. By 1.6(2) the homomorphism 7y (G) —
71 (G*r) is an isomorphism, hence HY, (K,G) = H'(K, G*").

(3) Let G be a semisimple group, G = G*¢/ ker p. Then ker(T¢%) — T) = ker p,
and by 2.7.2(2) H (K,G) = H'"™'(K,ker p). Recall that ker p is a finite abelian
K-group.

(4) For any G we have H,' (K, G) = (ker p)(K). This follows from the definition.

Proposition 2.12. Let G be a connected reductive K-group. Let T C G be a
maximal K-torus. Then there are exact sequences

(2.12.1)
B HH_I(K?kerp) - H;b(Ka G) - HZ(Ka Gtor) - Hi+2(K,kerp) o
(2.12.2)
= HY(K,T®)) - H(K,T) — H (K,G) — HT (K, T¢9) — ...
Proof: Consider the short exact sequence
1—>GSS—>G—>Gt0r—>1

Applying Proposition 2.10 and calculations 2.11(1,3), we obtain (2.12.1). We obtain
(2.12.2) from Proposition 2.8 and Proposition 2.6.5.
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3. THE ABELIANIZATION MAPS

In this section we construct the abelianization maps

ab’: G(K) = HY(K,G) — HY (K, G)
abl: HY(K,G) — HL (K, G)

for a connected reductive group G over a field K of characteristic 0. For this end
we need the non-abelian hypercohomology theory. We give here a short review; for
more detail see [Brv5].

3.1. Hypercohomology of complexes of groups.
3.1.1. Let A be a group, and let

—1a0
1—- F—G—1

be a short complex of (in general non-abelian) A-groups, where F' is in degree —1
and G is in degree 0. For brevity we write F' — G for this complex. We define its
—1-hypercohomology group by

H YA F — G) = (kera)?

where () denotes the subgroup of invariants.

We define the 0-hypercohomology set HO(A, F — G) in terms of cocycles. We
write Maps(A, F') for the set of the maps ¢: A — F and set

CY = Maps(A,F) x G (we regard C° as a set)
2% ={p,9 € C" | g(o7) = p(0) - “¢(1), g = alp(0))”" - g}

The sets CY and Z° are the sets of cochains and cocycles, respectively. The group
F acts on Z9 on the right by

(p.g)x f=(¢q), ¢o)=f"pl0)-f ¢ =alf)" g,

and we set
HY(A,F — G)=Z"/F.

The set H° has a neutral element, namely, the class of the cocycle (1,1) € Z°.

We write H™}(F — G) and H(F — G) for H" (A, F — G) and H°(A, F — G),
respectively.

3.1.2 Examples.
(1) HO(1 — G) = HY(Q).
(2) HY(F — 1) = HY(F). To Cl(¢,1) € H°(F — 1) we associated Cl(¢) €
HY(F).
(3) If a: F — G is injective, then HY(F — G) = H°(coker ).
(4) If « is surjective, then HO(F — G) = H!(ker o).
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3.1.3. Let e: (F1 — G1) — (F» — G2) be a morphism of complexes of A-groups,
i.e. a commutative diagram

F1—>F2

Lo

G1%G2

of groups. We have induced map:

Eg_l)IH_l(Fl — Gl) E— H_l(FQ — Gg),
621H0(F1 — Gl) — HO(FQ — G2)7

(=1)

where € is a group homomoprhism and €2 is a morphism of pointed sets.

3.2 Crossed modules.

To define 1-hypercohomology we need crossed modules, introduced by J. H. C.
Whitehead [Wh] (see [Bro], [Br-H] for a survey).

Definition 3.2.1. A (left) crossed module is a short complex a: F' — G endowed
with a left action G x F — F of G on F, denoted (g, f) — 9f, such that

(3.2.1.1) ff =By
(3.2.1.2) a(9f)=g-alf) g

for any f, f € F, g € G.

We say that a group A acts on a crossed module (F' — G) if A acts on F' and
G so that

forany fe F,ge G, o€ A.

3.2.2 Examples.

(1) An abelian crossed module: F' and G are abelian groups, the action of G on
F' is trivial.

(2) F is an abelian group (G-module),a is trivial.

(3) F is a normal subgroup of G, a: F' — G is the inclusion, 9f = gfg~!.
(4) F — G is any surjective homomoprhism with central kernel.
(5)

5) F — Aut F for any group F.

Any crossed module is in a sense a combination of examples 3.2.2(3) and 3.2.2(4).
We have

Lemma 3.2.3. (cf. [Br-H]). Let F-"~G be a crossed module. Then
(i) ker « is central in F';

(i1) im « is normal in G (hence cokera is defined);



ABELIAN GALOIS COHOMOLOGY OF REDUCTIVE GROUPS 17

(iii) cokerca acts on ker av.

3.2.4. A morphism of crossed modules ¢: (F; — G1) — (F» — G2) is a morphism
of complexes

F €—F>F2

Lo

G]. E— F2
el

such that the homomorphism er is eg-equivariant.
3.3. 1-hypercohomology with coefficients in a crossed module.

3.3.1. Let F' — G be a crossed module of A-groups. We define a group structure
on C% = CYA,F — G) as follows.

Let (p1,91), (p2,92) € C°. We set

(¢1,91) - (02,92) = (¢, 9192) where ¢'(0) =T p2(0) - @1(0)

One can check that ZY is a subgroup of C° with respect to this group structure. In
this way we obtain a group structure on H°(F — G).

3.3.2. Let F' — G be a crossed module of A-groups. We define the 1-hypercohomology
set H'(F — G) in terms of cocycles. We follow an idea of Dedecker [Ded2).

Let Z! be the set of pairs (u,?), u € Maps(A x A, F), ¢ € Maps(A, G), such
that

(3.3.2.1) Y(oT) = a(u(o, 7)) - (o) - 71(7)
(3.3.2.2) u(o, mv) - YO (r,0) = ulor,v) - u(o, T)

We define a right action * of the group C° on the set of 1-cocycles Z'. For
(a,g) € CY we set

(u, ) * (a,g) = (u', ")

where

We set H (F — G) = Z1/C".
The set H'(F — G) has a neutral element, namely, the class of the cocycle
(1,1) € Z%.

A morphism e: (F; — G1) — (F» — G3) of crossed complexes of A-groups
induces a morhism of pointed sets el: H!(F} — G1) — HY(Fy — G).

Remark 3.3.3. Our notation here slightly differs from that of [Brv5]: in [Brvj]
we write an element of Z1(F — @) in the form (h, 1) where h(o,7) = u(o, 7) L.

3.3.4 Examples.
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(1) HY(1 — G) = HYG). To CI(1,v) € H}(1 — G) we associate Cl()) €
H@).
(2) HY(F — 1) = H*(F). To Cl(u, 1) € H(F — 1) we associate Cl(u) € H*(F).
Note that in this case F is abelian, and therefore H?(F) makes sense.

(3) If F-*5G is a crossed module and « is injective, then H'(F — G) =
H! (coker ).

(4) If « is surjective, then the embedding (keraw — 1) — (F' — G) induces the
canonical bijection H?(kera) = H(F — G).

T

3.4. Hypercohomology exact sequences.

3.4.1. A short exact sequence of complexes of groups
1= (Fy —Gy)— (Fy > Gy) — (F5—>G3) — 1

is a commutative diagram

1 Fy Fy Fy —— 1
| | |
1 G1 Go Gs —— 1

with exact rows.

Proposition 3.4.2. ([Brv5], [Brn]). Let
1 — (Fl — Gl)—Z>(FQ — GQ)L(Fg, — G3) — 1

be an exact sequence of complexes of A-groups. Assume that (Fy — G1) — (Fy —
G2) is a morhism of crossed modules with A-action and that the subgroup i(Fy) C Fy
is Ga-invariant.

(i) There is a hypercohomology exact sequence
(3.4.2.1) | |
1 - H Y (F — G)H N (Fy — Go) L5HH(Fy — G)
SVHO(Fy — Gy)SHO (Fy — Ga)LSHO (Fy — G)
LOHY(F — Gy) S HY (F — Ga)
(ii) The group H°(Fy — Gs) acts on the set HY(F3 — G3), and & defines a
bijection
(3.4.2.2)  HY(Fy, — G2)\H(F3 — G3)—= ker[H'(Fy, — G1) — H' (Fy — Gb)]
(iii) If moreover (Fy — GQ)L)(FS — Gj3) is a morphism of crossed modules,

then the exact sequence (3.4.2.1) can be prolonged by the term LSH'(Fy — G3),
1.e. the sequence

(3.4.2.3) H(Fy — Gi)—SHY(Fy — Go)-LoHY (Fy — Gs)
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18 exact.

The connecting maps d; and dg are defined as follows.

We identify the crossed module (F; — G7) with its image in (Fy — G2). Let
fs € HY(Fy — G3) = (ker ag)®. We lift f3 to some element f € F, and set

pi(o)=f-7f7" g1 = oa(f)
Then (@1791) S ZO(Fl — Gl) We set

6-1(f3) = Cl(¢1,91) € H'(Fy — Gy).

Let &5 € HY(F3 — G3), & = Cl(p3, g3). We lift ©3 to some map ¢: A — F, and
lift g3 to some element g € G5. We set

Y1(0) =g ' - az(p(o)) -9

ui(o,7) =9 [p(o7) - Tp(r) 7t

(o)

Then (ug, 1) € ZY1(F; — G1). We set
d0(€3) = Cl(u, 1) € H' (F1 — Gh)
One can check that the connecting maps 6_; and Jy are defined correctly.
The group H°(Fy — G3) acts on the left on HO(F3 — G3) by
Cl(2, 92) - Cllps, 93) = CL %03 - 02, j(g2)93)
where (2, 92) € Z°(Fy — G2), (p3,93) € Z°(F3 — G3).

Corollary 3.4.3. Let (F — G) be a crossed module of A-groups.

(i) There is an exact sequence

(3.4.3.1)
1 -HYF - G)— HF)
— HI(F)

"(G) - H(F

— H G)
YG) — H(F

— H
— H G)

H
H
(ii) The group HO(F — G) acts on HY(F), and there is a canonical bijection

(3.4.3.2) HY(F — G)\H*(F)~ker[H'(G) — HYF — G)].

3.5 Quasi-isomorphisms of crossed modules.

3.5.1. A morphism (F;~5%G1) — (Fo—2:Gs) of crossed modules is called a quasi-
isomorphism if the induced homomorphisms kera; — keras and cokera; —
coker iy are isomprhisms.

3.5.2 Examples.

(1) If F C G is a normal subgroup then (F — G) — (1 — G/F) is a quasi-
isomorphism.

(2) If F-%5G is a crossed module and « is surjective, then (kera — 1) — (F —
G) is a quasi-isomorphism.
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Theorem 3.5.3. ([Brvb]) Let e: (Fy — G1) — (F2 — G2) be a quasi-isomorphism
of crossed modules of A-groups. Then the induced maps
0. 770 0
:H (fqv—ﬁ (;1) — H (f& - (;2)
LHY P, — Gp) - HY(F, — Gy)

are bijective.

3.6. Let now F—5G be a crossed module of algebraic groups over a field K of
characteristic 0. This means that « is a homomorhism of K-groups, and a left

action G x F' — F', (g, f) — 9 f is given such that the axioms (3.2.1.1) and (3.2.1.2)
are satisfied.

For a finite Galois extension K’/K the Galois group Gal(K’/K) acts on the
crossed module F(K') — G(K'), and we set

H(K'/K,F — G) = H(Gal(K'/K), F(K') — G(K")) (i = —1,0,1).

Set
H'(K,F — G)=lmH(K'/K,F — G)
K/

where K " runs over the Galois extensions of K contained in a fixed algebraic closure
K of K, and the inductive limit is taken with respect to the obvious inflation maps
HY(K'/K,F — G) - H(K"/K,F — Q) for K" > K’. We may also write

H(K,F - G)=H'_ . (T,F(K) — G(K))

cont

where I' = Gal(K/K), and the subscript cons means that we define hypercohomol-
ogy in terms of continuous cocycles.

We now return to the Galois cohomology of reductive groups.

3.7. Let G be a reductive K-group. Consider the complex of K-groups
camavel
The canonical homomorphism
G — G = (%) s Aut(G™)

defines an action of G on G*¢. We denote this action by (g,s) — 9s where g €
G,s € G*°.

Lemma 3.7.1. G5¢-25G is a crossed module.

Indeed, we have obvious equalities
p(?s)=g-p(s)- g~
ss's™l =P (s,s' € G*,g € G),

which was to be proved.
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We define the relative Galois cohomology of G with respect to G*¢ by

i (K,G) =H(K,G*2q) (i =-1,0,1)

rel

To any homomorphism (: G; — G5 of connected reductive K-groups we asso-
ciate the morphism (G§° — G1) — (G%° — G2) of crossed modules. We see that
G — (G*° — @) is a functor with values in the category of crossed modules of K-
groups. Hence G — H! (K,G) is a functor with values in the category of abelian
groups for ¢+ = —1, of groups for ¢ = 0, and of pointed sets for i = 1.

We want to relate H' (K, G) to the abelian Galois cohomology H?, (K, G) defined
in Section 2.

3.8. Let T C G be a maximal torus defined over K. Let Z be the center of G.

Lemma 3.8.1. All the arrows in the commutative diagram of crossed modules

(Z69) - Z) (Tt — GT

(3.8.1.1) F

(GSC N G)
are quasi-isomorphisms.

Proof: We have already proved the assertion when proving Lemma 2.4.1.

Now it follows from Theorem 3.4 and Lemma 3.8.1 that all the maps in the
commutative diagram

H(K,Z®) - 7Z) = H(K, TG - T)

(3.8.2) N l~
Hiy(K.G) = H(K,G*—G)

are bijections (i = —1,0,1).

The sets H* (K, Z¢°) — Z) and H*(K,T®®) — T) are canonically abelian groups.
In the case i = 0 we conclude that the group H?, (K, G) is abelian. In the case
i = 1 we obtain a structure of abelian groups on the pointed set H',(K,G). This
abelian group structure does not depend on the choice of T' because it comes from
HY(K,Z®¢) — Z). With this group structure on HL (K, G) all the arrows in the
commutative diagram (3.8.2) become isomorphisms of abelian groups.

We show that this abelian group structure on H},(K,G) is functorial. Let
B: Gy — G5 be a homomorphism. Let T3 C G; be a maximal torus. Let Th C G
be a maximal torus such that 3(71) C 7. From the commutative diagram of
crossed modules

(TE) =T ., (G5 —Gy)

(3.8.3) | |

(TE) = Ty) ., (GF — Ga)
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We get a commutative diagram

HY (K, T —T1) > HL(K,Gy)

(3.8.4) l lﬁ*
HY K, TS > Ty) = HL(K,Gs)

rel

The horizontal arrows in the diagram (3.8.4) are isomorphisms of abelian groups.
The left vertical arrow is a homomorphism. Hence the right vertical arrow is a
homomorphism, which was to be proved.

3.9. In Section 2 we defined the abelian Galois cohomology groups HY, (K, G) for
i > —1. By definition H}, (K,G) = H (K, T®% — T) where T C G is a maximal
torus. The vertical arrow in the diagram (3.8.2) defines the canonical isomorphisms
of abelian groups HY, (K,G)——H! (K,G) for i = —1,0,1. The commutative di-

rel
agtrams (3.8.3) and (3.8.4) show that these isomorhisms define isomorphisms of

functors. We will henceforth identify H', (K,G) and H! (K, G) for i = —1,0, 1.

rel

3.10. The morphism of crossed modules (1 — G) — (G* — G) induces the abelian-
1zation maps

ab": H'(K,G) — H'(K,G* — G) = H, (K,G) (i=0,1).
The map
ab”: G(K) = H*(K,G) — HY, (K,G)

is a homomorphism. The map
ab': HY(K,G) — H (K, G)
is a morphism of pointed sets. By Corollary 3.4.3 we have an exact sequence

(3.10.1) )
1 — (ker p)(K) — G*°(K)-5G(K) 25 HO, (K, G)
~ HY(K,G) LS HY (K, Q) HL (K, G).

In the rest of this section we investigate the maps ab® and ab®.

Proposition 3.11. ab’: H(K,G) — H!, (K,G) are morphisms of functors (i =
0,1).

Note that H°(K,G) = G(K) is a functor from (connected reductive) K-groups
to groups; H' (K, G) is a functor to pointed sets; H’ (K, G) are functors to abelian
groups.

Proof: Let 3: Gy — G5 be a homomorphism. From the commutative diagram of
crossed modules

(1—G1) —— (GY° — Gy)

5| Js

(1— G2) —— (G — G2)
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we get a commutative diagram

HI(K,G) — Hi (K,G)

- J»

HI(K,Gy) — - Hi (K, Gy).

The proposition is proved.

We show that abelianization maps ab’ take cohomology exact sequences to
abelian cohomology exact sequences.

Proposition 3.12. Let
1-G -Gy —G3—1
be a short exact sequence of connected reductive K -groups. Then the diagram
(3.12.1)
0 — GYMK) — Go(K) — Gs(K) 2 HYGy) — HYGs) — HYG3)

! l l l l

Hgb(Gl) - Hgb<G2) - Hgb(Gi’») Lo, H;b(Gl) - H;b(GZ) - Hz}b(G?’)

with exact rows is commutative.
(ii) Let
1-G -Gy —G3—1

be a short exact sequence of reductive K-groups where Gy and G3 are connected
and G is a group of multiplicative type (i.e. abelian). Then the diagram

0 — Gi1(K) — Ga(K) — G3(K) o, HY(G)) — H'Y(G) — HYG3) — H?*(G))

N

S 5
G1(K) — H2(G2) — HY(G3) —% HY(G1) — HL(G2) — HL(Gs) —5 Ha(Gh)

with exact rows is commutative.

Proof: (i) Consider the commutative diagram
(3.12.3)

]l — 1-G) — (1—-Gy) —— (1—-G;) —— 1

l l l

L (GF = G1) —— (GF = Ga) —— (GF = Ga) —— 1

The morhism (3.12.3) of short exact sequences of crossed complexes yields the
morphism (3.12.1) of hypercohomology exact sequences.
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(ii) The morphism

] — (1-G) — (1—-G) — (1—-G3) —— 1

[ l l
I —— (1=G1) —— (GF = Ga) —— (GF —Gs) —— 1

of short exact sequences of crossed modules yields (3.12.2).
3.13. We describe the identifications \*: H (K, G — G) ~ H (K, Z®°) — Z) and
the abelianization maps ab’ (i = 0,1) in terms of cocycles.

3.13.0. i = 0. We describe \°. Let £ € H°(G* — G), & = Cl(ip,g), where
o:T' — G*¢(K) is a continuous map and g € G(K). Since G = p(G*°) - Z, we may
write g = p(f) - ¢’, where f € G5¢(K),g’ € Z(K'). Acting on the cocycle (p, g) by
f € G*(K), we get

(p.9) = f=(¢9)

where

(3.13.0.1) ¢'(0)=f"9(9)f

(cf. 3.1.1). Since (¢',¢') € Z°(G* — G), we have 7¢g' = p(¢'(0))~! - ¢, hence
p(p'(0)) € Z(K) and ¢'(0) € ZGI)(K). Thus (¢',¢") € Z°%(Z¢°) — Z) and
A(§) = Cl(¢', g").

We describe ab?. Let g € G(K). There exist ¢’ € Z(K) and f € G*(K) such
that g = p(f) - ¢’. Then ab®(g) = Cl(¢’, ¢') € H'(Z°) — Z) where

(3.13.0.2) o) =f1.of

3.13.1. i = 1. We describe \'. Let n € H(G*° — G), n = Cl(u, ), where (u, ) €
ZYHG* — @), the maps u: T'xT' — G%¢(K) and ¢: T — G(K) are continuous. Since
G = p(G*) - Z, there exist continuous maps s:I' — G%(K) and ¢":T — Z(K)
such that ¥ (o) = p(s(0)) - /(o) for 0 € T'. Acting on the cocycle (u,v) by
(s71,1) € CU(G* — G), we get

(u,9p) % (s71,1) = (u',¢)

where
u'(o,7) =s(or) ! - u(o,T) 'w(U)GS(T) - s(o)

(cf. 3.2.2). Since (v/,7) € ZYH(G* — G),
V(o,7) = p(u/(0,7)) - ¢ (0) - 7' (7),
hence p(u/ (o, 7)) € Z(K) and (0, 7) € Z®9)(K). Therefore

(3.13.1.1)
W (0,7) = s(o7) - (0,7) - s(o7) "t = u(o, 1) - POV 5(7)  s(0) - s(or) L

=u(o,7)-s(0) - 7s(r) - s(o7)"?
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We see that (u/,v) € ZY(Z®%) — Z), hence \'(n) = Cl(v', ') € H'(Z6%) — Z),
where v’ is defined by (3.13.1.1).

We describe ab!. Let n € HY(K,G), n = Cl(¢), v € ZYK,G). We write
P(o) = p(s(o)) - ¢ (o) where s:T' — G%(K) and ¢':T' — Z(K) are continuous
maps. Then ab'(n) = Cl(v/,+') € H'(Z®¢) — Z) where
(3.13.1.2) u'(0,7) = s(0) - 7s(1) - s(or) "L
3.14. Examples (In these examples i = 0, 1).

(1) G is a torus. Then G* =1, H!, (K,G) = H'(K,G), and ab’ is the identity
map.

(2) Suppose that G* is simply connected, hence p is injective. Then H ;b(K ,G) =
HY(K,G*"). The abelianization map ab® is the map t.: H(K,G) — H*(K, G**")
induced by the canonical homomorphism t: G — G/G* = G*°".

(3) Suppose that G is semisimple, hence p is surjective and HY, (K,G) =
H*L (K, ker p). Then the map ab’ is the connecting map d;: H* (K, G) — H'T' (K, ker p)
associated with the short exact sequence

l—kerp—-G*°—-G—1

This assertion follows immediately from the explicit formulae (3.3.0.2) and (3.3.1.2)
(see [Se], Ch. I, §5 for the definitions of §p and d7).

(4) In the general case from the commutative diagram with exact rows

1 SN Gss . G SN Gtor SN 1

l l J

1 (Gsc N GSS) (GSC N G) (1 N Gtor) 1
we get a commutative diagram

Gss(K) N G(K) SN Gtor(K) SN Hl(Gss) _ HI(G) _ Hl(Gtor)

[ L | o Jaw |
H'(ker p) — HY (G) — G*""(K) — HZ?(kerp) — H}L (G) — HY(G*")
3.15. We consider twisting. For ¢ € Z'(K,G) consider the twisted K-group 4G
and the groups

Ha, (K, G) = H'(K, (G* — G)) = H'(K, 4(2* — Z)

Since (26 — Z) = (269 — Z), we see that H!, (K, ,G) = H, (K,G). This
identification coincides with that of Corollary 2.9.

There is a canonical map
ty: H'(K, yG) — H' (K, G)
defined by
ty(Cl(y")) = CLW' - 9) ¥ € Z(K, @)
(cf. [Se], Ch. I, 5.3, Prop. 3.5 bis). There is also a canonical map
ty: HY K, (G — G)) — H'(K,G* — G)

defined by

ty (Cl(u',9")) = Cl(u', " - ),
where (u/,¢') € ZH(K, (G5 — G)) (cf. [Brvb], 2.14).
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Lemma 3.15.1. Let ¢ € ZY(K,G). The diagram

HY(K, Z6¢) — Z) poata(y) H(K, 769 — 7)

HY(K, ,(G* — G)) —~—— HY(K,G* — G)
commutes, where a(1) = ab*(Cl(v))) € HY(K, Z5%) — Z).

Proof: Let x = Cl(ug, o), where (ug, 1) € Z'(Z — Z). The image (say y) of x
in Hl (K, w(GSC — G)) is again Cl(uo, 77/}0) Then tw (y) = CI(UO, 77/}02/)) = CI(UO, ZZJ@D())

(because ¥y (0) € Z(K)).
We write ¢ = p(s) - 1, as in 3.13.1. Then
(w0, o) * (574, 1) = (u,¢xtbo)

where

o

uy(o,7) = s(0)-7s(7) - s(o1) "' - ug(o, 7).

Set u,(0,7) = s(0) - 75(7) - s(o7) "t € Z%(K); then u; = u,ug. We have
ty(y) = Cl{ur, Yutho) = Cllusuo, Yutho) = Cl(us, ¥s) + ,

where Cl(u,,,) € H' (K, Z®) — Z). But by 3.13.1 Cl(u,,1,) = ab*(Cl(¢))) =
a(t)). This proves the lemma.

Now consider the maps
ab’: H'(K,G) — Hy,(K,G) (i =0,1).

By definition the map ab® is a homomorphism. We show that the map ab' has the
following multiplicativity property:

Proposition 3.16. Let ¢ € ZY(K,G). Then the diagram

H' (K. 40) —— H'(K.G)
abll labl
HY,(K, G) = HY,(K,G) “=0 1 (K, G)
commutes, where a(y) = abg (Cl(v))).

Proof: For any morphism g: (F' — G) — (F' — G’) of crossed modules of K-groups
and a cocycle ¢ € Z'(K,G) we have a commutative diagram

H(y(F — G)) —“— HY(F - G)

| J»

H (0 (F' — G)) —Y s HY(F' — )
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where 1" = 3() € Z'(K,G)"). In particular, for the morphism (1 — G) — (G —
G) we obtain the commutative diagram

HY(K,,G) —— HY(K,G)

! l

HY (K, Q) —— HL (K, G)

By Lemma 3.15.1 the lower horizontal arrow in this diagram is z — x 4 a(v). The
proposition is proved.

We can now compute the fibers of the map ab®.

Corollary 3.17. Let¢ € HY(K,G), £ =Cl(v), ¥ € Z1(K,G). Let yp: yG* — 4G
denote the twist of p. Then

(i) ker ab! = p, H'(G*¢) ~ HY, (K,G)\H'(K,G*)
(i) (ab')='(ab' () = ty ((ppu) H' (K, G*)) ~ HY, (K, G)\H' (K, yG*)

Proof: (i) follows from (3.10.1) and (3.4.3.2); (ii) follows from (i) and Proposition
2.16; we take in account that HY, (K., G) = HY, (K, G).
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4. COMPUTATION OF ABELIAN GALOIS COHOMOLOGY

In Section 3 we have defined the abelianization map ab': H*(K,G) — H} (K, G).
By Proposition 2.8 H}, (K, G) = H*(K, M, K*). In this section we try to calculate
HY(K, M, K*) for i > 1. We compute H* (K, M, K*) for local fields. For a number
field K we compute H'(K, M, K*) for i > 2. For i = 1 we compute the kernel and
the cokernel of the localization map H'(K, M, K*) — &H(K,, M, K*,).

All this stuff is a kind of Tate-Nakayama theory. The results in the case i = 1
are essentially due to Kottwitz.

In this section K is a local or global field of charactristic 0, I' = Gal(K /K), M
is a finitely generated I'-module.

Proposition 4.1. Let K be a non-archimedian local field. There are canonical
isomorhisms:

(i) AL HY(K, M, K*)—(Mr)tors
(i) \%:HA(K, M,I‘(X)L(Mp)tfgcz/z
(iii) HY(K, M, K*) =0 fori> 3.

Recall that (Mrp)ie = Mr/(Mr)tors-

Proof:

4.1.1. We prove (iii). Let L' — M be a short torsion free resolution, where
L = (L7' — LY. In the exact sequence (2.6.5.1)

= HY(K,I°® K*) — HY(K,M,K*) - H"Y K, L' @ K*) — --.

we have H'(K,L° ® K*) = 0, H"Y(K,L™' @ K*) = 0 for i > 3 (cf. [Mi], Ch. 1,
1.11). Hence H*(K, M, K*) = 0, which proves (iii).

4.1.2. We begin proving (i) and (ii). Let L' — M be a short torsion free resolu-
tion. We consider the dual complex

LY =Hom(L,Z) = (L°Y — L)

(recall that ¥ denotes Hom(-,Z)). Here L%V is in degree 0 and L™!V is in degree
+1.

We have by definition
HI(K,M,K*) =H(K,L' ® K*).
The cup product pairing
H(K,L' ® K*)@H*"(K,L") — H*(K, K*) = Br(K)
defines canonical isomorphisms
(4.1.2.1) HI(K,M,K*) =H*>"(K,L")5,

where £ denotes Hom( -, Br(K)).
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Lemma 4.1.3. Homomorphisms (4.1.2.1) are isomorphisms for i > 1.

Proof: If M is torsion free then this is the Tate-Nakayama duality theorem. In the
general case we can write down the exact sequence (2.6.5.1) and the corresponding
commutative diagram. Applying the five-lemma we obtain the desired result.

4.1.4. We compute H(K, L'V)B. By definition
HO(K, L'V)E = ker[(L%)" — (L~Y)T)B = coker [(L~Y)TB — (LOV)TB]
We have
(L™)" = Homp(L", Z) = Hom(Lp, Z) = Hom((Lp)u, Z) = (L)}

Hence (L°V)I'B = (L%)tfézéBr(K) = LY QZ§>B1“(K).

Similarly
(L) = L @ Br(K)

Further

coker [(L™V)'B — (L°V)'P] = coker [Lp! @ Br(K) — LY ® Br(K)]
V/

= coker [Lp' — L] @ Br(K) = Mr @ Br(K) = (M) ® Br(K)
VA Z VA

There is a canonical isomorphism Br(K)—Q/Z. Now 4.1 (ii) follows from
Lemma 4.1.3.

4.1.5. We compute H! (K, LV)B. Following an idea of Kottwitz [Ko2], we con-
sider the short exact sequence

0—-LY—-LY®Q—-LY®Q/Z—0
Z Z

which gives rise to the hypercohomology exact sequence
HO(K, LY © Q) -» H)(K, L ® Q/Z) —» H'(K, L") — 0

(because L' ® Q is a complex of injective I'-modules).
We observe that

LV ®Q=Hom(L',Q), L' & (Q/Z) = Hom(L', Q/Z).
Since Q and Q/Z are Z-injective, the sequences

0 — Hom(M, Q) — Hom(L?, Q) — Hom(L™',Q) — 0
0 — Hom(M,Q/Z) — Hom(L?,Q/Z) — Hom(L ', Q/Z) — 0

are exact. Thus

HY(K, LY ® Q) = H°(K,Hom(L ,Q)) = H°(K,Hom(M, Q)) = Homr (M, Q)
= I‘IOIIl(]\fF7 Q) = HOHl((MF)tf, Q)
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and similarly

H(K, L © Q/Z) = Homr (M, Q/Z) = Hom(Mr, Q/Z)

We see that

H' (K, L) =coker [Hom(Mr )i, Q) — Hom(Mr, Q/Z)]
=coker [Hom((Mr)ig, Q/Z) — Hom(Mr, Q/Z)]
=Hom/(ker[Mpr — (Mp)i], Q/Z) = Hom((Mr)tors, Q/Z)

Using the canonical isomorphism Br(K)——Q/Z, we conclude that
Hl (Ka L.V)B = Hom((Hom(MF)tors> Q/Z)7 BI‘(K)) = (MF)tors-

Now 4.1 (i) follows from Lemma 4.1.3.
Proposition 4.1 is proved.

The exposition in the remaining part of this section is somewhat sketchy.
Proposition 4.2. For K = R there are canonical isomorphisms
Ao HY(R, M, C*)"5H2(R, M) fori > 1.
In particular

HYR,M) ifiis odd

HZ<R7M7CX)2{ 7y p e - .
HO(R, M) ifiis even (i >0).

Proof: Similar to that of Proposition 4.1.
4.3. Now let K be a number field. Set A = A ® K, where A is the adele ring of
K

K. We set C = AX/K*.
Let M be a finitely generated I'-module. Let L' — M be a short torsion free
resolution. We consider the short exact sequences
1=K A"=C—1
0L @K —>L @A -L ®C—0
and the corresponding long exact sequence

(4.3.1) v HYK, M, K™) — H' (K, M,A”) — H (K,M,C) — -
We would like to compute this exact sequence.

Proposition 4.4. There are canonical isomorphisms

(1) )‘1: Hl (K7 M7 C_')L)(Ml")tors
(i) A2:H2(K, M, 0)"5(Mp)y ® Q/Z
(iii) HY(K,M,C) =0 fori > 3.

Proof: The same as that of Proposition 4.1.
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Lemma 4.5. There is a canonical isomorphism
loc: HY (K, M, AX) ~ @H (K,, M, K,*) for i>1.

Proof: The embedding ®(K, ® K) — A* induces the homomorphism
K

OH' (K, ® K)*) — H'(K, M, A).

By Shapiro’s lemma

HY(K, M, (K, ® K)*) =H' (K,, M, K}).
Thus we obtain a homomorphism
OH (K, M, K)) — H' (K, M, A*).

We must prove that it is an isomoprhism. Using the exact sequences (2.6.5.1) we
reduce the assertion to the well known (cf. [Vo2], 6.25) case of a torsion free module
M. The lemma is proved.

Corollary 4.6. For any h € H'(K, ]Y[,I_(X) (1 > 0) there exists a finite set S C
V(K) such that loc,(h) € H'(K,, M, K)) is zero forv & S.

Proof: Tt follows from the proof of Lemma 4.5 that for any ¢ € H*(K, M, A*) there
exists a finite set S C V such that ¢ comes from H'(K, M, (K, ® K)*). This
S K

implies the corollary.

4.7. We want to describe the map

H (K, M, K}) = H'(K,M,(K ® K,)*) — H"(K,M,A) — H'(K, M,C)

fori=1,2.
Set

T_l(M) - (Mf)torsv TO(M) - MF & Q/Z,
ifve Vfi Z)_l(M) = (va)torsa Z}O(M) = MFU ® Q/Z,
ifveVo: T H(M)=H YT, M), T°(M) = H°T,, M)
We have canonical corestriction maps cor’: 7J (M) — T7 (M), which for v € Vy
are defined in the obvious way and for v € V., are defined as follows:
cory T, (M) = H YDy, M) — (Mr, tors — (Mr)tors =T (M)

v v

cor: TO(M) = H'(T,, M) — Mp, ® (%Z/Z) — Mr® Q/Z =T°(M)

Proposition 4.8. The diagram
HY(K,,M,K*,) —— H'(K,M,C)

(4.8.1) A~ ~ |
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commutes (i = 1,2), where \* and \! are the isomorphisms of Propositions 4.1, 4.2
and 4.4.

Proof: We consider the case ¢ = 1; the case ¢ = 2 can be treated similarly. Let
v € Vy. Consider the map

BrK, = H*K, K*,) = H*(K,K®K,) - H*(K,(K®A)*) = H*(K,A*) - H*(K,C)
This map is known to be an isomorphism compatible with the isomorphisms

inv,:Br K,—~—~Q/Z
inv : H*(K,C)—-Q/Z

We have

HY (K, M, K,*)=7,M) ® Brk,
Q/z

(see the proof of Proposition 4.1), ,and, similarly,
HY K, M,C) =T (M) ® H*(K,C),

hence the diagram (4.8.1) commutes for i =1, v € Vy.

The case v € V can be treated similarly.

Proposition 4.9. Consider the localization homomorphism
(4.9.0) loc! : HY (K, M, K*) — IH"(K,, M,K*,).

Then

(i) loc® has dense image;
(i) loc’, is an epimorphism fori=1,2;

(iii) loct, is an isomoprhism for i > 3.

Proof:
4.9.1. We prove (iii). The assertion follows from the exact sequence (4.3.1) and
Propositions 4.1(iii) and 4.4(iii).
4.9.2. We prove (ii). The isomorphisms A of Propositions 4.2 and 4.4 define an
isomorphism H*(K, M,A*) = @& H;(K,,M,K*)— & T}(M), and we see from
veV veV

the exact sequence (4.3.1) and Proposition 4.8 that the image of H'(K, M, K*) in
HI (K, M,A*) is isomorphic to

ker Z cor’ : T (M) — T (M).

veY

Let A be the image of I in Aut M. Let K’ be the corresponding Galois extension
(so that Gal(K'/K) = A), and for v € V let A, be a decomposition group of v
(defined up to conjugation).
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Letv € V. If v/ € Vf and A, = A,/ (up to conjugation), then im cor?, C im cor?,.
(These images are equal if both v, v € Vy.) Let v € V; then A, is cyclic. By
Chebotorev’s density theorem there are infinitely many places v’ € Vs such that
A, is conjugate to A,. It follows that the projection

ker Z cor!, — @ T,/ (M)
veV >
is surjective, which proves (ii).

4.9.3. We prove (i). Choose a set S of generators of the abelian group M, and
set

L’ =27% L' =ker(L® — M).
Let Ty = Hom(L°,G,,) and T_; = Hom(L~!,G,,) be the corresponding tori. Then

HY(K',Ty) = 0 for any extension k¥’ of K. We have the commutative diagram

To(K) —— HOK,M,K*) —— HYK,T,) —— 1

! l l

NTy(K,) —— OHY(K,,M,K}) —— TTHYK,,T-1) —— 1

The right vertical arrow in this diagram is surjective (cf. [Hal], II, A.1.2 or [Sa], 1.8),
and the left vertical arrow has dense image (by the real approximation theorem,
see [Vo2], 6.36 or [Sal, 3.5(iii)). Hence the middle vertical arrow has dense image,
which was to to be proved.

Corollary 4.10 (Tate-Poitou). Ifi =2 and M is finite then (4.9.0) is an isomor-
phism.

Proof: This follows from the exact sequence (4.3.1) and Propositions 4.1(ii) and
4.4(ii).

Proposition 4.11. The canonical homomorphisms

tf.: H2(K, M, K*) — H*(K, My ® K*)
loceo: H? (K, M, K*) — T H*(K,, M, K*,)

define an isomorphism of H?(K,M,K*) on the fiber product of H?(K, My ® K*)
over T H?(K,, M, K,*) and 1 H*(K,, My ® K*).

Let Ty be the K-torus such that X, (T) = M. We have computed H?(K, M, K*)
in terms of the Galois cohomology H?(K,Tys) of this torus and of the real coho-
mology groups H?(K, M, K*,) ~ H°(K,, M).

Proof: Consider the canonical short exact sequence

0 — Myors—— M- My — 0
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and the corresponding commutative diagram

HY K, Ty) -2 H3(K, Miws(1) — H2K,M,K*) H2(K,Th)

llocoo llocoo llocoo llocoo

ILH(K,, Th) 2, 11 H? (K, Miors(1)) L, TH2(K, M, K>) LR I1H2(K, Ty)

tf.
—

with exact rows. It is clear that

tf, X 10Coo: H2(K, M, K*) — H*(K,Ty) x T H*(K,, M, K*,)

define a homomorphism j from H2(K, M, K*) to the fiber product over I1 H?(K,, Tar).

We prove that j is injective. Suppose £ € ker j. Then £ € ker tf,, hence
€ =i.(n) for some n € H3(K, M, (1)). Now, since £ € ker locs,, ix(locs(n)) =0,
hence loco (1) = 6(Cs) for some (, € I HY (K, Tys). Since the map

loct : HY(K, Ty) — T HY(K,, Tar)

is surjective ([Ha], II, A.1.2, see also [Sa], 1.8), there exists ( € H*(K,Tys) such
that (oo = locso (). We see that locs (6(¢)) =locs(n). By Corollary 4.7 the map
loc3 :H3 (K, Mo (1))
— EHP’(KU,MtorS(l)) is bijective, hence §({) = n. By construction & = i.(n).
We conclude that £ = 0. This proves the injectivity of j.

The proof of the surjectivity of j is left to the reader.

4.12 Let F/K be a finite Galois extension such that Gal(K, F) acts on M trivially.
We set A = Gal(F/K). Then M is a A-module. Consider the cokernel

c1(F/K, M) = coker |@® Hy( Ay, M)=Z225Hy (A, M)

where cor, is the corestriction map, and A, is a decomposition group of v in F.
One can show that ¢;(F/K, M) does not depend on the choice of F. We write
c1(K, M) for 1 (F/K, M). We set

13, (K, M) = ker[loc: H* (K, M, K*) — & H'(K,, M, K*,)].
Proposition 4.13. There is a canonical isomorphism
1 (K, M)~y (K, M)

Idea of proof: One can show that II13,(K, M) is canonically isomorphic to

1L (F/K, M) := ker[H'(F/K, M, F*) — HY(F/K, M, (A ® F)*)],

K
where F'/K is as in 4.12. We write A for Gal(F/K). This kernel is the cokernel of
HO(A, M, (A @ F)) — HO(A, M, (A ® F)* [F¥)

(see Remark 2.5.3 for the definitions of the groups ﬁl) Then we compute the
groups and the homomorphism by the method used in the proof of Propositions
4.1, 4.4 and Lemma 4.5. We show that this homomorphism is

SH,(Ay, M) =2 (A, M).

This proves the assertion.
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5. (GALOIS COHOMOLOGY OVER LOCAL AND NUMBER FIELDS

In this section we apply the results of Sections 3 and 4 to the study of the
usual (non-abelian) Galois cohomology of connected reductive groups over local
and (especially) number fields.

5.0. We will need the following fundamental results on Galois cohomology over
local and global fields.

Theorem 5.0.1 ([Knl], [Kn3]). Let G be a simply connected group over a non-
archimedian local field K. Then H'(K,G) = 1.

Another proof of this result appeared in [Br-T].
5.0.2. Let K be a number field. A K-group G is said to satisfy the Hasse principle
if
II(G) := ker[HY (K, G) — iy HY(K,,G)] =0.

Theorem 5.0.3 (Kneser-Harder-Chernousov). For any semisimple simply con-
nected
group G over a number field K, the map

HY(K,G) - TTHY(K,,G)
1S bijective.
In particular, the Hasse principle is valid for such a group.

The classical groups were treated by Kneser (cf. [Kn2], [Kn3]), and the excep-
tional ones, excepting Eg, by Harder [Hal]. The proof in the most difficult case,
Esg, initiated by Harder [Hal], has recently been completed by Chernousov [Ch].

We begin with proving that the maps ab® and ab! are in some cases surjective.
Proposition 5.1. Let K be a non-archimedian local field. Then for any connected
reductive group G the homomorphism ab®: G(K) — HY, (K, G) is surjective.
Proof: We have an exact sequence

G(K) ™5 HO, (K) — HY(K,G)
(cf. 3.10), and by Theorem 5.0.1 H!(K,G*¢) = 0. This proves the proposition.
Remark 5.1.1. For K = R the homomorphism ab® is in general non-surjective.

For example let 2 denote the algebra of the Hamiltonian quaternions over R. Set
G = A%; then G®® is simply connected and G*°* = G,,,. Hence

ab’: G(R) — HY,(R,G) = G,,(R) = R
is the reduced norm
Nle/R: Q[X — RX
We see that
im aby, = R} # R* = H) (R, G).

Corollary 5.2. If K is a non-archimedian local field, then HY, (K, G) = G(K)/p(G*(K)).

To prove the surjectivity of ab! for local and global fields we need the notion of
a fundamental torus.
5.3. Fundamental tori (a survey).

Let K be a local field and let G be a connected reductive K-group.
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Definition 5.3.1 [Ko3|. A fundamental torus 7" C G is a maximal torus of minimal
K-rank.

There is a one-to-one correspondence between the maximal K-tori of G and
maximal K-tori of G5¢:

TCG+—T6) G
T C G+ p(T) - Z(G)"

where Z(G)? is the connected component of the center of G. We see that a maximal
torus T C G is fundamental in G if and only if 7% is fundamental in G*°.

Proposition 5.3.2 ([Knl], I, p. 271). If T C G is a fundamental torus of a
semisimple group over a non-archimedian field, then T is anisotropic.

In other words, in this case G contains anisotropic maximal tori.

Lemma 5.3.3 [Ko3]. Let T be a fundamental torus of a simply connected semisim-
ple group G over a local field K. Then H*(K,T) = 0.

Proof: If K is non-archimedian, then T is anisotropic, and by Tate-Nakayama du-
ality H?(K,T) = 0. Now suppose K = R. Then T is isomorphic to a product of a
compact torus and a torus fo the form (Rc/rG:)" (cf. e.g. [Ko3], Lemma 10.4),
hence H*(R,T) = 0.

Lemma 5.3.4 ([Ko3], 10.1, see also [Brvl]). Let T C G be a fundamental torus of
a reductive R-group. Then the map H'(R,T) — H' (R, G) is surjective.

Theorem 5.4. If K is a local field, then the map abl: H'(K,G) — H} (K,G) is
surjective.

This result is essentially due to Kottwitz [Ko3].
Proof: It suffices to find a maximal torus 7" C GG such that the map

HYK,T) — HY(K,G) =HYK,T®Y — T)

is surjective. Let T be a fundamental torus of G; then T¢% is a fundamental torus
of G*°. From the exact sequence (2.12.2)

HYK,T) — HY (K,G) — H*(K,T®%),

where H?(K,T®%)) = 0 by Lemma 5.3.3, we see tht for such T' the map H'(K,T) —
H}, (K,QG) is surjective. The theorem is proved.

Corollary 5.4.1. If K is a non-archimedian local field, then the map abl, of The-
orem 5.4 1is bijective.

Proof: By Corollary 3.17 any fiber of ab, comes from H' (K, ,G¢) for some cocycle
Y € ZY(K, Q). Since G is simply connected, by Theorem 5.0.1 H*(K, ,G*¢) = 1.
Hence the map ab(, is injective. By Theorem 5.4 ab(, is surjective. Thus ab}, is
bijective, which was to be proved.
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Corollary 5.5 [Ko3]. Let G be a connected reductive group over a local field K.
Set M = 1 (G)

(i) If K is non-archimedian, then there is a canonical, functorial in G bijection
HY(K,G) B
— (Mp)tors, where I' = Gal(K /K).

(ii) If K = R, then there is a canonical, functorial in G surjective map

H'R,G)— H'(R,M) = H'(R, M)

Proof: (i) By Corollary 5.4.1 the map ab{, is bijective. By Proposition 4.1 (i)
H}, (K,G) = (Mr)tors- The assertion (i) is proved.

(ii) By Theorem 5.4 ab, is surjective, and by Proposition 4.2 H} (R, G) = H YR, M)

H'(R, M), which proves the assertion (ii).
5.6 To investigate Galois cohomology over number fields we need some lemmas.

Throughout this subsection K is a number field.

Lemma 5.6.1 (Kneser-Harder). Let G be a connected K-group. Then the map
loco: HY(K,G) — T HY(K,,G)

18 surjective.
Proof: See [Hal], II, 5.5.1. See also [Kn3].

Lemma 5.6.2 (Kneser-Harder). Let T be a K-torus. Suppose that there is a place
vy of K such that T is anisotropic over K,,. Then

II1*(K,T) := ker[H*(K,T) — m H*(K,,T)] = 0.
vE

Proof: See[Hal], II, p. 408, or [Kn3|, 3.2, Thm. 7, p. 58, or [Sal, 1.9.3.

Lemma 5.6.3 (Harder). Let G be a K-group. Let ¥ CV be a finite set of places of
K. For anyv € X let T,, C Gk, be a maximal torus. Then there exists a maximal
torus T C G such that Tk, is conjugate to T, under G(K,) for any v € X.

Proof: See [Hal, II, Lemma 5.5.3.

Lemma 5.6.4. Let G be a semisimple simply connected K-group. Let j:T — G
be a mazximal torus of G such that for every v € Vo, the torus Tk, is fundamental
in Gk,. Then the map

jue HY(K,T) — HY(K,G)

18 surjective.

Proof: Let £ € HY(K, Q). By Lemma 5.3.4 the map j,: H'(K,,T) — H*(K,,G) is
surjective for v € V.. Hence for any v € V, there exists an element , € H'(K,,T)
such that j.(n,) = loc,(£). By Lemma 5.6.1 the homomorphism loce.: H' (K, T) —
ng(KU,T) is surjective. Hence there is an element n € H!(K,T) such that

My = loc,(n) for all v € V. We see that loc (j«(7)) = locso (§). By Theorem 5.0.3
it follows that & = j.(n). The lemma is proved.
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Lemma 5.6.5. Let G be a semisimple simply connected K -group and let ¥ C V(K)
be a finite set of places of K. Then there exists a maximal K-torus j: T — G with
the following properties:

(i) H*(K,,T) =0 forv e X;

(ii) II%(K,T)=0;

(iii) the map j.: HY(K,T) — HY(K,G) is surjective.
Proof: We may and will assume that ¥ D V. and that ¥ contains at least one
non-archimedian place vy of K. For every place v € ¥ choose a fundamental
torus T, C Gk,. By Lemma 5.6.3 there exists a K-torus 7' C G such that Tk, is
conjugate to T, for all v € ¥. We see that Tk, is fundamental for any v € 3. Hence
by Lemma 5.3.3 H?(K,,T) = 0, which proves (i). The torus T is fundamental over
K,,, where vy € Vy(K), hence by Lemma 5.3.2 T' is K,,-anisotropic. By Lemma
5.6.2 I1*(K,T) = 0, which proves (ii). Since ¥ D V., the assertion (iii) follows
from Lemma 5.6.4. The lemma is proved.

Now we can prove an analogue of Theorem 5.4 for number fields.

Theorem 5.7. Let G be a connected reductive group over a number field K. Then
the map ab': HY(K,G) — H} (K, G) is surjective.

Proof: Let h € H} (K,G). It suffices to construct a torus T C G such that the
image of H'(K,T) in H'(K,T®®) — T) = H}, (K,G) contains h.

By Corollary 4.6 there exists a finite set S of places of K such that loc,(h) =0
for v ¢ S. Let T C G*® be a maximal torus such as in Lemma 5.6.5. We set
T = p(T¢) . Z(G)%; then T¢) = T’. Consider the exact sequence (2.12.2)

oo — HY(K,T) — HY (K, G)-H (K, T¢9) — ...

Set n = 6(h); then loc,(n) = 0 for v ¢ S. Since H?(K,,T®%)) = 0 for v € S by 5.6.5
(i), we see that loc,(n) = 0 for v € S as well. Thus 7 € III%(K,T¢%)). By 5.6.5 (ii)
II2(K, T®)) = 0. We conclude that n = 0. Hence h comes from H'(K,T). The
theorem is proved.

Proposition 5.8. Let
(5.8.1) 1= G1—5Ge—1oG3 — 1

be an exact sequence of connected reductive K -groups. Suppose that the maps abé2
and abég are surjective. Then the sequence

(5.8.2) HY(K,Go) L HY (K, Gs) -2 H2 (K, Gy) — H2 (K, Gs)
is exact, where the connecting homomorphism A is the composition
H'(K, Gy) ™= Hy, (K, Gy)——H3, (K, Gh).

Proof: Consider the commutative diagram

HY(K,Gy) —— HY(K,Gs)

abgl J{abg

Halub<K7G2) j—*> Hz}b(K7G3) # Hazub(K?Gl) Z—*> Hgb(K7G2)
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with exact bottom row. Since abg is surjective, the sequence (5.8.2) is exact in the
term HZ (K, G1). It is clear from the diagram that the composition

HY(K,Go) 2 HY(K,Gs) 2 H2 (K, G)

is trivial.

Now let &3 € H'(K,G3) lie in the kernel of A: H(K,Gs) — H2 (K,G1). We
want to prove that 3 € im j,. Since abs is surjective, there exists & € HY(K, Gs)
such that abs(j.&2) = abs(€3). Let vy € Z'(K,G3) be a cocycle representing
€. Twisting the short exact sequence (5.8.1) by 15 and applying Proposition 3.16
and Corollary 3.17, we reduce the assertion to be proved to the case & = 0. Then
abz(£3) = 0. By Corollary 3.17 (i) there exists n3 € H* (K, G5°) such that &3 = p.ns.
Since the exact sequence of semisimple simply connected groups

1-Gf =G =G —1

splits, the map H!(K,G5) — H'(K,G5) is surjective. Hence 73 is the image
of some cohomology class n € H'(K,G5). Set & = p.ne € HY(K,G2); then
53 = ]*52

Using Proposition 5.8 we can compute the fibers of the connecting map
A:HYK,G3) — H? (K,G,).

Corollary 5.9. With the assumptions and notation of Proposition 5.8, for any
Y € ZY(K,G3) we have

ATHA(CUY)) = ty(im[ypjs: H' (K, $G2)) — H' (K, 4 G3)])

Proof: We apply twisting by .
Applying Proposition 5.8 to the case of local and number fields, we obtain

Corollary 5.10. If K is a local or a number field, then the sequence (5.8.2) of
Proposition 5.8 is exact.

Proof: The assertion follows from Theorems 5.4 and 5.7.

Recall that if K = R then H2 (K,G) = H(R,m (G)). If K is a number field,
H? (K, Q) is computed in Proposition 4.11.

When proving Theorem 5.7 we have actually proved that any h € H} (K, G)
comes from some torus 7" C G. We will prove that a similar result holds for usual,
non-abelian cohomology H!(K,G).

Theorem 5.11. Let G be a reductive group over a number field K. For any finite
set = C HY(K,G) there exists a torus T < G such that B C G HY(K,T).

Remark 5.11.1. Steinberg ([St1]) proved for arbitrary field K that if G is quasi-
split and & € HY(K,G), then there is a torus j: T — G such that ¢ € 5, H' (K, G).
Theorem 5.11 shows that for a number field a similar (and even more stronger) as-
sertion holds for any group, not necessarily quasi-split. Of course we use Steinberg’s
theorem when we use the Hasse principle for simply connected groups.
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Proof of Theorem 5.11. Since Z is finite, there exists by Corollary 4.6 a finite set
¥ of places of K such that loc,(ab!(Z)) = 0 for any ¢ € = and any v ¢ X. We
construct a maximal torus 77 C G*¢ as in Lemma 5.6.5. We set T = p(T") - Z(G)";
then TG¢) = T’. We denote by j the inclusion T — G. We will prove that
J«(HY(K,T)) D E.

Let £ € E. Set h = ab'(¢) € H}, (G). When proving Theorem 5.7 we have proved
that there exists n € H'(K,T) such that h is the image of 1, i.e. ab!(j.(n)) = h =
ab!(¢). Thus j.(n) and £ lie in the same fiber of ab!.

Choose a cocycle ¢ € Z(K,T) representing n. By Corollary 3.9 ¢ “differs” from
J«(n) by a certain cohomology class coming from H' (K, ,G¢). Since 1 comes from

T, we have an embedding 4j:7 — ,G. For any v € V4 the torus Tl(ﬁf) is funda-
mental in G5 as well. By Lemma 5.6.4 the map H'(K, TG — HY(K, ,G*)
is surjective. Thus there excists an element ¢ € H'(K,T®%) such that the image

of the cohomology class 7 + p.(¢{) € HY(K,T) in H'(K,G) is £&. The theorem is
proved.

Now using Theorem 5.7 we shall compute the first non-abelian Galois cohomology
in terms of abelian cohomology and real cohomology.

Theorem 5.12. Let G be a reductive group over a number field K. Then
(i) the diagram
ablxlocoo
(512.1) H' (K, G) - H}\ (K, G) x TH' (K., C) — L (K., G)
18 exact;
(ii) both the projections locs.: HY(K,G) — gH;b(KU,G) and ab': HY(K,G) —
HL (K,G) are surjective.

Here the exactness of the diagram (5.12.1) means that the commutative diagram

H(K,G) —™ . H\(K,Q)

foce | |

MHY(K,,G) —— LHY (K, Q)

(in which all the maps are surjective) identifies H'(K , G) with the fiber product
of HY (K, G) and Il H'(K,,G) over Il H}, (K,,G).

Remark 5.12.2. For semisimple groups this assertion was proved by Sansuc [Sa].
In the case G* = G*° Theorem 5.12 generalizes a result of Milne and Shih ([M-Sh],
3.1) stating that then the kernel of the map

HY(K,G) — H'(K,G"") x 1 H(K,, G)
is trivial.

Proof of Theorem 5.12. By Theorem 5.7 the map ab': H!(K,G) — H} (K,G) is
surjective. By Corollary 4.12 the homomorphism loc.: H' (K, G) — 1 H), (K,,G)

is also surjective. Thus the assertion (ii) is proved.
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We prove the injectivity of

(5.12.3) HYK,G) — HLY(K,G) x THY(K,,G).

From the exact sequence (3.10.1) we obtain the commutative diagram

G*(K) — G(K) — H%(K,G) -2 HYK,G*) 2% HYK,G) — HL(KG)

| J J l l |

0G°(K,) — HG(K,) — LHY (K, G) —— IH'(K,,G*) 2% TH' (K, G) — IHY (K, G)

with exact rows. Let £ € H'(K,G) be such that the images of ¢ in H} (K, G)
and 11 HY(K,G) are trivial. Then £ = p.(n) for some n € H'(K,G*), and

p+(locas (1)) = 1. Hence loco, () must be the image of some (s € I1 HY (K, G).
The group G(K,)/p(G**(K,)) is a subgroup of finite index of the group Ho, (K, G)
(because the set H(K,, G) is finite), hence it is open. It follows from Proposition
4.9 (i) that the image of the homomorphism loco: HY (K, G) — 11 HY (K, G) is
dense. Thus there exists an element ¢ € H?, (K, G) whose image in 11 HY, (K,,G)
equals (s modulo II(G(K,)/p(G*(K,)). Then 6(locoo(¢)) = locs(n). Hence

locoo () = locse (6(€)), and by the Hasse principle for G*¢ (Theorem 5.0.3) n = 6(().
We conclude that £ = 1.

We have proved that the kernel of (5.12.3) is trivial. Using twisting (and applying
Proposition 3.16 and Corollary 3.17) we obtain the injectivity of (5.12.3).
We prove the exactness at the term H) (K,G) x I H'(K,,G). It is clear that

the image of (5.12.3) is contained in the kernel of the double arrow. Conversely, let

hxéo € HYy(KG)x HHYK,,G)

be in the kernel of the double arrow, i.e. locs(h) = ab!(£s). We wish to show
that h x £, comes from H'(K,G).

By Theorem 5.7 h = abl(n) for some € H'(K,G). Then ab!(locy(n)) =
ab!(£4). Let ¢ € Z1(K,G) be a cocycle representing 1. By Corollary 3.9 loca, (1)
and &, “differ” by an element of the form yp.((x) Where (o € IL HY(K,, »G).

To be more precise, {oo = ty (P« ((x)). By Lemma 5.6.1 there exists a cohomology
class ¢ € H'(K, ,G*) such that locs(¢) = Coo. We set & = ty(yp«(¢)). Then
ab!(§) = ab!(n) = h and locoo (€) = ty (P« (o)) = €xo- The theorem is proved.

Theorem 5.13. Let G be a connected reductive K-group. The abelianization map
abl:

HY(K,G) — H}, (K, Q) induces a canonical, functorial in G bijection of the Shafarevich-
Tate kernel U1(G) onto the abelian group 111}, (G).

Recall that by definition

II(G) = ker |H(K,G) — J HY'(K,,G)
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Proof: From the commutative diagram

HY(K,G) —™ H.(K,G)

(5.13.1) l l

H'\(K,,G) 2 HY\ (K,,G)

it is clear that ab' takes III(G) into III} (G). Write temporarily abyyp for the
restriction of aby, to III(G).
We prove the injectivity of abyyr. By Theorem 5.12 the map

abg x loce: HY(K,G) — H (K,G) x T HY(K,, Q)
is injective. Since loco (III(G)) = 1, we conclude that the restriction abypy of abg,
to III(G) is injective.

We prove the surjectivity of abypy. Let h € I} (G) € Hp(K,G). Then
locoo (h) =1 € T HY (K,,G). Hence the element

hx1le HY(K,G)xTTHY(K,,G)

lies in the fiber product over II H}, (K,,G). By Theorem 5.12 h x 1 is the image

of some element ¢ € H' (K, G). We will show that ¢ € III(G).

We observe that loco (§) = 1. Now let v € Vy; consider the element loc,(§) €
HY(K,,Q). Since ¢ € H' (K, G), we see from the diagram (5.13.1) that ab’ (loc, (£)) =
0. By Corollary 5.4.1 the map ab,: H'(K,,G) — H}, (K,,G) is bijective. Hence
loc,(§) =1 for any v € Vy. We conclude that { € III(G). The theorem is proved.

Corollary 5.14 [Ko3]. With the notation of 4.13 we have a canonical, functorial
in G bijection I(G)—c1 (K, m1(G)).

Remark 5.14.1. Voskresenskii [Vol] was first to prove that III(G) has a canonical
structure of abelian group. Sansuc [Sa] showed that this abelian group structure
is functorial in G. He computed III(G) in terms of the arithmetic Brauer group
Br,G. Our formula is equivalent to the formula (4.2.2) of [Ko2].

5.15 Corollary 5.14 shows that the kernel of the localization map
(5.15.1) HY(K,G) — HVH1(KU,G)
ve

has a natural structure of an abelian group and can be computed in terms of 1 (G).
We show that a similar assertion holds for the cokernel of (5.15.1) as well.

Set M = 71(G). Let the groups 7 (M), 7,71(M) and the corestriction map
—1

cor, t:

T Y (M) — T~Y(M) be as in 4.7. We define the composition

’ 1 cor; !
po: HY (K, G) 5 H3y (K, G) = T (M) T (M) = (M iors
Let © H'(K,, G) denote the subset of the direct product consisting of the families
v

(&u)vey such that &, = 1 for v outside some finite set. We consider the map

o= E,Uv: @Hl (Kva G) - (MF)tOFS

The map p is functorial in G.
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Theorem 5.16 [Ko3|. The sequence

0 — LII(G) —» HY(K,G) —» @H" (K,,G)~">(m1(G)r )sors
18 exact.

Proof: We have to prove only the exactness in the term ®H!(K,,G). Consider the
commutative diagram

Hl(Ka G) - @Hl(KvaG)

(5161) lab l@abv
Ha.lb(K’ G) - @H:}b(KWG) — (Wl(G)F)tors

SetM = m1(G); then using Proposition 4.8 we see that the lower row of the diagram
is the exact sequence (4.3.1)

HY K, M; K*) — HY (K, M,A*) - HY(K,M,C),

hence the lower row of (5.16.1) is exact.

It is clear from the diagram that the composition
Hl(K7 G) - @Hl(Km G) - (MF)tors

is zero. Now let o = &o x & € ®HY(K,,G), where (& € N HYK,, G),
& € 1EEI—P(KU, G). Suppose that p(éa) = 0. Let ha be the inoljxge of €A in
®H), (K,,G). Then the image of ha in (Mr)sors is zero, hence ha is the image of
some element h € H), (K,G) x L H'(K,,G). It is clear that h x { is contained
in the fiber product over HH;S?KU,G). By Theorem 5.12 h X £, comes from
H'(K,QG). The theorem is o;roved.



44 MIKHAIL BOROVOI

REFERENCES

[A-W] M. F. Atiyah and C. T. S. Wall, Cohomology of groups, Algebraic Number
Theory, J. W. C. Cassels and A.Frolich, ed., Acad. Press, London, 1967,
pp. 94-115.

[Bo] A. Borel, Automorphic L-functions, Automorphic forms, Representations,
and L-functions, Proc. Sympos. Pure Math 33, AMS, Providence, RI,
Part 2, pp. 27-61.

[Brn] L. Breen, Bitorseurs et cohomologie non abélienne, The Grothendieck
Festschrift, Birkhatiser, Boston, 1990, vol. 1, pp. 401-476.

[Br-H]  R. Brown and P. Huebschmann, Identities among relations, Low-Dimension-
al Topology, London Math. Soc. Lecture Notes Series 48, Cambridge
University Press, 1982, pp. 153-202.

[Bro] R.Brown, Some non-abelian methods in homotopy theory and homological
algebra, Categorical Topology: Proc. Conference Toledo, Ohio, 1983,
Helderman, Berlin, 1984, pp. 108—-146.

[Br-T| F. Bruhat and J. Tits, Groupes reductifs sur un corps local. I. Données
radicielles valuées, Publ. Math. THES 41 (1972), 5-251; II. Schemas en
groupes. Existence d’une donnée radicielle valuée, Ibid. 60 (1984), 5-184.

[Brvl] M. V. Borovoi, Galois cohomology of real reductive groups, and real forms
of simple Lie algebras, Functional Anal. Appl. 22:2 (1988), 135-136.

[Brv2] M. V. Borovoi, On strong approximation for homogeneous spaces, Dokl.
Akad. Nauk BSSR 33 (1989) N4, 293-296 (Russian).

[Brv3] M. V. Borovoi, On weak approximation in homogeneous spaces of algebraic
groups, Soviet Math. Dokl. 42 (1991), 247-251.

[Brv4] M. V. Borovoi, On weak approximation in homogeneous spaces of simply
connected algebraic groups, Proc. Internat. Conf. “Automorphic Func-
tions and Their Applications, Khabarovsk, June 27 — July 4, 1988” (N.
Kuznetsov, V. Bykovsky, eds.), Khabarovsk, 1990, 64-81.

[Brvb] M. V. Borovoi, Hypercohomology of a group with coefficients in a crossed
module, and Galois cohomology of algebraic groups, Preprint, 1992.

[Ch] V. 1. Chernousov, On the Hasse principle for groups of type Egs, Soviet
Math. Dokl. 39 (1989) 592-596.

[Ded]  P. Dedecker, Les foncteurs Exty, HZ et. HZ non abéliens, C. R. Acad.
Sci. 258 (1964), 4891-4894.

[Del] P. Deligne, Variétés de Shimura: Interprétation modulaire, et techniques
de construction de modeéles canoniques, Automoprhic Forms, Represen-
tatins, and L-functions, Proc. Sympos. Pure Math. 33, AMS, Provi-
dence, RI, 1979, Part 2, pp. 247-289.

[Grl] A. Grothendieck, Géométrie formelle et géométrie algebrique, Séminaire
Bourbaki 1958 /59, Exposé 182.



[Gr2]

[Hal]

[Kn2]

[Kn3]

[Kol]

[Ko2]

[Ko3|

[Lal]

[La2]

[Mil]

[Mi2]
[Mi3]

[M-Sh]

[0-V]

ABELIAN GALOIS COHOMOLOGY OF REDUCTIVE GROUPS 45

A. Grothendieck, SGA1. Revétements étale et group fondamental, Lecture
Notes in Math. 224, Springer, Berlin, 1971.

G. Harder, Uber die Galoiskohomologie halbeinfacher Matrizengruppen. I,
Math.
Zeit. 90 (1965), 404-428; 11, Math. Zeit 92 (1966), 396—415.

G. Harder, Bericht iiber neuere Resultate der Galoiskohomologie halbein-
facher Matrizengruppen, Jahresbericht d. DMV 70 (1968), 182-216.

M. Kneser, Galoiskohomologie halbeinfacher algebraischer Gruppen tiber
p-adi

schen Korpern. 1, Math. Z. 88 (196) 40-47; II, Math. Z. 89 (1965),
250-272.

M. Kneser, Hasse principle for H' of simply connected groups, Algebraic
Groups and Discontinuous Subgroups, Proc. Sympos. Pure Math. 9,
AMS, Providence, RI, 1966, pp. 159-163.

M. Kneser, Lectures on Galois Cohomology of Classical Groups, Tata
Institute of Fundamental Research Lectures on Mathematics 47, Bombay
1969.

R. E. Kottwitz, Rational conjugacy classes in reductive groups, Duke
Math. J. 49 (1982), 785-806.

R. E. Kottwitz, Stable trace formula: cuspidal tempered terms, Duke
Math. J. 51 (1984), 611-650.

R. E. Kottwitz, Stable trace formula: elliptic singular terms, Math.Ann.
275 (1986), 365-399.

R. P. Langlands, On the classification of irreducible representations of
real algebraic groups, Representation Theory and Harmonic Analysis on
Semisimple Lie Groups, Mathematical Surveys and Monographs, vol. 31,
Providence, R.I., AMS, 1989, pp. 101-170.

R. P. Langlands, Stable conjugacy: definitions and lemmas, Can. J. Math.
31 (1979), 700-725.

J. S. Milne, Etale Cohomology, Princeton University Press, Princeton, NJ,
1980.

J. S. Milne, Arithmetic Duality Theorems, Acad. Press, Boston, 1986.

J. S. Milne, The points on a Shimura variety modulo a prime of good re-
duction, The Zeta Functions of Picard Modular Surfaces (R. P. Langlands,
D. Ramakrishnan eds.), CRM, Montréal, 1993, pp. 151-253.

J. S. Milne and K-y. Shih, Conjugates of Shimura varieties, Hodge Cycles,
Motives and Shimura varieties, Lecture Notes in Math. 900, Springer,
Berlin, 1982, pp. 280-356.

A. L. Onishchik and E. B. Vinberg, Lie Groups and Algebraic Groups,
Springer, Berlin, 1990.



[Se]

[Sp]

[St1]

[St2]
[Vol]

[Vo2]
[Wh]

MIKHAIL BOROVOI

J.-J. Sansuc, Groupe de Brauer et arithmétique des groupes algébriques
linéaires sur un corps de nombres, J. fiir die reine und angew. Math. 327
(1981), 12-80.

J.-P. Serre, Cohomologie galoisienne, Lecture Notes in Math. 5, Springer,
Berlin, 1964.

T. A. Springer, Reductive groups, Automorphic Forms, Representations
and L-functions, Proc. Sympos. Pure Math 33, AMS, Providence, RI,
1979, Part 1, pp. 3-27.

R. Steinberg, Regular elements of semisimple algebraic groups, Publ. Math.
ITHES 25 (1965), 49-80.

R. Steinberg, Lectures on Chevalley Groups, Yale University, 1968.

V. E. Voskresenskii, Birational properties of linear algebraic groups, Math.
USSR Izv. 4 (1970), 1-17.

V. E. Voskresenskii, Algebraic Tori, Nauka, Moscow, 1977 (Russian).
J. H. C. Whitehead, Combinatorial homotopy II, Bull. Amer. Math. Soc.
55 (1949), 453-496.

RAYMOND AND BEVERLY SACKLER SCHOOL OF MATHEMATICS, TEL Aviv UNIVER-

SITY, 69978 TEL Aviv, ISRAEL

E-mail address: borovoi@math.tau.ac.il



