Chapter 4
Spectral transform

We are witnessing an explosion of multimedia content, sgaasic, images, and
video, over the internet and in the world of PDAs (persondhdsssistants) today.
One of the main driving forces behind this phenomenon is viadability of effective
compressioralgorithms for these data. What differentiates the congioesof visual
data, such as an image, from conventional text compressitimat while the latter
exploits predictabilities in the bit representation of timgut text, the former focuses on
organizing regularities in the visual perception of theegivata.

Typically, high compression ratios are achieved when tedata loss can be tol-
erated. One of the most popular approaches to lossy conmumeas$ies ontransform-
basedtechniques, where data given in the time or spatial domarransformed into
the spectral or frequency domain and data compression cachieved by properly
lowering the accuracy of the representations in the frequdomain. A prominent ex-
ample in image compression is JPEG, where high-frequentgnts in an image are
represented at lower accuracy, since the human eye is lesisige to high-frequency
brightness variations. Although in practice, JPEG imagam@ssion involves steps
such as color space transformation and downsampling (fenaeate brightness over
chrominance), block splitting (dividing an image into shidbcks), and quantization
(round numbers to integers), the main ingredient of the @gogr is the use of the dis-
crete cosine transform (DCT) [Jai89] to transform an image the frequency domain.
In Figure 1, we illustrate the effect of eliminating (i.eerming) particular percentages
of the high-frequency DCT coefficients, achieving the effdfccompression.

As we can see from Figure 1, the compressed images appear ituioed or
smoothed versions of the original with certain sharp fezgurear the edges and high-
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Figure 1: The Lena image can be compressed by eliminatinigtleated percentages
of DCT coefficients. The images shown are the results of r&tcoction using the
remaining DCT coefficients.



frequency details (e.g., over the hat accessories) remadwelted, each compressed
image is constructed as a weighted sum of a sdtasis images The basis images
represent intensity oscillations at varying frequenckssshown in Figure 2, where we
plot all of the 64 DCT basis images for88 grayscale images. For a natural image,
such as the Lena in Figure 1, the most significant transforefficeents, which are
the weights in the weighted sum, correspond to low-frequéasis images and those
which characterize high-frequency contents can typidadlyeliminated without intro-
ducing noticeable quality degradation in the reconstaigtgage. In general, when
high-frequency contents are removed, the image is smoothed
As we can see from Figure 1, with only
the first 20% of the (low-frequency) basis
=== iNageS Used, corresponding to a compres-
& 8 R .0 i sion ratio of 5:1, we already obtain a faith-
1 ful reconstruction of the original image. With
the other steps taken by conventional JPEG
compression and adding entropy coding to
the quantized trasnform coefficients, much
higher compression rates can be obtained.
With the recent advances in 3D data ac-
quisition technology, highly detailed geomet-
ric models can be obtained via laser scan-
ning. Efficient storage and delivery of these
Figure 2: Plots of 64 DCT basis image#arge geometric models motivate the devel-
for 8 x 8 grayscale images. opment of geometry compression methods.
Similar to image compression, visual percep-
tion plays the key role in geometry compression, where Bitgrvariations over an
image are replaced by geometric undulations over the sudaa geometric model.
It is natural to ask then whether transform-based lossy cesspon techniques, such
as a JPEG-like scheme, can be applied to geometry. Thisiguéstnswered in this
chapter where we present tools for spectral transform of @@hetric data.
Before going into 3D data, we first take a look at the 2D caseeittiBn 1, where
a 2D shape is represented by a contour. This allows us to edtiec2D shape anal-
ysis problem to the study of 1D functions specifying the ocont We introduce the
notion of Laplacian smoothing and show how spectral anslyased on 1D discrete
Laplacian operators can perform smoothing as well as cossjme. The relationship
between spectral analysis based on Laplacians and thécelaSsurier transform is
revealed in Section 3. Spectral transforms derived frorerelgcomposition of mesh
Laplacian operators are defined in Section 4, where we disitigsr applications to
mesh compression and filtering.

1 Laplacian smoothing and spectral analysisin 1D

Consider the seahorse shape depicted by a closed contown shFigure 3. The con-
tour is represented as a sequence of 2D points (the contdiges) that are connected
by straight line segments (the contour segments), asraliest by a zoomed-in view.
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Figure 3: A seahorse shape with rough features (left) andomtrad version (right).

Now suppose that we wish to remove the rough features ovehtigge of the seahorse
and obtain a smoothed version, such as the one shown in titeofigigure 3.

1.1 Laplacian smoothing

A simple procedure to accomplish this is to repeatedly cottie midpoints of succes-
sive contour segments; we refer to thisnaislpoint smoothingFigures 4(a) illustrates
two such steps. As we can see, after two steps of midpoint srimgp each con-
tour vertexv; is moved to the midpoint of the line segment connecting thépwints

of the original contour segments adjacentito Specifically, letvi_1 = (Xi—1,Yi-1),

vi = (X,Yi), andvi;1 = (X+1,Yi+1) be three consecutive contour vertices. Then the
new vertex; after two steps of midpoint smooothing is given bipeal averaging

Vi= =

> |:} (Vi1+Vi):| + } |:1. (Vi +Vi+1):| = }Vi,l-f— 1.Vi + }Vi+1. (1)

2 2|2 4 2 4

The vector betweer; and the midpoint of the line segment connecting the two
vertices adjacent tg;, shown as a red arrow in Figure 4(b), is called iz disctete
Laplacianatv;, denoted byd(v;),

o(vi) = %(Vi—1+Vi+1) —Vi. (2)
As we can see, after two steps of midpoint smoothing, eactooowmertex is displaced
by half of its 1D discrete Laplacian, as shown in Figure 4th)s is referred to as
Laplacian smoothingThe smoothed version of the seahorse in Figure 3 was obitaine
by applying 10 steps of Laplacian smoothing.

Some natural questions one would ask include: why is Lagfesinoothing remov-
ing the rough features (or noise) in the data? What will happee apply Laplacian
smoothing repeatedly, e.g., what will happen in the limit?ahswer these questions,
we will first need to express our problem and algorithms algieklly and then apply
analysis using the algebraic tools we had developped iriqarsxchapters.
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(b) Laplacian smoothing. (c) 1D discrete Laplacians (red).

Figure 4: One step of Laplacian smoothing (b) is equivalerivb steps of midpoint
smoothing (a). The 1D discrete Laplacian vectors are shawed in (c).

2 Signal representation and spectral transform

Let us denote the contour vertices by a coordinate vat&tarhich hasn rows and two
columns, wheren is the number of vertices along the contour and the two cofumn
correspond to th& andy components of the vertex coordinates. Let us denotg by
(respectivelyy;) thex (respectivelyy) coordinate of a vertex;, i = 1,...,n. For anal-
ysis purposes, let us only consider theomponent oV, denoted byX; the treatment
of they component is similar.

We treat the vectoX as a discrete 1D signal. Since the contour is closed, we can
view X as a periodic 1D signal defined over uniformly spaced sangiey) a circle,
as illustrated in Figure 5(a). We sort the contour verticesaunterclockwise order
and plot it as a conventional 1D signal, designating an ianyitelement inX to start
the indexing. Figure 5(b) shows such a plot for heoordinates of the seahorse shape
(n=401) from Figure 3.

We can now express the 1D Laplacians (2) for all the vertisgsguann x n matrix
L, called thelD discrete Laplacian operatpas follows:

i1 - 0o ... ... o -1
-1 12 -0 ... .. o2
2 2
O(X)=LX= | : : S : S X ©)
o ... .. o -t 1 _1
-1 0 ... .. o2 -1 12
2 2

Laplacian smoothing can then be expressed as applying atsimg@peratorS
to the signalX, resulting in a new contour represented Xy= SX. The smoothing
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Figure 5: Thex-component of the contour coordinate vectorX, can be viewed as a
1D periodic signal defined over uniform samples along a&jrak shown on the left.
Right: it is shown by a conventional 1D plot for the seahoimetour from Figure 3.

operator
1 1 1
1 1 9 o 1
i1 o1 0
O R
S=|: oo (4)

o .. .. 0 1 11
1 o f 1
4 4 2

is related to the Laplacian operator 8y= | — %L.

To analyze the behavior of Laplacian smoothing, in paréiculhat happens in the
limit, we utilize the set of basis vectors formed by the eigarors ofL. This leads
to a framework forspectral analysi®f geometry. From linear algebra, we know that
sincel is symmetric, it has real eigenvalues and a set of real afbgonhal set of
eigenvectors which form a basis. Any vector of sizean be expressed as a linear
sum of these basis vectors. We are particularly interestesiich an expression for
the coordinate vectoX. Denote bye;, e,...,6, the normalized eigenvectors bf
corresponding to eigenvalugs, Az, ..., Ay, and letE be the matrix whose columns
are the eigenvectors. Then we can exphss a linear sum of the eigenvectors,

=T Ein Ei1x Eip ... Emn] [X
no_ Eo1| _ Eon| _ Ea1 Ex ... Ex| % .
X:Zlam: B B CE TS B AT , _ =EX. (5)
& : : : : : : :
Enl Enn Enl En2 ce- Enn in

Since the eigenvectors form an orthonormal baBiss invertible andE~1 = ET, the
matrix transpose df. Hence, we can write

X =ETX.

This represents a transform from the original sigdab a new signaK in terms of a
new basis, the basis given by the eigenvectols. diVe call this aspectral transform
For each, thespectral transform coefficient

% =6 X. ®)
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Figure 6: Plots of first 8 eigenvectors of the 1D discrete hajaln operatom(= 401)
given in equation (3). They are sorted by eigenvalushown above each plot.

That is, the spectral coefficiert i obtained as arojectionof the signalX along the
direction of thei-th eigenvector. In Figure 6, we plot the first 8 eigenvectors of
L, sorted by increasing eigenvalues, where 401, maching the size of the seahorse
shape from Figure 3. The indexing of elements in each eiggoréllows the same
contour vertex indexing aX, the coordinate vector, as plotted in Figure 5(b) for the
seahorse. It is worth noting that aside from an agreememaexing, the Laplacian
operatolL and the eigenbasis vectors do not depenH pwhich specifies the geometry
of the contourL, as defined in equation (3), is completely determined,ifre size of
the input contour, and a vertex ordering.

As we can see, the eigenvector corresponding to the zerowailye is a constant
vector. As eigenvalue increases, the eigenvectors stasgcitiate as sinusoidal curves
at higher and higher frequencies. Note that the eigenvalflesepeat (multiplicity 2)
after the first one, hence the corresponding eigenvectdtese repeated eigenvalues
are not unique. One particular choice of the eigenvectmeals a connection of our
spectral analysis to the classical Fourier analysis; tlillde discussed in Section 3.

2.1 Signal reconstruction and compression

With the spectral transform of a coordinate signal definethasjuation (5), we can
now look at compression and filtering of a 2D shape repreddnte contour. Anal-
ogous to image compression using JPEG, we can obtain comgaesentations of
a contour by retaining the leading (low-frequency) spédtteansform coefficients and
eliminating the rest. Given a sign&l as in equation (5), the signal reconstructed by
using thek leading coefficients is

k
XKW =5 ex, k<n. (7)
2

This represents a compression of the contour geometry gskanlt of n coefficients
need to be stored to approximate the original shape. We camtifjuthe information
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Figure 7: Shape reconstruction via Laplacian-based sgextalysis.

loss by measuring thie, error or Euclidean distance betweérandX ),

|IX — X ||—|| emll—,/ >92

The last equality is easy to obtain if we note the orthogdyalithe eigenvectors, i.e.,
gl -ej = 0 whenever # j. Also, since they’s are normalizedg! - g = 1.

In Figure 7, we show some results of this type of shape renactgin (7), with
varyingk for the seahorse and a bird shape. As more and more higheinegspectral
coefficients are removed, i.e., with decreaskygve obtain smoother and smoother
reconstructed contours. How effectively a 2D shape can bgoessed this way may
be visualized by plotting the spectral transform coeffitsethex’s in (6), as done in
Figure 8. In the plot, the horizontal axis represents eigkrvindexes, = 1,...,n,
which roughly correspond to frequencies. One can view thgmitade of thex’s as
the energy of the input signal at different frequencies.

A signal whose energies are sharply concentrated in théreguency end can be
effectively compressed at a high compression rate, sinGgeamsequence, the total
energy at the high-frequency end, representing the recatisin error, is very low.
Such signals will exhibit fast decay in its spectral coedfits. Both the seahorse and
the bird models contain noisy or sharp features so they arasioighly compressible
as a shape with smoother boundaries. This can be observadtfeoplots in Figure 8.
Nevertheless, at 2:1 compression ratio, we can obtain lg fgdiod approximatios, as
one can see from Figure 7.

2.2 Filtering and Laplacian smoothing

Compression by truncating the vectéof spectral transform coefficients can be seen
as dfiltering process. When a discrete filter functibis applied toX, we obtain a new
coefficient vectoX’, whereX'(i) = f(i) - X(i), for alli. The filtered signaX’ is then
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Figure 8: Plot of spectral transform coefficients for #¥fmmponent of a contour; refer
to equation (6). Left: seahorse. Right: bird. The modelsamvn in Figure 7.
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Figure 9: First row: filter plots(1— %)\ )™ with m=1,5,10,50. Second row: corre-
sponding results of Laplacian smoothing on the seahorse.

reconstructed fronX’ by X’ = EX’, whereE is the matrix of eigenvectors as defined in
equation (5). We next show that Laplacian smoothing is oncpdar filtering process.
Specifically, when we apply the Laplacian smoothing op&réto a coordinate vector
mtimes, the resulting coordinate vector becomes,

=S = (|—%me le——L Zq 1——/\ M.  (8)

The last equality above results from the definition of eigdumg/eigenvectoL,e = Ag.
For example, we note that by applying the definitictimes, we get kg = /\ikq.
Equation (8) provides a characterizaion of Laplacian simagtin the spectral do-
main via filtering and the filter function is given biyA) = (1— %/\)m. A few such
filters with differentm are plotted in the first row of Figure 9. The corresponding
Laplacian smoothing leads to attenuation of the high-fesgy content of the signal
and hence achieves denoising or smoothing, as shown in¢badeow.
To examine the limit behavior of Laplacian smoothing, letagk at equation (8).



Note that it can be shown (via the Gerschgorin’s Theorem [[B®at the eigenvalues
of the Laplacian operator are in the inter{@l2] and the smallest eigenvalig = 0.
SinceA € [0,2], the filter functionf(A) = (1— %/\)m is bounded by the unit interval
[0,1] and attains the maximurh(0) =1 atA = 0. Asm — oo, all the terms in the
right-hand side of equation (8) will vanish except for thetfirvhich is given bye; X;.
Sinceey, the eigenvector corresponding to the zero eigenvalueasraalized, constant
vector, we have; = [\f o %]T. Now taking they-component into considera-

tion, we get the limit point for Laplacian smoothing %[fq ¥1]. Finally, noting that

%= eI -X andy; = eI -Y, we conclude that the limit point of Laplacian smoothing is
thecentroidof the set of original contour vertices.

3 Spectral analysisvs. discrete Fourier transform

Inthe previous section, we started with a purely geomeggtiment of contour smooth-
ing based on 1D discrete Laplacians. We then cast the prdbdema signal processing
perspective and applied the algebraic tool of spectralaisaio interpret compression,
Laplacian smoothing, and general filtering of a signal. Rose who are familiar with
signal processing and Fourier analysis, a connection appeae obvious. In particu-
lar, by looking at plots of the eigenvectors of the 1D disededplacian operator (3) in
Figure 6, one notices their resemblence to the sinosoidakswof the Fourier or DCT
basis functions. We now make that connection explicit.

Typically, one introduces discrete Fourier transform (DFiTthe context of Fourier
series expansion. Given a discrete sighat [x; X2 ... X7, its DFT is given by

Zx |2rrkljl/nk 1,.

The corresponding inverse DFT is given by
Zx 2Dk bn 1. n,

or
n

Z K)o, wheregy(j) = €2 - DD/n g —1

We see that in the context of DFT, the sigials expressed as a linear combination
of the complex exponential DFT basis functions, this. The coefficients are given
by the>~((k)’s, which form the DFT ofX. Fourier analysis, provided by the DFT in
the discrete setting, is one of the most important topics ath@matics and has wide-
ranging applications in many scientific and engineeringigimes. For a systematic
study of the subject, we refer the reader to the classic teBracewell [Bra99].

The connection we seek, between DFT and spectral analyisr@gpect to the
Laplacian, is that the DFT basis functions, tiés, form a set of eigenvectors of the
1D discrete Laplacian operatbr give in (3). A proof of this fact can be found in
Jain’s classic text on image processing [Jai89], wherecmgér claim with respect to



circulant matrices was made. A matrix is circulant if eacv iman be obtained as a
shift (with circular wrap-around) of the previous row. Itdkear that. is circulant.
Specifically, if we sort the eigenvalueslofn ascending order, then they are

Akzzsir?%,kzz,...,n. (9)

The first eigenvalud; is always 0. We can see that every eigenvaluk,afxcept for
the first, and possibly the last, has a multiplicity of 2. Thstit corresponds to an
eigensubspace spanned by two eigenvectors. If we definedh@Ii@ of DFT basis
asGy; = @2mM-N=D/n 1 <k j < n, then the first column o6 is an eigenvector
corresponding td; and thek-th and(n+ 2 — k)-th columns ofG are two eigenvectors
corresponding ta\, for k = 2,...,n. The set of eigenvectors &fis not unique. In
particular, it has a set of real eigenvectors as shown inrEi§u

We remark that increasing eigenvalued.ofjiven in (9), correspond to increasing
frequencies of the associated eigenvectors. Generadlyfréfgquency of a 1D signal
can be measured by the number of zero-crossings. In the téise DFT basis, the
k-th and(n+ 2 — k)-th bases both have(R— 1) zero-crossings. For a different set
of eigenvectors of (corresponding to the same set of eigenvalues), such ase o
shown in Figure 6, the number of zero-crossings changefbuttationship between
eigenvalues and frequencies is still monotonic.

It turns out that the above connection also applies to the B@ithe discrete sine
transform and the three transforms can be treated in a unii@ggther [Jai89]. Consider
the following parametric family of matrices,

[1—kia —a 0 0 0 ksa
—a 1 —-a O 0 0
0 -a 1 —a O 0
J=J(ky, ko, k3) =
0 0O —-a 1 -a 0
0 0 0 —-a 1 —a
| ksa 0 0 0 —a 1-ka|

It can be shown that the basis vectors of the DCT, the dissiate transform, and
DFT are respectively the complete and orthogonal sets @neirtors ofl(1,1,0),
J(0,0,0), andJ(1,1,—1). These eigenvectors all exhibit sinusoidal behavior. The
DCT generally possesses better energy compaction prepedimpared to the other
two transforms. This means that for the same signal, the Diefficients exhibit faster
decay, leading to better compression. The DCT, DFT, andetissine transforms all
admit fast constructions, in tinf@(nlog, n), wheren is the length of the signal, making
them practical to use for a variety of signal and image prsicggdasks.

Based on the above observation, one way to extend the ndtieousier analysis
to the surface setting, where our signal will represent gengetry of the surfaces, is
to define appropriate discrete Laplacian operators fomsarmeshes and rely on the
eigenvectors of the Laplacians to perform Fourier-likelgsia. This observation was
made by Taubin in his seminal paper on a signal processingagpipto mesh smooth-
ing [Tau95] in 1995. This work has inspired a string of depah@nts on spectral mesh
processing, as covered in the comprehensive survey by Ztaaig[ZvKD10].
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4 Spectral analysis on meshes

In this section, we extend spectral analysis of 1D signaésgmted in Section 1 to
surfaces modeled by triangle meshes. A triangle mesh isseltagon of a surface in

3D using triangles; it is formed by a set of triangles pastedgtheir edges. The main
issue to resolve is the irregularity of the neighborhoodmiesh vertex. In our 1D case,
every vertex has precisely two neighbors. For a mesh, eatdxen have any number

of neighbors. Extending the signal representation to th&nase requires us to define
an appropriatenesh Laplaciamperator. Once that is done, spectral analysis of a mesh
signal with respect to the eigenvectors of the mesh Laptaga@ks in exactly the same
way as for its 1D counterpart.

4.1 Mesh signal representation and mesh Laplacian

A triangle mesh withn vertices is represented a# = (¢,P), where¥ = (¥,&)
models the mesh graph, with denoting the set of mesh vertices afidCc ¥ x ¥ the

set of edges, anBl ¢ R"™3 represents the geometry of the mesh, given by an array of
3D vertex coordinates. Each vertex 7 has an associated position vector, denoted
by pi = [xi i z]; it corresponds to thith row of P. Any function defined on the mesh
vertices can be seen as a discrete mesh signal. Here we fod®stioe coordinate
signal for the mesh. As before, we will only deal with theomponent, denoted b¥.

The treatment of thg andz components is similar.

Discrete mesh Laplacian operators are linear operatorsith@n discrete signals
defined on the vertices of a mesh. If a meghhasn vertices, then the mesh Laplacian
will be given by amn x n matrix. Loosely speaking, a mesh Laplacian operator lgcall
takes a weighted average of the differences between the ghlusignal at a vertex and
its value at the first-order or immediate neighbour vertiégdthough there are several
ways to define a mesh Laplacian [ZvKD10], we focus our attentin the simplest
of them, which is a direct generalization of the 1D discretplacian from Section 1.
Specifically, the midpoint between two points adjacent ®bint in question in the
1D case is replaced by the centroid of the point’'s immediatghbors in the mesh.

Let us denote bV the adjacency matrix of the mesh graghThus

1 i, ) eéd,
W”_{ 0 otherwise.

The degree matriB is a diagonal matrix of the row sums \f,

o [ d=INO) ifi=],
7Y 0 otherwise,

whereN(i) is the set of immediate neighbor vertices,adndd; is said to be the degree
of vertexi. Note that the abow#/ andD matrices are x n matrices, where = | 7.
We define oumesh Laplaciamatrix T as

\ T=1-D'W. (10)

11

Figure 10: Discrete mesh Lapla-
cian (blue arrow) at vertex M is
the centroid of’s neighbors.
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Figure 11: Color plots of a few eigenvectors (correspontintpei-th smallest eigen-
values) of the mesh Laplacian of the Max Planck model.

Applying T to a mesh sign&X yields the discrete
Laplacian at each vertex

1
o) =X — W ]-G%(i))q- (11)

We see thad(x) is a vector directed from the
centroidM of the immediate neighbors of vertex
i to vertexi, as illustrated in Figure 10.

4.2 Spectral mesh transform

With the mesh Laplacian operatdrdefined, defining the spectral transform of a mesh
signalX with respect tdr is exactly the same as the 1D caselfdn Section 2. Denote

by e1, &,...,6, the normalized eigenvectors ®f corresponding to eigenvalugs <

A2 <... < Ay, and letE be the matrix whose columns are the eigenvectors. The vector
of spectral transform coefficientis obtained byX = ETX. And for each, we obtain

the spectral coefficient by = &' - X via projection.

In Figure 11, we plot several eigenvectors of a mesh modelgusblor coding,
where eigenvector entries are used to index into a color Mia@ oscillatory and low-
to-high frequency vibration patterns of the eigenvectsrtha eigenvalues increase are
evident. In Figure 12, we show spectral reconstruction,efid in (7), of a mesh
model with progressively more spectral coefficients adddd.we can see, higher-
frequency contents of the geometric mesh signal manifeshselves as rough geo-
metric features over the shape’s surface; these featundsecamoothed out by taking
only the low-frequence spectral coefficients in a recomsion. A tolerance on such
loss of geometric features leads to a JPEG-like compres$imesh geometry [KGOQ].

Just as in the 1D classical case, the oscillatory behavitiveof aplacian eigenvec-
tors and the implied spectral transform of geometric meghals allow us to apply
“Fourier-like” analysis to mesh models. In addition to Spalcgeometry compression
(Figure 12), any type of filtering can be applied to the s coefficients [DMSB99,
KROS5, Tau95, VL08] to obtain a global editing of a mesh shapéew examples are

12
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(a) Original model. (b) k = 300. (c) k= 200. (d)k=100.

(é)k:so. " (f) k= 10. (@) k=5. (hk=3.

Figure 12: Shape reconstruction based on spectral analgsig a mesh Laplacian
operator, where is the number of eigenvectors or spectral coefficients usHue
original model has 7,502 vertices and 15,000 fagéschard: will change to a better
model.]]

Figure 13: A few examples of mesh filtering[Richard: will reproduce; these are
copied from Vallet’s paper in 2008.]]

shown in Figure 13, mimicking their counterparts in the 1Bssical case shown in
Figure 9. A variety of other applications which utilize thegestral coefficients or the
eigenvalues and eigenvectors themselves, as derived fffaredt variants of the mesh
Laplacian operator (10), have been developed over the yd&rsefer the reader to the
recent survey [ZvKD10] for a comprehensive coverage.

4.3 Comparison to classical Fourier analysis

Comparing spectral mesh transforms to classical Fouriyais, there are at least two
crucial differences. First, while the DFT and DCT basis fiors are fixed as long as
the length of the signals in consideration is determinegl diigenvectors of the mesh
LaplacianT, on the other hand, would change with the mesh graph conitgc8ince

the same surface can be tessellated in different ways byiagta mesh, it may be
desirable to use a mesh Laplacian operator that is georaetaye and not dictated by
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the particular surface tessellation chosen.

A popular geometric mesh Laplacian is the
cotangent operator due to Pinkall and Polth-
ier [PP93]. For a closed triangle mesh, the cotan-
gent Laplacian is given byt = D¢t \eot
whereW! is defined by the cotangent weights:

WSOt = %(cotaij +cotBij),

Figure 14: Angles which define
the cotangent weights ", whered;; andf3;; are opposite angles to edgej)

in the mesh (see Figure 14) andiifj) is not an

edge, Wi = 0. The matrixD®" is a diagonal
matrix of the row sums o<, Since the cotangent weights are meant to model the
geometry of the mesh surface, the resulting mesh Lapld&i@rand spectral trans-
form are shape-dependent, but are largely insensitivedngdof mesh tessellation, in
contrast tor .

The second difference between classical DFT and spectisdl trensforms is from
the computational aspect. While the former admits @@stlogn) computations, e.g.,
fast DFT or FFT [Bra99], computing the eigenvectors of gaheesh Laplacians, such
asT or L%t has cubic time complexity. There are several ways to speéisiprocess,
e.g., via spectral shift and invert [VL08], algebraic migtid methods, or settling for
approximated results [ZvKD10], but these are beyond thpeod our coverage.
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