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Abstract We present high-order compact schemes for fourth-order time-dependent
problems, which are related to the “buckling plate” or the “clamping plate”
problems. Given a mesh size h, we show that the truncation error is O.h4/ at
interior points and O.h/ at near-boundary points. In addition, the convergence of
these schemes is analyzed. Although the truncation error is only of first-order at
near-boundary points, we have proved that the error of these schemes converges to
zero as h tends to zero at least as O.h3:5/. Numerical results are performed and they
calibrate the high-order accuracy of the schemes. It is shown that the numerical rate
of convergence is actually four, thus the error tends to zero as O.h4/.

1 Introduction

Time-dependent fourth-order differential problems play an important role in various
areas of physics. In mechanics they are involved in plate problems, such as the
“buckling plate” or the “clamping plate” problem. In fluid dynamics they are used
in the Navier-Stokes equations. In this paper we are interested in two time dependent
problems, which are related to fourth-order problems.

The first one is

uxxt D uxxxx C b uxx C c ux C d u C f .x; t/; 0 < x < 1; t > 0 (1)

and the second is

ut D �uxxxx C b uxx C c ux C d u C f .x; t/; 0 < x < 1; t > 0: (2)

Both problems are supplemented with boundary conditions

u.0; t/ D @xu.0; t/ D 0; u.1; t/ D @xu.1; t/ D 0 (3)
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and the initial condition

u.x; 0/ D g.x/; 0 � x � 1: (4)

Consider now the finite interval I D Œ0; 1� with the grid

x0 D 0 < x1 < � � � < xN �2 < xN �1 < xN D 1; (5)

where xj D jh, j D 1; � � � ; N and h D 1=N . In order to approximate the solutions
of Problems (1) and (2) one needs to approximate the operators @4

x , @2
x and @x . We

approximate @4
x by ı4

x , where ı4
x is the three-point compact operator defined by (see

[3, 4]).

ı4
xvj D 12

h2

�
vx;j C1 � vx;j �1

2h
� vj C1 C vj �1 � 2vj

h2

�
D 12

h2
.ıxvx;j �ı2

xvj /; (6)

for 1 � j � N � 1. The operator @2
x is a approximated by Qı2

x , where

Qı2
xvj D 2ı2

xvj � ıxvx;j D ı2
xvj � h2

12
ı4

xvj ; 1 � j � N � 1: (7)

Here vx;j is the Hermitian derivative of v at point xj . It is defined by

1

6
vx;j �1 C 2

3
vx;j C 1

6
vx;j C1 D vj C1 � vj �1

2h
; 1 � j � N � 1: (8)

This operator was extensively studied in previous works [2, 4]. Problem (1) is
approximated by the semi-discrete finite-difference scheme

d

dt
Qı2
xvj D ı4

xvj C b Qı2
xvj C c vx;j C d vj C f .xj ; t/ (9)

and Problem (2) by

d

dt
vj D �ı4

xvj C b Qı2
xvj C c vx;j C d vj C f .xj ; t/: (10)

Let v; w be two discrete functions, defined on the grid (5) and vanishing at the
two endpoints x0; xN . We define the discrete inner product .v; w/h and the discrete
norm jvjh as

.v; w/h D
N �1X
j D1

vj wj h; jvjh D
p

.v; v/h: (11)
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2 Consistency for Compact Operators on an Interval

2.1 The Truncation Error

Here we consider the truncation errors related to the operators ı4
x, Qı2

x and the
Hermitian derivative vx. Let �x be the (Simpson) operator [4]

�xvj D 1

6
vj �1 C 2

3
vj C 1

6
vj C1: (12)

We consider first the truncation error related to ı4
x . We have the following

inequalities (see [4]):

j�xı4
xu�

j � �x.u.4//�.xj /j � Ch4ku.8/kL1 ; 2 � j � N � 2: (13)

j�xı4
xu�

j � �x.u.4//�.xj /j � Chku.5/kL1 j D 1; N � 1: (14)

Consider now the operator Qı2
x

� Qı2
xuj D �2ı2

xuj C ıxux;j D �ı2
xuj C h2

12
ı4

xuj : (15)

Operating with �x on the last equality, we have

� �x
Qı2
xuj D ��xı2

xuj C h2

12
�xı4

xuj : (16)

Using the truncation error for �ı2
x , we have �ı2

xuj D �@2
xu.xj ; t/� h2

12
@4

xu.xj ; t/C
O.h4/: Thus,

� �xı2
xuj D ��x@2

xu.xj ; t/ � h2

12
�x@4

xu.xj ; t/ C O.h4/: (17)

Inserting the last equality in (16), we have

� �x
Qı2
xuj D ��x@2

xu.xj ; t/ C h2

12
�x.ı4

xuj � @4
xu.xj ; t// C O.h4/: (18)

Combing the above with (13) and (14), we find that

� �x
Qı2
xuj D ��x@2

xu.xj ; t/ C O.h4/; 2 � j � N � 2: (19)

� �x
Qı2
xuj D ��x@2

xu.xj ; t/ C O.h3/; j D 1; N � 1: (20)
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In addition (see [3, 4]), we have

ux;j D @xu.xj ; t/ C O.h4/; 1 � j � N � 1: (21)

3 The Time-Dependent Case
uxxt D uxxxx C b uxx C c ux C d u C f.x; t/

Consider the time-dependent fourth-order problem
8̂̂
ˆ̂̂<
ˆ̂̂̂̂
:

uxxt D uxxxx C b uxx C c ux C d u C f .x; t/; 0 < x < 1; t > 0

u.0; t/ D 0; u.1; t/ D 0; ux.0; t/ D 0; ux.1; t/ D 0; t > 0

u.x; 0/ D g.x/; 0 � x � 1:

(22)

The canonical semi-discrete approximation of (22) on the grid (5) is

@
@t

Qı2
xvj .t/ D ı4

xvj .t/ C b Qı2
xvj .t/ C c vx;j C d vj .t/ C fj .t/; j D 1; : : : ; N � 1;

v0.t/ D 0; vN .t/ D 0; vx;0.t/ D 0; vx;N .t/ D 0; t > 0

vj .0/ D gj WD g.xj /; j D 0; : : : ; N:
(23)

Although the truncation error deteriorate at near-boundary points, we prove in the
following Proposition that the convergence of the approximate solution to the exact
one is of high accuracy. A similar result was shown in [1, 6, 7] in cases where the
accuracy of the scheme deteriorates near the boundary. In [6] and [7] a hyperbolic
system of first order and a parabolic problem were analyzed. In [1] it was proved for
a parabolic equation that if the scheme is of order O.h˛/ at inner points and of order
O.h˛�s/ near the boundary, then if s D 0; 1 the accuracy of the scheme is O.h˛/.
However, if s � 2 then the overall accuracy the scheme is O.h˛�sC3=2/. In our case
˛ D 4 and s D 3 so this result yields a convergence rate of 2:5, but we actually
prove that the convergence rate is at least 3:5.

Theorem 1 Let u.x; t/ be the exact solution of (1) satisfying the boundary condi-
tions (3) and the initial condition (4). Assume that u has continuous derivatives with
respect to x up to order eight on Œ0; 1� and up to order 1 with respect to t . Let v.t/ be
the approximation to u, given by the (23). Then, the error ej .t/ D vj .t/ � u.xj ; t/

satisfies

max
0�t�T

je.t/jh � max
0�t�T

jıC
x e.t/jh � C.T /h3:5; (24)

where C.T / depends only on f , g and T .
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Proof The error ej .t/ satisfies

� @
@t

Qı2
xej .t/ D �ı4

xej .t/ � b Qı2
xej .t/ � c ex;j .t/ � d ej .t/ C rj .t/; j D 1; : : : ; N � 1;

e0.t/ D 0; eN .t/ D 0; ex;0.t/ D 0; ex;N .t/ D 0; t > 0;

ej .0/ D 0; j D 0; : : : ; N;

(25)

where rj .t/ is the truncation error at point xj at time t . Taking the inner product of
(25) with e.t/ and using

1

2

@

@t
.�Qı2

xe.t/; e.t//h D .� @

@t
Qı2
xe.t/; e.t//h; (26)

we find that

1
2

@
@t

.�Qı2
xe.t/; e.t//h D �.ı4

xe.t/; e.t//h � b . Qı2
xe.t/; e.t//h

� c .ex.t/; e.t//h � d .e.t/; e.t//h C .r.t/; e.t//h:
(27)

First consider the term .ex.t/; e.t//h. Using the Cauchy-Schwartz inequality, we
have

j.ex.t/; e.t//hj � je.t/jh jex.t/jh � 1

2
je.t/j2h C 1

2
jex.t/j2h: (28)

Since ex D ��1
x ıxe and ��1

x is bounded (see [2] Equation (51)), we have
that jex.t/j2h � C jıC

x e.t/j2h. By discrete integration by parts jıC
x e.t/j2h D

�.ı2
xe.t/; e.t//h. Using the definition (7) of �Qı2

x and the coercivity of ı4
x , we

have

� . Qı2
xe.t/; e.t//h � �.ı2

xe.t/; e.t//h: (29)

Thus, jex.t/j2h � �C. Qı2
xe.t/; e.t//h: Therefore,

j.ex.t/; e.t//hj � �C. Qı2
xe.t/; e.t//h C 1

2
.e.t/; e.t//h: (30)

Combining (30) with (27) we obtain

1
2

@
@t

.�Qı2
xe.t/; e.t//h � �.ı4

xe.t/; e.t//h � C1. Qı2
xe.t/; e.t//h

C QC.e.t/; e.t//h C .r.t/; e.t//h:

(31)
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Let us now consider the term QC .e.t/; e.t//h: Using the definition (7) of �Qı2
x , and

the coercivity of ı4
x, we have

� . Qı2
xe.t/; e.t//h � �.ı2

xe.t/; e.t//h D .ıC
x e.t/; ıC

x e.t//h: (32)

By the discrete Poincaré inequality, we find

.e.t/; e.t//h � C .ıC
x e.t/; ıC

x e.t//h: (33)

Therefore, .e.t/; e.t//h � �C . Qı2
xe.t/; e.t//h: Combining (31) with the last

inequality, we obtain

1
2

@
@t

.�Qı2
xe.t/; e.t//h � �.ı4

xe.t/; e.t//h � C1 . Qı2
xe.t/; e.t//h C .e.t/; r.t//h:

(34)

Consider now the term .r.t/; e.t//h. Using the Cauchy-Schwartz inequality, we
have

j.r.t/; e.t//hj D ..ı�4
x /1=2r.t/; .ı4

x/1=2e.t//h

� j.ı�4
x /1=2r.t/jh j.ı4

x/1=2e.t/jh � 1
2
.r.t/; ı�4

x r.t//h C 1
2
.ı4

xe.t/; e.t//h

D 1
2
.�xr.t/; ��1

x ı�4
x ��1

x �xr.t// C 1
2
.ı4

xe.t/; e.t//h:

(35)

Combining the truncation errors (13) and (14) for �xı4
x , (19) and (20) for �x

Qı2
x and

(21) for the Hermitian derivative ex , we have

.PR.t//T D ŒO.h/; O.h4/; : : : ; O.h4/; O.h/�: (36)

Here, P is the matrix representing the operator 6�x and R.t/ is the vector
corresponding to r.t/. As a result of [5] Equations (111) and (116), we have

.a/ j.P �1S�1P �1PR/i j � Ch4; 2 � i � N � 2;

.b/ j.P �1S�1P �1PR/i j � Ch5; i D 1; N � 1;

(37)

where S the matrix representing ı4
x. Using (37) (a),(b) and (36), we find that

j.PR.t//T P �1S�1R.t/j � Ch6: (38)

Therefore, j�xr.t/; ��1
x ı�4

x ��1
x �xr.t/j � Ch7: Combining the last inequality with

(35), we obtain

j.r.t/; e.t//hj � 1
2
.ı4

xe.t/; e.t//h C Ch7: (39)
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Inserting (39) in (34), we have

1
2

@
@t

.�Qı2
xe; e/h � � 1

2
.ı4

xe.t/; e.t//h � C1 . Qı2
xe.t/; e.t//h C Ch7

� C1.�Qı2
xe; e/h C Ch7:

(40)

By Gronwall’s inequality �. Qı2
xe.t/; e.t//h � C.t/h7: Using the coercivity property

� .e.t/; Qı2
xe.t//h � .ıC

x e.t/; ıC
x e.t//h; (41)

and the discrete Poincaré inequality, we obtain the estimate

je.t/jh � C jıC
x e.t/jh � C.T /h3:5; 0 � t � T: (42)

ut

4 The Time-Dependent Case
ut D �uxxxx C b uxx C c ux C d u C f.x; t/

Consider the time-dependent biharmonic problem

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

ut D �uxxxx C b uxx C c ux C d u C f .x; t/; 0 < x < 1;

u.0; t/ D 0; u.1; t/ D 0; ux.0; t/ D 0; ux.1; t/ D 0; t > 0

u.x; 0/ D g.x/; 0 � x � 1:

(43)

The canonical semi-discrete approximation of (43) on the grid (5) is

@vj .t/

@t
D �ı4

xvj .t/ C b Qı2
xvj C c vx;j .t/ C d vj .t/ C fj .t/; j D 1; : : : ; N � 1;

v0.t/ D 0; vN .t/ D 0; vx;0.t/ D 0; vx;N .t/ D 0; t > 0

vj .0/ D gj WD g.xj /; j D 0; : : : ; N:
(44)

Define the error ej .t/ by ej .t/ D vj .t/ � u.xj ; t/:

Theorem 2 Let u.x; t/ be the exact solution of (2) satisfying the boundary condi-
tions (3) and the initial condition (4). Assume that u has continuous derivatives with
respect to x up to order eight on Œ0; 1� and up to order 1 with respect to t . Let v.t/ be
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the approximation to u, given by the (44). Then, the error ej .t/ D vj .t/ � u.xj ; t/

satisfies

max
0�t�T

je.t/jh � C.T /h3:5; (45)

where C.T / depends only on f , g and T .

Proof The error ej .t/ satisfies

@ej .t/

@t
D �ı4

xej .t/ C b Qı2
xej .t/ C c ex;j .t/ C d ej .t/ � rj .t/; j D 1; : : : ; N � 1;

e0.t/ D 0; eN .t/ D 0; ex;0.t/ D 0; ex;N .t/ D 0; t > 0

ej .0/ D 0; j D 0; : : : ; N;
(46)

where rj .t/ is the truncation error at point xj at time t . Taking the inner product of
(46) with e.t/, and using

1

2

@

@t
.e.t/; e.t//h D .

@

@t
e.t/; e.t//h; (47)

we find that

1
2

@
@t

.e.t/; e.t//h D �.ı4
xe.t/; e.t//h C b . Qı2

xe.t/; e.t//h

C c .ex.t/; e.t//h C d .e.t/; e.t//h � .r.t/; e.t//h:

(48)

Considering first the term .ex.t/; e.t//h. Combining (30) with (48) we obtain

1
2

@
@t

.e.t/; e.t//h D �.ı4
xe.t/; e.t//h C Qb . Qı2

xe.t/; e.t//h

C Qd .e.t/; e.t//h � .r.t/; e.t//h:
(49)

Let us now consider the term . Qı2
xe.t/; e.t//h. Using the definition of �Qı2

x , we
have

� . Qı2
xe.t/; e.t//h D �.ı2

xe.t/; e.t//h C h2

12
.ı4

xe.t/; e.t//h: (50)

Therefore,

1
2

@
@t

.e.t/; e.t//h D �.1 C Qb h2

12
/.ı4

xe.t/; e.t//h C Qb .ı2
xe.t/; e.t//h

C Qd .e.t/; e.t//h � .r.t/; e.t//h:
(51)
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Consider now the term .ı2
xe.t/; e.t//h. Using Cauchy-Schwartz inequality, we

have

� .ı2
xe.t/; e.t//h � je.t/jh jı2

xe.t/jh � 1

2�
je.t/j2h C �

2
jı2

xe.t/j2h: (52)

Using the coercivity property jı2
xe.t/j2h � C.e.t/; ı4

xe.t//h, we obtain

� .ı2
xe.t/; e.t//h � 1

2�
je.t/j2h C C�

2
.ı4

xe.t/; e.t//h: (53)

Inserting (53) in (51), we obtain that for h � h0 and � � �0,

1
2

@
@t

.e.t/; e.t//h � � 1
2
.ı4

xe.t/; e.t//h C C2 .e.t/; e.t//h � .r.t/; e.t//h: (54)

Inserting (39) in (54), we have

1

2

@

@t
.e.t/; e.t//h � C2 .e.t/; e.t//h C Ch7: (55)

By Gronwall’s inequality jej2h � Ch7: Thus, je.t/jh � C.T /h3:5; 0 � t � T: ut

5 Numerical Results

Consider the exact solution u.x; t/ D e�t ex of the problem

8̂̂
<
ˆ̂:

uxxt D uxxxx C uxx C f .x; t/; 0 < x < 1; t > 0;

u.0; t/ D e�t ; ux.0; t/ D e�t ; t > 0;

u.1; t/ D e1�t ; ux.1; t/ D e1�t ; t > 0;

u.x; 0/ D ex; 0 � x � 1:

(56)

Here u and ux are given on the boundary points and f .x; t/ is chosen as u.x; t/ D
e�t ex is the solution of the differential equation above. The results are given in
Table 1. They demonstrate the fourth-order accuracy of the scheme.

Table 1 Compact scheme for uxxt D uxxxx C uxx C f with exact solution: u D e�t ex on
Œ0; 1�; t > 0. We present jehjh the error in u, and jex jh the error in ux in the l2 norm at t D 0:5

Mesh N = 8 Rate N = 16 Rate N = 32 Rate N = 64

jejh 1.5742(�7) 4.07 9.3544(�9) 4.02 5.7490(�10) 4.00 3.5844(�11)

jex jh 1.5500(�6) 4.00 9.7033(�8) 4.00 6.0672(�9) 4.00 3.7893(�10)
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Table 2 Compact scheme for uxxt D uxxxx C uxx C f with exact solution: u D e�t sin.�x/=�2

on Œ0; 1�; t > 0. We present jejh the error in u, and jex jh the error in ux in the l2 norm at t D 0:5

Mesh N = 8 Rate N = 16 Rate N = 32 Rate N = 64

jejh 5.2800(�6) 4.01 3.2679(�7) 4.00 2.0381(�8) 4.00 1.2732(�9)

jex jh 2.0038(�6) 4.07 1.1926(�7) 4.02 7.3451(�9) 4.01 4.5737(�10)

Next we consider the solution u.x; t/ D e�t sin.�x/=�2 of the problem

8̂̂
<
ˆ̂:

uxxt D uxxxx C uxx C f .x; t/; 0 < x < 1; t > 0;

u.0; t/ D 0; ux.0; t/ D e�t =�; t > 0;

u.1; t/ D 0; ux.1; t/ D �e�t =�; t > 0;

u.x; 0/ D sin.�x/=�2; 0 � x � 1:

(57)

Here u and ux are given at the two boundary points and f .x; t/ is chosen such that
u.x; t/ D e�t sin.�x/=�2 if the exact solution of the problem above. The numerical
results are shown in Table 2. The calibrate the fourth-order accuracy of the scheme.
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