Convergence of finite difference schemes: matrix
versus kernel analysis
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Abstract We consider the convergence analysis of a compact finite difference
. 4 . . . .
scheme for the equation u; + §7u = 0. The discrete in space, continuous in time

approximation is v; + §7b = 0, where 82 is the discrete biharmonic operator (DBO)
operator. The error ¢(t) = u*(¢) — v(¢) is shown to be O(h*) for sufficiently smooth
data . This problem serves as a model to compare an analytic approach, based on
functional analysis and a purely matrix approach. The matrix approach benefits from
tools of matrix theory of linear algebra and from known results for the solution of a
set of ordinary differential equations. The functional analytic approach utilizes the
connection to the continuous problem.

1 Biharmonic time dependent problem, continous and
semidiscrete

The convergence analysis of finite difference schemes attracts the interest of the nu-
merical analysis community for several decades (see for example [10]). A renew of
interest invoking various analytical and discrete frameworks is currently observed,
(see [15, 14, 12, 8]). Here we wish to draw attention to the concurrent ’languages”
(analysis versus algebra oriented) tools, which may be used to establish the same
convergence rate result. We would like to inspect the advantages versus disadvan-
tages for each approach.
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As a model problem we consider the evolution equation (7 is a fixed final time),

d ( d

Zu=—(=

ot ox

subject to initial condition and boundary conditions

)U,xegzmﬂﬁemJL (1)

{u(x,O)uooC),er (0,11, 2)

u(0,1) = uy(0,1) = u(1,t) = u,(1,/) =0, r €[0,7T).

When there is no risk of confusion we shall write u(z) for u(x,7). Note that (1)
Pl
is well-posed in the space L?(£). In other words, the semigroup 3 s a

continuous contraction semigroup in this space. The domain of its generator is
H*(Q)NH{(Q). Moreover, H*(2) is a persistence space for every s > 0, where
H’ is the Sobolev space of order s. This is readily seen by casting the semigroup

F)
¢"(3)" in terms of Fourier series. The following finite difference operators are in-
volved ! (see [53, 2]).
- The standard three point Laplacian is 62 and the centered difference &, are
defined by
Yy F0i1—2v; b=

(870); = e (B =L 1< SN-L ()

- The Hermitian derivative is qu, defined as a function of v by

(0x0c0)j=(0y0);, j=1,...,N—1, 4)

where 1
(oxm)j:g(m.,-,1+4mj+mj+1), j=1..,N-1 Q)

Equivalently, &, = o, ' 8,. Here we assume that 1oy = toy = (an)o = (SXU)N =0.
- The Discrete Biharmonic Operator (DBO) 5;‘ is defined by, [4, 13]

12 . % )
@ﬁyzzﬂ@@n—xwﬁ j=1,.,N—1. (6)
The equation (1) is approximated in space on a uniform grid x; = jh,h =

1/N, j=0,1,..,Nbytrsv(t)=[o(t),...,o5_1(¢t)]7. The gridfunction v(¢) is
solution of the discrete analog to Equation (1) is

v, =—38%, rel0,T], 7

! Gridfunctions are denoted by the fraktur font
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The function v(¢) depends smoothly on ¢ € [0,7] and is subject to the initial con-
dition v(0) = ug, and boundary condition vo() = (v,)o(f) = vy (t) = (bx)N(1) =
0,t€[0,T]2.

The error e(t) = v(r) —u*(r) satisfies

8,e+5;1e:r, ¢))

where 7(z) is the truncation error. We adopt the notation p < M to express that
the gridfunction (resp. finite difference operator) u corresponds to the vector (resp.
matrix) M. Here e(r) < E(r) e RV"!, §* < B e RW-DX(N=1) and 7(r) < R(t) €
RY=! The vector form of (8) is

QE(t)+BE(1) =R(t). )

We now consider the convergence of v(t) to u(t) as N — o. In the rest of the paper,
we establish the convergence to 0 of the error ¢(¢), or equivalently of E(¢), for ¢ €
[0,T] when & — 0. We will need the following

Claim 1 Let

d

(5)414 —f, xeQ=[01],

and assume that f € C*(Q). Then operating on the grid function u* by the discrete
operator 8¢ leads to the following truncation errors.

(8Hu);=fi+0(h*), Vje{2,...N-2}, (10)
and on near-boundary points

(8fu ) =fi+0(h),  (8lu")y-1=fy_1+O(h). (1D

2 Error analysis for the Discrete Biharmonic Operator (DBO)
We consider the equation

(%)ﬂt =f xeQ=10,1] (12)

It is well-known that the kernel of (%) is given by the following claim [4, Claim
5.1].

Claim 2 The solution of (12) is given by

) = [ 'K (ey) f)dy, (13)

2 For u(x) a given function, u* is the gridfunction defined by u* = [u(x|),...u(xy_1)]
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where

B l<1_x)2y2[2x(1—y)+x_y]7 y<x
K()C,y)—{zxz(l_}))2[2))(1_36)4_);_)47 x<y' (14)

Now consider the discrete analog
Sto = f*. (15)

We wish to estimate the difference of grid functions v — u*. Corollary 5.2 in [4]
gives the explicit form for the kernel of the inverse discrete operator (84)~! : 1,21_0 —

1;2,70 :
Claim 3 The discrete operator (8})~' : I}, — I7 is represented by a matrix

{Ki]?j}lgi,jgN—l , explicitly given by

Kl =hK(xi,xj), 1<i,j<N-—1, (16)

where K(x,y) is the resolvent kernel of (%) , as in Equation (14).

Note that the matrix K" can be written as
h
K=K} =cyn)-0(x), 1<i<j<N-1, (17)

where the product in the right-hand side is the scalar product in R? of the two vector
functions:

y(x) zxz(—x,3),
0() = (1-y)?(2v+1.)-

Thus, the matrix K" is quasi-separable of rank 2 [6, Section 4.2]. It simplifies (com-
putationally) the evaluation of the matrix. Based on these facts, we can prove a con-
vergence theorem for a general continuous function f(x).

Theorem 1 Let f € C[0, 1]. Let u(x) be the solution to (12) and let v be the solution
to the discrete equation (15). Then

li — Ul =0. 18
hl_r>1(1)|n u’| (18)

Proof In view of Claim 2 and Claim 3 we have
N—1 1
0 —uj = ZhK(xi,xj)f;—/ K(xi,y)f()dy, i=1,2,....N—1. (19)
J=1 0

The first term in the right hand side is the Riemann sum of the second term, so that

max{|v;—u}|,i=1,2,....N—1} <Co(h), (20)
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where () is the supremum (over x € [0, 1]) of the oscillation functions K (x,y) f(y)
as functions of y € [0, 1]. O

We can now state our optimal convergence estimate, in the case where the function
f is sufficiently smooth. This estimate was first obtained in [7] by using a detailed
analysis of the matrix associated with the inverse of the DBO. The proof presented
here is much shorter and gives a better insight into the analytical character of the
DBO.

Proposition 1 Suppose that f € C*[0,1] and let u(x) be the solution to (12). Let
v be the solution to the discrete equation (15). Then there exists a constant C > 0
depending on f but not on h, j such that

lo;—uf| <Ch', j=1,2,... .N—1. 1)
Proof Lete=1v—u* and v = §'¢. In view of Claim 1
t;=0(h"), Vje{2,..,N=2}, v =0(h), tw_1=0(h). (22)

In view of Claim 3 we have

N—1
ei= Yy hK(xixj)t;, i=12,... ,N—1 (23)
=1

J=

By Equation (14) we have (uniformly ini € {1,2,...,N—1})

o(h? j=1,N—1
K(xi,x;) = (%), j=LN-1, (24)
o(1), je{2,3,....N-2}.
Combining (22) and (24) we conclude
N-2
| <Ch*+CY h-h*<Ch', i=12,... N—L (25)
j=2
which gives (30). O

3 Convergence of the discrete time-evolution solution by purely
matrix method

Here we prove optimal convergence in the error ¢(¢) (Equation (8)). For this we
invoke a slightly different version of Proposition 1, (see [7, 2]).
Proposition 2 (Optimal convergence theorem for the DBO)

Assume that the vector v, which contains the truncation errors, satisfy the follow-
ing estimates:
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|(oyt);| <Ch*,  j=2,..,N-2,
| (

Oy
(G:0)1| <Ch, |(G)y_1| <Ch. (26)

The DBO operator 8? is invertible and its inverse is denoted by 5% = (). Then,
the vector 5% = [8 %ty,...,8 %ty _1]T satisfies

(8, %), < Cht, j=1,..,N—1. Q27

The following Lemma results from the optimal theorem above (see also [2, 9, 8]).

Claim 4 (Vector form of the optimal convergence theorem for the DBO)
Assume that R € RN~ satisfies

PR=[0(h),0(h"),...,0(h*),0(n)]", (28)
then the vector B~'R satisfies
(B7'R);| <Ch*, j=1,....N—1. (29)

We state and prove now the following theorem.

Theorem 2 Suppose that u is a solution to the problem (1) so that u(t) € C3(R)
continuously in t, then the error ¢(t), satisfying Equation (7) is bounded by

max |e(t)], < C(T)A*, (30)
0<t<T

where |g(t)|, = ):ij:—ll h|g;(t)|? and C is depends only on ug and T.

Proof Here we consider a proof by a matrix approach. Consider (9). Since E(0) =0,
the Duhamel formula gives

't !
E(t) = / e PBR(pYdp = / e PBR(t — p)dp. 31)
Jo 0
The goal is to obtain an error estimate of the form
IE@®)]2 < C(T)R* (32)
This is implied by the point-wise estimate E;(t) = O(h*), j = 1,...,N — 1. Rewriting

the integrand in (31) as e PER(t — p) = e PEBB~'R(t — p), the error E(t) may be
expressed as

!
E(f) = / (e P2B) (B~'R(t —p))dp. (33)
0
We denote the eigenvalues of B by
O<)~1<--~<A,N_17 (34)

and denote A (p) = diag{e PMA,...,e P10y 1 }. Let Q € RW-D*WV=1) pe or-
thogonal such that B = Qdiag{A;,...,Ay_1}Q”. Then,
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eP’B=0A(p)0". (35)
Inserting Equation (35) in (33), we have

E(r)= /O "0 A(p) Q" BR(:—p)dp. (36)

Denoting A (p) = diag{e P*,...,e P*-1}, we have

Alp) = —%A(p)- 37

Inserting (37) into (36), and integrating by parts, yields

E()=— [ 5(0A(p) 0" Ri—p)dp

4 d
1 Typ—lpr, 1! Typ—1/ 9% po
= [~ (0A(p) 0")B”'RU—p)]j+ [ (0A(p) ")B™ (R~ p))dp.
EM (1) EQ ()
(38)
Since R(0) = 0, we have
EW (1) = (Q A(0) @")B™'R(t). (39)

Using Claim 4 and [9, 8], we have that
1B R(0)]l2 < Cil|B~" R(1)]2 < C(1)h*.
In addition, ||Q|]» = ||QT || = 1 and ||[A(p)]|2 < 1, for p > 0. Thus, we will have
IED @)l < C(0)n*3. (40)

We turn now to E(?)(r). The components of P%R(r — p) are of the same order (as
powers of &) as the components of PR(p). This will yield (using Claim 4) that

d
187! %R(I—P)Hz <C()n*. (41)

Using again ||Q||> = [|Q7 |2 =1 and ||A(p)]|]> < 1, for 0 < p < ¢, we have for some
p 0.1,

@ (], — -1 4R _ -1 4R
0 =CO e 157! k=con s Zol:
dR
<G (1)) B~ %(ﬁ)l\z

Therefore,



8 M. Ben-Artzi J.-P. Croisille and D. Fishelov
IE®@)]2 < Co)r*s. (43)

Combining Equations (38), (40) and (43), we conclude that
|E(®)]|2 < C(t)h*> or equivalently |e(r)|, < C(t)h*. (44)

We comment now how (30) can be extended to the case of a nonlinear perturbation.
Consider the equation

%u: 7(%)4147&(”) xeQ = [071]a re [OaT]’ (45)

together with zero boundary conditions on u, dyu. Here we assume that the perturba-
tion ot(u) is such that (45) has a regular solution u(x,#) on £ X [0, T]. The numerical
scheme is

v, =—8%—a(v), te[0,T], t>0. (46)

It is assumed that t — v(z) is a regular function of time existing on [0, 7] for all
value of h. The error e(¢) = v(¢t) — u*(¢) evolves for ¢ € [0,7] as

de+8te=1+1n, 47)

where (the time dependence is dropped) 7 = (d¢u)* — §*u* and 7, = o (u*) — ¢ (v).
In matrix/vector form, (9) becomes

QE(1)+BE(t) = Ry () + Ra (1), 48)

where 72 <> Ry . The term R; represents the truncation error of 5;‘ . It depends
only on u*. The term R, involves u#* and v. The Duhamel formula is expressed as

E(t) = /0 ¢ PPR(t—p)dp + /0 e PPRy(t—p)dp. (49)

Eq(t) Ep(1)

so that .
IEOl2 < 1)+ [ lle” P2 allRa(p) |2dp (50

We next proceed along the lines of [11, 1]. Fix A > 0. Using E(0) = 0 and the
continuity of # — E(t), define #o(h) by

to(h) = sup{t > 0s.t. |E(t)]2 < 1}. (51)
This implies [u} () —v;(t)| < 1for 1 <j<N-—1,0<t <to(h) and

max [a/(§)| < max [&(§)| < C(T). (52)
56[”7(1%“1‘0)” ©)l |‘§*Uj-(t)|<1| (&)l (7)

where C'(T') depends only on u(x,). Therefore, for 0 <t < 7y(h),
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IRy j ()] = lau(uj (1)) — (o (1)) < C(T)|Ej(t)], 1<j<N—1.  (53)

The spectrum of B satisfies spec(B) C [Amin, Amax)- We have with Ay, = O(1) and
Amax = O(1/h*). Tt results from [4, Theorem 7.7] that Ay, > b, with some constant
b > 0 uniform in /. By (44), ||[E4(¢)|» < C(T)h*>. This gives in (50),

t
IE@ll2 <2 +C(T) [ e ) |E(p) ladp. (54
Using Gronwall’s inequality, we obtain that for 0 <z < to(h),
t
IE(@)l2 < C(T)R* exp ( / e PPap) < "(T)i*>. (55)
0

where C”(T') depends only on u(x,t). It results from (55) that there exists sy small
enough such that C"(T)h3> < 1/2. Thus, for all h < hy, we have that to(h) > T
(proceed by contradiction). Therefore for A small enough, maxo<;<7 ||E(¢)|]2 <
C"(T)h33 and (30) holds for (45).

4 Convergence of the discrete time-evolution solution by kernel
analysis

As in the elliptic case discussed in the previous sections we can study this issue
either under “minimal regularity” assumptions or “high regularity” leading to “op-
timal” fourth-order convergence. We begin with the latter case, analogous to Propo-
sition 1. The “minimal regularity” case is postponed to Theorem 3. The following
proposition improves the “almost optimal” estimate obtained in [3]. The same re-
sult has been obtained in [7] using matrix techniques. We recall that H°(Q) is the
Sobolev space of order 9.

Proposition 3 Assume that uy(x) € C°(Q) and
u(0) = up(0) = uo(1) = up(1) = 0.

Let u(t) be the solution to (1), and v(t) the solution to (7). There exists a constant
C > 0 depending on ugy, T but not on h, j such that

loj(t) —ui(t)| <CRh*, j=1,2,....N—1,t€[0,T]. (56)

Proof As observed in Section 1, the Sobolev space H? is a persistence space for the
solution. Thus for uy € C°(2) C H°(Q) the function u(t) is continuous on [0, 7]
into H°. The Sobolev embedding theorem implies that it is also continuous into
C¥(Q). Thus, let ¢(t) = v(¢) — u*(t) be the error function and

t(t) = [(%M TSN (0).
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The error function satisfies the equation
e (1) + 87 e(t) = (2). (57)

Since the function ¢ — u(x,t) € C¥(£) is continuous the family {u(t),t € [0,T]} C
C8(Q) is compact and Claim 1 can be applied uniformly to this family. It follows
that, uniformly in 7 € [0, T},

() =0(h*), Vjie{2, . .N=2}, u(t)=0(h), ty_i(t)=0(h). (58)

Equation (57) can be rewritten as

8163 e(0)] +e0) = (8 et (59)

In light of (25) we have

w(r) := (&) 'e(t) = O(h*) (60)
uniformly inz € [0,7].
Let
Ap = {)*l?h <A427h <... <)~Nfl,h} (61)
be the eigenvalues 3 of 5 with corresponding normalized eigenvectors {c},...,c) ' }.
We can expand
N—1 N—1
e(t) = Y, arn(t)es, w(r) =Y bealt)c, (62)
k=1 k=1
and projecting Equation (59) on the k — th eigenvector yields
. d
A’k,h Eak"h(t) —l—ak,;I(t) = bk7h(t), k=1,2,....N—1. (63)

From (60) we get, for a constant C > 0 depending only on T (and not on N)
\bin(t) <CHY, k=1,2,....N—1,1t€[0,T].

We obtain (since ¢(0) = 0)
t
ak’h(t)e’lk"" Z/ lk,helkvhsbk,h(s)d& te [0, T]
' 0
In view of the estimate for by 4(s) the right-hand side can be estimated by
!
‘ / lkel"-"sbhh(s)ds‘ < Ch*eMent

0

hence also

3 The eigenvalues A, are identical to the Ay in (34).
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lagn (1)) <CH*, k=1,2,....N—1,1€[0,T].

We now proceed to study the convergence of the discrete solution to the continuous
one, when the initial data is just continuous. Of course, such convergence is not
expected to be “optimal” as in Proposition 3.

As pointed out already in the beginning of this section, Equation (1) is not well-
posed in C(£2), due to the lack of a maximum principle. On the other hand the space
H'(Q) is a persistence space for the solution. Recall that H'(£) is the Sobolev
space of L? functions whose distributional derivatives are also in L. The domain
of the generator is H*(Q) N HZ (). In particular, this space contains all continuous
piecewise linear (“zigzag”) functions. By the Sobolev embedding theorem H' (Q) C
C(Q).

For the discrete semigroup we use the operator notation e’ 3! We first state the
following coercivity property.

(8433 = C (I + 1831 + 18313 (64)

valid for any grid function 3 € 1,2,’0 such that also Sx;, € l,%o.

Theorem 3 Let uy(x) € C'(Q2) C H'(Q) and u(x,t) the solution to (1). Let v(t) =
1o u;y be the corresponding discrete solution. Then, uniformly int € [0,T],
lim |o(z) —u*(¢)|, =0, t€]0,T]. (65)
h—0
Proof Pick € > 0. Let 1(x,t) be solution to (1) with initial data uy € C°(£2). For
notational simplicity we occasionally designate u(¢) for u(x,¢) and u(r) for u(x,t).
Due to the continuity of the solution of (1)in H'! we can assume that it(t) € H°(Q)

satisfies
[a(t) —u@)|| g <&, t€[0,T]. (66)

The Sobolev embedding theorem implies

sup [|u(r) —u(r)llc) <& (67)
t€[0,T]

Since u(x,) is sufficiently regular, Proposition 3 can be invoked. Let v(t) =

4 . . . .
e~'% 55" be the corresponding discrete solution. There exists /g > 0 such that

sup [o(t) —u(t)*|w <&, 0<h<hy. (68)
1€[0,7]

Finally, the positivity of 5;‘ (see (64)) implies that the semigroup e~ 3¢ is contractive

on 1}2170 hence
(1) —o(t) ] < [io™ —ug|n < €. (69)

Combining (67), (68) and (69) we obtain (65). U
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5 Comments and perspectives

In summary, the matrix approach benefits from tools consisting of matrix theory of
linear algebra and from known results of the solution of a set of ordinary differen-
tial equations. It may be extended to nonlinear (see Section 3) and multidimensional
problems [8]. In particular, there is no need to derive the appropriate kernel of the
discrete problem, which is in general a difficult task. On the contrary, the functional
approach utilizes the connection between the discrete and the continuous problem.
It may require the knowledge of the discrete kernel. An important aspect of the func-
tional approach is its ability to deal with low regularity data (see Theorem 1). Note
finally that an important topic for convergence analysis is the notion of consistency
(see also [14]). In our context, this notion requires further studies.
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