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VONTEX SCHEMES FOR VISCOUS FLO\4'

. Dalia Fishelov

Abstract. We describe several vortex scheme6 thar simulaie viscous incompressible

flow. We reple{t a deterministic scheme for ihe linerized Navid-siokes eqmiions, fo!

wbich we outlitre the conversoce proof iD the disoere ,, norm. This scheme approx

idates the linearized Navi* Stokes by tust formulariag rhm atong pdricte rrajecioris

dd thd apFoximatiDg the visco{s tqm via a disdere onvoturioa of the vo.ri. y w h

the Laplacian of a cutof filnciion. In the lst sectjoD we introduce cdtofi tunctioff rhar

saljc$/ momF, r,s .ondi'ion. for semi-,D6ni," domain,.

1. I{troduction

Vortex meihods loi nonvis@us flow d€ baled on Elter,s equariols iD th€ir rDrticiry

formulation. One ila.ks paiicle tEjectodes, atong which rhe vorticfty is evolved. One also

invokes the veiocity-vo*iciiy relaiion, the Bior-Savaii law, which expresses the velocity in

tefms of ihe vorticiiy for inconpressible flow.

Several ways wae suggeted to exteDd voriex merhods for viscous 1low, i.e., for rhe

Navid-Stoke equations rather ihm Euler,s equaiioDs. One of rhd is ro chmge rhe size

of the cuiofi pdmeter l11l,t4l io allow ditrusion of vorticity. In fact, rhe q&r 6olrrion

of ihe heat equatioD via iis cren tuDction formularion was adopied. Ir was Foven by

Gredged [10] that this ploes apprcximars the wroq equaiions rathd rhm the Navier
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Stokes equatio$. However, iJ one redistdbute the vorticitv via its discrete convolution witL

the heat kemel together n'ith time splitting of the Navid-Stok6 equaiioDs to Ettd's anll

to the heat equatioDs, the resultitr8 s.heme coDvdgs to the Navier Stokes equations [6L

Choitr [5] 6uggested to limulate difsior bv a.dding a rardom waik to eeh of the pdticla

This is a robusi algodthm, 'hich doer not rcquire ev spatial diferentiatioD This pio(6

wm proved to converge to the exact solutioD 1121.

In [s] we suggested a deteministic vo'tex method ihat extends natuallv vodex metL

ods lor visous flow. We lormrnate the Navier.Stokes eqtaiiom along pdiicle tmjectode

In this fondatio4, a viscous i()m aPped6 iD ihe time-evolution of the vorticitn m;

tdm is approximaied by tuFt onvolving the vorticitv 'ith a cuiof fmciion md ihen bv

s dalyt i .  d i f " renr iat ioo ot  h i ' fuDdior '  ioS"Lls  wirh ; rq d is ' r "F 'oD\olur ion wi l 'h  the

A related method was suggested iD I7l; in the latter the LaPlaciar oPelator wa ap-

ploximate.d by a,n iategral true one. The uo.lvsis wa"s cdried ott in tro cases ln the

first, the viscosity 1/]? satisffe 1/-R I C6x, whee -R is the l€JDolds nmber Md 6 is the

cutotr pameter of the kernel. In the secoDd, the kemel of the integral operator whi&

approximated the Laplacim is as$med to be positive.

W€ o{tline ihe convergdce ploof of ibe scherne for the lineaized Na'ier Stokes equa

tion in two-dlmensions. We 6tst prcve the coDvdgenc oI a simild sch@e foi the heal

equation, md ihen the cnnsistdcJ, the siabilitv a$d the convergence of or scheme fo!

the lioedized Navie! Siokes equatioos Fiaa[v we @mbine @ssistencv ard stabilitv to

prcve the convergoce of the schene One of the new featus of this p'oof is bhe enersr

esiiFates we use {o! the voriicity h order to insute the stabititv of ihe sc'hem

that the cutof functioD has a non-negative continuou6 Fourier trsnsfom lt was vsiffed

in [8] that this codition is satisffed fo! several 'uiotr tunciions that ue commo v used

wiih vo$ex methods. ID [9] se also derive a stabilitv cotrdition for the time discetized

scheme for the tineaized Navid-stokes e$ation. We psve th'ri if the dtof funciion ha

a non oegative (contiatrous) Fouia iransforn md the ilme siep is oI ordd 6'z, theo the
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ID the last se.tion ve refer to on+sided cutotr inctions. We sugge6i moment condi

tions for semi iDinite domains which ensue that the eror committed by approxioating a

{unction via iis one sided convolutioD with a cutof function is of order 6d for dy positive

d that we pick. This apsoach roay as well be usehrl for the approximatioD of discontinu

ous tunctions, where o4e wishes to construct m approximation based on points which are

contained in rcgioos for which ihe iDctioD is smooth.

2. A Vortex Scheme for Viscous Flows

In [8] we proposed a @nvoiuiion-type vortex schqe for viscous flow6. The two

dnnensiotral Navier Stokes equatiors, formulated for ihe vorticity ( de given below.

a{+(u v)€ = R r^{ ,

d i v u = 0 ,

whde € = cu1 u, u: (a,D) is the velociiy vector, A = V' is the Laplac operator and

R i, the Reynolds number. We formulate the Navier-Sioke, equations a.long pdticle

trajectories tosethd with the Bioi sa.vaxt law u(x,t) : J((x x')€(x',4dx' whde

K(a,v) : ( !,r)/zr(c' + y'z) md tud

1 5 5

#=1." x')((x' ,r)dx', (2.1)

(2.2)

we set m initial miform $id xj(0),j = 1,...,n with spacing i1, ft, in z, y respectively.

For simplic y, we ss1ne hr = h2 = h. l,et xj(r), €](r) ue ttre anproximare particle toca-

tios dd the approximate vorticity respectively at time 1, then equatioD (2.1) is discrei;zed

ty G* Isl)
"^ j i "  t  K, rx l ' | r ) -  x j r /  r ) t j { t r r '?

Hde ve approimate the singula kernel li(x) by a smoothed one ti6 (x), whe'e 116 = d6*r

nd 66(x) = (r16,)6e/6) is a cutotr {uDctior

we shau now desoibe the apploimation of ihe vi,@us tl)m -B rA€ of (2.2). We

apprcximate the vorticiiy by onvolving it with a cuiof tuDction, i.e., € is approximated by

dr + e- lMe then derive m approximaiion io the Lapl&im of the vodicity by difereatiaiitrg
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ihis convoluiion, i.e, by A(d6 * {) = (Ad6) * 6. FiDallv, we approximate the inte$als

involved in ihe coDvolution by ihe irapezoid '!le, md obtaiD

We shal ffEi discuss a convolution-type approximation for the heat equation, being

a simpliffcaiion of the linedized Navier-Stokes equaiion.

3. The Heat Equation

We prove the @Dsi,tency md the stability of ihe scheme {or ihe heat equation; this

res ts in a convergot scheme. We ireat the two-dimensional heai equation Th' ihree

dimensional cse can be treated ,imilaily.

Considd

: :  _  p_r  A,

€(x,0)  = €o(x) .

Srppose the initial vo*icity hm @mpact suPPort ed that xi,i : 1,"',n a're equallv

distribtrted polnts in this region. 41, A1 a.!e the spaciry in ' md 1/ lesPectivelv' which for

simplicity are dslmed to be eqml, i e., A1 = n, = A Coosider ihe scheme

a"#o = in'r,.ltrl "i(r)61(r)A',

,cl(L : 
"-, i 

aa,r,l(r) _,i(rXic)r,,.

: (o(*, ,1):  n- '  )  ^d6(x, -  x,)€"(xr,r) ; ' ' ,

(2 3)

(3.1)

{ ' (x , ,0) :  (o(x, ) ,

rhere {5(x) is a cutof fuDciion which approximates a delta fuctiotr. We sh.ll firsi siate

a th€orem oD ihe consisteDcy of the scheme For the proof of this tbeoiem ihe 'eadd is

r - + r d  r o  [ 8 .

Let W-'t be the Sobolev space which includes,ll functions for which ihe funciion

and its dqi€tives up to ordo m te in I,.
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corsistency Theorem [8]. Let the cutof function d Eatisfy the followiDs condjtiors.

6  ew^+ \ l (R  ) jm> l (3.2)

t t l
I  d@a*= , .  /  x "o (x )dx -0 .1o  <d  l .  /  l x l ' l e ( \ ) l dx  @.  131 )

JR '  JR1  JR '

Assume the idtia] volticiiy hs compet support md has m continuous bounded deriva-

t i v e d , w h e r e m > d + 2 .  L e t x j , j : l , . . . , n b e u n i f o m l y d i s t r i b u t e d g r i d p o i n t s i n t h i s

rcgioo. Then, there exists a coDstani C such that

16- . , '  yor , ' '  , , , t ,n1-  c 'do r  L t .

Stability Theorem. Let d

fmction be non nesative,

€ W'1,1(n') and let the Fourier tlansform of the cutof

.iG) > o, (3.4)

ard assume the initial vorticity hd @mpact suppoli. Then (3.1) is stabl€, i.e.,

t({"(&,0)'h' < t(€"(*,'o))'r,'.

Proof. Mdrip.yin8 t3.1) by €r(x,./)A'? dd sljl]miDg over i yierds

r , 3 -

"  l  f rc " i * , . r t l r '  R- ' f  c ' rx , . r r r " !add(x ,  x / r { ' ( x ) . / ) i ' ? .  r3 .51
t 0 1 -

Expressins d(x) via its Fouiei trmsfo.m, one finds d6(x) : 
"[ A'(t€'" 

*ds. Difdentiatins

the last equaliiy with respeci to r md s to get the Laplacim of da yields

^d,(,): /G.EA(r"--,r" (3.6)

We now substitute (3.6) in (3.5) ud ffnd

i *L , t^ ' " , . , t tn '  a - '  / r "  . r l  tAr* ; . r r r ' I  r , ' . , " *  ' '  " . \ { i ,x , . , ,h 'as .

i  l ,  I , en r * ' . r  r l r "  .  F  r  
/ , s .  s rdb ,s ,  ' . €A r  * , . i  r " r '  "  i , '  !  e '  r  * , .  t  t p ' 6  x i  h !  d6 .r .7  r  - ,

Since {n is a rcal fmctior (othdwise ve nultiply (3.1) by the rcmplex coojusate o{ 1i),
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r a -  ,  tr 9 \ - r 6 1 1 v ,  r 1 ' 1 t '  -  n - '  / , s  s r o , , s r l l c a r x .  i ' * ' ' r -  " , ' '  3 1 1
,o '7  r  ,

The iight-hmd side of the last equaliiy is Don positive by assmptioD (3 a), md siDce

A6G) : d(r"). lntesrainu (3.7) with respeci io i compleies the prcol

4. The Linearized Nawier-Stokes Equations

We sh..ll consider the linedized Navier Stokes equations

DAI,IA FISHELOY

dx- = a(x'4'

+:n'at,

The proposed scheme {or the linearized equations is

(4.3)

(4 5)

(4 6)

\4.7)

wbde 6l(1) = €i(x'(i),t) is the approximated vorticiiy. Here we have used the incom

pressibility mnditioD V .a = 0 to assure ibai d dea'elemdi /,' at the iDitial tjme remaic

the sme for a.tl ijmes. We sha[ tuw otrt[ne the onvergeme of our sc.hene (4.3)-(a a) to

the linedized Navid-Stokes eryatioN (a.1) (4.2). Expre$ins (4.1) md (a 2) ai xr, wefind

dx,( i )
,  = a lx t , r l ,

'€ i l t )  :o '  ior , t* , ( r )  -* , r i )x l ( i , rhr ,

d€ i  D -1^ t

4+a* .  n !ae,," , , , ,  x, , /  ( j , , / ,  R-,a<., ,

Note that there is no errot in pdticle locations, and we caJl iherefore Proceed to the error

in the vorticity at the time dependdt srid poiDts. Thus, subtracting (4.6) fron (4.4), we

ffnd
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Sir.e we want to use energy'type e6timates' {e mdtiPly md (4.7) bv (41(,) -(r(t))h'?

and s1s over ;. We 6sure the iniiial vorticiiy hd compact support, and therefore {iaite

number of pdticles approaimates the initial vorticiiy. For the sahe of simpliciiv we omit

1g \ - r r t  -  r .  r , r ,
2 d t z - \  ' '

*-rn" ,n.r, *

s1 = E 1 
t(€l - 6th'? (E ^4 6Gt - x j)ti h'z t ^c,("' - *r€rt') (4.10)

t t

.  F-r  \ - , f {  . . , t , r \ -  Ad"(x,  -  x/  i€)hr -  A{,  r .e ,  t .  
1 2 \ \ ,  \ ' 1 , -  i z J

We shal] nov bomd Cl, which is reiaied with the tiucation droi' Laier,

stability lemma, we sha.lt boud 51.

r59

: a ' t(€l €')i'(t ^d'(& "i)€lr' ^{,) (4.8)
i j

-  t t ) ,h2 = 51+ CL,:a \-,r!
2 dl 1'' -'

4. Consistency' Stability and ConwerS€lce for the Linear;€d Nawier-Stokes

De.ffne the disc.rete mrm /113,'," : t,l'(*,)h"

Consistency Lemma for the Linearized Nawier-Stokes Equations [9]' Let the

cutofi funciion d satisfy the fotlowing conditions.

4 e w-+4\(fr),n'>1 (5.1)

r t t
I  dVF* -  r .  /  x "o l x tdx=0 .1o  <d - t .  /  l x l ' l e ( x ) l dx  <  o  152 '

JN" JR'  JE"

Assume the initial vo icity has @mpact fllpport md has rn continuous bounded derim

tived, where m > d + 2. Let xi(0), j = 1, .., n be uifoniy disiributed grid points in ihis

rcgion. Then, there dist a @nstut C su.h that

(4.11)

(5.3)cl < cR-rll€i - {l lo,,,^ 15" + #)
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Stability Lemma for ihe Lineadzed Navier-Stokes Equations [e]. Let

A,:Lc: _ tt)'h',

and lct d € ltl'?r(1?'). Assume further that the Fouder iransfom ol the cutof tunction

be non rcgaiive, i.e., .i(s) > 0. rhen

s1< 0 . (5.4)

We shal now combine the consistency md the stability iheorems to Plovc lhe conver-

gelce of the scheme.

ff<c.e1lft+*1. (5 8)

Convergence Theorem for the Linearized Nawier-Stokes Equations. Lci the cutoJf

tunctioa d satisfy the fo owing conditioos.

By the stability lemma for the ihe linedized Naviei-Srokes equations (5 4) we ffnd 51 < 0,

d€ t4 /m+r r ( r i , ) ,m>1 (5.5)

t t l
I  e . x ' t t x = 1 .  /  \ " o x d x - 0 . r o  d  r .  /  l x ' o ' x t l a x  o  5 6 l

JR  JRz  Jd '

l-et the Fourier iransform of ihe cuiof fuctioD be DoD-nesaiive, ihen .4 < C(6d + ;+)

Proot By (a.9)

!4 :  
" t*  

t t
2 d t

Using the consisiercy leoma (5.3), we ind that for some bounded range of l? r, i.e,

R > Ro, whde R0 is some posiiive ntDber,

c1<c.AQd+#) 15.7)

Delidlns (5.8)by.4: +.,@(i f  A = 0thepioof is tdvial)wef ind # < c(6d+r,-1t +t1,

with the iniiia.t coDdiiion,4(1 : 0) : 0. we there{ore conclude ihai ,4 :! C(6d + hn /6n+'z).
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In [9] pe prcve the stability of the time disoeti,ed schme

161

"1"+' = *l'" + ̂ t"(*l'"'''

{l '+r = al " + ̂ ,F-' t ^@,{"1. - xj " )rf " h..

*h*" ,1. *d €1. "pp"oximate 
the exacr pdticie locarion xi md rhe exacr vorriciiy €i.

lx l "  x i  <car,  o<r<".

ff we futhq ssrDe that d is a symeiric cutotr thai satisffes (3.4), dd 6 = CAc, 0 <

q < 1, then (5.9)-(5.10) is stable fo! Ar < CRi,.

6. Convolutior-avpe Schemes aDd Semi-Inffnite Domaius

In this seciion, I would like to rddk on ihe application of @nvolution type schd,les

to semi inJinit€ doaain,. ff the difqeniial equation ihat we would like io sotve holds in

a semi iliDite doDain, one need to consider the quality of the app'odmatioD we nate

for a given fdctioD by @nvolvilg it with a dtof tunction. In oihe! words, dos d, * J

weD approximate the tunciion J in case this funciion is detftd on a semi i!ffnite domain?

The answer is of course that it does noi necessdily do. For the sale of simpticiry, ler us

consider the one-djmension,.l care, i.e., l(o) is denned for r > 0.

It is possible io fomulate moment onditjoDs for the fttof {rncriotr d, in oider io

obtain an approximation oI order dd for ay onstant d. We wish io approximate l(z) by

J: JG')d'@ '')d,'. By substirutin8 s : c - c, we have instea,l f-l? fidt(v),lu.
Otrce the approximation to a fDction is consttucted via onesided cuiotr funcrions, one

may also dedve approxjoatiors to ddimtiver oI this fmction. This h run cd be used

for approai@ating the i-aplacian of a giveD funcrion ba,ed on one-sided cutotr fucrions.

Ii may also be applied to problems whose sotutioD contaiD a shock oi a dis@Dtinuiry, in

which ii is desirable to avoid ditrerentiatioDs across the dis@nrinuiry. We will Bhow ihe

followins.

(5.e)

(5.10)
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Mome!'It Lemma for Semi-irlnnite Domain. Let the cutofi lmction d satislv the

fotlow;ng conditioDs.

(6.1)

(6.2)

(6.3)

Assune that f(,) is deffDed oD 0 < ' < @ md is outinuous dd bouded toeethei with

its frst d dedvaiiver in thi6 domain Thd

ao
lfk) /-- l(' - v)d, ( v)dvl ! c 6d ,

nhse d6  =  +d( , / r ) ,  -6< '<0

Proof. Expmdins t(c s) in Taylor series uound c vields

l l r -y t  l v r  '  
f  

' " i1 ' t1 . , r "  '  r - ' r ) t  
Jo t l - t \o - ' J 'o ' t , - t ' . t ! "d t

We thdelore ffnd that

r a t t o
I J@ -u)db\!)dv 11,t | uostdv t )--: -l ' i '" 't,t I v"a,'vtau+

J  -  J . @

' ;  ' i . ,  
/  , t  - h d  ' d t  

I  ! G ) 1 "  t ! ! l g d e 6 t g t d u

By (6.1)

!" _a,ruto, = l" _oav" : t.

J' -u'4{iau 
:o' 1 3 d <'t. 1'

We noiv ploc€ed io the iast tem in (6.a). Substituting z = ty in this 16t tern vields

#+ f 
s# /: *) @ - z)/ d6(z tt)dz

l" -oa,,o' -'

l "  _*aav, 
=0, 1<o<d 1,

/' t,t'ttt,tto' . -.

Siraihiy, by (6.2)

(6-5)



VORTEX SCHEMES lOR VTSCOUS FrcW 163

By assuEpiion l/(d)(. z)l is bounded for every and z, dd thdefore the tqE above

r r l a o
c^ 

J" ,^"--dt J -l ' td@btz/tt 'dz'

wherc cd is a constant which depdds on J dd d. Notin8 Lhat 46(z/t) = (116)dG/6r)

md 6ubstitutirg e : z/61, we ffnd that the lst ted ia (6.a) is bouncled by

. t o
co6^ 

J _lel^lffu)l,tv.

But by (6.3) ihe last integral is bouded, md iherefore

l" -fl, 
- r\o,lr)0, - t(il < cd6'1.

Remark 1. It is possible to prove that the moment ellor is bounded by d6d in the

-Lo norn, provided the momenis coDditioDs ue satisffed for I md. the functior / is in

tvd,r. Fox the proof, one should proceed fron (6.4) md use Youns's inequa.liiy lle +

h y" < sllL"llhllL,, wlnch cm be vdified for sd;irnnite domains by followins the lines

of the proof for m in6nite domain. W€ apply Younsrs inequality to 9(a) : /(d)(.) md

hG) = J46(rlt), whoem for ell;" ihe iDtesral is taketr ftom zero to i!€lity md for

!lr, fion @ to zdo. we therefoie fnd that

fQ - v)dt(u)dvllu < ct"ll|lla,p.

Remark 2. One cu a.lso onstnci cttof {unctions on the halJ plde v > 0 in a similff

{ay. The approdmaiior we se fo! /(x) ; J Jnf(x v)dr(v)ar, where o is the 6et of

points for which y = (rcos0,rsin0), r <0 <2r, 0 <r < @. The moment conditions

ue vay simita to the one-dimensionat ooes, the difieence being ihat the integra.ls ir

(6.1)-(6.3) de t.^ken o'er o.
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