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CONVERGENCE OF A COMPACT SCHEME FOR
THE PURE STREAMFUNCTION FORMULATION OF
THE UNSTEADY NAVIER-STOKES SYSTEM*

MATANIA BEN-ARTZIT, JEAN-PIERRE CROISILLE!, AND DALIA FISHELOV?

Abstract. This paper is devoted to the analysis of a new compact scheme for the Navier—
Stokes equations in pure streamfunction formulation. Numerical results using that scheme have
been reported in [M. Ben-Artzi et al., J. Comput. Phys., 205 (2005), pp. 640-664]. The scheme
discussed here combines the Stephenson scheme for the biharmonic operator and ideas from box-
scheme methodology. Consistency and convergence are proved for the full nonlinear system. Instead
of customary periodic conditions, the case of boundary conditions is addressed. It is shown that in
one dimension the truncation error for the biharmonic operator is O(h?*) at interior points and O(h)
at near-boundary points. In two dimensions the truncation error is O(h?) at interior points (due to
the cross-terms) and O(h) at near-boundary points. Hence the scheme is globally of order four in
the one-dimensional periodic case and of order two in the two-dimensional periodic case, but of order
3/2 for one- and two-dimensional nonperiodic boundary conditions. We emphasize in particular that
there is no special treatment of the boundary, thus allowing robust use of the scheme. The finite
element analogy of the finite difference schemes is invoked at several stages of the proofs in order to
simplify their verifications.
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1. Introduction. In a recent paper [3] we presented a fourth-order compact
scheme for the pure streamfunction formulation of the two-dimensional (incompress-
ible) Navier—Stokes equations. We have given there a convergence analysis for the
linearized model. In this paper we prove the convergence of the nonlinear scheme,
without any further assumptions. Recall that the pure streamfunction formulation of
the (two-dimensional) Navier-Stokes equations is classical [15]. It has the advantage
of reducing the system to a single evolution equation for the scalar streamfunction
having the form

(1) ag—f’ + VY - VAY — vA%) = 0.

The velocity field is (u,v) = V¢ = (—%’, g%), and the vorticity is w = Aw. The

price paid for reducing the system to a single equation is that one must now deal with
the biharmonic A2 operator. There are therefore two boundary conditions imposed
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on . For the typical “no-leak no-slip” conditions (vanishing velocity on the fixed
boundary) we have

(2) Vi =0 on the boundary.

Since the function v is only determined up to a constant, condition (2) is equivalent
to
o

3) b=5-=0
which, for simplicity, will be the case treated in this paper. Clearly (2) is equivalent
to the assumption ¢ € HZ, the closure of smooth compactly supported test functions
in the Sobolev space of functions having square-summable derivatives up to second
order.

Our scheme can be described as follows (see [3] for details). At each time step the
scheme solves a time implicit version of (1). This leads to a fourth-order biharmonic
problem of the form

(4) A¢_VA2¢:JC’

subject to the boundary conditions (2).

The spatial discretization of (4) makes use of the Stephenson scheme for the
the biharmonic operator introduced in [19], [12]. See also [2]. This scheme can be
interpreted as a mixed scheme in (1, V1)), similar in form to a version of a box scheme
[14], [7]. More specifically, its design is obtained by a spline collocation procedure on
a nine-point stencil, which we recall in section 3 below.

The streamline-vorticity formulation has been extensively used for the simulation
of the two-dimensional Navier—Stokes system. As representative references we mention
[17], 8], [5], [9], [13], and the references therein. One difficult point is that “...the
1) — w system is inextricably coupled; BC’s and solution methods must contend with
this fact...” [10, p. 431]. Indeed, one must cope with the vorticity boundary values,
resulting from the fact that the relation Aty = w is overdetermined under condition
(2). An attempt to avoid this difficulty has been made in [4], where the need to
determine these values was circumvented by switching to the biharmonic equation (at
each time step), exploiting the natural condition (2). The scheme presented in [3],
whose convergence is proved here, has avoided all explicit mention of the vorticity
by using a pure streamfunction formulation. We mention that recently in [11] a very
similar algorithm has been proposed, but it deals only with the steady-state Navier—
Stokes system.

The paper is organized as follows. First, we introduce in section 2 our notation and
the setup for our discrete spaces. Then we establish in sections 3 and 4 the necessary
analytic properties of the scheme in one and two dimensions. In particular, in analogy
with the coercivity of A% in HZ, we prove the coercivity of the discretized biharmonic
operator in a suitable discrete analogue of HZ. We prove that the truncation error
of the biharmonic scheme is of order four in one dimension and of order two in two
dimensions, at all interior points and of first order at near-boundary points, giving
a 3/2 order of convergence rate in the natural discrete L? norm. Note that in the
periodic case all points are interior. Then in section 5, we prove that the same order
of convergence extends to the spatial semidiscrete version of the full nonlinear scheme.
We emphasize the fact that we do not need any special treatment of boundary points,
and the boundary condition (2) is naturally incorporated here. As mentioned above,
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this causes a reduced (from four to one) order of local truncation error at the boundary,
and is reflected in the fact that our result yields a 3/2 convergence rate in the discrete
L? norm. The present convergence result can be compared to the convergence results
obtained in [9], [13]. In both papers, the time evolution is performed on the vorticity,
and hence a very careful treatment of the vorticity boundary conditions is required,
either by “ghost-points” [9] or by replacing condition (2) on the normal derivative
of the streamfunction by boundary conditions on the vorticity [13] (which, as these
authors observe, amounts to an algorithm for vorticity generation on the boundary).

2. Discrete spaces and basic inequalities. Let 0 < 4,57 < N. We denote by
(ih, jh) a finite difference mesh on the square [0, 1]?, with equal mesh size h = 1/N in
the z and y directions. We denote by u; ; a grid function on [0, 1)?, with 0 < 4,5 < N.
The centered and upwind derivative operators 6., 6F are defined as usual in each
direction by

Uit1,j — Ui-1,5 Uitl,j — Ui - Uij — Ui—15
(5) iy = »J J 5+“m — J J J J

2h ) h ) 63: Uj,5 = h B
and similarly in the y direction:

6)  Syuis = Wiyl — Uij—1 5 ui; = il = Uiy oo Uiy T Uil
UZJ - 2h ’ ul»] - h ’ Yy ulv] - h N

The centered second-order derivatives are

i1t Uizt = 2Uij e o Wig1 + i1~ 2
h? ’ '

(7) S2ui g = yWi.j 12

The five-point Laplacian is

_ g2 o, _ Witlj tUim1g Ui+ U1 — A
(8) Ahui,j = (Smui,j + 6yui7j = h2 .
The crossed derivative operators 6wy, 0yys Oy are
Uit 1,541 — Uit1,j — Ui 541 T Usj
+ oo+ _ Wit1,5+1 i+1,7 7,7+1 1,]
(9) 6 ui,j =616 Ui,j = h2 5
_ e U j — Ui j—1 — Ui—1,5 F Uj—1,5-1
(10) 6myui>j = 6m 6y ui,j = hQ ?
Uit 1,541 — Ui—1,41 — Uit1,5—1 T Ui—1,5—1
It is easy to check that
202
(12) 6$6yum 6Ty5wui7j.

The L2 space is the space of sequences u; j, 0 < 7,7 < N. Lh o is the subspace of
Ui j Wlth zero boundary conditions u; ; = 0 for i € {0, N} or j € {0, N}. The scalar
product on Lh70 is

N—-1
(13) (U,U)h = h2 Z ui’jvi,j,

i,j=1
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with the corresponding norm

(14) uh = {12 Nzlwi,j)z}m.

ij=1

Furthermore, we denote by 1,21 the space of sequences u;, 0 < i < N, and by 1%70 the
subspace of sequences with zero boundary conditions. The scalar product and the
norm on I , are

N—1 N-1 1/2
(15) (u,v)h:hZuivi, lul? = {hZu?} .

i=1 i=1
We also define the discrete infinity norm

(16) [t]oo,n, = max |u;].

We skip the proof of the following lemma, which states the discrete integration
by parts in Lio for the operators 6, 62. For each grid function u € L%MO, we denote
the one-dimensional column vector w/ = [uj j,uz ;,.. ., uN_Lj]T, 1<j<N-1

LEMMA 2.1 (discrete integration by parts). For any u,v € Li21,07 we have
(17) (i) (83w, v)n = —(u, 6;0)n;
(18) (i) (6%u,v)p = — (6 u, 65 v) = — (6, u, 6, 0)p.

Note that in (17), (18), the finite difference operators are extended to the points
i=0,7= N by
(19) (S;tUQ = (5fuN = 0, 6§UQ = (ﬁu]\/ =0.
Observe that this assumption is only for notational convenience, in order to have
formally 6Fu,6%u € Li,0~ Results similar to (17), (18) in the y direction are ob-
tained by substituting the subscript y to the subscript . The following lemma is the
counterpart of the Poincaré inequality at the discrete level.

LEMMA 2.2 (discrete Poincaré inequality). For all u € Lj, o and any 1 < j <
N -1,
(20) w1, < 2|65 |-

COROLLARY 2.1. For allu € Lj ,,

1/2
(21) uln < V2[|8Fulf + 16, ulf]
Proof. For all u € l%ho, we have
N-1
(22) ulfp =h Y u.
io=1
Forall1 <ig <N —1,
io—1 io—1
’U,,?O = Z(Ui+1 — ui)(qu + UZ) = Z héz_uz(ul + (SU)Z)
i=0 i=0

< 206 ulp|uln,
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where (Su); = ujy1, 7 =0,...,N — 1. Therefore,

N—-1
(23) ulp =h > u? < 216 ulnluln,

0 —
io=1

which gives (20).
Now for all u € L%,,Ov we have

N-1 N-1
(24) ulp = h Y [ [h <20 |8 | fu),
Jo=1 Jo=1
N-1 1/2 ,N-1 1/2
< 2( > héjuj°|2> ( > huj°|2>
Jo=1 Jo=1

< 2|6 ulp|ulp.
In a similar way, we obtain in the y direction
(25) uf2 < 2087 ulluls.
Summing (24) and (25), we obtain (21). o
3. The Stephenson scheme in one dimension.

3.1. Design by collocation. Consider the one-dimensional biharmonic equa-
tion

u®(z) = f(x), 0<z<]l,
(26) {u(o) = u(1) = uz(0) = uz (1) = 0.

Suppose that at each node z; = jh, 0 < j < N, of a finite difference grid, there
are two unknowns u; and u, ; approximating, respectively, u(z;) and ug(x;), which
is referred to as a “mixed scheme.” The values u;, u; ; are solutions of the linear
system, designed by the following Galerkin collocation method. At each interior node
j, 1 <j <N —1, we consider a fourth-order polynomial, with domain [z;_1,Z41]

(27) Q) = ap + ar(z — ;) + az(x — ;) + az(z — 2;)® + as(x — ;)*.
The five coefficients a, k € {0, 1,2, 3,4}, are defined by the five collocation conditions
on the compact stencil {z;_1,2;,2;41} (see Figure 1):
(28) { Qzj—1) = uj-1, Qxj) =uj  Qzj11) = ujta,
Q'(xj-1) = vz j—1, Q'(xj11) = Uz jt1-

The five coefficients of the unique polynomial (27), solution of (28), are given by

ag = ’U,j,
3 1
ap = §5wuj — Z(uw,j—i-l + ux,j—l)a
1
(29) ay = Sau; — 5(5@«%);‘7
1 1
az = ﬁ(ér“j — Ug,j) 6(535“&?)37
1
Qaq M2 [(6xux)] 6ﬂcuj]
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h

Uj—1 Uj Ujg1
Uz,j—1 Uz j41
FIG. 1. Stephenson’s scheme for u(¥) = f: The finite difference operator 6§uj at point j is

QW (x;), where Q(x) € P*x;j_1,zj4+1] s defined by the five collocated values for uj—1, uj, wjt1,
Ug,j—1, Uz, j+1-

Now, since Q'(z;) = a1 and Q"' (z;) = 24ay, it is natural to define the following com-
pact scheme: find [ug,u1,...,un—1,UnN], [Ug,0, Uz 1, Us N—1, Uz N] € l,zl)o, which
solve

(a) (Prug)j = &puj, 1<j<N-—1,
(30) (b) 8%u; = f(z;), 1<j<N-1,
(€) up = uy = uz,0 = Ug,ny =0,

where the operators P, 62 are, respectively, defined in (31), (34).
For u € 1,2170, the operator P, is defined by

1 2 1 .
(31) (qu)j = éuj‘71 + guj + E’Uzj+1» 1<j<N-1.
P, will be referred to as the Simpson operator in the x direction, because the coef-
ficients in (30) are those of the Simpson quadrature formula over [z;_1,z;41]. Note
also that

hQ
(32) P.=1+ Eég.

We also note that the connection (30)(a) is already given in the classical book by
Collatz [6, Chap. III, Eq. 2.9]. We call S the discrete space of grid functions (u,u,) €
lho % 10

(33) S = {(u,um) € l%’o such that P,u, = (‘51u}.

In (30), we define the Stephenson discrete biharmonic to be the compact difference
operator given on S by

12 .
(34) 5iuj = ﬁ{(érugﬁ)J - (ﬁuj}, 1<j<N-1

This is a one-dimensional version of the original scheme proposed by Stephenson in
[19]. Note that for simplicity, we will refer in what follows to a grid function in S by
u € 8, meaning that it is the first component of a pair (u,u,) € S.

Remark. We note that the implicit scheme (30)(a) defining the grid function u, as
a function of u is exactly the one obtained in the piecewise cubic spline interpolation;
see, e.g., [18]. The classical question that occurs in spline interpolation about fixing
the two degrees of freedom u,, uy N at end points is here pointless, since they are
precisely given in (30)(c).
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3.2. Consistency. On a periodic grid, the order of consistency can be obtained
by a simple Taylor expansion at point x;. Equivalently, one can compute the symbol
of the operators. Recall that in the context of finite difference operators, we have
to use the semidiscrete Fourier transform; see, e.g., [20]. In practice, if the values of
the periodic grid function (u;) are represented by " then the symbol of the linear
operator Ly, is I, (€) defined by

(35) Lhuj = lh(«f)uj.

Furthermore, if I(§) is the symbol of L, then the order of consistency is given by the
greatest value p > 0 such that (see [20])

(36) In(§) = 1(&) = O(h").

Doing so, it is quite easy to verify that the Stephenson gradient is fourth-order accu-
rate and that the biharmonic operator (34) is as well. Indeed, we verify the following:
e The symbol of the discrete operator u, in (30)(a) is

1
(37) gn(€) = i€ — —=i€®h* + O(h°),
180
so that the order of accuracy with respect to the operator 9., whose symbol is i&, is
(38) gn(€) —i€ = O(h").
e The symbol of the discrete operator §3u in (34) is

1
d — 4 8h4 hG
(39) W) = €' 1+ O(K0),
so that the order of accuracy with respect to 95 is

(40) dn(€) — (i€)* = O(hY).

On a finite grid with homogeneous boundary conditions at the two ends, we have to
perform a more careful analysis, because the symbolic computation no longer holds
in this case.

LEMMA 3.1. Suppose that u(zx) is a regular function on [0,1]. Then the finite
difference gradient u, defined from the values u(x;), 0 < j < N, by (Ppug); = byu(x;)
has a truncation error (uy); — v’ (x;) of order four at each point z;. More precisely,

(41) |(ua)j — ' ()] < Ch*ul g 0,17
Proof. The Stephenson gradient u, is defined in the space l%,o by
(42) (Prug); = (bpu)j, 1<j<N-—-1,
where P, is the N — 1 x N — 1 matrix-operator acting on [}, ; as defined in (31), that

is,

2 1
2 19 .0
102 1
6 3 6
(43) P,=1 : U
1 2 1
0 5 3 &
1 2
0 5 3
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Consider a regular function u(x), differentiable as much as needed, and denote by v/,
"

o, ..., uP its derivatives. At each point zj, 1 < j < N—1, the Taylor formula gives

(we note ug-m) = ul™(z;))

(44) (S01) () = OB

6 J 2 5' [U(5) (5 ) + u(5) (51 )}

where & ; € |z;_1,2;[ and fffj € Joj,j41[. Similarly, there exist §, ; € |z;-1, 7],
{;j S }13]',{13]'4_1[ such that

h? _
(45) (63u)(25) = uff + o [u® (&) +u® (&)
We deduce that, applying (45) to v/,

2
,ula) — P () = Spul;) [u%xn n héiu'(x»]

h? K
=+ g+ 25|< Oer,) +u® (5U)>
h? h?
—[u3+6 <u§3)+ o[ (&) +u® (g )])}

= h4’l)j,
where the grid function v; is defined by

1

(46) Vi = o

(W) +u(Ery) - o (49 (65,) + uO(E).
Therefore, the grid function u € l%ho verifies the identity

(47) Spu(z;) — Potd () = h*v;.

On the other hand, u, € l%,o is defined by

(48) b.u — Ppugy = 0.

Subtracting (48) from (47), we obtain the identity in I ,

(49) u' —uy = h*P; o,

where v’ = [u/(x1), ..., (xn_1)]. Writing P, = I+ %269%, the inverse of P, is obtained
by the Neumann series

(50) Pt = i (— fﬁi)k,

which gives the estimate of |P; Yo 1,

Z h2* ZOO 2\"
—1 2k
(51) | |OO h < |6a: 0, h = (3) 3.

k=0
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Observe that the matrix-operator §2 above is defined at the near-boundary points
j=1,j=N—-1by

U — 2’UJ1

UN—2 — 2UN_1
(52) 65’11,1 = T, 6§UN_1 = T
We deduce now from (49) and (51) that
(53) 0 = tg|oon < PP oo n Vloon < CRAu® | oy, O

LEMMA 3.2. Suppose that u(x) is a reqular function on [0,1]. Then the Stephen-
son biharmonic operator 6% defined by (34) has a truncation error §2u —u™® of order
3/2 in the I} , norm,

(54) |5;LU - U(4)|h < Ch3/2(|u(6)|oo,[0,1] + |u(5)|<x>,[0,1])7
where the notation u™® stands for
(55) u® = [ (z1),...,uP(zn_1)] € lio.

Remark. The difference in accuracy between the periodic case and the nonperiodic
case is only due to the near-boundary points 1 and N — 1.

Proof. Recall that the finite difference biharmonic operator §% is the three-points
compact operator, expressed in terms of v and u, by

12
(56) Stu; = 72 [62uy — 82u].
Here, we handle the finite difference operators acting on one-dimensional grid func-
tions u = [ug,...,un—1], as N — 1 x N — 1 matrices; see [3]. We can rewrite (30)(a)
as

1 2
(57) Pou, = %Ku = bu € 1}, o,

where the antisymmetric matrix K = {K; » }1<im<n—1 is given by

o sgn(m —1), |m—i|=1,
(58) Him = {0, m— i £1,

and the operator ¢, is expressed as

1
(59) 6, = 5 K.
In matrix form, (57) is simply written as
(60) Poug = 6,u  or u, = P, 'é,u.
Using (34), the operator 62 can be rewritten in matrix form

12
h?
12

=52 [Pr1(6:)° + [6.P; " — Py 6] 6, — 62u).

6;1 = [536}3;161 - 6926]
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Applying the operator P,, we obtain, for all u € lh 0

12

(61) P[63u—u®] = = [(62)%u + [Pydy — 8, Py Py 6u — Ppd?u] — Pou = 0.

Note that in (60)—(61), we refer to P, as the symmetric positive definite matrix (see
(32)-(43)),

%, m = iv
(62) (Pz>i,m = %7 |m —i| =1,
0, |m—i|>2.

Clearly the commutator [P, K] = P,K — KP, is

1 s g
3 t=]= 17
(63) (P,K —KP);; =} %, i=j=N-1,
0 otherwise,

so that the commutator [Py, 8,] = o [Py, K] is

2h
6h° )
(64) Pby —0,Pp =4 &, i=j=N-1,
0 otherwise.

This means that the operators P, and 6, do not commute and that the nonzero
commutator values are restricted to points j =1 and j = N — 1.
Let us first evaluate (61) at points j = 2,3,..., N — 2.

12

12
R T Y 2 (OO

|: (SQ’LL] —+ 6:%’LLJ'+1 —+ 1§£Uj1:| }

2@ L@ 1w
[37 +6 J— 1+6 j+1

The first term on the right-hand side of (65) is

h? 2 12
(66) (62)%u; = uj + guyl) 3 h4 (6) + 88h »8) + Ch3u0(¢;).

Using (45) for evaluating 62u,, at m = j —1,j,j + 1, we find that P,6%u; in (65) is
2 1 1 1 4 22 6 86 8
(67) géiu] + géiu]q.l + Eéiuj_l = u;’ + 1h2u§ ) + ahflug ) + §h6u§ ) + hswj,

where |w;| < Clu*9 |, 0,1]. In addition, we have that the third line of the right-hand
side in (65) is

2@ L 1w

(68) 3J 6.]1 6J+1

_ @, 10 4
=u + chPu® + Ch',
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where |z;| < C|u® | [0,1]. Therefore, we have, for 2 < j < N —2,

12

(69) 73 [(82)%u = Potuy] — Pouf®| < OB ul®| o o1,

and this order is optimal. Consider now the truncation term for j = 1 (the computa-
tion is the same for j = N —1). We have

Since |uz,; — uj| < Ch4|u(5)\oo)[0,1], we have

Uy Ugp.2 — Ug
m o - 2 - ozt
o/ (x2) = (z0) | -
= o +v

h2
=" (z1) + Eu(‘l)(xl) + 0,

where ¥ stands for a generic term such that |9] < Ch3|u(5)|oo,[0,1]. In addition, we
have

h2
(72) (Eru) = "(@) + 5u (@) +w,
where
(73) w| < Ch*|ul9 o 10,17

Therefore (71), (73) show that the truncation error at the near-boundary point z; is

12 .
(74) 3 [(62uz)1 — (82u)1] — ul® (1) = t1, with [t1] < Chlu®| o).

We deduce from (61), (69), (74) that the truncation error e = 6§2u—u® is the solution
of the linear system

(75) Pye=v, veligecli,,

where P, is the matrix

1 0 0 0
1 2 1

B 5 3 & 0

1 2 1

0 § 3 &

0 0 0 1

and v is such that

(77)  Joilsfon-a| < Chu® | oa; [vj] < CAMu® | o1y =2, N =2,

)

By Gerschgorin’s theorem, ?;1 is a bounded matrix independent of h; therefore
e=P,

1.
» U is such that

(78) le[n < Clvln,
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where
N—-2

(79) [v]? < Ch <2h2 +> hg) < Ch®.
j=2

Taking the square root in (79), we obtain (54) (using the weaker estimate |v;| <
Ch?[ul®| [o.1] at interior points). 0

Remark. Note that the error at the interior points is fourth order and that the
h3/2 error is fully due to the loss of accuracy at the two boundary points j = 1,
j=N-1.

3.3. Interpretation with finite elements. In this section, we establish the fi-
nite element counterpart of scheme (30). This allows us to obtain in a simple way the
stability of the Stephenson finite difference operator 62. To each grid function v € 12 ,
we match the function vy (z) defined by vp(x;) = v;, in the finite element space
Pclo, the space of continuous functions, piecewise linear in each interval [z}, z;j41],
j=0,...,N -1, and such that vp(zo) = vp(xn) = 0. Clearly, it is an isomorphism
between l h,o and P ! o- In addition, starting with v € I} (0, We introduce the two piece-
wise constant functlonb Uy, and vy, 5, defined in each interval K ; j+1/2 =i, 1] by

_ Vi + V41 V41 — Uj
(80) Un g2 = S5 Unagiije = <o
An important aspect of using P1O in the study of finite difference schemes is that
it allows one to streamline analytic operations like integration by parts or averaged
quantities over intervals K; 12 = [z, 2;41]. The L?[0,1] scalar product is denoted by

1
(s1) (o) = | plapia)da.
Writing the representation of uy () in Kji1/2 as (24172 = 3(xj41 + 25)),

(82) Uh(x)\Kjﬂ/z = Up,jr1/2 T uh,x,j+1/2($ - $j+1/2)7

we can compare different scalar products for (.,.), and in L?(0,1) as follows.
LEMMA 3.3. For any u,v € 1%70, let up(x),vn(x) € Py be the corresponding
finite element functions. Then we have

. h? h?
(83) (i) (u,v)n = (up,vn)+ E(uh,ma’uh,x) = (Qp,Tn) + Z(Uh,zvvh,z);

(84) (ii) (bpu,v)n = (Un,z,Vn);
(85) (iii) (62u,v)n = — (6w, 85 v)p = —(6;u, 6, v)n = —(Un.z, Vn.z) (see (18)).

Proof. The proof is an elementary computation resulting from the piecewise
linearity of uy(x) in each Kji1/2 = [, x;41] given by (82). In fact, it clearly suffices
to check that (83), (84), (85) hold for up, = ¢k, v = ©m, where (@) is a basis of
PclO |

Let (u,u,) € S. Since u, € lh o, it has a matching function p; € PC o- On the
other hand, we have the piecewise constant function up . The connection between
these two functions is given by the following lemma.
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LEMMA 3.4. (i) Let u € S with grid gradient u, € l%’o. Then the finite element
function pp(z) € Pcl,o corresponding to u, is the orthogonal projection of the piecewise
constant function up , onto Pcl)o. In other words, it is the unique solution py € Pcl,o

of
(86) (pr,an) = (unz,an)  Vau € Ply.

In addition, we have, with qp, € Pcl,o corresponding to q € Z%L,o’

(87) (quaca Q)h = (pha Qh) = (ua:a qu)h~

(ii) Let u,v € S and let (un,pn), (vn,qn) € Pty x Ply be the matching finite
element functions. Then the bilinear form (.;.)p defined on & x S by

12
(88) (u,v)p = (83u,v)p = ﬁ(uh,x — Phy Ve — qn) = (u,6530)p
is a scalar product on S X S.
(iil) Translated in terms of finite difference operators, (88) is

(89)

hu%j-i-l — Uzj Vzjt+l — Vz,j

h h
N-—-1
12 Ujir1 —uU; 1 viy1 —v; 1
=D h[ﬁh] = 5 (U + ua:,j+1)} [ﬁh] = 5 (0nj g1
=0

Proof. (i) The discrete gradient u, € liO is defined by
(90) [qux]j =6,uj, 1<j<N-1,

where P, is the Simpson operator given in (31). Equation (90) is equivalent to

1
(9]-) (uzvq)h + 6h2(6g23uz7 Q)h = (5zU»(I)h Vq € l}27,,0'
Taking any ¢ € 1,2170 and the pp, corresponding to u, € 1,21707 and using (83), (84), and
(85), we can rewrite (91) as

2

h
(Uh,zs qn) = (02, @)n = (Ug, @)n + F(éiuwvfnh
h? h?
= (pha qh) + E(ph,xa qh,z> - E(ph,:m qh,a:)

= (phu Qh)7

which gives (86). The symmetry of P, is clear from the definition; see (31), (62). In
addition, we have

(92) (Prugz, Q)n = (02w, @) = (Uh,z, qn) = (Dhsqn),

which proves (87).
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(ii) The Stephenson biharmonic operator is (see (34))

12
(93) 6§u] = m{(é,;uw)J — 5925’“]}
We have
12 12
(94) (&fiuvv)h = ﬁ [(ph,zavh) + (Uh,z,vh,x)] = ﬁ(vh,muh,x - ph)~

Subtracting (gp, up,e — pr) = 0 from (94), we deduce

(95) (u, v)p = (63u,v)n = %(U}zw — Phs Vh,e — Gh)-
We verify now that (u, u)}/Q isanormonS. (u,u)p = 01is equivalent to |up o —pn| = 0.
Therefore the piecewise affine function p;, € PCI’O is actually piecewise constant. Since
it vanishes at x = 0 and is continuous at any x;, we have p; = 0, which is up , = 0.
Therefore wuy, is piecewise constant as well. Since up,(0) = 0 we have also uy, = 0.
Finally, we prove (89). Recall that for any ¢ € Pcljo, the difference g, — G, is
orthogonal to piecewise constant functions. Thus, replacing in (95) pn, qn by Dy, Gy,

respectively, and noting (see (83)) that

2

(96) (pha qh) = (pthh) + E(ph,:m qh,m)u
we get

12 _ _
(97) (u,v)n = (Ph,z> Gh,e) + ﬁ(uh,z — DhsVhe — qn),
which gives (89) using (80). d

Remarks. The result of Lemma 3.4(ii) gives the uniqueness of the discrete solution
of scheme (30).

The following lemma states the discrete counterpart of the equivalence of

(i) |ug| and ||u|| g, for u € HE;

(i) |uze| and |jull g, for u € HE.

LEMMA 3.5. There exist constants C, C', C" independent of h such that for any
grid function u € S,

(98) () |un| < |ulp < Cl6Fulp = Clunz| (Poincaré inequality);
(99) (i) 16 uln < O u;
(100) (iid) |6} ualn < C"(u,u),/>.

Proof. Inequality (i) is simply the Poincaré inequality (21) in the one-dimensional
setting, reformulated with the finite element notation. Inequality (iii) follows directly
from (97) since 6} u, = pp ., as piecewise constant functions.

For (ii), we use the notation p for the grid function u, and, as before, denote by
up, pn the Pcl,o functions associated with u, p, respectively. In view of (86), we have

2

(101) 6 ulf = |uno® = (unz — prune — pr) + (Ph, D)

2

h
= ﬁ(uvwh + |pnl?,
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where in the second equality we have used (95). Now, applying the Poincaré inequality
(98) to p instead of u, we get

(102) pnl* < G261 pli < C*(C")*(u, u)n,

where in the last inequality we have used (100). Inserting this inequality in (101), we
obtain (99) with C' = CC". 0

Remarks. 1. We know that |ugz|o,[0,1] is @ norm on the Sobolev space HZ. We
may wonder if, at the discrete level, |65 uz|n = [ph,elo,j0,1] is a norm on S. Actually it
is a norm only if the number of points IV is an even integer. We have that pj , = 0
implies py, = 0. But the relation P,u, = 6,u implies only é,u = 0, which gives u =0
only if NV is an even integer.

2. For other finite difference schemes for the biharmonic problem and their link
with the finite element method, we refer to the book by Li, Chen, and Wu [16].

3.4. Convergence of the Stephenson scheme. We derive now the following
convergence result

ProprosITION 3.1. Let U be the Pcl,o Lagrange interpolate of the exact solution
u(zx) of (26) and @ the discrete solution of (30). Then the following error estimate

holds in the mesh dependent norm (0, 17),1/2,

(103) (U —-a,U - ﬁ);l/z < Ch3/2(|f"|oo,[o,1] + 1 ls0,0,1) 5

where the constant C' is independent of h.
Proof. We estimate as usual the error by the sum of the approximation error and

of the consistency error. Here, we work with the discrete norm (., ),11/ 2, so that there
is no approximation error. We have

Ui
(104) U—aU—a)?= sup T_LUn “;;’gh
5€8,0£0 (0, 0),

For the numerator on the right-hand side of (104),

2

-1

(105) (U—0,0)p = (65U —a),0)n=h Y (52U; — ;)0

(]

j=1
Therefore, in view of Lemma 3.2,

(106) (U = @, 0)n| < 163U = fInl0]n
< Ch3/2|5\h(|fﬂ|oo,[o,1] + 1 ls0,0,1) -

Using the fact that 9], < C(9, 17),1/2 (see (99), (100)), we find that

(107) (U — @, 3)n] < CR*2(8,8)/* (I |oorto,1] + 1 |oo,f0,11)

which gives the result. |
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4. The Stephenson scheme in two dimensions.

4.1. The compact biharmonic scheme of Stephenson. We consider in this
section the biharmonic problem in a square Q = ]0, 1[*:

Opu(x,y) + Oyu(x,y) + 207, u(z,y) = f(z,y), (z,y)€Q,

Au(z,y) =
9 0 on 9N.

(108) {

872 =
For any f € L%*(Q), problem (108) has a unique solution u € HZ(£). Its discrete
version, using the Stephenson scheme, is to find a solution u; ; € L%w to the equation
(109) A%ui,j :f(xiayj)a 1 Sll’?.] SN_L

Uij = Ugij = Uy,; =0 for{i,j} € {0, N}.
The Stephenson biharmonic operator A? is defined by
(110) A}Qluid' = (5ium + (5;ui7j + 2555;1@7]’.

For any u € L}, , the grid gradient (us,uy,) € (L], )* is defined by

(111) { Pmum,l,j 6zuz,J7 1 >%) > N 17

Pyuy ;5 = oyu; 5, 1<4,j <N -1,

where P,, P, are the Simpson operators (see (31)),

1
P, = Id+ ~h?*82,
(112) ¢

2¢2
P, = Id+ Zh%,

The one-dimensional operators §2u; ;, 6gui1j are given as functions of u, uy, u, by

12 12
(113) Spuij = 72 (6210 )iy — (62u)is], yus; = ﬁ[(%uy)i,j — (65u)i 4]

For the convenience of the reader, we recall briefly how the operator A% has been
originally derived by Stephenson [19]. At each point (z;,y;) of the grid, 0 <4,j < N,
are attached the three unknowns w; ;, Uz i ;, uy,i,; as well as a fourth-order polynomial
P, ;, simply denoted P(z,y),

(114) P(I7y) = Z al,m,xlyma
zlymey
where the monomial set V is
(115) V={l,zy2% " ay 2 2%y, xy’, v, 2", %%y}, #V =13

The 13 coefficients a;,,, are uniquely determined by the following collocation condi-
tions (see Figure 2):

e 9 collocations for u; ,, at points (x;, y,,) for I € {i —1,4,3+ 1},
me{j—1,5,7+1}.

e 2 collocations for uy ; m at points (-1, %), (Tit1,Yi,j)-

e 2 collocations for uy,; », at points (i j, ¥i j+1), (Tij,Yij—1)-

(116)
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The collocation system gives a 13 x 13 linear system which can be solved explicitly.
The result is given by [19].
LEMMA 4.1. Denoting by &, O, and &' the finite difference operators

Quij = Ui—1,j + Uit1,5 + Ui j41 + Ui j—1,
(117) Duij = tig1,j41 + ig1,j-1 + Uim1,j-1 + Uiz, 541,
I
QMg = Ugi1,j = Uar,i1,5 F Uyij+1 = Uy,ij—1,

the 13 coefficients a;m of P(z,y) at point (x;,y;) uniquely determined by the 13
conditions (116) are

(118)
0,0 = Uq,j,

1 1
a1,0 = 50sUi; — i(ux,m,j +Uzi-15), @01 = 30y — Z(“ymj-&-l + Uy,ij-1),
1 1
P 2 PP — .. e 2 PP — .. e ..
, 2z Wi,j 2(596“%)%]’ o2 = 6y“w 2<5y“y)w’ a1,1 = Oaylij,
1 1

_ 2 o 2

a0 = £ (8zua)ij, a0z = 5(8yuy)ij,

1 1
a1 = 5@3%”)@1‘» aip = 5(5553:U)i,j»

1

0 = G

1
[(62ti)ij — O2uij],  aos = o [(6yuy )iy — Opui j],

1
a2 = Z(éiéiu)i,j~

The gradient of P(z,y) at (z,y;) is (0 P(ws,y;), 0y P(xi,y;)) = (a1,0,a0,1)-
Defining s ;; = Po(i,y;), Uys; = Py(xi,y;), we obtain (111). Furthermore the
operators &4, 63 are defined by

6;1111 i = 8§P($z, y) = 24@4 0,
(119) { ! ! ’

63’&1‘73‘ = 8§P(xz,yj) = 240,074,
which is (113). Finally the operator AZu; ; is defined by AZu; ; = AP (z;,y;) =

24a4,0+8ag2 +24a0, 4, which is (110). Furthermore, by expanding the finite difference
operators, we find the following expression for the biharmonic operator AZ%:

1
4{56%',3' — 16 w1y + i1 + Ui+ i)

2
Aju;j = 3

+ 2[ui+1,j+1 + U141 U151+ Ui+1,j71]
+ 6 [ (ue)it1,; — (ue)i-1,; + (ty)ije1 — (uy)ij—1] }

For alternative schemes for (108), see [19, 1].

4.2. Consistency and convergence for the elliptic operator. The order of
consistency is deduced from the consistency in the one-dimensional case.
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Uy,i,j+1
Uie1,j+1 Ui j41 Uit1,j+1
Uz,i-1,j Uz,i+1,j
Ui—1,j Ui, Uit1,j
h
Uy,ij—1
Ui-1,j-1 Ui, j—1 Uit1,j-1
h

FIG. 2. Stephenson’s scheme for A2u = f: The finite difference operator A%Lum- at point (z,7)
is AZu;; = A2Q(wi,y;), where Q(z,y) € P35([mi—1,®it1] X [yj—1,yj+1]) is defined by the 13
collocated values on the picture.

LEMMA 4.2. Let u be continuously differentiable up to sixth order in Q and
suppose that it vanishes, along with its gradient on 0. Then the truncation grid
function e = Aju(ws,y;) — APu(wi, y;) € L satisfies

(120) leln < Ch*2|Julls o0

where ||ul|¢,00 18

ulsoo = Y 102105 uloc,j0,112-
0<a1+a2<6
Proof. We have
(121) |ARu — A%l < [6pu — Oquln + [6u — Oyuln + 2|6267u — 0702 ul .

Using the consistency result (54) row by row and column by column we obtain

(122) |63 — 02l < Ch3/2(10%u] oo (0,172 + 102Ul o 0,112+

(123) |53u - 8;u|h S Ch3/2(|85u|007[071]2 =+ |8§u|m,[071]2).
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The consistency for the mixed term is deduced from (45):

x

(124) 62620 — 0207 uln < Ch2< > |a§13;‘2u|oo7[071]2>. O

(X1+042=6

In order to carry out convergence analysis, we need to develop discrete ana-
logues of the basic differential estimates, as in the one-dimensional case of section 3.
We do this in the framework of a suitable “finite element” space, namely, the Q!
space of continuous functions in 2 satisfying the following condition: In every cell
Kii1/2,541/2 = [Ti, zig1] ¥ [y;,y;j+1], they are linear (separately) in z,y. Otherwise
stated, it is (in every cell) in Span(1, x,y, zy). The subspace of interest to us is Q! ,,
consisting of functions (in Q!) vanishing on 9. It is clear how to match an element
up € Q;O to a given u € Li,oi we simply take the function ag + a1x + a2y + aszxy,
which interpolates the four values w; j, Uit1 5, Wi j+1, Uit1,j+1. Since up(x,y) is linear
in z (resp., in y) for every fixed value of y (resp., of z), we can in particular treat the
function u(z;,y;), for every fixed j, as a function of z; in l}%,o and then associate with
it the functions u, in [j ; (see (30)) and up, ps, their associated P}, functions.

Note that these functions are determined for each fixed value of y;. In the same
way, we define the piecewise constant in [z}, z;11] function up (., y;). We define also
the analogous functions in the y direction. Finally, uy 4, is the piecewise (in cells)
constant function given by the coefficient a3 above. We now equip an with two
scalar products. Each of them corresponds to an L?(0,1) product in one direction
(i.e., the function is regarded as an element of Pcl,o in that direction), followed by an
l%,o product in the other direction. They are given by

(Uh, Uh)x =h Zj\f:_ll (uh('a yj)7 Uh('7 yj))L2(0,1)7

(125)
(un,von)? = h Y20 (un (i, ), v (i, ) 12(0,1) -

The link between the grid scalar product (u,v)y on L,%,O and the two scalar products
(up,vp)®, (un,vp)? is given by (see (83))

h2

(126) (u,v)n = (un,vn)* + E(uhmvhw)x’
h2

(127) (u, ) = (un,vn)? + g( h,yavh,y)y-

As in the one-dimensional case (see (33)), we introduce here a space S consisting of
triples (u, ug, uy) € L}%pv where u,,u, are related to u by (111). For brevity, we shall
sometimes refer to the triple simply by v € S. As in the one-dimensional case (see
Lemma 3.4), we have the following result.

LEmMMA 4.3. Let w € §. Let pp,qn € Q};,o correspond to Uz, Uy, respectively.
Then they are the projections of un z, uny in the following sense:

(128) (Pryvn)* = (Un,z,vn)"s (qn,vn)? = (Un,y, vn)Y Yon € QL.
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Proof. For each 1 < jo < N — 1, it results from (86) that

N—-1
(Ph,vn)" h (- ¥3))1200,1)

Zm
|
LL

=h ) (une(y5),vn(Y5))L2(0,1)
i
= (up,

Il
_

”Uh) .

B

Therefore, the function p; € Q} , matching u, € Lj , is the unique solution of

(129) (pr,vn)*™ = (Ung,vn)"  You € QL.

The proof is the same for uy, 4. ad

We summarize in the following proposition the basic properties of the discrete
operator A%L. As in the one-dimensional case, that operator gives rise to a positive
definite bilinear form.

PROPOSITION 4.1. (i) Let (u, ug, uy), (v, v5,vy) €S, and let (up, ph, qn), (Vn, Thy 21)
be their matches, respectively, in Qi,o' Then the discrete biharmonic operator A,zl de-
fined by

(130) Aiui,j = 6;1.111‘7]‘ + 6;11%,]‘ + 262.55“1'7]', 1<, <N—-1,
induces a scalar product (u,v), = (AZu,v), on S x S defined by

12 12
(u,v)p = (Afu,v), = ﬁ(uh,z — PhyVhz —Th)° + 72

(131) +2(Un, 2y, Vh,ey)-

(Wh,y — qh,Vny — 21)Y

In particular, the discrete operator A%L s symmetric positive definite on S.
(ii) In terms of the basic finite difference operators, the product (u,v)y is given
by

(132)  (Afu,v)n = (65 Ua, 65 ve)n + (6, uy, 5,0y + 2(85 6, u, 656 v)n

7zy

12 1 1
Oiu— = (g + Upit1,), 050 — = (Ve + Vg ig1,5)
2 2 .

12 1 1
h2 <5+ 5 (’LLy + uy,i,j+1)7 6;'_1) — §(ﬂy + Uy’i’j+1)> .
h

(iii) We have the two following coercivity properties of the mnorm (u,u), =
(Afu, u)p:

(133) (u,u)h > C[I‘S:uwﬁ + |6;uy|i + |5;uy|i + |6;_uw|}2l}
and
(134) (u,u)/* > C'ul,

where C, C' are constants independent of h.
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Proof. (i) By (130), we have

(135) (AZu,v), = (63u,v), + (6;1% V)p +2 (6%6511, V) -
(I (11) (III)

We consider separately each term (I), (II), (III). For the term (I), we have

S =S (stut5). 00

j=1 h

N (12
- hz {fﬂ(uh’l(’yj) _phavh,w('7yj) - Th('vyj)}
j=1

12
= ﬁ(uh,z — Dhy Vb — )"

In the same way

12
(136) (6;111,, ’U)h = ﬁ(uhvy — Q4h, ’Uh7y — Zh)y.
For (III), we just note that
(137) (692665117 V) = (6;‘6;11, 62‘(5;u)h = (Uh,zy> Vh,ay)-

Consider now the positive-definiteness of (131). Suppose that (AZu,u) = 0. Then
pr(.,y;) is constant and continuous and is zero at the end points; therefore p, = 0.

The same result holds for g, and u;. We conclude that <u,u>i/2 = (Aiu,u)i/g is a
norm in S.

(ii) Translating (131) in term of finite difference operators, we obtain (132), as in
(89).

(iil) It results from (132) that
(138) (Afu,u)n = (8 ualf + 16y uy |7 + 2165 85 ul.

For the mixed term &, 6, u, we will show next that

1
(139) 6565 uln = S16Fuy o

Indeed

+0,. St
(Sy Uit1,j 5y U, 5

Using 6;‘ui’j =0y u; ; + %65111»,3» and the definition of P, (see (112)), we deduce

Oyt i — Oyl i 1
86, ui ;= W + 5 (6w — gui ]
1 h 2 2 1 2 2
= < [uyit1y — uyig] + 5 [65uy.it1 — Oyuy.ij] + 3 [Souig1j — 67ui )

h

h? 1
= 5:uy7i7j -+ Fé;éjuyym -+ 5h(§56iu17]
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In addition, using the definition of 62 we have

4
(141) |655;uy| = ﬁw;uﬂh
and

2
(142) 8265l < 155 8 uln,

Therefore, we have

h? h
1626 uln > 63 uyln — g|5§5;ruy|h - §|5§5§{U|h

2
> ‘6;ruy|h - §|5;uy|h - ‘63Jcr6y+u|hv

which gives finally 2|66 ul, > £]6Fuy|n, or equivalently (139). We proceed in the
same way in proving the symmetric estimate

1
(143) 665 uln > <165 ualn

Finally, the last coercivity inequality (134) is obtained starting from
(144) (65 ulh, = (lune|*)?

and following along the same lines as in the proof of (99) in Lemma 3.5. O

We conclude this section with the following error estimate.

PROPOSITION 4.2. Let U be the Q:;O Lagrange interpolation of the exact solution
u(x) of (108) and @ the discrete solution of (109). Then there exists a constant C
independent of h such that

(145) (U —a,U—a)/2 <Ch¥? 3" (00105 ul o o112

a1+az<6

Proof. The proof follows along the same lines as the one of Proposition 3.1. We
use in particular (134). o

5. A Stephenson-based compact scheme for the streamfunction formu-
lation of the Navier—Stokes equations. The pure streamfunction form of the
Navier—Stokes equation is

(146) DAY = —V1ip - V(AY) + vA%y.

The streamfunction was introduced already by Lagrange; see [15, Chap. IV]. For
simplicity, we deal only with the “no-slip” boundary condition, namely, the velocity
vanishes on the boundary. This implies that we seek the streamfunction ¢ € H?,
(see [3] for a full discussion of the functional space for ¢). The notation is as follows.
We denote by 9; ; € L%,o a grid function and by vz ; j, ¥y, € L,QL0 the Stephenson
gradient defined by

(147) P:L"(/}m = 6z1/]a way = 6?41/}’
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where the interpolation operators P, P, are (see (112))

1 2 1 1 2 1
(148) Ppipy; = 61/%71@ + gl/h',j + éwi+1,j7 Py = 6%‘,%1 + 5%‘,;‘ + gwi,frl-

The discrete gradient V1 is defined as the pair of the discrete functions (¢, 1) and
the discrete velocity is defined as the discrete curl of the streamfunction in the sense

(149) Victig =Usj = [uij,vig] = [ =¥y ¥eig).
The discrete Laplacian is defined by the standard five-points formula
(150) Apij = 6305 + 6ot 5.

The discrete Stephenson biharmonic A? introduced in (109) is

(151) Ajuij = quij + Syuij + 2626005, 1<i,j<N-1

z%

A? is a nine point operator acting at every point (i, ) interior to the domain. The
semidiscrete scheme associated with (146) consists in finding ¢ (t) € L,QZ_’O, which sat-
isfies the evolution equation

(152) AR = =V - (ARVath) + vAZ Y,
with initial condition

(153) i,;(0) = (o) (@i, y)-

Note that in (152) and in what follows we use pointwise multiplication of functions in
L o i€, (u-v)ij = u; jvi . We denote by e(t) = (t) — ¢(t) the difference between
the computed and exact solutions. The exact solution verifies

(154) OApy = —Virp - [AVA(Y)] + vALY + F,

where F' is the truncation error of the scheme depending on the regularity of the exact
solution. We call U and U the discrete velocities associated to ¥, Y by

(155) U= (—%,%-)7 (7 = (_Jyvzzx)

Recall that in (155), the z and y subscripts stand for the discrete derivatives defined
n (147). In particular, 1,1, are not the values of the exact derivatives of ¢». The
error e(t) evolves according to

(156) Olne —vife = ~[U- Ay, y) = U A y)] = F
The right-hand side of (156) is decomposed into four terms:
(O - A (o) = U - Ao, )] + F = (U= U) - An[(§ = ) (6 = )]

+ (U =U) - A [(80, 0]
+U - Ap[(§ = )a, (6 = ¥)y] + F
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Taking the h scalar product with e(t), we obtain

(157)  (8:Anen, —vAZe e)y < (@ = )y (0 = ¥)y], )
— (U =U) An(ha,by),€),,
QfAhw ) — )], )

Fe

h

h

We denote the four terms of the right-hand side by Jy, Js, J3, Js:

U~ U) B0 =)o, (0 = $)ye),,
( U—=U)- Dn(hs,y)s€),s
Ty = (U An(d =), (b —)y.€),,
(
We estimate separately the four terms Jy, Jo, J3, Jy.

Term J;. The term J; is

(158) Ji=((U~U) An(es ey),e),.
We have
(159) U-U=[-@—1)y 1)) = (—ey.ea),

where the subscripts « and y are the Stephenson derivation operators. Therefore
Ji1 = (((7 —U) - Ap(es, ey), e)h = (—ey(62es + 65%) + ex(82e, + 5§ey),e)

= (— ey(éiea: + 65635), e)h + (e$(5§ey + 6§ey), e)h

h

—(62e,, eey)h - (65%, eey)h + (82ey, eex)h + (5263,, eex)h
= (67 e, 6;‘(eey))h + (6 ea, 6;‘(eey))h
—(6:ey,§j(ee$))h — (6;'ey,6;'(ee$))h.

In order to formulate a discrete Leibniz rule for w, z € Lj,  we use the “shift operators”
(Sew)i; = Wit1,5, (Syz)i; = zij+1. In terms of these operators we have

(160) 55 (w) = (Sew)i g6z + 265w
which is quite easy to verify. Using (160), we expand J; in the sum of eight terms:
= (67 €a, (Szey)iéy e ) + (8 ea, e ey)
+(6, ez, (Syey)i 0, € ) + (6F )
— (63 ey, (Sze)i;63 ) (67 ey, ed7ex)
5 )

—(5;ey,(5ye$ 1.0y ) (

h

+
€z €0, ey),

h

+
€y, €0, €z), .
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There is a cancellation of terms 2 and 6 on one hand, and 4 and 8 on the other hand,
so that

Ji = (87 €a, (Swey)éje)h + (5;%7 (Syey)égje)h
+(6F ey, (Scex)ore), + (6,5 ey, (Syex)d e), .

We now observe that if § € Li,m then [0]oo,, < +0]n. We can therefore estimate .J;
as follows:

|J1| = |((ﬁ— U)- Ah(ewey)ve)h’

1
< 5“5;;6:8@ + |6;ex|}27, + |6x+-ey|i21 + |5;ey‘i]+ 1e [|(€xv ey) io,h(lfﬁ-@li + |5;re|i)]
C 2
< ell6Feuly + 18 ealf + 162 ey + 185 eyl + o 153l + 155 l3]”

where in the last step we have used (51) to estimate |ez]oon < C|6)€|oo,n and

leyloon < Cl6,f eloo,n With a constant independent of h. The factor ¢ > 0 will be
specified later.

Term Js. The term Js is estimated by (C is a generic constant)
(161) o] = [((U = U) - Ap(the, ), €),| < C[[T = UR + [el7].

We have used that Ay (s, ,) is the discrete operator Ay, composed by the Stephen-
son gradient applied to the exact solution, and is bounded if the exact solution is
sufficiently regular. In addition, using the fact that U — U = [ — (¢, — tby), by — U],
we have

(162) U= U} = leals + eyl
Furthermore, we have, in view of (60), (78),
(163) lealn < CloSeln, leyln < Cl8,eln,
and, due to the Poincaré inequality (21), we deduce
(164) [T < C[I87elf, + 18, el3]-
Term Js. We have
J3 = [U . Ah(ex,ey),e}h = (uéiem,e)h + (uéiez,e)h

Js,1 Js,2

+ (v82e,,e)p + (véiey, e -

J3,3 J3,4
We have

165 J31 = (ubley,e)p, = (62eq,ue)p = —[6F ey, 61 (ue)], .
) T T T T h

Using (160), the term Js 1 is estimated by
[ J3,1] = [[67 €x, 63 (ue)],, < 167 €xln]&) (ue)ln
< 167 exln [|(Seu)i 67 el + |edy uln)

<163 €aln [Juloo,n ]85 €l + 183 uloo,n

eln].
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Therefore, using the Poincaré inequality (21), the term Js 1 is estimated by
|31 < max [[ufoo,n 6 oo, n] [€|5+em’h + (165 eln + leln) }

C
< (65 o) et + S o5l + b
Using the same principle in the y direction, we obtain for the term J3»
(166)
c
[l = 03, | < ol 65 ) e el + S5 el + 65
Therefore, with m(u) = max [|u|oo,n, [0 tloo,n, [6; Uloo,n], the estimate for the term
J31+ J32 s
(167)
C
g + Jaal < | Jaal + Lnal < m(w)|e{l8Feslf + 165t} + S{1sgelt + 5z} |

Treating the term Js 3 + Js 4 in the same way, we obtain
(168)
c
[aat Jaal < aal + sl < mo) et +Io7ey ) + Sl + 157l

The estimate for the term J3 is finally, with M (u, v) = max(m(u), m(v)),

(169)
| J3| < M (u,v) {|6+ew|h + |6+ew|h + |65 eyl + |5+€y|h} + 7{|6+€|h + 5+€|h}}

Term Jy. The term J; is the truncation error and is of order 3/2 (in the | - |
norm) in view of Lemmas 3.1 and 4.2. For any time T > 0, the term Jy is estimated
by

(170) il < O(T) el < O(T)[163el} + |87 el} + 1],

where C(T) is a constant depending only on T' > 0 and on the regularity of the exact
solution ¥(t) on [0,T].

Turning back to (157), we have, on [0, Tp],
( 0 Ape e> v(AZe,e), = Ld {|65e|? + |5+e| }—v(Ale,e)
h h 5 h i h
ot . 2 dt
=—J1—J2—J3—Jy,

or

1d

5 dt{|§+ e|z + |6+e|h} Ji 4+ Jo+ T3+ Jy—v(Ade,e)y
< |+ | 2| + [ Js] 4 [Ja] — v(Afe, €)n
< ||+ | 2] + [ Js] + | 4]

—Cv[|8Fealn + |67 eylh + 165 ey 7 + 16, eali],
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where in the last inequality we have used the coercivity property (133). Collecting the
terms of the form |6 e, |7 + |6, e, |7 + |6 ey |7 + 16, ex|7, which appear in the estimates
for Ji, Jo, J3, Jy, and selecting € > 0 sufficiently small, we find that these terms are
absorbed in the right-hand side of the last inequality. We are therefore left with the
estimate

d 1
(171) {16 el} +167 et} < ClI67el} + 165 ei] |1+ 55 (6Felt + 65 elf) | +C'h,

where C, C’" depend on the exact solution 1) and on the viscosity coefficient v but not
on h. _

In order to prove convergence of the approximate solution v to the exact solution
1 using (171), we proceed as follows. We use the fact that at ¢ = 0 the error e = 0 to
prove an estimate for |6 e[, + |6,f e[ up to any given time 7' > 0.

THEOREM 5.1. Let T > 0. Then there exist constants C,hg > 0, depending
possibly on T, v, and the exact solution v, such that, for all0 <t < T,

(172) |65 eli 4+ 16, eli < Ch®, 0 < h < ho.

Using Corollary 2.1, we obtain a 3/2 convergence rate in the discrete L? norm.

Proof. Fix some K > 0. Observe that at ¢t = 0 we have e = 0; hence also
6fe=06Fe=0 (at t = 0). Thus, taking h > 0, there exists a time 7 > 0 (in general
depending on h) such that

(173) sup {|6}eln + 16} eln} < Kh.
0<t<r
Inserting (173) in (171) we have for t < 7

d
(174) pr (16 eli + 165 eln] < C(1+ K[| el + 165 eli] +C'h*, 0 < h < ho;
hence by Gronwall’s inequality (174) gives
175 5Fel? + |6F¢)? < C’lec(1+K2)th3, t<r,
( x “lh y “lh

with a suitable constant Cy > 0. Observe that in (175) 7 depends on h, and define
7o = 7o(h) by

(176) 7o = sup{t > 0 such that |6; e, + |6, €|, < Kh}.

We have 79 > 7 and, as in (175), we obtain

(177) |61l + |65 el? < CreCO+EDR3 ¢ < 7,

We can now select hg so small that

(178) CreCOHENT o« K2,

Now the definition of 79 and (177)—(178) imply that, for any 0 < h < hg, we have

To(h) > T and, in particular, for such h, the estimate (175) holds true for all ¢ < T
This concludes the proof of the theorem. ]
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