2D Geometric Transformations

(Chapter 5 in FVD)

2D Geometric
Transformations

* Question How do we represent a
geometric object in the plane?

e Answer: For now, assume that
objects consist of points and lines.
A point is represented by its
Cartesian coordinate,y).

* Question How do we transform a
geometric object in the plane?

* Answer: Let (A,B) be a straight line
segment and T a general 2D
transformation: T transform#\(B)
into another straight line segment
(A",B’), whereA’=TA andB’=TB.
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Translation

» Translate (a,b){x,y) — (x+a,y+b)

Translate(2,4)
—_—

Scale

» Scale (a,b): (x,y)— (ax,by)

Scale (2,3)
—_—

Scale (2,3)
O
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* How can we scale an object
without moving its origin (lower
left corner)?

Translate(-1,-1)
N L

Translate(1,1) Scale(2,3
-—

L

Reflection

i Scale(-1,1) i
—_—

i Scale(1,-1)
—_—




Rotation

» Rotatef):
xy) —» (x cof)+y sin@®), -x sin@)+y cosP))

.

A=
>

Rotate(90)
—_—

* How can we rotate an object
without moving its origin (lower
left corner)?

Translate(-1,-1)
A

Translate(1,1)
\ Rotate(90j

-




Shear

e Shear (a,b)(x,y) — (x+ay,y+bx)

Shear(1,0)
_—

Shear(0,2) ’
—_—

Composition of
Transformations

Rigid transformation:

— Translation + Rotation (distance
preserving).

 Similarity transformation:

— Translation + Rotation + uniform
Scale (angle preserving).

Affine transformation:

— Translation + Rotation + Scale +
Shear (parallelism preserving).

All above transformations are groups
where Rigidd Similarity O Affine.
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Matrix Notation

» Let’s treat a pointxY,y) as a 2x1
matrix (a column vector):

(X
* What happens when this vector ig

multiplied by a 2x2 matrix?

@ bxO m@x+byO

& dHH Bx+dyH
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2D Transformations

» 2D object is represented by point
and lines that join them.

» Transformations can be applied
only to the the points defining the
lines.

* A point (x,y) is represented by a
2x1 column vector, and we can
represent 2D transformations
using 2x2 matrices:

XO_®* baxo

T
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Scale

o Scale(a,b): (x,y) — 6éx,by)

@ OXO_ [@x]

0 b HyH

 If aorb are negative, we get
reflection.
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Reflection

Reflection through thg axis:
+1 00

Ho 14

Reflection through the axis:
1 0O

0 -1

Reflection througly=x:

0 10

1 o

Reflection througly=-x:
00 -1

=1 0




Shear, Rotation
e Shear(a,b):(x,y) — (x+ay,y+bx)
[ axd_ [X+ay[

b 1BH B+bd

» Rotatef):
(X,y) — KcoD+ysing , xsind + ycoD)

Jcos sinfIx[O [OxcosP+ysing [

H—sine cosGHB/H: H— Xsing + ycosGH
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Composition of Transformations

» A sequence of transformations
can be collapsed into a single
matrix:

[ATelcly =[] -

* Note: order of transformations is
important! 6therwise— commutative grou;)s

{E translate !E rotate 4_)
f rotate translate
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Translation

» Translation(a,b): gﬁq g:zﬁ

» Problem: Cannot represent
translation using 2x2 matrices.

* Solution:
Homogeneous Coordinates
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Homogeneous Coordinates

* Homogeneous Coordinates is a
mapping from Rto R

* Note: ¢x,ty,) all correspond to
the same non-homogeneous poin

xy). E.g. (2,3,85(6,9,3).

—t

* Inverse mapping:

(X,Y,W)HBK, E
W WL

Al
W
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Translation

» Translate(a,b):

01 0 adxd x+ad
D 1 beye= by

$ o0 1fHE B1 §

» Affine transformation now have
the following form:

A b el
< d fh

® 0 1H
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Geometric Interpretation
W

h

>

(X,Y,w)

/

X

* A 2D point is mapped to a line
(ray) in 3D. The non-homogeneoys
points are obtained by projecting
the rays onto the plane Z=1.
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» Example:Rotation about an
arbitrary point

e Actions:
— Translate the coordinates so that th
origin is at (%,Yp)-
— Rotate byb.
— Translate back.

(I 0 xdgos® -sin@ OOl 0 —XyOXO

0 1 yoo$ing cos 000 1 -y,y=
o 1H0o o 1 0 1 [HA

[CosH -—sin@ X,(1-cosh)+ y,sindIxO
=5ing  cosd  yo(L-cosh) - x,sind L]
50 o0 1 EElE
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» Another exampleReflection
about an Arbitrary Line

vpz
Py ﬁ
L=p,+t (py-py)=t p,+(1-1) p;

* Actions:
— Translate the coordinates so tRat
is at the origin.

— Rotate so that L aligns with the x-
axis.

— Reflect about the x-axis.

— Rotate back.

— Translate back.
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Viewing in 2D

(Chapter 6 in FVD)

World Coordinate

Device Coordinate Window

Viewport

Object in World

9
e

a0

2D:2D mapping

Device Coordinates World Coordinates

» Objects are given iworld coordinates

» The world is viewed throughwaorld-
coordinate window

» The WC window is mapped onto a
device coordinate viewport
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Viewing in 2D (cont.)

A Maximum range
of screen
Window ) coordinates
Viewport
»
World Coordinates Screen Coordinates

(Device Coordinates)

N

Window to Viewport
Transformation
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Window to Viewport Transformation

'y
(Xma:Ymax) |:|(umax.‘/max)
(i Yirin) (Ui Vi)
> >
> >
Window in Window Window Translated to
World translated _scaled to viewport position in
Coordinates to origin viewport size.  screen coordinates.

u -U, V, -V,
Mo = T(Up Vi) SR So250) Ty L)

u ~U,
u i 0 1 0 -x
— mn XmaxXmin Viax"Vmin mn
=101 Vi VoY O [ | O L Yimin
01 0 0 1 00 1
UmaxYnmin Unmax“Unmin
XmaxXmin O XmaxXmin Xmie) + Ui
= VmaxVmin  YmaxVYmin -
O VmaYmin YmaYiin Vi) * Vi
0 0 1
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