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1. Introduction

In this paper we are interested in high-order discretizations of the Navier-Stokes equations. The Navier-Stokes equations
play a central role in modeling fluid flows. Here we focus on incompressible flows. It is well-known that this system may be
represented in pure streamfunction formulation as follows (see [1,2]).

QAY + VY - VAY —vA%Y =f(x, ¥, 1), (1.1)
w(xvyv t) :WO(X»J/)- '

Recall that V4 = (=0, 0x¥r) is the velocity vector. The no-slip boundary condition associated with this formulation is

oy
1/f=87=0, (x,y) €082, t >0 (1.2)
n
and the initial condition is
V(x50 =vox,y), Yy €. (1.3)

In this paper we extend the fourth-order scheme [3] to irregular domains. The strategy used here is to present the
biharmonic operator 3 +292 83 + 8;,‘ as a combination of pure fourth-order derivatives in the x, y and the diagonal directions

n=x+y/ V2, & = (y — x)+/2. Then, the pure fourth-order derivatives may be approximated via a compact scheme
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using the values of the function and its directional derivatives (see also [4,5]). An alternative approach is to construct a
two-dimensional polynomial which collocates the values of the function and its directional derivatives at the corners of the
irregular element and then approximate the biharmonic of the function by the biharmonic of this polynomial (see [6]).

The numerical resolution of the Navier-Stokes system, governing viscous, incompressible, time-dependent flow, has
been an important challenge of computational fluid dynamics. References belonging to the class of finite difference methods
for the approximation of Navier-Stokes equations include projection methods [7-11]. The pure-streamfunction formulation
for the time-dependent Navier-Stokes system in planar domains has been used in [12-14] some twenty years ago. It has
been designed primarily for the numerical investigation of the Hopf bifurcation occurring in the driven cavity problem. Their
approach was based on a finite-difference method. The application of various compact schemes to the pure streamfunction
formulation is fairly recent [15-19].

We review some numerical methods for irregular domains. There are many references for finite elements methods for
irregular domain (see for the example [20,21]). Several references for finite difference methods include [22-24]. In [24] a
six-point scheme (star) was suggested. The disadvantage of the latter is its singularity and ill-conditioning. Several references
such as [25] use coordinates transformation, however this approach is not suited to multiple irregular boundaries and may
also impose singularities due to the coordinate transformation.

Liszka and Orkisz stated in [26] (1980) that “The fascination for FEM, however, caused by enormous successes or simply
by fashion, has resulted in a relative stagnation in some other methods, especially in finite difference methods”. In [26] a
new mesh generation was constructed.

In [27,5] parabolic equations (in particular the heat equation) were solved in irregular domain, where a cartesian grid
was used to approximate the solution of a time-dependent diffusion problem. At near boundary points the derivatives 83
and 8y2 were approximated using a non-uniform mesh, where one of the neighbors of the computational point was taken
as a boundary point. In [28] Colella et al. suggested an embedded boundary/volume method for Navier-Stokes equations
in irregular domains. It is a combination of finite differences, embedded boundary algorithm and finite volume methods.
Calhoun [29] approximates the vorticity-streamfunction formulation by adding a correction term to the Poisson equation
(which relates the streamfunction to the vorticity) using the immersed interface method. The purpose of this correction is to
impose both boundary conditions on the streamfunction and the singular sources for the vorticity equation. The numerical
results show second-order convergence rates for the solution of the Navier-Stokes equations. In [30] a fast finite difference
method is proposed to solve the incompressible Navier-Stokes equations on a general domain. The method is based on the
vorticity stream-function formulation and a fast Poisson solver defined on a general domain using the immersed interface
method.

In [31] the discretization of the Poisson equation on irregular domains at near boundary points was carried out via
quadratic polynomials, which yields second-order accuracy of the scheme. In [32] second and fourth order Cartesian grid
finite difference methods were developed for second order elliptic and parabolic partial differential equations on irregular
domains. The information around an irregular point was completed via a two-dimensional Taylor expansion around a
boundary point using a local coordinate system. In [33] the immersed interface method is invoked for the application
of the boundary conditions to the velocity-pressure formulation of Navier-Stokes equations. The approximated rates of
convergence are between 2 and 3. In [34] the Poisson equation which relates the streamfunction to the vorticity was solved
in two steps in order to enhance the efficiency of the scheme.

In [6,2] a two-dimensional interpolating polynomial of degree 5 and a half was constructed to approximate the solution
of the biharmonic problem. This polynomial collocates the values of the function and its directional derivatives at the corners
of an irregular element near the boundary (as well as of regular inner elements) and then approximates the biharmonic of
the solution by the biharmonic of this polynomial. Fourth-order accuracy was achieved for the biharmonic problem in a
circle and an ellipse.

In this paper we approximate spatial derivatives of the Navier-Stokes equations in streamfunction formulation. Interior
points are treated via fourth-order discretizations as in [3]. Irregular elements are formed near the boundary, as in [6]. For
irregular elements we write the biharmonic operator, as well as the convective term, using pure derivatives only in the
directions of the axis and the diagonals of the element. Then, one-dimensional interpolating operators are used for these
elements. Note that in [35] we have proved that the solution of the one-dimensional biharmonic equation by our compact
high-order scheme is fourth-order accurate. Thus, it may be proved that reduction to our scheme to one dimension is fourth-
order accurate (see also [36]).

The outline of the paper is as follows. In Section 2 we describe fourth order approximations of the Navier-Stokes
equations in regular domains. All spatial operators appearing in the evolution equation, i.e., the Laplacian, the biharmonic
operator and the nonlinear convective term, are approximated via fourth-order schemes. We also describe a time-marching
scheme for the temporal evolution.

In Section 3 we suggest a new scheme for the Navier-Stokes system in streamfunction formulation for irregular domains.
Here we assign different flags to the cartesian grid points in the rectangle, in which the irregular domain is embedded. At
near-boundary points we approximate the spatial operators via combinations of pure spatial derivatives in the directions
of the axis x, y and the diagonals.

In Section 4 we detail the approximations of oy, 8;‘ Y and 8x21p for anirregular element. Similar representations are valid
tody, ;¥ and 9;. The fourth-order derivatives along the diagonals, 3,4 and 97, are approximated in the same fashion.
In Section 5 we describe the approximation of the convective term at near boundary points. This involves discretizations
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of pure third-order derivatives in x, y and along the diagonals. We show in detail how to approximate 8%& by a fifth-order
polynomial, which interpolates values as well as first-order derivatives of the function. Other pure third-order derivatives
are similarly discretized.

Finally, in Section 6 we present several numerical results, including results for the full Navier-Stokes system, which
demonstrate the high-order accuracy of the new scheme for irregular domains. Finally, in Section 7 conclusions are drawn.

2. Approximation of the Navier-Stokes equations on regular grids

Spatial derivatives in Eq. (1.1) are discretized as we describe next. The fourth order biharmonic Aﬁl/f operator introduced
in [3,2] is a perturbation of the second order operator Ajys = (8¢ + 8; + 2828;)v. It is designed as follows.

- h?
ARV = 830 + 83 + 280801 — = (587 vy + 8;8301) = A% + O(h), (2.1)

where 87 and §;} are the compact approximations of d; and d;}, respectively.

12 1

Seviy = = (GuW)ij — 825) . Sevr = dfy — ﬁh“afw + 0(h%), (2.2)
12 1

Wiy = 13 (¥ = §vig) . 8y =Y — ——Sh9)y + O(h°). (2.3)

Here, vy, ¥y are the fourth-order Hermitian approximations to d,v, 9,1 described as

1 2 1
(ox¥)ij = =(WUic1j + s (Wij + z(Wdiz1j = &Vij, 1=<i,j<N-—-1
6 3 6 -

1 2 1
(oy¥y)ij = 6(%)1.}4 + §(¢y)i,j + g(lﬁy)i,jﬂ =68Vij, 1=<iLj<N-1

We use the standard central difference operators &, &y, 83, 83.

The fourth order Laplacian Ahl// operator introduced in [3,2] is a perturbation of the second order operator Ay =
(87 + 8). It is designed as follows.

Antij = 28705 — 8u(Y)ij + 28, Wi j — 8y ()i
= 2AnVij — Bx(Y)ij + 8y (¥y)ij) = (AY)ij + O(h®). (2.5)
Equivalently, the approximation of the Laplacian A is
Antij = 83y + 83, (2.6)
where

iy = 28315 — Sxij = 03 v + O(hY),
8oy = 285 — 8yWy.ij = i + O(h?).

The convective termin (1.1) is C(y) = —0,¥ A(0x¥) + 9 A(9y ). Its fourth-order approximation needs special care.

The mixed derivative axayzw may be approximated to fourth-order accuracy by lﬁyyx using a suitable combination of lower
order approximations.

(2.7)

(yp)ij = (85 + 8800 — 88,11 = (3,079 + O(h*). (2.8)

For the pure third order derivative Bfw we note that if ¢ is smooth then

(Vg = 55 (1080 — W20 — 100,9), . = ()i + O(h?). (2.9)

2n2
One needs to approximate 9,1 to sixth-order accuracy in order to obtain from (2.9) a fourth-order approximation for 831#.
Denoting this approximation by &X, we invoke the Pade formulation [37], having the following form.

14 Y1 — Vi, n 1Vivaj — Vi
9 2h 9 4h ’

1 - ~ 1 -
5(1/&):41,] + (Y)ij + g(‘/fx)i—l,j = (2.10)
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Fig. 1. Grid: ‘+’ computational point, ‘o’ eight neighbors of a computational point, ‘X’ point too close to the boundary.

At near-boundary points we apply a special treatment as in [37]. Carrying out the same procedure for d,v, which yields the

approximate value @y, and combining with all other mixed derivatives, a fourth order approximation of the convective term
is

~ ~ 5 (Sx - ~X 7 "
Ch(¥) = vy - (An¥ + 5(5% = 80Ux) + 88y Y — 8dyy)
-5, 80— - -
e (A + 5(6%2% — 8203) + 8,620 — 8,8,7%)

= C(y) + 0(h"). (2.11)

Our implicit time-stepping scheme is of the Crank-Nicholson type as follows.

( ',4) Y (A11¢) = Vo~ + ~
Ah¢l] / L] C w(n) [ 121//::11 1/2 jzlp:]] (2‘]2)
(Ahl,b',') ! (Ahw,) ~ V ~2 ~

L] . L] Chw( 14+-1/2) 3 [ ﬂhwi,lj'-’_l 1h2 !inqj]. (2]3)

3. Approximation of the Navier-Stokes equations on irregular domains

In the previous section we described the approximation of the Navier-Stokes equations in streamfunction formulation
in rectangular domains. If the domain is not a rectangular, one can either map the domain onto a rectangle or design an
approximation of the equations on a cartesian grid embedded inside the domain £2. In case we chose to map the domain onto
a rectangle, then the differential equations take a new form, as the derivatives of the new coordinate system are involved
in the equations, which may complicate the equations. In addition, the transformation (such as a polar coordinate system)
is sometimes singular at certain points and special treatment is needed near singular points.

In this paper we embed the domain £2 in a rectangle. Then, a uniform mesh is laid out inside the rectangle. Some of the
mesh points are outside §2, some are inside £2 and some may be on the boundary 9 2.

If a mesh point is outside the computational domain §2 (flag = —1), then an arbitrary value, such as zero, is given to this
point. Points which are outside the computational domain do not affect the values of the function at interior or at boundary
points.

If a mesh point is on the boundary of the domain 942 (flag = 0), then the boundary values ¥ of the function and its
first-order normal derivative 9, are assigned to this point.

If a mesh point is inside the domain it may be labeled as follows.

Case 1: the point is in the center of a rectangle for which all the vertices are inside the domain (flag = 1). This point is labeled
by ‘+’in Fig. 1 if in addition all its eight nearest neighbors are inside 2 or on the boundary and they are all on the Cartesian
grid. In this case the differential operators for this point are approximated as in Section 2.
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Case 2: the point is too close to the boundary (flag = 2) then this point is not included in the set of computational points.
It is labeled as ‘X’ in Fig. 1. In this case, neither the differential equations nor the boundary conditions are imposed at this
point. In our computations we have labeled a point with flag = 2 if its distance to the boundary was less then gh, where h
is the mesh size at the interior of the domain and 0 < 8 < 1.In practice we have picked g = 0.2.

Case 3: the point is not too close to the boundary, but at least one of its eight nearest neighbors is outside the computational
domain or at least one of its eight nearest neighbors is too close to the boundary (this point is labeled with flag = 3). This
point is labeled by ‘+’ in Fig. 1 if in addition all of its eight nearest neighbors are inside 2 or on the boundary and at least one
of them is not on the Cartesian grid. Its eight nearest neighbors are labeled as ‘0’ in Figs. 1 and 2. In this case the computational
point (denoted by ‘+') is the center of an irregular element. Thus, special discretization of the differential operator is needed.

We first have to describe how one constructs the element around such a computational point. Suppose the point under
consideration is (x;, y;). If, for example (x;;1, y;) is outside the domain, then we define by (X.qs, y;) the point which is the
closest on the right to (x;, ;) lying on the line y = y; and intersects with the boundary. We note by h; the distance from
Xeast t0 X;, 1.€., hi = Xeast — X;. Similarly in the case where (x;_1, y;) is outside £2, for which we define hy = X; — X5t In
the same fashion we treat the cases where (x;, yj+1) and (x;, yj—1) are outside the domain and define h3 = ynoren — y; and
hs = ¥;j — Ysourn, respectively.

We also look at points along the line x — x; = y — y;. If (xi11, yj3+1) is outside the domain £2, then we denote by
(Xnorth—east » Ynorth—east) the intersection of the line x — x; = y — y; going north-east of (x;, y;) with the boundary. We denote
by hs the distance of (Xnorth—east » Ynorth—east) t0 (Xi, Yj), thus (Xnorth—east » Ynorth—east) = (Xi + hS/‘/Z yi + hS/\/E) Similarly
(Xsouth—west » Ysouth—west) = (Xj — hﬁ/\/i, yi— hs/ﬁ). We also treat the points along the line x — x; = y; — y, thus defining
h; as the distance of the point (Xnorth—west » Ynorth—west) t0 (Xi, ¥;) and hg is the distance from (Xsouth—east » Ysouth—east) t0 (Xi, ¥j).

Now we have to approximate A%y at (x;, ¥j) in case where (;, y;) is a computational point which is in the center of an
irregular element.
Define a new coordinate system

n=&+N/V2,  E=—x/V2 (3.1)
This yields
y=m+8&/V2,  x=@m-8/V2. (32)

Expressing ¥y, and ¥egze in terms of Y, Yy and ¥y, we have

Yy = %(% ),

Y = ;ol/f 2y + Ui) s

i = 5= Sy + Wy + V),

Vi = 5 W+ Sy & sy + Wy + Yy

Ve = =y — ),

NG

Ve = ;cxlp 2y + U, "

Vits = ==V + By = 30y + V).

Vesss = 3 e — Wmgy + sy — gy + V).
Therefore,

2(Yrnpnn + Ysgse) = Yoo + 6%y + Yy (3.5)

Thus,

2 1
2‘/’xxyy = g(wnrmn + wéééé) - g(‘/fxxxx + wyyyy)' (3.6)
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Fig. 2. Single computational element: ‘+' computational point, ‘0’ eight neighbors of a computational point.
This yields
AZW = 1/fxxxx + 21ﬁxxyy + Wyyyy
= S+ Vst + Ve + Vo). 67)

Thus, the operator A? can be expressed via pure fourth-order derivatives in the directions of x, y and 5, £. We can
therefore approximate A%y by A2y, where

By = S0y +55 + 55 +54). (38)

The discretizations of Y, ¥yyyy bY 8, 854 and those of ,,,, Yeez: by 871, 871, respectively, are carried out via
one-dimensional approximations of pure fourth-order derivatives.
We describe now the approximation of the convective term C(v/) = Vi - VA This may be written as

CY) =V - VAY = =@y ¥) - 3(AY) + @) - 3,(AY).

Thus,
C(‘/f) = _(8y¢) . (axxxl// + axyyw) + (8x¢f) : (3xxy1/f + 8yyyl//)~ (3‘9)
The mixed third-order derivatives vy, and 1, may be written using (3.3)-(3.4) by
V2 1
Yy = T(Wﬂrm + Veee) — gwyyy (3.10)
and
2 1
Wny = g(l//rmn - 1/%55) - EWXXX- (3.11)
Inserting Egs. (3.10)-(3.11) in Eq. (3.9), we obtain
2 V2 2 V2
Cy) = —% . (gwxxx + ?(wnrm - wESE)) + Py - (§Wyyy + ?(wnm] + wééé))- (3.12)

In Section 4 we concentrate on the approximation of the biharmonic and the Laplacian operators. We discuss the
truncation error due to the various discretizations. In Section 5 we describe the approximation of the convective term at
near-boundary points.

4. Approximation of 9%, 31y and 92y on an irregular mesh

We describe how to approximate dyr, 8;‘ ¥ and 831// in case the mesh is irregular. Let (;, y;) be a grid point where at
least one of its neighbors to the right or to the left is inside the domain or on the boundary but its distance to (x;, y;) is not
h. Define the neighbor of (x;, y;) to the right by (Xees, y;) and its neighbor to the left by (Xyest, ;). Let b1 = Xeast — X; and
hy = Xi — Xyest.

By the requirements we set in Section 2 on a computational point, we find that there exist positive constants, which does
not depend on the mesh size, such that

B <h/h<14+8, B<h/h<14+8, 0<pB<l (4.1)
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Therefore,
h 1 h 1
y< 1o, b 1 F (42)
hh —y h, —y 1+8
Let Q (x) be a polynomial of degree less or equal to 4.
Q) = ap + a1(x — ) + @2 (x — x))” + a3(x — x> + as(x — x)*. (4.3)
The interpolating data is
Y Xwest » Yj)v ¥ (X, yj), Y (Xeast » Yj)7 Yx Kupest » Yj)a Y (Xeast » Yj)- (4.4)

Then, a; is set as an approximation to d,¥ at (x;, y;) and is denoted by vy ; j. We also set 24a4 as an approximation to 9y
at (x;, y;) and denote it by 8;‘ ¥i;. In a similar manner one approximates the first order derivative with respect to y and the
pure fourth-order derivatives with respect to y, & and 7.

4.1. Approximation of the first-order derivatives

We now describe in detail the approximation of dyy at (x;, y;). Define

_ 4hyh3 — 4hdhy + 2h5 — 2h}
B hihy(hy 4 hy)3 '
_ 2h3 +4hyh3
 hyhy(hy + hy)3
2h? + 4hyh3 (45)
hihy(hy + hy)3’
h3h% + h3hy
Cxp = T h L h 3’
hihy(hy + hy)
_ h3h 4+ hih,
Com = —————.
hihy(hy + hy)
Then, the approximation v, ; j to 0, j is given by

1sﬁx,i,j + Cx.p : WX(Xeastv}’j) + Cx,m * Wx(xwests}’j) = Cp : l[f(xeasthj) — Cm - w(xwestv.yj) —C- wi.j- (4-6)

Note that in case hy = h, = h then (4.6) is equivalent to (2.4).
Suppose the values of  are known exactly on the points (Xyest, ¥;), (Xi, ¥;) and (Xeqst, ¥j). We analyze the error due to
the approximation (4.6), which supplies an approximation 9, to the exact first-order derivative dy.

Cm =

Lemma 4.1. Suppose the values of v are known exactly on the points (Xyest, ¥j), (Xi, ¥j) and (Xeast, ¥j)- Let ¥y i ; be defined
by (4.6). Then the truncation error, T, of this approximation is given by

IT| < Ch*||yr @ e (4.7)

Proof. Suppose the values of ¥ are known exactly on the points (Xyest, ¥j), (Xi, ¥j) (Xeast, ¥;)- Inserting the exact derivatives
of ¢ in (4.6) then the truncation error, T, satisfy

ax\bi,j + Cx,p . axl[/(xeastv Yj) + Cx,m * axw(xwest, Yj) - Cp . W(xeast, Yj) +Cm - W(Xwest, J’j) +c- l//i,j + T» (4-8)
where T is the truncation error. Taylor expansion yields

h2 h3
Y X+ hi) = Yi + hidei + —1831#,- + —lajw,» 4‘, i + fw(xf”),

¥ (i = ha) = ¥ — ha0i + Zyw——m% j%w fwﬁ&
(4.9)

0t (i + h1) = S + My + ‘aw ;ww+%$wﬁm

4
@Wm—@=&%—m¥m+§ﬁw——#m j@w&d
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Inserting (4.9) in (4.8) and collecting the terms that multiply ¥, dy¥;i 92V, 9 and 9;y;, we have

Vit c—¢+cy=0,
Vit 14 cp 4 cem — hicp — hacn =0,

2 h2
831//,- D hicp — haCym — Jcp + 2¢, =0,
2 2 (4.10)
h? h’ h3 h3
831//1' : ;CX”’ + Ecx,m — EC’J — 5c,.,, =0,
h3 h3 h* h?
4 . 1 2 1 2
8X Wi N acx,p — icx’m — Z!Cp —+ Z!Cm =0.
Using (4.1) the truncation error T satisfies
axlpi,j + Cxp - axllf(xeasts.)’j) + Cxm - axw(xwestn]/j) =Cp- w(xeast,)’j) —Cm - 110()(14)est,yj) —C- Iﬁi,j +T, (4.11)
where |T| < Ch* ||y ||jx. =
Suppose that for a given j there are M+ 1 grid points xg, X1, . . . ., Xy inside §2. Define the error in the first-order derivative
as
€x,ij = I/IX,,‘J‘ — 8XW(X,‘,yj), (x,»,yj) € .Q, i= l, 2, oo, M= 1, . (412)

The error at the two end-points i = 0, M is zero.
In the next lemma we bound the error in the approximation of the first-order derivative.

Lemma 4.2. Suppose the values of v are known exactly on the points (Xyest, ¥;), (Xi, ¥j) and (Xeast, ¥;). Let ¥y ; j be defined
by (4.6). Then the error in ey = ¥y — 9y is bounded as follows.

lexlire < Ch* 1Y@ |00 (4.13)

Proof. Extracting (4.8) from (4.6) and noting that the values of i are given exactly in both equations, we find that the error
ey satisfies
€xij + €1 - x(Xeasts Vi) + Cony - €xuest ¥j) = =T, i=1,2,...,M —leyo; =0, exy, =0. (4.14)

This tridiagonal system (4.14) is diagonally dominant, since

h3hy + h3 + hyh? + h3

() O | —
¢l +1c = 1. 4.15
eyl + leih, TR (4.15)
Letting h, /hy = «, we have
. . 2 1 1 1
0 e =1 -2 2% g L 1) (1- ). (4.16)
P : 1+ a)3 1+ )2 (1+a) (1+a)
Define
=1-2 ( ! (4.17)
L A s '
Using (4.2) we have
1 1
4 =< =< . (4.18)
14y 1+a = 14y
Therefore,
Y \2
O0<g<1-2(——). 4.19
q (y ) (4.19)
Since y = B/(1 + B), it follows from the last inequality that
0<qge1—2(- Y P=1-2-L <1 (4.20)

y+1 1+28
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Using (4.16), (4.17), (4.20)and 0 < B < 1, it results that
el +lel=q < 1. (4.21)
Therefore, the matrix above is invertible and its inverse is bounded in the maximum norm. Thus,

lex.ijl < CR*IY® I, m (4.22)

Similar representations are valid for d,3. The derivatives along the diagonals 9% and 9 are approximated using the
chain rule

1
Wn = G(Wx + lﬁy),

\( (4.23)
Ve = ﬁ(llfy — ¥
4.2. Approximation of the fourth-order derivatives
For the approximation of B;‘w at an irregular point we define
(hy + hy)?
h3h3(hy + hy)3’
hy + 3h
b, = 2422+713,
hi(hi + hy)
by = 24132 (4.24)
hy(hy + hy)?
hi+h
byp = 24L,
hi(hy + hy)3
hi+h
bom = 24—
hy(hy + hy)3
Then, the approximation §2v; ; to 324 is given by
8 Wij = bxp - Wx(east ¥)) — bxm - Y Gwests ¥)) — (b = ¥ Reast s ¥7) + bin - ¥ (et ¥) — b - i) (4.25)

Note that in case hy = h, = h then (4.25) is equivalent to (2.2). Similar representations are valid to B;Ip, and to derivatives
along the diagonals Bf;w and 3?1&, given that 9,y and 9 are approximated by (4.23).

Lemma 4.3. Suppose the values of r are known exactly on the points (Xyest, ¥j), (Xi, ¥;) and (Xeast, ;). In addition, suppose that
the values of VYx(Xeast, ¥;) and Yx(Xyest, ¥;) are taken as the exact values of 0xY at Xeast, ¥j) and Yx(Xyest, ¥j), respectively. Let
5;1%1’1',]' be defined by (4.25). Then, the truncation error Ts of this approximation is given by

03 Wij = bxp - Ot (east, ¥) — bm - 0t (Kuvest ¥)
— (bp - ¥ Keast» ¥5) + b = ¥ Gwest» ¥j) — b - i) + T (4.26)
and satisfies
ITal < Chlly® . (427)
Proof. Using the Taylor expansion (4.9) we find that
Yi: b—by,+by=0,
OxVi : byp — bym — hib, + hyby =0,

h? h2
2. . 1 2 _
3x wi . hlbx.p - hlbx,m - 5bp - Ebm =0,

(4.28)
h? h2 h3 h3

3 : Elbx,,, - fbx,m - 34!19[, + 3—2!bm =0,
h3 h3 h4 h?

a;ll//l : ?Tl!bx,p + B*Z!bx,m - Z;bp — —~<bn,=1.
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Using (4.1), we find that the truncation error T4 satisfies
ITal < CHIY® 1. m (4.29)
Lemma 4.4. Suppose the values of  are known exactly on the points (Xyest, ¥;), (Xi, ¥;) and (Xeast, ¥;). In addition, suppose that

the values of Y (Xeast, ¥;) and Vx(Xyest, ¥;) are taken as the discrete first-order derivative given in (4.6), then the truncation error
T, for the approximation of the 3y for an irregular element is bounded as follows.

185 — dgr| < Chllyr @ |lpoe. (4.30)

Proof. Relating T, with T4 and using (4.1), and the bounds |by p| < C/h? and |b,m| < C/h3, we obtain that
ITal < Tal 4 b pllex(keast Y| + [bemlex(uest )]
hi + hy hi+hy

<(Ch+CG—=—_h*+cC

_ " pA Ol1oo < Chllw® |00, 431
hl(h1 + h2)3 zhz(hl + h2)3 )”1)[/ ”L = ||¢ ”L ( )

Therefore, the truncation error for the approximation of the B;‘w for an irregular element is bounded as follows.

18501 — 02| < ChllY© ||, m (4.32)

4.3. Approximation of the second-order derivatives

For the approximation of 32y at an irregular point we define

i 28(h§h? + h3h%) + hyht + h3hy — b — by
h3hi(hy + hy)? '
_ hy(—h3 + 8h7 + hyhy)
P h2(hy + hy)3
i — 2h1(—hf +8h% + h2h1)’ (4.33)
h%(hl + hy)3
4, = hy(2h% + hyhy — h3)
' hy(hy + hy)3
hy(2h% + hyhy — h3)
dym =

hy(hy + hy)3

Then, the approximation §2v; ; to 32y is given by

S;wi.j = dp . 1p(xeastvyj) + dm : w(xwes[s _Vj) —d- 1//1',]‘ - (dx,p . 1//x(xeas[;_yj) - dx,m : WX(Xwes[;yj))~ (434)
Note that in case hy = h, = h then (4.34) is equivalent to the approximation of 851// in (2.5). Similar representations are
valid for 8.

One can show, using Taylor expansion and (4.1), that if the values of i, are chosen as the exact values of the first-order
derivative, then the truncation error for the approximation of the 83\0 for an irregular element is bounded as follows.

Lemma 4.5. Suppose the values of y are known exactly on the points (Xyest, ¥;), (Xi, ¥;) and (Xeast, ¥;). In addition, suppose that
the values of Yy (Xeast, ¥;) and Vx(Xyest, ¥;) are taken as the discrete first-order derivative given in (4.6), then the truncation error
T, for the approximation of the 32+ for an irregular element is bounded as follows.

1824 — 29| < CP || [|poe. (4.35)

Proof. First assume that the values of the first-order derivatives are given exactly. Then using the Taylor expansion (4.9) we
find that
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Yi:dy+dn—d=0,
Oxi dx,p + dim + h1dp — hydyy =0,

> hooon
8X l//,' I h]dx,p — hzdx,m + ?dp + ?dm = ],

4.36
h? h? h3 h3 ( :
3,?% L= édx,p + Ezdx,m + ?:dp - ?z’dm =0,
h3 h3 h* h
Wi — 3—1'% - ?zvd”" + 4—1'dp + 4—2'dm =0.
Using (4.1) the truncation error T, satisfies
Ty < CP |y ®|1oe. (437)

Relating the error in the approximation of the second-order derivative may be related with . Using (4.1), we find that

|S$wi,j - 3le#| < |T2| + |dX,p||eX(x€ﬂSt7 y])l + |dx,m||ex(xwes[’ .VJ)| (438)
Since |dy p| and |dy | are bounded by C/h, we obtain that

62w — 0| < CP Y|, m (4.39)
The proof is similar to the proof of Lemma 4.4.

5. Approximation of convective term on an irregular mesh

In order to approximate the convective term (3.9) (or its equivalent form (3.12)), we have to discretize pure third-order
derivatives of ¥ in x, y and in &, . Note that we have already obtained fourth-order approximations to o, and 9,V (see
(4.6)).

In [3,2] we have constructed a sixth-order approximation to the first-order derivative, using a sixth-order interpolating
polynomial based on the interpolating values Vi3 j, ¥i—1j, ¥ij, ¥it1,j, Yit1j and ¥ i1 j, ¥xij, Yx.i+1,- Then we inserted
these values into an approximation of 321, based on a fifth-order polynomial. The latter interpolates the values
VYic1js Yxi—1j» Yijs Yx.ijs Vit1,j> Yxit1,j and the resulting approximation was fourth-order accurate for 831#.

We first describe the approximation to 831// and then show how to obtain a higher-order approximation to the first-order
derivative. Let (x;, y;) be a grid point where two of its neighbors to the right (X,.es:, ¥;) and to the left (xeqs, y;) are inside the
domain or on the boundary. Define hy = Xeqr — X; and hy = X; — Xyest-

Define

h3 — 4h3hy + 4h1%hy — b}

qg=12 353 ,
172
0 = (b — h% + 5h%)
’ W(h +hy)d
] o hi(hahy — h? +5h2)
m— = 3 3
0 — th — 4hyhy + h?
X — T T !
hih3

Gy = — hy(2hy — hy)
T T hi A+ hp)?
G = h1(2hy — hy)
x,m — — OV 5 ——  — — _~

h% (hy + hp)?2’
Then, the approximation 6>v; ; to 33y is given by

sti,j =q- Ipi.j +4qp- Iﬁ(xeast,yj) +qm - 1p(xwestvyj)
+qx - 1//x(xi’ yj) + qx,p - 1/fx(xeastayj) + qx,m * 1//x(xwesh y])) (52)
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Other pure third-order derivatives may be similarly discretized. Note that in case h; = h, = h then (5.2) is equivalent to
the approximation of 83+ in Eq. (3.29) of [3].

One may show, using Taylor expansion and (4.1), that if the values of ¥, are chosen as the exact values of the first-order
derivative, then the truncation error for the approximation of the 831& for an irregular element is bounded as follows.

183915 — W] < CR3 (1Y ® oo (5.3)

When we approximated 8,(3 Y to fourth-order accuracy on a uniform mesh we need to approximate 9,3 to sixth-order
accuracy, so that by using these values for the first-order derivative, one can obtain a fourth-order approximation to 93v.
Now we construct the analogue of the sixth-order approximation to v, derived this time for a non-uniform grid.

Let (x;, y;) be a grid point where its nearest two neighbors to the right and to the left are inside the domain, but its next
neighbor to the right or to left is on the boundary. The neighbor of (x;, y;) to the right is (x;;1, y;) and its neighbor to the left
is (xi—1, yj). We denote its second neighbor to the right by (Xes:2, y;) and its second neighbor to the left by (Xyest2, ¥;). Let
h1 = Xeastz — Xiy1, ha = Xip1 —xi = h, h3 = X; — x;_1 = hand hy = X1 — Xyesr2.

By the requirements we set in Section 2 on a computational point, we find that there exist positive constants, which does
not depend on the mesh size, such that

B=h/h=1+p, B<h/h=1+B, 0<B<1 (54)
Let Q (x) be a polynomial of degree less or equal 6.

Q) = ag + a1(x — X)) + G (x — x)* + a3(x — x))* + a4 (x — x)* + as(x — x)° + ag(x — x)°. (5.5)
The interpolating data is
Y Ruwest2, ¥i)s W (X1, ¥i), YxXio1, ¥i)s ¥ (i, ¥7)s ¥ Kigr, ¥i)s YxXig1, ¥i)s W (Keast2, ¥j)- (5.6)
Then, g1 is set as an approximation to dxy at (x;, y;) and is denoted by &x,,-,j.
Define

—3h3hy — 3h4hshy — 2h3hy — 2hshshy + 3hshahy + 3hsh3 + 2hshahy + 2hsh3
hshy(hy + hy)(hs + hy) '

. (hs + ha)h3(hy + hy)(5hih3 + Th3hyhy + 2h3hy + 4hghohy + 2hghshy — h3 — 2hsh3 — hhy, — hyh3 — hahshy)
b hy(hy + hs + hg)2(hy + h3)3h3
(3 + ha)h3(h1 + h2)(—2hahahy — 2hah% — Thehshy — 4hshshy — 5hah? + hshahy + hsh3 + 2h2hy + h3hy + h3)
B h3hi(h2 + h3)3(hy + hy + h3)?
- (hy + hy)(hs + ha)h3 (5.7)
“P7 (hy + h3 + ha)(hy + h3)*hy
_ (h+hy)(hs + hy)h3

(h1 + hy + h3)(hy + h3)?hy’
. (h3 + ha)h3h3
P27 (hy + hy + hs + ha)(hy + hy + h3)2(hy + hy)h3’
_ (h1 + hp)h3h3

(h1 + hy + hs + hs) (hy + hs + hs)?(hs + h4)h42;’
Then, the approximation x_bx,,-,j to oy is given by

1/_/x,i,j + rx,p : '(zx,i—o—l,j + rx,m : 1}x,i—l,j
=T1-Yij+Tp-Virrj+Tm - Yic1j+ p2 - ¥ Keast2, ¥j) + Tm2 - ¥ Kuest2, ¥j) (5.8)

Other pure first-order derivatives may be discretized similarly. It may be shown, using the error of the interpolation problem

above and (5.4), that if the values of x_bx,,-,1,j, Yy i1, are chosen as the exact values of 0¥ at (xi_1, ¥;), (Xi+1, ¥j) respectively,
then the truncation error in vy ; j for an interior point may be bounded by

[Vnij — W] < Ch®Jlyr ™ oo (5.9)

Suppose that the point (x;, y;) is close to the boundary, such that it has only one neighbor to the right (x.qs:, y;) inside the
computational domain or on the boundary, but two neighbors to the left (x;_1, ¥;) and (X,.est2, ¥;). In this case we construct
a polynomial of degree 5 at most, which interpolates

w(xweSIZst)a w(xiflej), WX(Xiflv‘VJ)s w(xi».Vj)» w(xeasthj)v wx(xeasts.)/j)- (5.10)
Let hy = Xeqst — Xi, hy = %; — X1 = hand h3 = Xi_1 — Xyest2-

)

m ’

rXJTl

'm2
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By the requirements we set in Section 2 on a computational point, we find that there exist positive constants, which does
not depend on the mesh size, such that

B<h/h=<1+8, B<hy/h<1+B, 0<B <1 (5.11)
Define

o —2h3 — 2hsh; + 3hihy + 2hihs
hihy(hy + hs)
5 = (hy + h3)h3(5h7 + 7hihy + 2h% + 4hqhs + 2’12’13),
(h1 4 hy 4 h3)2(hy 4 hy)3h,
_(ha+ h3)h?(—2h1h; — 4hyhs + hihy + h3)
a hah3 (hy + hy)?
Sep = (hy + h3)h3 ’
' (h1 + hy + h3)(hy + hy)?
(hy + h3)h3
~ ha(hy + hy)?
3 h2h3
h3(hy + hs)(hy + hy + h3)?
Then, the approximation ‘Z’x,i.j to oy is given by
Unij+ Sep - UxKeast> Vi) + Sem * Yio1j =S - Yij +5p - Y xeastyp) T Sm - Yic1,j + Sm2 - ¥ Kwest2, j) (5.13)

It may be shown, using the error of the interpolation problem above and (5.11), that if the value of &X_HJ is chosen as
the exact value of d,¥ at (x;_1, ¥;), then the truncation error in vy ; j for a near-boundary point may be bounded by

[Wij — W] < Y@ i, (5.14)
The case where the point (x;, y;) is close to the boundary, such that it has only one neighbor to the left (x,.s, y;) inside the
computational domain or on the boundary, but two neighbors to the right (X1, ¥;) and (Xeast2, ;) is treated similarly.

’

m ’

(5.12)

Sx,m

Sm2 =

6. Numerical accuracy of the scheme in irregular domains

In order to verify the spatial fourth order accuracy of the scheme, we performed several numerical tests. The time-step
was set to dt = Ch?.
In Tables 1-10 we present the error, e, and the relative error, where

€ = ||Wcomp - 1pexact”lzy

€00 = ||¢comp — Wexact l1s -
Similarly,

(ex)2 = (¥ comp — (Wx)exace |l »

(ex)oo = ”(wx)comp - (l//x)exact ”Ioo-

Here, Y¥comps (¥x)comp aNd Wexact, (Wx)exacr are the computed and the exact streamfunction and of ¥ and its x-derivative,
respectively.

6.0.1. Case 1: Y (x,y, t) = et in a unit circle

Here

fx.y.t) =04y — A%y, (6.1)
where ¥ (x, y, t) = eVt
Our aim is to recover ¥ (x, y, t) from f (x, y, t). Thus, we resolve numerically

3tAW_A2¢=f(Xayyt)7 (X,y)E.Q

Y(xy, 0=, xyen

YLy t) =V (x,y) €09 (6.2)
AP (x,y,t) et

on on

, (x,y) €0%.
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Table 1
Compact scheme with exact solution: 1 = e**/~f on x> +y*> < 1. We present e and e,, the I, errors for the streamfunction and for 3,1. Here At = 0.25h?
and t = 0.25.

mesh 9x9 Rate 17 x 17 Rate 33 x 33

e 1.0366E—04 4.31 5.2399E—06 4.10 3.0546E—07

exo 1.6352E—04 4.58 6.8480E—06 3.61 5.5991E—07

(ex)2 3.2905E—-04 4.45 1.5105E—-05 3.80 1.0811E—06

(ex) oo 7.1337E—04 4.17 3.9506E—05 3.13 4.5110E—-06
Table 2

Compact scheme with exact solution: ¥ = (1 — x?)3(1 — y?)3e" on x> 4+ y> < 1. We present e and e,, the L, errors for the streamfunction and for ;.

Here At = 0.25h% and t = 0.25.

mesh 9x9 Rate 17 x 17 Rate 33 x 33

ey 1.103E—02 4.55 4.6820E—04 4.06 2.8002E—05

€co 1.201E—-02 4.56 5.0703E—04 4.18 2.5776E—05

(ex)2 2.730E—02 429 1.4000E—03 4,65 5.5899E—05

(ex)oo 3.7960E—02 4.12 2.1864E—03 4.10 1.2735E—04
Table 3

Compact scheme with exact solution: ¥ = (1 — (x> +y?))3e™t/192 on x*> +y? < 1. We present e and ey, the I, errors for the streamfunction and for d,1.

Here At = 0.25h% and t = 0.25.

mesh 9x9 Rate 17 x 17 Rate 33 x 33

e 3.8146E—05 3.55 3.2473E—-06 5.77 5.9640E—08

€xo 3.7433E-05 3.39 3.5759E—-06 6.04 5.4332E—08

(ex)2 1.2305E—04 4.48 5.5097E—06 3.89 3.7099E—07

(ex) oo 1.2827E—04 4.08 7.5821E—06 3.29 7.7447E—07
Table 4

Compact scheme for the Navier-Stokes equation with exact solution: ¥ = e¥*V~f onx? 4y < 1. We present e and e,, the I, errors for the streamfunction

and for 8,1. Here At = 0.25h% and t = 0.25. In Fig. 3 the solution and the error for Case 4 are plotted.

mesh 9x9 Rate 17 x 17 Rate 33 x 33

e 9.955E—05 431 5.0042E—06 4.01 2.998E—07

exo 1.6792E—04 470 6.4755E—06 3.55 5.5991E—07

(eyx)2 3.0959E—04 4.40 1.4634E—05 3.80 1.0508E—06

(€)oo 6.6237E—04 4.09 3.8936E—05 3.11 4.5138E—06
Table 5

Compact scheme for Navier-Stokes equation with exact solution: ¥ = 5= (1 —x?)>(1 —y?)%¢~* onx? + y* < 1. We present e and ey, the I, errors for the
streamfunction and for 3,y . Here At = 0.25h? and t = 0.25. In Fig. 4 the solution and the error for Case 5 are plotted.

mesh 9x9 Rate 17 x 17 Rate 33 x 33

ey 1.1040E—02 4.56 4.6817E—04 4.06 2.8002E—05

[8 1.2010E—02 4,57 5.0701E—04 4.30 2.5781E—05

(ex)2 2.7300E—02 4.33 1.3530E—03 4,60 5.5872E—05

(ex)oo 3.7950E—02 4.12 2.1861E—03 4.10 1.2750E—04
Table 6

Compact scheme for Navier-Stokes equation with exact solution: ¥ = (1 — (x* +y?))3e~!/192 on x* + y* < 1. We present e and ey, the I, errors for the
streamfunction and for 3,y . Here At = 0.25h? and t = 0.25. In Fig. 5 the solution and the error for Case 6 are plotted.

mesh 9x9 Rate 17 x 17 Rate 33 x 33

e 3.8146E—05 3.55 3.2473E—06 5.77 5.9640E—08
eso 3.7433E—05 339 3.5759E—06 6.04 5.4332E—08
(eyx)2 1.2305E—04 4.48 5.5097E—06 3.89 3.7099E—07
(ex) oo 1.2827E—04 4.08 7.5821E—06 3.29 7.7447E—-07

6.0.2. Case 2: Y (x,y,t) = (1 —x*)3(1 — y?)3e~t on a unit circle

Here

f(xvy7 t) = awa - AZWa

(6.3)
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Table 7
Compact scheme for Navier-Stokes equation with exact solution: ¥ = (0.81 — (x> + y?)?)e™"/64 on D. We present e and e,, the I, errors for the
streamfunction and for 9,1 . Here At = 0.25h% and t = 0.16. In Fig. 6 the solution and the error for Case 7 are plotted.
mesh 11 x 11 Rate 21 x 21 Rate 41 x 41
e 6.7927E—09 3.97 4.3433E—10 3.98 2.7595E—11
€ 1.1452E—-08 3.99 7.2237E-10 3.97 46112E—-11
(ex)2 1.8151E—08 3.95 1.1759E—09 3.99 7.3986E—11
(ex)oo 3.12494E—08 3.88 2.1241E—09 3.99 1.3374E—10
Table 8

Compact scheme for Navier-Stokes equation with exact solution: ¥ = ¢~ on £2. We present e and e,, the I, errors for the streamfunction and for dy/.
Here At = 0.25h? and t = 0.16. In Fig. 7 the solution and the error for Case 8 are plotted.

mesh 11 x 11 Rate 21 x 21 Rate 41 x 41

(23 9.5923E—06 4,05 5.5957E—07 4.85 1.9380E—08

€oo 1.9296E—05 3.95 1.2704e-06 5.08 1.9380E—08

(ex)2 6.1783E—05 4.29 3.1745e-06 4.59 1.3202E—-07

(ex) oo 1.3602e-04 3.14 1.5512e-05 4,01 9.6381E—07
Table 9

Compact scheme for Navier-Stokes equation with exact solution: ¥ = (1/64)e™"((x* +y?)? + cos(x) - cos(y)) on §2. We present e and ey, the I, errors for
the streamfunction and for 8,1 . Here At = 0.25h% and t = 0.16. In Fig. 8 the solution and the error for Case 9 are plotted.

mesh 11 x 11 Rate 21 x 21 Rate 41 x 41

[ 5.1468E—08 4.02 3.1644E—09 4.68 1.2311E-10

€xo 1.0385E—07 3.94 6.7449E—09 4.80 2.4166E—10

(ex)2 3.1049E—07 428 1.5965E—08 4,61 6.5458E—10

(ex) oo 7.1207E—07 4.25 3.7389E—08 3.85 2.5906E—09
Table 10

Compact scheme for Navier-Stokes equation with exact solution: ¥ = (1/64)e~t((x* 4+ y?)? + €* cos(y)) on £2. We present e and ey, the I, errors for the
streamfunction and for ;. Here At = 0.25h% and t = 0.16. In Fig. 9 the solution and the error for Case 10 are plotted.

mesh 11 x 11 Rate 21 x 21 Rate 41 x 41

e 3.0809E—08 402 1.8993E—09 433 9.4105E—11

e 9.6878E—08 421 5.2525E—09 425 2.7563E—10

(ex)2 2.8732E—07 417 1.5968E—08 4.16 8.9395E—10

(ex)oo 5.6380E—07 428 2.8971E—08 363 2.3323E—09
where ¥/ (x, y, t) = 5z (1 —x*)3(1 — y*)3e™". Our aim is to recover v (x, y, t) from f (x, y, t). Thus, we resolve numerically

atAI//_A2¢=f(Xayat)7 (X,y)GQ

P30 = (1 =P - (xy) €2

258 64

Yy =20 -’ -y, (xy) €0

Y (x,y,t 1 (1 —x)3(1 —y?)%e!
Yy, 1 9 ) —y9) C (y) € o,
an 288 an
6.0.3. Case 3: Y (x,y, t) = 7 (1 — (x* + y*))e™" on a unit circle
Here

f(x’y’ t) :atAw_AZI)[/a (65)

where ¥ (x, y, t) = 1;fz(l — (x> +y?)3e~t. Our aim is to recover ¥ (x, y, t) from f (x, y, t). Thus, we resolve numerically

QAY — A =f(x,y,0), Xy €N

1 2 2\\3
Yxy,0=—>0-x+y)), &y e (6.6)

192
oY (x,y,t) _

Yx,y,t) =0, ™ 0, (x,y)e€oQ.
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x107

Fig. 3. Case 4. Left: Approximation for ¥ = e*™¥~!, Right: The error.
6.0.4. Case 4: Navier-Stokes with exact solution vy (x, y, t) = e*™~' in a unit circle

Here
f&x,y,t) = dAY + VY - VAy — A%y, (6.7)
where ¥ (x, y, t) = eVt
Our aim is to recover ¥ (x, y, t) from f (x, y, t). Thus, we resolve numerically

Ay + Vi - VAY — A% =f(x,y,t), (x,y) €
Y(x,y,0 =" (x,y) e

Yy, t) = (xy) €9 (6.8)
W (x,y,t) 9t
o = o (x,y) € 0%2.

6.0.5. Case 5: Navier-Stokes equation with exact solution ¥ (x, y, t) = (1 — x?)3(1 — y*)3e* on a unit circle

Here

fxy,0) = 8 AY + V' y - VAY — A%y, (6.9)
where ¥ (x, y, t) = f}s(] —x5)2(1 — y*)3e~t. Our aim is to recover ¥ (x, y, t) from f (x, y, t). Thus, we resolve numerically
QAY + VY - VAY — A% =f(x,y,1), (%)) €2

Y(x,y,0) = i(1 -1 -y) xy e

288 (6.10)
1 2\3 2\2 —t
llf(x,y,t)zﬁ(l—X)(l—y)e , (%y) €d82
oY (x,y,t) 1 0(1—x*)°(1—y*)?e"
rer . (%, 082.
on 288 on *x.y) €
6.0.6. Case 6: Navier-Stokes equation with exact solution ¥ (x, y, t) = 1;—2(1 — (x> +y*)3e~t on a unit circle
Here
fxy,0) = 8 AY + Vg - VAY — A%y, (6.11)

where ¥ (x, y,t) = ]—;2(1 — (x* +y%)3e~t. Our aim is to recover ¥ (x, y, t) from f (x, y, t). Thus, we resolve numerically
QAY + VY - VAY — A% =f(x,y,1), (%)) €2

1 2 2\\3
Yxy,00=—0-x+y))’, &y €N (6.12)

192
Y (x,y,t) _

Yx,y,t) =0, - 0, (x,y)eos.
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Fig.4. Case 5. Left: Approximation for ¢ = 5= (1 — x2)*(1 — y*)3e™". Right: The error.
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Fig. 5. Case 6. Left: Approximation for ¥ (x, y, t) = 15 (1 — (x* + y*))3e™". Right: The error.

6.1. Intersection of two non-concentric circles

In this subsection the domain §2 is the intersection of two non-concentric circles.

Q2 ={(xy)|x—0.4)72+y* <05 U{(x y)|(x+0.4)2+y* < 0.5} (6.13)

6.1.1. Case 7: Navier-Stokes equation with exact solution ¥ (x, y, t) = é(0.81 — (x* +y*)?)e~t on two circles intersection
Here

f(x,y,t) = % AY + Vi - VAY — A%y, (6.14)

where ¥ (x, y,t) = ée*‘(O.SI — (x* +y%)?). Our aim is to recover v/ (x, y, t) from f (x, y, t). Thus, we resolve numerically

8{Al//+VLI//VAw_A2¢’ =f(x7.y7 t)? (X’y)EQ

Py 0) = 081+, @y e
614 (6.15)
VX, y,t) = &(0.81 — @ +yHHe ™, (xy) e
Py, t) _ 13((0.81 = +y*)*e™)
an " 64 an

, (%) €082.
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Fig. 6. Case 7. Left: Approximation for y(x, y, t) = 45 (0.81 — (x* +y?)*)e~*. Right: The error.

6.1.2. Case 8: Navier-Stokes equation with exact solution V¥ (x, y, t) = e*™~" on two circles intersection
Here

fxy,t) = 8AY + VY - VAYy — A%y, (6.16)

where ¥ (x, y, t) = ™=t Our aim is to recover v (x, y, t) from f (x, y, t). Thus, we resolve numerically

JAY + VI - VAY — A%y =f(x,y,t), (xy) €
Y(x,y,0 =" (x,y) e

Yy, )= (xy) e (6.17)
oY (x,y, t) eVt
an = o (x,y) € 052.

6.1.3. Case 9: Navier-Stokes equation with exact solution ¥ (x, y, t) = (1/64)e~t((x> 4+ y*)? 4 cos(x) - cos(y)) on two circles
intersection
Here

fxy, ) =8 Ay + Vg - VAy — A%y, (6.18)
where ¥ (x, y, t) = (1/64)e™" ((x*> 4+ y?)? 4 cos(x) - cos(y)). Our aim is to recover v/ (x, y, t) from f (x, y, t). Thus, we resolve
numerically

JAY + VY - VAYy — A%y =f(x,y,t), (xy) €N
Y (x,y,0) = (1/64)((x* + y*)* + cos(x) - cos(y)), (x,y) € £

Y(x,y, t) = (1/64)e” (&* +y*)* + cos(x) - cos(y)), (x,y) € 32 (6.19)
AP (x,y, 1)  3(1/64)e~ ((x* +y?)? + cos(x) - cos(y))
™ = ™ . (xy) €052.

6.1.4. Case 10: Navier-Stokes equation with exact solution ¥ (x,y, t) = (1/64)e~t((x* + y*)?> + e*cos(y)) on two circles
intersection
Here

f.y.0) =04y + VY - VAYy — A%y, (6.20)

where ¥ (x,y,t) = (1/64)e~ (x> + y*)? + e* cos(y)). Our aim is to recover v (x, y, t) from f(x, y, t). Thus, we resolve
numerically

JAY + VY - VAYy — A%y =f(x,y,t), (xy) €

V(x,y,0) = (1/64)((x* +y»)* + €*cos(y)), (x,y) € 2

Yx,y,t) = (1/64)e (X +y*)? +e*cos(y)), (x,y) € 982 (6.21)

Y (x,y,t)  9(1/64)e " ((x* +y*)* + €* cos(y))
on on

. (xy) €0s2.
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Fig. 7. Case 8. Left: Approximation for ¥ (x, y, t) = ™t Right: The error.
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Fig.8. Case 9. Left: Approximation for ¥ (x, y, t) = (1/64)e " ((x*> + y*)? + cos(x) - cos(y)). Right: The error.
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Fig.9. Case 10. Left: Approximation for ¥ (x, y, t) = (1/64)e~t ((x* 4+ y?)? + €* cos(y)). Right: The error.

7. Conclusions

We have constructed a new high-order compact scheme for the Navier-Stokes equations in irregular domains. The idea is
to express the biharmonic operator via pure fourth-order derivatives along the axis and the diagonals of each computational
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element. In addition, the third-order derivatives appearing in the convective term as well are written in terms of pure third-
order derivatives along the axes and the diagonals. This enable us to approximate the Navier-Stokes operator via one-
dimensional discretizations at near boundary points. The truncation errors are analyzed for all one-dimensional operators
involved in the representation of the biharmonic and the convective terms. The numerical results demonstrate the fourth-
order accuracy of the scheme for all the test cases for which the new scheme was applied. In our future work we plan to
test our scheme for additional more complex geometries. It is desirable to have a full error analysis for the new scheme in
irregular domains.
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