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Introduction

In this paper we prove that for a homogeneous space of a connected
algebraic group with connected stabilizer and for a homogeneous space
of a simply connected group with abelian stabilizer, the Brauer–Manin
obstructions to the Hasse principle and weak approximation are the
only ones.

More precisely, let X be an algebraic variety over a number field k.
The variety X is called a counter-example to the Hasse principle, if X
has a kv-point for any completion kv of k, but has no k-points. Manin
[Ma1], [Ma2] proposed a general method of explaining obstructions to
the Hasse principle with the use of the Brauer group of X. For a k-
variety X such that X(kv) is nonempty for any place v of k, Manin’s
method gives an obstruction for X to have a k-point. For a class
C of k-varieties a natural question arises, whether the Brauer–Manin
obstruction is the only one, i.e. is it true that if X ∈ C, X(kv) 6= ∅
for any place v of k, and there is no Brauer–Manin obstruction, then
X must have a k-point.

Let S be a finite set of places of k. A k-variety X with k-rational
points is said to have the weak approximation property with respect
to S, if X(k) is dense in

∏
v∈S X(kv) with respect to the diagonal em-

bedding. We say that X has the weak approximation property, if it
has the weak approximation property with respect to S for any finite
set S of places of k. Using the idea of the Brauer–Manin obstruction
to the Hasse principle, Colliot-Thélène and Sansuc [CTS] defined an
obstruction to weak approximation which they also called the Brauer–
Manin obstruction. Again, for a class C of k-varieties a question arises,
whether the Brauer–Manin obstruction to weak approximation is the
only one, i.e. whether any variety X ∈ C with rational points and with-
out Brauer–Manin obstruction to weak approximation has the weak
approximation property.
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The Brauer–Manin obstruction was proved to be nontrivial for all
the known counter-examples to the Hasse principle. For many classes
of rational surfaces, the Brauer–Manin obstructions to the Hasse prin-
ciple and weak approximation were proved to be the only ones. The
similar assertion was proved for smooth intersections of two quadrics
(cf. [CTSSD]) and for pencils of Severi-Brauer varieties (cf. [CTSD]).
We refer to [CT1], [CT2], [MaTs] for a discussion and relevant bibliog-
raphy.

Concerning homogeneous spaces, V. E. Voskresenskii [Vo1, Vo2] proved
that the Brauer–Manin obstructions to the Hasse principle and weak
approximation are the only ones for principal homogeneous spaces of
algebraic tori. In the beautiful paper [Sa] Sansuc proved a similar as-
sertion for principal homogeneous spaces of all the connected algebraic
groups. The present author [Bo1, Bo2, Bo3, Bo4] proved that the Hasse
principle and weak approximation hold for homogeneous spaces with
connected stabilizer of a simply connected group if the stabilizer has
no nontrivial characters over the algebraic closure k̄ of k.

In this paper we consider homogeneous spaces of connected (affine)
k-groups with connected stabilizer, and and homogeneous spaces of
simply connected k-groups with abelian stabilizer. For these classes
of varieties we prove that the Brauer–Manin obstructions to the Hasse
principle and weak approximation are the only ones. Actually we prove
the assertion in a more general case. Namely any homogeneous space
of a connected k-group G is a homogeneous space of some connected
k-group G′ with simply connected semisimple part; we assume that
the stabilizer in G′ is an extension of a group of multiplicative type
by a semidirect product of a connected semisimple group and a unipo-
tent group. We use the fibration method and a Galois-cohomological
construction of a torsor over X under an induced torus. We use the
fibration method in order to reduce the case of a homogeneous space of
our group G′ to the already treated ‘extreme’ cases when G′ is either
a torus or simply connected. This permits us to prove the desired as-
sertion assuming that all the k̄-characters of the stabilizer come from
k̄-characters of the group. A new ingredient which is needed to remove
this restriction is a construction, for any homogeneous space X, of a
torsor Y → X such that Y is a homogeneous space (of another group)
satisfying the restriction.

Note that the condition on the stabilizer is essential for us. The
author does not know, whether the Brauer–Manin obstruction to the
Hasse principle is the only one for homogeneous spaces with nonabelian
nonconnected, in particular, nonabelian finite, stabilizer.
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The structure of the paper is the following. In Section 1 we define the
Brauer–Manin obstructions, and in Section 2 state the main results. In
Section 3 we use the fibration method to treat the special case when all
the k̄-characters of the stabilizer come from k̄-characters of the group.
In Section 4 we construct a torsor over X and prove the main results
in the general case, assuming that the semisimple part of G is simply
connected. In Section 5 we treat the case when the semisimple part of
G is not necessarily simply connected, and the stabilizer is connected.

This paper was written while the author was visiting University of
Paris VII, Sonderforschungsbereich 170 (Geometrie und Analysis) at
Göttingen University, and Bielefeld University. The author is grateful
to these institutions for hospitality, support, and good working condi-
tions. The author is grateful to J.-L. Colliot-Thélène, B. Kunyavskii,
A.S. Rapinchuk, J.-J. Sansuc, and T. Zink for useful discussions.

Notation and conventions

k is always a field of characteristic 0, and k̄ is an algebraic closure
of k. If not otherwise stated, k is assumed to be a number field. Then
V = V(k) is the set of places of k; Vr and V∞ are the sets of real places
and of infinite places of k, respectively; we write kv for the completion
of k at a place v.

If S is a finite set of places of k, then kS =
∏

v∈S kv; we write
k∞ = kV∞ .

By a k-variety we mean a geometrically irreducible algebraic vari-
ety X over a field k; we assume X to be nonsingular. Then BrX =
H2

ét(X, Gm), the cohomological Brauer group; Br0 X = im [Br k →
BrX]; Br1 X = ker[BrX → BrXk̄]; Bra X = Br1 X/Br0 X, the arith-
metic Brauer group of X.

If k is a number field and S a finite subset of V(k), then B(X)
(resp. BS(X)) is the subgroup of Bra X consisting of elements b whose
localizations locvb in Bra Xkv are trivial for all places v of k (resp. for
all v /∈ S). We set Bω(X) =

⋃
S BS(X).

By a k-group we mean an affine algebraic group defined over k. If
H is a k-group, then H◦ is the connected component of H; Hu is the
unipotent radical of H◦; Hred = H◦/Hu (it is a connected reductive
group); Hss is the derived group of Hred (it is semisimple); Htor =
Hred/Hss (it is a torus); Hssu = ker[H◦ → Htor] (it is an extension of
Hss by Hu ).

Recall that an algebraic group is of multiplicative type if it is abelian
and its connected component is a torus. We always assume that the
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group H/Hssu is abelian, and set Hmult = H/Hssu (being abelian, this
group is of multiplicative type).

For any abelian group A we set AD = Hom(A,Q/Z) (the dual
group).

1. The Brauer–Manin obstructions

For our purposes the Brauer–Manin obstructions coming from the
subgroup Br1 X of BrX will suffice. Following [Sa], we define the
Brauer–Manin obstructions in terms of the groups B(X) and BS(X)/B(X),
see Notation and conventions for the definitions.

Let X be a variety over a field k. Consider the pairing

X(k)× BrX → Br k, (x, b) 7→ b(x)

where b(x) denotes the restriction of b ∈ BrX to x ∈ X(k).
If k is a local field, then the above pairing gives us a pairing

X(k)× BrX → Q/Z, (x, b) 7→ inv(b(x))

where inv: Br k → Q/Z is the the homomorphism given by the local
class field theory. This pairing is continuous in x.

Let k be a number field. Assume that X(kv) is nonempty for any
v ∈ V . We define a pairing

〈 , 〉 :
∏
v∈V

X(kv)×Bω(X) → Q/Z, 〈(xv)v∈V , b〉 =
∑
v∈V

invv(b̃(xv))

where b̃ ∈ Br1 X is a representative of b ∈ Bω(X) ⊂ Bra X, and
invv : Br kv → Q/Z is the homomorphism given by the local class field
theory. See [Sa], 6.2, for a proof that this sum is actually finite and the
resulting pairing is continuous in (xv)v∈V . From the exact sequence

0 → Br k → ⊕Br kv

P
invv−−−→ Q/Z (1.1)

it follows that the pairing 〈 , 〉 is defined correctly (does not depend on

the choice of b̃ representing b) and that if (xv)v∈V is the image of some
x ∈ X(k) under the diagonal embedding then 〈(xv)v∈V , b〉 = 0 (see [Sa]
6.2 for details).

Let b ∈ B(x) ⊂ Bω(X) and let b̃ ∈ Br1 X be a representative of b.

Then the localization locv b̃ ∈ Br1 Xkv is contained in Br0 Xkv for any
v, hence b̃(xv) ∈ Br k does not depend on xv. We see that 〈(xv)v∈V , b〉
does not depend on (xv)v∈V . Thus we obtain an element

mH(X) ∈ B(X)D = Hom(B(X),Q/Z), b 7→ 〈(xv)v∈V , b〉 .
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If X has a k-point x, then 〈x, b〉 = 0, and thus mH(X) = 0. We call
mH(X) the Brauer–Manin obstruction to the Hasse principle for X. If
X(k) 6= ∅, then mH(X) = 0.

Now assume that X has a k-point x. Let S ⊂ V be a finite subset.
We write kS =

∏
v∈S kv, then X(kS) =

∏
v∈S X(kv). Consider a pairing

〈 , 〉S : X(kS)×BS(X) → Q/Z, 〈(xv)v∈S, b〉S =
∑
v∈S

(
invv(b̃(xv))−invv(b̃(x))

)
where b̃ ∈ Br1 X is a representative of b. We have∑

v∈S

invv(b̃(x)) = −
∑
v/∈S

invv(b̃(x)) ,

because
∑

v∈V invv(b̃(x)) = 0 by (1.1). Since b ∈ BS(X), we have

locv b̃ ∈ Br0 Xkv for any v /∈ S, and therefore the pairing 〈 , 〉S does not
depend on the choice of x ∈ X(k). If b ∈ B(X), then 〈xS, b〉S = 0 for
any xS ∈ X(kS). Thus the pairing 〈 , 〉S induces a pairing

X(kS)×BS(X)/B(X) → Q/Z ,

or, which is the same, a map

mW,S : X(kS) → (BS(X)/B(X))D .

The map mW,S is continuous because the pairing 〈 , 〉S is continuous
in xS. Further, if x ∈ X(k) ⊂ X(kS), then mW,S(x) = 0. It follows
that if xS is contained in the closure X(k)Ŝ of X(k) in X(kS), then
mW,S(xS) = 0. In particular, if X(k) is dense in X(kS), then mW,S is
identically 0.

We call mW,S the Brauer–Manin obstruction to weak approximation
with respect to S. If X has the weak approximation property with
respect to S, then mW,S is trivial (identically zero).

Let π : X → Y be a morphism of k-varieties. Assume that X(kv)
is nonempty for any v ∈ V. There is an induced homomorphism π∗ :
B(X)D → B(Y ))D and one can easily see that

π∗(mH(X)) = mH(Y ) . (1.2)

If X has a k-point, then there is a commutative diagram

X(kS)
mW,S(X)
−−−−−→ (BS(X)/B(X))D

π

y π∗

y
Y (kS)

mW,S(Y )
−−−−−→ (BS(Y )/B(Y ))D

(1.3)

where π∗ is the homomorphism induced by π.
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2. Main results

2.1. Let X be a homogeneous space of a connected affine algebraic
group G defined over a number field k. This means that there is a
right action X ×G → X of G on X defined over k, which is transitive
(i.e. G(k̄) act on X(k̄) transitively). We do not assume that X has a
k-point. Let x̄ ∈ X(k̄) be a k̄-point, and H̄ = StabGk̄

(x̄) its stabilizer
in Gk̄. We will assume that

Gssu is simply connected, (2.1.1)

H̄/H̄ssu is abelian, hence of multiplicative type
(2.1.2)

(see Notation and conventions), and write H̄mult for H̄/H̄ssu. Note that
Gssu is simply connected if and only if Gss is simply connected.

Theorem 2.2. Let X be a homogeneous space of a connected affine
algebraic group G defined over a number field k. Assume that G sat-
isfies (2.1.1) and the stabilizer H̄ of a point x̄ ∈ X(k̄) satisfies (2.1.2).
If X(kv) is nonempty for any place v of k and the Brauer–Manin ob-
struction mH ∈ B(X)D to the Hasse principle for X is trivial (equals
zero), then X has a k-point.

Now assume that X has a k-point, i.e. X is isomorphic to H\G
where H is a connected k-subgroup of G.

Theorem 2.3. Assume that X = H\G, where G is a connected affine
algebraic group defined over a number field k and satisfying (2.1.1) and
H ⊂ G a k-subgroup satisfying (2.1.2). Let S be a finite set of places
of k. If the Brauer–Manin obstruction mW,S to weak approximation in
X with respect to S is trivial (identically zero), then X has the weak
approximation property with respect to S.

Theorem 2.3 follows from Theorem 2.4 below.

Theorem 2.4. Let X = H\G be as in Theorem 2.3. For any finite
subset S ⊂ V, if xS ∈ X(kS) and mW,S(xS) = 0, then xS ∈ X(k)Ŝ with
the notation of Section 1.

Corollary 2.5. The assertions of Theorems 2.2, 2.3, and 2.4 hold
either when G is any connected k-group and H̄ is connected or when
G satisfies (2.1.1) and H̄ is abelian.

Theorems 2.2 and 2.4 and Corollary 2.5 will be proved in the rest of
the paper.
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3. A special case treated by the fibration method

In order to apply the fibration method we need the following lemma.

Lemma 3.1. Let X be a homogeneous space of an affine k-group G,
and N a normal subgroup of G. Then there exists a quotient Y = X/N ,
i.e. a homogeneous space Y of G/N and a smooth G-equivariant map
ϕ : X → Y such that ϕ is a quotient map in the sense of [Brl],II-6.3.
In particular, ϕ is surjective and its geometric fibers are orbits of N .

Proof. Let x̄ ∈ X(k̄) be a point, and H̄ ⊂ Gk̄ its stabilizer. Set H̄ ′ =
H̄ · Nk̄, it is an algebraic subgroup of Gk̄ because N is normal. We
identify Xk̄ with H̄\Gk̄ and set Ȳ = H̄ ′\Gk̄. Let ϕ̄ : Xk̄ = H̄\Gk̄ →
H̄ ′\Gk̄ = Ȳ be the canonical morphism making the diagram

Gk̄ H̄\Gk̄

H̄ ′\Gk̄

-

?

HHH
HHj

canH̄

canH̄′
ϕ̄

commutative. The maps canH̄ and canH̄′ are smooth and surjective,
cf. [Brl], II-6.8, hence ϕ̄ is smooth and surjective. One can easily check
that the geometric fibers of ϕ̄ are orbits of Nk̄. The action of the Galois
group Gal(k̄/k) on Xk̄ induces an action on Ȳ , and one can check that
this action yields descent data defining a k-form (Y, ϕ) of (Ȳ , ϕ̄). By
[Brl], II-6.2, ϕ is a quotient map. �

Lemma 3.2. Let X be a homogeneous space of a unipotent group U
over a perfect field k. Then

(i) X has a k-point;
(ii) if k is a number field and S is a finite set of places of k, then

X(k) is dense in X(kS).

Proof. We prove (i). Choose x̄ ∈ X(k̄) and set H̄ = Stab(x̄). Since H̄ is
a subgroup of a unipotent group Uk̄, it is unipotent. The homogeneous
space X of U with stabilizer H̄ defines a class η ∈ H2(k, H̄, κ) (see [Sp],
1.20 or [Bo4], 7.7 for the statement and a definition of κ). The second
nonabelian cohomology class η is the obstruction to the existence of
of a pair (P, α) where P is a principal homogeneous space of U and
α : P → X a U -equivariant morphism, both defined over k. Since H̄ is
unipotent, the cohomology class η is neutral, cf. [Dou], IV-1.3 or [Bo4],
4.2. It follows that there exists such a a pair (P, α). Any principal
homogeneous space of the unipotent k-group U has a k-point, cf. [Sa],
1.13. Let p be a k-point of P . Then x = α(p) is a k-point of X, which
proves (i).
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We prove (ii). Since U is unipotent, we have the exponential map
LieU → U which is a biregular isomorphism. It follows that U(k) is
dense in U(kS). Choose x ∈ X(k) and set H = StabU(x). Then H
is a unipotent group, hence H1(K, H) = 1 for any extension K of k,
cf. [Sa], 1.13. It follows that U(kS) acts on X(kS) transitively, and
therefore k-points of X are dense in X(kS). �

Proposition 3.3. Let X be a homogeneous space of G where G is a
torus. Then

(i) the assertions of Theorem 2.2 is true;
(ii) the assertion of Theorem 2.4 is true;
(iii) X(k) is dense in X(k∞).

Proof. Since G is abelian, any two points x̄1, x̄2 ∈ X(k̄) have the same
stabilizer, and therefore the stabilizer H̄ of a point x̄ ∈ X(k̄) is defined
over k. Let H denote the corresponding k-group. Then X is a principal
homogeneous space of the group G/H which is a torus. For principal
homogeneous spaces of tori, Theorem 2.2 was proved by Voskresenskii
[Vo1],[Vo2], see also Sansuc [Sa], 8.7; this proves (i). Theorem 2.4
for principal homogeneous space of tori was proved by Voskresenskii
[Vo1], [Vo2] (see also Sansuc [Sa], 8.12), but only for the case when S
is sufficiently large (e.g. contains all the places of k which are ramified
in the splitting field of the torus). One obtains a proof for any S by
substituting S for ω in the statements and proofs of Lemma 8.10 and
Proposition 8.12 of [Sa]. This proves (ii). The assertion (iii) (due to
Serre) follows from (ii), cf. [Sa], 3.5(iii). �

Proposition 3.4. Let X be a homogeneous space of a simply connected
k-group G with connected stabilizer H̄ such that H̄ = H̄ssu. Then

(i) if X has a kv-point for any archimedean place v of k, then X
has a k-point;

(ii) if X has a k-point, then X(k) is dense in X(kS) for any finite
set S ⊂ V(k).

Proof. A connected k-group G is simply connected if and only if the
group Gred := G/Gu (see Notation and conventions) is semisimple sim-
ply connected. In the case when G is semisimple simply connected, the
assertion (i) was proved in [Bo4]. We will reduce the general case to this
one. Let U = Gu, then by Lemma 3.1 there exists a quotient Y = X/U
which is a homogeneous space of Gred = G/U . Let ϕ : X → Y denote
the canonical map. Assume that there exists a point x∞ ∈ X(k∞), and
write y∞ = ϕ(x∞) ∈ Y (k∞). The variety Y is a homogeneous space
of the semisimple simply connected group Gred = Gss with connected
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stabilizer having no nontrivial k̄-characters. By [Bo4], 7.3(vi), since
Y (k∞) 6= ∅, the variety Y has a k-point y.

The subvariety Xy := ϕ−1(y) of X is a homogeneous space of U , and
by Lemma 3.2(i) it has a k-point, which proves (i). The assertion (ii)
is proved in [Bo2], Theorems 1.1 and 1.4. �

Recall that we always assume that that (2.1.2) is satisfied, and there-
fore the notation H̄mult makes sense.

Proposition 3.5. Let X be a homogeneous space of a connected k-
group G with stabilizer H̄ ⊂ Gk̄. Assume that Gssu is simply connected
and

(*) the homomorphism H̄mult → Gtor
k̄

induced by the inclusion H̄ ⊂
Gk̄ is injective.

Then

(i) the assertion of Theorem 2.2 is true;
(ii) the assertion of Theorem 2.4 is true.

Proof. We use the fibration method in order to reduce the assertion to
the cases considered in Propositions 3.3 and 3.4.

Set Y = X/Gssu (this quotient exists by Lemma 3.1), and let ϕ :
X → Y be the canonical map. The base Y of the fibering ϕ : X → Y
is a homogeneous space of the torus G/Gssu = Gtor, and the fibers are
homogeneous spaces of the simply connected group Gssu.

We prove (i). Assume that X(kv) 6= ∅ for any v ∈ V and mH(X) =
0. Then Y (kv) 6= ∅ for any v ∈ V . By (1.2) we have mH(Y ) =
ϕ∗(mH(X)) = 0. By Proposition 3.3(i) Y has a k-point.

The morphism ϕ is smooth, and therefore ϕ(X(k∞)) is open in
Y (k∞). Since Y is a principal homogeneous space of a torus and has
a k-point, by Proposition 3.3(iii) the set Y (k) is dense in Y (k∞). It
follows that there exists a k-point y ∈ Y (k) ∩ ϕ(X(k∞)).

Consider the fiber Xy = ϕ−1(y) of ϕ over y, it is a homogeneous space
of Gssu with stabilizer H̄ ′ = H̄ ∩ Gssu. Since the map H̄mult → Gtor

k̄

is injective, we have H̄ ∩ Gssu = H̄ssu, hence H̄ ′ = H̄ssu. It follows
that H̄ ′ is connected and (H̄ ′)mult = 1. By assumption Gssu is simply
connected and by construction Xy(k∞) 6= ∅. Now it follows from
Proposition 3.4(i) that Xy has a k-point. Thus X has a k-point, which
proves (i).

We prove (ii). Assume that X has k-points. Let xS ∈ X(kS). As-
sume that mW,S(xS) = 0. Set Σ = S ∪ Vr, and let xΣ ∈ X(kΣ) be
a point projecting to xS. It suffices to prove that xΣ ∈ X(k)Σ̂ . Let
UX ⊂ X(kΣ) be an open neighborhood of xΣ. We will prove that UX

contains k-points.
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Set yΣ = ϕ(xΣ) ∈ Y (kΣ), yS = ϕ(xS) ∈ Y (kS); then yΣ projects
to yS. By hypothesis mW,S(X)(xS) = 0. By (1.3) mW,S(Y )(yS) =
π∗(mW,S(X)(xS) = 0. By Proposition 3.3(ii) yS ∈ Y (k)Ŝ . By [Sa]
(3.3.3) then yΣ ∈ Y (k)Σ̂ , because Σ and S differ only by real places.

Set UY = ϕ(UX) ⊂ Y (kΣ), it is an open subset of Y (kΣ), because ϕ
is a smooth morphism. Since UY contains yΣ ∈ Y (k)Σ̂ , there exists a
k-point y ∈ Y (k) ∩ UY . As above, set Xy = ϕ−1(y), it is a homoge-
neous space of the simply connected group Gssu with some stabilizer
H̄ ′. We have remarked that H̄ ′ is connected and (H̄ ′)tor = 1. Since by
construction Σ contains all the real places of k, and Xy(kΣ) 6= ∅, we
see that Xy(k∞) 6= ∅. By Proposition 3.4 Xy has k-points and these
k-points are dense in Xy(kΣ). Set U ′ = UX ∩Xy(kΣ), it is a nonempty
open subset in Xy(kΣ), hence it contains a k-point x. Thus there exists
a point x ∈ X(k) ∩ UX , which proves (ii). �

4. Construction of a torsor

In this section we remove the assumption (*) of Proposition 3.5,
namely that the homomorphism H̄mult → Gtor

k̄
induced by the inclusion

H̄ ⊂ Gk̄ is injective.

4.1. First we define a k-form Hm of H̄mult depending only on G and
X.

For σ ∈ Gal(k̄/k), choose gσ ∈ G(k̄) such that σx = x · gσ. For
h ∈ H̄(k̄) we have

x · h = x, x · gσ ·σh = x · gσ, gσ ·σH̄ ·g−1
σ = H̄

so we obtain a σ-semialgebraic automorphism (see [Bo4], 1.1 for a def-
inition)

νσ : H̄ → H̄, h 7→ gσ ·σh·g−1
σ .

Clearly νσ induces a σ-semialgebraic automorphism νm
σ of H̄mult. If

we choose another gσ, say g′σ = h′gσ, then we get ν ′σ = int(h′) ◦ νσ.
Since the inner automorphisms of H̄ act trivially on H̄mult, we see that
the σ-semialgebraic automorphism νm

σ of H̄mult does not depend on the
choice of gσ. For σ, τ ∈ Gal(k̄/k) we have νm

στ = νm
σ ◦ σνm

τ , hence the
family (νm

σ )σ∈Gal(k̄/k) is descent data defining a k-form Hm of H̄mult.

Now let x̄1 ∈ X(k̄) be another k̄-point and H̄1 its stabilizer in Gk̄.
Let H̄m

1 be the corresponding k-form of H̄mult
1 . Choose g ∈ G(k̄) such

that x̄1 = x · g. Consider the isomorphism

µg : H̄ → H̄1, h 7→ g−1hg .
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One can easily check that the induced isomorphism µm
g : H̄mult → H̄mult

1

does not depend on the choice of g and defines a canonical isomorphism
Hm ∼→ Hm

1 . We can therefore identify Hm
1 with Hm.

4.2. A k-torus T is called induced (or quasi-trivial) if its character
group X∗(Tk̄) := Hom(Tk̄, Gm) has a Gal(k̄/k)-invariant basis. Choose
an embedding j : Hm ↪→ T of Hm into an induced torus and set F =
G × T . We wish to construct a homogeneous space Y of F and an
F -equivariant morphism π : Y → X.

First assume that X has a k-point x with stabilizer H. Then Hm =
Hmult, and we define an embedding

H → F = G× T, h 7→
(
i(h), j(h)

)
where i : H ↪→ G is the inclusion map. Set Y = H\F ; it is a homo-
geneous space of F with stabilizer H, and there is an F -equivariant
map

π : Y → X H ·(g, t) 7→ H ·g .

One checks immediately that π : Y → X is a torsor under T .
In the general case we do not assume that X has a k-point. However

X has a k̄-point x̄, whose stabilizer we denote by H̄. We define a
homogeneous space Ȳ = H̄\Fk̄ of Fk̄ and an Fk̄-equivariant map

π̄ : Ȳ → Xk̄ , H̄ ·(g, t) 7→ H̄ ·g .

Then π̄ : Ȳ → Xk̄ is a torsor under Tk̄. The homomorphism H̄mult →
F tor

k̄
is injective.

We are interested whether there exists a k-form (Y, π) of the pair
(Ȳ , π̄), where Y is a homogeneous space of the group F and π : Y → X
is an F -equivariant map with respect to the projection F → G. If
there exists a k-form (Y, π) of the pair (Ȳ , π̄), then π : : Y → X is a
torsor under T .

Lemma 4.3. If X(kv) 6= ∅ for any v ∈ V, then there exists a k-form
(Y, π) of the pair (Ȳ , π̄).

Lemma 4.3 will be proved later.

Lemma 4.4. Assume that there exists a k-form (Y, π) of (Ȳ , π̄). Then
the map π induces isomorphisms

BS(X)
∼→ BS(Y ) , B(X)

∼→ B(Y )

Proof. The map π : Y → X is a torsor under the induced torus T . By
[Sa], (6.10.3), there is an exact sequence

Pic T → Br1 X
π∗−→ Br1 Y → Bra T
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Since T is an induced torus, by [Sa], 6.9(v) we have Pic T = 0, hence
π∗ is injective. From the commutative diagram

Br k

Br1 X Br1 Y Bra T

HHHHj?
- -

we obtain an exact sequence

0 → Bra X → Bra Y → Bra T .

We have similar exact sequences for all the completions kv of k, whence
we obtain exact sequences

0 → BS(X) → BS(Y ) → BS(T )

for any S. By [Sa], 6.9(v) we have Bω(T ) = 0, whence BS(T ) = 0.
It follows that the canonical homomorphisms BS(X) → BS(Y ) are
isomorphisms. In particular the homomorphism B(X) → B(Y ) is an
isomorphism. �

4.5. Proof of Theorem 2.2 modulo Lemma 4.3. Since H1(kv, T ) = 0
(because T is an induced torus) and the variety X has a kv-point for any
place v of k, we see that Y has a kv-point for any v. By Lemma 4.4 the
map π∗ : B(Y )D → B(X)D is an isomorphism. By (1.2) π∗(mH(Y )) =
mH(X). But mH(X) = 0, hence mH(Y ) = 0. By Proposition 3.5(i) the
variety Y has a k-point y. It follows that there is a k-point x = π(y)
in X, which proves Theorem 2.2. �

4.6. Proof of Theorem 2.4 modulo Lemma 4.3. Since H1(k, T ) =
0 and X has a k-point, we see that Y has a k-point. Let xS be
a point of X(kS). Since H1(kv, T ) = 0 for any v, there exists a
point yS ∈ Y (kS) such that π(yS) = xS. By Lemma 4.4 the map
π∗ : (BS(Y )/B(Y ))D → (BS(X)/B(X))D is an isomorphism. By (1.3)
we have π∗(mW,S(Y )(yS)) = mW,S(X)(xS). But mW,S(X)(xS) = 0,
hence mW,S(Y )(yS) = 0. By Proposition 3.5(ii) the point yS is con-
tained in Y (k)Ŝ . It follows that xS ∈ X(k)Ŝ , which proves Theorem
2.4. �

4.7. We will give a cohomological criterion of existence of a k-form
(Y, π) of (Ȳ , π̄) where Y is a homogeneous space of F and π is an
F -equivariant map.

An element σ ∈ Gal(k̄/k) acts on Xk̄ by a σ-semialgebraic automor-
phism σ∗ : Xk̄ → Xk̄. We can lift σ∗ to a σ-semialgebraic automorphism
aσ : Ȳ → Ȳ as follows. As before, let x̄ ∈ X(k̄) be a k̄-point of X and
H̄ ⊂ Gk̄ its stabilizer. We identify Xk̄ with H̄\Gk̄. By definition
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Ȳ = H̄\Fk̄. Let σ ∈ Gal(k̄/k). Choose gσ ∈ G(k̄) such that σx̄ = x̄ · gσ.
We set

aσ

(
H̄ · (g, t)

)
= H̄ · (gσ ·σg, σt) .

Then aσ : Ȳ → Ȳ is compatible with σ∗ : Xk̄ → Xk̄, i.e. π̄ ◦aσ = σ∗ ◦ π̄.
The automorphism aσ depends on the choice of gσ, and in general

aστ 6= aσ · σaτ for σ, τ ∈ Gal(k̄/k) . However one can check that
Aut F,X Ȳ = T (k̄), and therefore we may write

aσ · σaτ = dσ,τ aστ

with dσ,τ ∈ T (k̄) . One checks immediately that dσ,τ is a cocycle of
Gal(k̄/k) with coefficients in T (k̄) and that its class η ∈ H2(k, T ) does
not depend on the choice of the family (aσ)σ∈Gal(k̄/k).

Lemma 4.8. The cohomology class η ∈ H2(k, T ) constructed in 4.7
equals zero if and only if there exists a k-form (Y, π) of the pair (Ȳ , π̄).

Idea of proof. If there exists a k-form (Y, π) of (Ȳ , π̄), we can set
aσ = σ∗ : Yk̄ → Yk̄. Then aστ = aσ · σaτ , hence η = 0. Conversely, it
is easy to check that if η = 0 then we can choose (aσ)σ∈Gal(k̄/k) such
that aστ = aσ · σaτ . The family (aσ)σ∈Gal(k̄/k) is descent data defining a

k-form (Y, π) of (Ȳ , π̄). �
Note that if X has a k-point, then, as we have seen in 4.2, there exist

a k-form (Y, π) of (Ȳ , π̄), hence η = 0.

4.9. Proof of Lemma 4.3. By hypothesis X has a kv-point for any place
v of k. It follows that the localization locvη ∈ H2(kv, T ) equals zero
for any v ∈ V . This means that

η ∈ X2(k, T ) := ker[H2(k, T ) →
∏
v∈V

H2(kv, T )] .

But X2(k, T ) = 0 because T is an induced torus, cf. e.g. [Sa], (1.9.1).
It follows that η = 0. By Lemma 4.8 there exist a k-form (Y, π) of
(Ȳ , π̄). Lemma 4.3 is proved. �

This completes the proof of Theorems 2.2, 2.3, and 2.4.

5. Connected stabiliser

In this section we prove Corollary 2.5.

Lemma 5.1. Let G be a connected group over any field k. Then there
exists an extension

1 → Z → G′ −→G → 1

such that Z is a torus and (G′)ssu is simply connected.
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Proof. By Levi’s theorem G is isomorphic to the semidirect product
Gu o Gred. By [La], pp. 228–229, [MSh], 3.1, for the reductive group
Gred there exists an extension

1 → Z → G′′ → Gred → 1

such that Z is a torus and (G′′)ss is simply connected. We set G′ =
Gu o G′′ �

Lemma 5.2. Let X be a homogeneous space of a connected k-group
with connected stabilizer H̄ ⊂ Gk̄. Then X is a homogeneous space
of another k-group G′ with connected stabilizer H̄ ′ ⊂ G′

k̄
such that the

group (G′)ssu is simply connected.

Proof. Let G′ → G be the extension constructed in Lemma 5.1. Then
(G′)ssu is simply connected. For x̄ ∈ X(k̄) set H̄ = StabG(x̄), H̄ ′ =
StabG′(x̄). From the exact sequence

1 → Zk̄ → H̄ ′ → H̄ → 1

we see that H̄ ′ is connected. �

5.3. Proof of Corollary 2.5. In the second case H̄/H̄ssu is clearly
abelian. (Note that in this case H̄ is defined over k.) In the first case
by Lemma 5.2, X is a homogeneous space of some connected k-group
G′ such that (G′)ssu is simply connected, with connected stabilizer H̄ ′.
We have H̄ ′/(H̄ ′)ssu = (H̄ ′)tor, hence H̄ ′/(H̄ ′)ssu is abelian. We can
now apply Theorems 2.2 and 2.4 to the pair (G′, X). The corollary is
proved. �
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