ON WEAK APPROXIMATION IN HOMOGENEOUS SPACES
OF SIMPLY CONNECTED ALGEBRAIC GROUPS
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Introduction. Let K be an algebraic number field and let S be a finite set of its
places. An algebraic variety X over K is said to satisfy the condition of weak

approzimation with respect to S if

(WAS) X(K) is dense in ]_EIX(KV) ,
v

L4

Kv denoting the completion of K at v. We say that X satisfies the condition of weak

approzimation if
(WA) X satisfies (WAg) for any finite § .

Set K -—]_l'Kv ; then X(KS) TIX(K ) . Let X(K)S denote the closure of

X(K) in X(Kg) .

Let T be an algebraic K—torus. Set Ag(T) = T(Ks)/T(K)é - The finite abelian
group Ag(T) is the defect of (WAg) for T;in other words, it is the measure of failure
of (WA g) for T.In particular, T satisfies (WAg) if and only if Ag(T) =0. The
group Aq(T) was studied by Voskresenskii (cf. [Vo1],[Vo2]). He related Ag(T) toa
certain group H (K Pic V(T)) . This group is a biratonal invariant of T - ; a8 Sansuc later
showed, it can be computed in terms of the arithmetic Brauer group Br, T (cf. [Sa]).

For any connected algebraic K—group G one can define the set
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Ag(G) = G(Kg)/G(K)g . As above, Ag(G) is the defect of (WAg) for G . Sansuc [Sa]
has generalized Voskresenskii’s results. He proved that the subgroup G(K); is normal in
G(Ks) and that the quotient group Ag(G) is finite and abelian. He showed also that it is
possible to compute AS(G) in terms of the arithmetic Brauer group Br,G (or in terms of
HI(K,Pic V(G)), cf. [Sa], Propositions 8.9 and 9.8).

In this paper we consider the case of a homogeneous space. Let G be a simply
connected algebraic K—group and H any connected K—subgroup of G . Set X = H\G .
We define a finite abelian group which we call tI;e defect of (WAS) for X . This group
depends on H only; we denote it by AS(X) ="lS(H) . The group l‘IS(H) can be computed
from the Picard group H . We can also compute AS(X) from Br X in the same way as
it was done in [Sa] for algebraic groups. Our obstruction to (WAS) is related to the
Brauer-Ma.nin obstruction that has been gonstructed by Colliot—Théléne and Sansuc -

[CT—Sa] (see also [Sa], 8.13).

Remark 1. The author has recently obtained certain sufficient conditions for strong
approximation for X = H\G (cf. [Brvl]).
Remark 2. A slightly more general case of X = H\G with G not necessarily

simply connected (e.g. with G adjoint) is considered in [Brv3].

Remark 3. Some results concerning the Hasse principle for homogeneous spaces
were obtained by Rapinchuk [Ra]. Note that this problem is more difficult than that of

weak approximation.

Our constructions and proofs are based on the results of Kottwitz [Kol], [Ko2],
who generalized the duality theory of Tate and Nakayama from the case of tori to that of

all connected reductive K~groups. We use the weak approximation theorem for simply
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connected groups which is due to Kneser [Kn1], [Kn2] in all the cases except Eg and to
Harder [Ha3] in the Eg case; see Platonov [P11], [P12] for a uniform proof. We use the
Hasse principle for simply connected groups which is due to Kneser [Kn3] (see also
[Kn4]) in the classical cases and to Harder [Hal] (see also [Ha2]) in exceptional ones,
except Eg ; the proof for the Eg case, initiated by Harder [Hal] in 1966, has been
recently completed by V.I. Chernousov [Ch]. The idea to relate weak approximation to
the Brauer group is inspired by the ideas and results of Manin, Voskresenskii,
Colliot—Théléne and Sansuc.

The final version of this paper was writt.en when I was at the Max—Planck—Institut
fir Mathematik. I am deeply grateful to the Institute for its hospitality and wonderful
working conditions. I am grateful to A.S. Rapinchuk, J.—J. Sa.nsuc M.A. Tsfasman and T.

Zink for very useful discussions and valuable remarks.

Notation.
K is an algebraic number ﬁeld K is an algebraic closure of K. ¥ (resp. v,
f) is the set of places (resp. of mﬁmte places, of finite places) of K . For any finite
SC ¥ weset K¢ = ;I'g K, - Welet A denote the adele ring of K . For an ﬂgebraic

K—group H we set
\ .

HI(KS,H)=EH1<KV,H), HY(AH) = vg Bk H)

where © denotes the subset of the direct product, consisting of the families (f ) (where
{, €H (KV,H) ) such that §, =0 forall v outside some finite set. We sometimes use
the additive notation instead of the multiplicative one and write 0 instead of 1.

For a finite abelian group A we denote by A" the dual group Hom(A,Q/Z) .

For a connected algebraic K—group H let H" denote its unipotent radical. Set
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Hred =H /]E{u : it is a reductive group. Note that 'H is simply connected if and only if
Hred is a simply connected semisimple group. We let H3® denote the derived group of
HIed and set HT = Hred/Hss Let HSC denote the universal covering of H*® . We
have a canonical homomorphism p : B¢ — Hss Hred N

For any K—variety we write X for Xg . For a K—torus T we denote by X(T)

the cocharacter group Hom(G_g,T) .

1. Main recﬁlts
We are going to construct the finite abelian group g(H) . Set B(H) = (Pic H)".
For vE€ 7 set B (H) = B(]E{K ) . The canonical morphism HK —— H induces a

homomorplnsm A,:B (H)——»B(H) Aet B(S)(H) denote the subgroup of B(H)
generated by the groups im A, for v g£s, a.nd set B/(H) = B(Q)(H) Now we set
Ys(m) = B’ (m)/8E)m)

Theorem 1.1. Let G be a simply connected group over a number field K, and let
H be a connected K—subgroup of G . Set X = H\G . Then there exists a canonical
surjective map X(Kg) —Yg(H) whose kernel is X(K); :

We see that the condition (WAg) for X is equivalent to the condition Y(H)=0.

In a sense Yg(H) is the defect of (WAg) for X=H\G.

Theorem 1.2. There is a canonical exact sequence
BY(X,H) s, BY(K_H) <54 (H) —— 0
) lg v’ S )

where jS is the localization map.



Remark 1.3. One can show that the above exact sequence is functorial in H .
Theorem 1.4. Yg(H) =Y (H'T) .

Now set B(“')(H) = g B(S)(H) , where S runs over all the finite subsets of ¥ . We

set Y (H) = B/ (B)/B(“)(®) . It is clear that Y (H) = 0 if and only if Yg(H) = 0 for any
finite SC 7.

Corollary 1.5. H\G satisfies (WA) if and only if Y (H)=0.
Corollary 1.6. Set T = H*". Let L/K be a Galois extension splitting T . Let -

Sy C 7 be the finite set of places (ramified in L ) with non—cyclic decomposition groups.
Then Y(H) =Yg o (H) . In particular, if SNS, = @ then H\G satisfies (WA).
S Snsy, 0 S

Corollary 1.7. If gtor spiits over a cyclic extension of K (in particular, if
B = 1,ie H is semisimple), then H\G satisfies (WAg) .

Corollary 1.8. (Real approximation). If § C 7, then H\G satisfies (WAg) for
any connected K—subgroup HC G .

Corollary 1.5 follows immediately from Theorem 1.1. Corollaries 1.7 and 1.8 follows

from Corollary 1.6. To prove Corollary 1.6 note that l{s(H) = VS(T) and
Ysng (H) =Ysns (T) because of Theorem 1.4. By Theorem 1.2
0 0

= i HL _— 1 .
Yg(T) = coker [ig:H (X, T) QH (X,,T)]




This cokernel is investigated in [Sa], where the notation Lls is introduced. By Lemmas

1.5 and 1.8 of [Sa] Yg(T) =HSnSO(T) - Hence Yq(H) =anSO(H) . q.e.d.

Consider the arithmetic Brauer group Br, X (see [Sa]). Set ES(X) = ker
[Br, X —-—-»m Bra(XKv)] ,B(X) =bg(X) .

‘Theorem 1.9. Y (H) = (5g(X)/B(X))"™.

Remark 1.10. One can show (cf. [Brv3]) that the group Ag(X) = (ES(X)/S(X))~
is the defect of (WAS) for X = H\G for any pair of connected K—groups H C G such
that A¢(G) =II(G) = 0, where I dé&notes the Shafarevich—Tate group. |

/

| .
2. Results of Kottwitz

The group B(H) is computed in [Kol] in terms of a connected Langlands dual
group for H . We prefer to describe B(H) in terms of the algebraic fundamental group

x,(H) (cf. [Brv2], [Brv3]).

Let temporarily K be any field of characteristic 0, and let H be a connected
K-—group. Choose a maximal torus T C gred (defined over K ). We write T(sc) for
p_l(T) C B (see Notation).

Definition 2.1. 7,(H) = Xo(T)/puXo(TC%)) . 1t T/ C B™ is another maximal

torus, then there is a canonical isomorphism

Xi(T’ )/ 2 Xo(T7 ) 2 X (T)/ paXo(TCC))



of Galois modules (cf. [Brv2]). Thus the definition of the algebraic fundamental group
7 (H) is corfect.

One can easily see that 7, is an exact functor from the ca.tegory of connected
K—groups to the category of Gal(K/K)—modules finitely generated over Z.If K = C
then ,(H) is the usual topological fundamental group r’l‘OP(G(C)) (cf. [Brv2]); this
justifies the term. For any K there is a canonical isomorphism of Galois modules
(H) = X*(Z(f[)) ; where Z(ﬁ) is the center of a connected Langlands dual group for H
and X (Z(H)) is the character group of Z(H) (cf. [Brv2], [Brva]).

We write I' for Gal(K/K) . Consider the torsion subgroup ( xl(H)I.)t ors Of the
group of coinvariants x,(H)p. .

¥
Proposition 2.2. ([Kol] 2.4.1). B(H) = (7r1(H)I.)t ors -
Remark 2.2.1. Kottwitz states and proves Proposition 2.2 in terms of Z(ﬁ) .

Hereafter K is again a number field. Consider the homomorphism
Ay i B (H) — B(H) . Set M = m;(H) . One can show (cf. [Ko2], 2.5, or [Brv2],
Sect. 5) that in terms of n;(H) the homomorphism A, is the obvious map

(MI‘v)tors — (Mp), o » Where T is a decomposition group of v in K (defined up to

conjugation). Let A be the image of I' in Aut 7,(H) , and let L/K be the Galois
extension of K in K corresponding to ker [I' — A] . Let A v betheimageof T in
A . Then Gal(L/K) =4, and A, is a decomposition group of v in L.

Lemma 2.3. The subgroup im '\v C B(H) depends only on the conjugacy class of a

decomposition group of v in L.



Proof. The homomorphism A v 18 the corestriction (i.e. obvious map)
&I‘v)tors = (MAv)tors » (Mp)iors = (Mpiors

where M = x,(H) . Thus if v,w € ¥ and the groups A, and A_ are equal (up to

conjugation), then im Ay, =imA_. q.e.d.

Lemma 24. If ' =1, then A :B (H) — B(H) is surjective for any
vVE 7.

Proof. Set M = xl(H) I HYOT = g ythen gred g semisimple and M is finite."

Hence the homomorphim

Ay 2 By(H) = (Mp v)tors = MI‘v — M = (My); s = B(H)

is surjective. - gqed

- In [Ko2], Theorem 1.2, Kottwitz constructs canonical maps

B, : Hl(Kv,H) —_ BV(H) for v € 7. He proves

Proposition 2.5. (Local non—archimedian Kottwitz theorem, [Kol], 6.4, [Ko2],
12).If v€ ¥ then B_ is bijective.
Set u, =1, 0p, : H(K,,H) — B (H) — B(E) . Define



p=Y u,: B(AH) =@ BY(K H) — B(E)
s(€) =) u (&) -
v
Consider the localization map H(K,H) —— T—TE (K H) . Since H is
veEV

connected, one can easily show that the image of this map lies in HI(A,H) =@ Hl(Kv,H)
(one can use Lang’s theorem and Hensel’s lemma). We denote the map
HY(K,H) — HY(AH) by j.

Proposition 2.6. (Global Kottwitz theorem, [Ko2], 2.5, 2.6). ker 4 = im j.

~ For future needs we set Bg = 2 B ﬁl(KS,H) —— B(H) . The image of g is
contained in B/ (H) . Set

xg = g mod BS) . HY(K H) — Y (m) .

3. The group l-IS(H) and the Brauner group.

Proof of Theorem 1.4. First suppose that : Qe Then by Lemma 2.4 the
homomorphism A,:B v(]E[) — B(H) is surjective for any v € 7. Hence
B(H) = B/ (H) = B{)(H) , and therefore Y¢(H) = 0.

In the general case let H™ be the kernel of H — H'" . We have the exact

sequence
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X(H") —— Pic H**" —— Pic H —— Pic B

(cf. [Sa], 6.11), where }hﬁhaxacter group X(Hnt) is trivial. We obtain the exact

sequence
B(E™) —— B(H) —— B(E'*") —— 0
and similar exact seqﬁences for the groups Bv . We see that in the commutative diagram

B(E™) = B(5) (8% —— B(S) (@) — B(S) (m!") — 0

n n
s

B(Hnt) =B/(Hnt) —————)B’(H) ___’B/(Htor) —_—0

the rows are exact, whence we derive the desired assertion.

To prove Theorem 1.9. we need to recall the definition of the arithmetic Brauer group
(cf. [Sa]). Let Br X denote the Brauer group of X, formed of the equivalence classes of
Azumaya algebras on X . Set Br;X =ker[Br X — Br X],
Br,X = BryX/im [Br K — Br X] , where X =Xg . For x € X(K) set
© Br X =lker [x :Br,X — Br K] . We have the canonical splitting

Br;X =Br, X ®Br K, whence Br X = Br X . Now let Br’/X be the cohomological

1

Brauer group, i.e. Br'X = Hzt(X,Gm) . Set BryX = ker [Br’X —— Br’X] . Then
BrjX = BryX (cf. [Sa], (6.1.1)).
For a morphism f: X— Y let

Br'lf : BrlY — By X, Brxf : Brf(x)Y — Br xX
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be the canonical homomorphisms. Then

N
Brlf = Brxf$ 1: Brf(x)Y ®BrK — BrxX ®BrK .

We set Pic,X = ker [Pic X — Pic X] . For a connected K—group H set
B,(H) = (Pic,H)" and define B, (H), B{5\®), BJ(H) andY,q(H) like
B_(H) ...‘{S(H) but with B,(H) instead of B(H).Let X : B(H) —— B(H) be the

homomorphism induced by the canonical morphism H —— H .

Lemma 3.1. 4, ,(H) =Yg(H) .

Proof. Consider the morphisms H -~ %HK —~+ H . We see that
v

im'[,\v : B (H) —— B(H)] Jim X . Hence B(S)(H) Jim X and B/(H) Dim X. We
have By(H) = B(H)/im X . Hence Y  o(H) = B](H)/B{%)(®) » B*(8)/B()(®) =y(m) .
g.ed.

Proof of Theorem 1.9. The torsor f: G —— X under H gives rise to the exact

sequence
PicG —— PicH——— Br’'X—— Br’G

(cf. [Sa], (6.10.1). Since G is simply connected, Pic G = 0 (cf. [Sa], 6‘.9). From the

commutative diagram

0 —— PicH—— Br’X——Br’G

N

0 —— PicH—— Br'X——Br'®
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with exact rows, we get the exact sequence

Brlf
0 — Piclﬁ —_— BriX —_— BrlG, )

Let x € X(K) be the image of the neutral element e € G(K) . Then
Br1f=Bref91 : BrxXGBrK————-)BreGQBrK .

Thus the seqilence

’ Bref
0 —— Pic]_H — BrxX _— BteG

is exact. But Br,G =Br,G=0 (cf. [Sa], 6.9), hence Br,X = Br X = Pic,H.

Now we see that

B{S)(&) = coker [V:SBlv(H) — B,(H)]
= coker [V:S(PiCIHKv)N — (Pic, H)"]
= ker [Pic,H — T;]j' Pic,Hy 17

v v
= ker [Br, X — 12 Br axKv] ~

= Es(x)N

Since B/(H) = B{®)(H) and B(X) = 5(X) , we have B’(H)=B(X)" . By definition
Y;(B) = B} (H)/B{%)(@) , hence
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Y15(B) =B (X)"/Bg(X)" = (Bg(X)/E(X))"

By Lemma 3.1 Y, 5(H) =Y%5(H) . Thus Y(H) = (Bg(X)/B(X))"
q.ed.

4. Cohomological results

To prove Theorem 1.2 we need

Lemma 4.1. (i) For v € 7; wehave im A =im 4_.
(ii) For any finite SC ¥ and any v € 7/m there exists w € 7;—S such that
L4
nnp -1mA 1m/\ Dlm,u
(iid) B(S)(H) B(Sn yf)(H) B(SU ®)(H) ; in particular B’ (H) = B( 7 )(H)
(%) Yg(E) =Ysq 5, (E)

Proof. By proposition 2.5 the map ,Bv is bijective for v € Ve whence (i). By
Lemma 2.3 the group im Av depends only on the conjugacy class of a decomposition group
Av of v in L, where L is defined in Section 2. For v € 7m the group Av is cyclic.
Chébota.rev’s density theorem implies the existence of w € Vf-—S such that AW = Av up
to conjugation. Then im Aw =im Av by Lemma 2.3. We have im Av Jim By by the
assertion (i) im Ay =1im g . The assertion (ii) is proved. It is clear that (ii) implies (i)

and (iv).

Proof of Theorem 1.2. Consider the sequence
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Hl(X,H) -JL-—e HI(KS,H) s Yg(B) ———— 0

where Xg is defined at the end of Section 2. Fifst we prove that Xg is surjective. By
definition the group B’(H) is generated by the groups A V(BV(H)) forall v€ 7.
However, by Lemma 4.1 (iii) B/ (H) = B( 7, m)(H) ,i.e. B/(H) is generated by the groups
imA, =img for v€ 7= (SN 7;) U (¥-S5). We see that

im [pg : BY(Kg,H) — B(E)] + BO)(E) 3 im ag, vt B ) =B/(m) ,

and the desired surjectivity follows.

Proposition 2.6 implies that im(psojg) C B(S)(H) , hence Xgoig =0 . We must ‘
show that ker Xg = im jg . Suppose that &g € Hl(Ks,H) , xs(fs) = 0. Then
#g(ég) € B(S)(H) - By Lemma 4.1 (iii) pg(ég) € p(SU ym)(H) . Hence there are a finite
set X C 7;—S and an element {5 € Hl(KE,H) such that pc(£g) + py(&y) = 0. Set
fp= fgxénx0E€ Hl(A,H) . Then y(fA) =0 . By Proposition 2.6 £, = i(€) for some
¢ € HY(K.H) . Clearly £g = jg(¢) - | | qed.

5. Weak approximation

To prove Theorem 1.1 consider the orbit spaces: the set of orbits O(X,G,K) of
G(K) in X(K) and the set of orbits O(X,G,K) of G(K¢) in X(K¢) = X(K_).

) in X(K) (X,GKg) of G(Kg) ) =TT X(K,
Any orbit of G(KS) in X(KS) is open, hence any orbit is closed. Since G is simply
connected, G éatisﬁes (WAS) for any finite S (cf. [Pl1], or [P12], § 4). Thus
(x-G(K))é = x'G(K); =x-G(Kg) for any x € X(K) . Consider the map |
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ig : X,G,K) —— D(X,G,KS) induced by the embedding X(K) —— X(KS) . We see
that X(K); = U o where o runs over im ig . Thus (WAS) for X is equivalent to the
surjectivity of iS .

The orbit spaces can be described in cohomological terms. Set

k = ker [H}(K,H) —— HY(K,G)] ,
kg = ker [H'(Kg,B) — B'(Kg,G)] -

Using the exact cohomology sequences associated with the subgroup H of G (see [Se],
Ch.1, § 5.4, Cor. 1 of Prop. 36), we can identify

O(X,6K) =k, O(X,G,Kg) = kg -

In these terms the map iS ‘k—— kS is the restriction of the localization map

jg: B'(K,H) — BY(KgH) to k. Now it is clear that Theorem 1.1 follows from

Proposition 5.1. Let vg be the restriction of Xg: HI(KS,H) —_ S(H) to
kg C HI(KS,H) . Then the sequence

iS v

5 _
k - kg - Yy(H) —— 0

is exact.

Proof of Proposition 5.1. First we prove the surjectivity of vg . Set ¥ =5n 7/f. By
Theorem 1.2 xy; is surjective, ie. B®)(H) + im uy = B/(H) . Since H'(Ky,G) =0 by
Kneser’s theorem, ks = H'(Ky,H) . Hence pg(ky) + BE)(H) = B/ (H) . By Lemma 4.1




~16 —

i) BE)(E) = BO)(®E) . Since ug(ky) C pg(kg) , we see that
ug(kg) + BSNE) = B/ (H) , ie. wg(kg) = Ug(H).
By Theorem 1.2 xSojS = 0, hence usoiS = 0 . We must show that

ker vg = im ig . Assume that {q € kg and VS( fs) =0 (i.e. xs( fs) = 0 ). We construct
an element ¢ € H'(K,H) as in the proof of Theorem 1.2. Then jg(¢) = £g . We wish to
prove that £ € k . By construction we have jS( ) =¢ A= (f:;)VE € HI(A,H) , where

* *
§¥= Ev for v€S and §v=0 for v € ?m—S.Hence .
¢, €k =ker[E'(K_H) — HY(K _,G)] forany v€ ¥ .By the Hasse principle for

G, we have ¢ € k . Proposition 5.1 is proved, and so is Theorem 1.1.
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