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Abstract

We introduce the concept of strongly approachable sets in two-player repeated
games with vector payoffs. A set in the payoff space is strongly approachable by a
player if the player can guarantee that from a certain stage on the average payoff
will be inside that set, regardless of the strategy that the other player implements.
We provide sufficient conditions that ensure that a closed convex approachable set
is also strongly approachable in the expected deterministic version of the game.
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1. INTRODUCTION

Two-player repeated games with vector payoffs are repeated games in which the stage
outcome is described by a vector in a Euclidean space R?. These games were introduced
by Blackwell [3] as a generalization of two-player zero-sum repeated games. In a repeated
game with vector payoffs, a set in R? is approachable by a player if he has a strategy
that ensures that the distance between the long-run average payoff and the set goes
to 0, whatever the other player plays. In his seminal paper [3] Blackwell provides a
geometric condition that guarantees that a set is approachable by a player. Hou [§]
and later Spinat [17] proved that every approachable set contains a subset that satisfies
Blackwell’s sufficient condition, thus completing the characterization of approachable
sets.

Repeated games with vector payoffs have been applied in various areas in game
theory; they were used to construct optimal strategies for the uninformed player in two-
player zero-sum repeated games with incomplete information on one side (Aumann and
Maschler [1, 2] and subsequent work, e.g., Kohlberg [9] and Rosenberg, Solan, and Vieille
[15]); to construct regret-free strategies (Foster and Vohra [5]); and to construct processes
that converge to a correlated equilibrium in multiplayer strategic-form games (Hart and
Mas-Colell [7]). The theory has been extended to repeated games in which the payoffs
lie in an infinitely dimensional space (Lehrer [10]) and has been applied outside game
theory, to provide an algorithm that generates normal numbers (Lehrer [11]).

In this paper we define a refinement of the concept of approachability termed “strong
approachability.” A set in the payoff space R? is strongly approachable by a player if he
has a strategy that guarantees that the long-run average payoff lies inside the set from
some stage on, whatever the other player plays. Thus, every strongly approachable set
is approachable, yet the converse need not hold. There are applications in which the
concept of strong approachability is more natural than the concept of approachability.
For example, a sales manager may need to meet projected sales in each region, and not
only get close to projected sales. A second example is the House of Representatives; to
have a majority in it a party must have the majority in majority of districts, and not
only be close to the majority in majority of districts.

In the present paper we provide conditions that guarantee that a closed convex ap-
proachable set is strongly approachable in the expected deterministic version of the
game, in which the mixed actions of the players are observed. The analog question for

the original game seems to be much harder, see Remarks 2 and 24 below. Our results



also hold when the repeated game is played in continuous-time. In this case the proofs
are significantly simpler.

It is well known that in general the optimal rate of convergence of the average payoft
to an approachable set is O(n~'/2) (see, e.g., Cesa-Bianchi and Lugosi, [4], Remark 7.7).
Strong approachability can thus be viewed as approachability in finite time. Mannor
and Perchet [12] provide conditions on the target set that ensure that it is approachable
at a rate O(n™').

The paper is arranged as follows. The model and the concept of strong approachabil-
ity are presented in Section 2, where we also provide few simple sufficient conditions for
strong approachability and introduce our main results. Proofs are provided in Section
3. In Section 4 we discuss the results and the assumptions they rely on, as well as open

questions.

2. THE MODEL AND MAIN RESULTS

2.1 Strong Approachability

We study two-player repeated games with d-dimensional vector payoffs. Such a game G
is given by two finite sets of actions Z and 7, one for each player, and a payoff function
u:Z x J — R The function u is extended multilinearly! to A(Z) x A(J) by

u(p,q) = Epguli, )] = ) Y piuli,f)a;.
i€l jeJ

The game G is played as follows. At each stage n € N the two players, simulta-
neously and independently, choose (mixed) actions p" € A(Z) and ¢" € A(J). The
corresponding payoff is u(p", ¢") and the pair of actions (p",¢") is announced to both
players. Perfect recall is assumed for both players. The game G is called in [16] the
expected deterministic repeated game.

For every n > 11let H,_; := (A(Z) x A(J))""! be the set of all possible histories at
stage n. Let Hy := (A(Z) x A(J))Y be the set of all possible plays in G. A strategy of
Player 1 is a function oy : |J)—, Hno1 —> A(Z) and a strategy of Player 2 is a function
oyt Uney Hino1 — A(J). We will study pure strategies in the expected deterministic

game (G. The interpretation of strategies o; and oy is that at each stage n, given the

'For every finite set X denote by A(X) the set of probability distributions over X, that is, A(X) :=
{pel0. 0¥ ¥ cxpe =1}



history h,_1 € H,_1, Player 1 plays the action p™ = oy(h,—_1) and Player 2 plays the
action ¢" = oa(hy,—1).
Every pair of strategies (01, 02) uniquely determines a play path. The average payoff

in the first N stages is denoted by g":

XN
—N no.n
== u .

When i € {1,2} is a player, —i is the other player. Blackwell [3] introduced the
notion of approachability. Translated to the expected deterministic game, a nonempty
set A C R? is approachable by player i if there exists a strategy o; of player 7 such that
for every € > 0 there exists N € N such that for every strategy o_; of the other player,?

d(g",A) <e, ¥Yn> N.

The solution concept that we study in this paper is the following strong version of

approachable sets.

Definition 1 A nonempty set A C R? is strongly approachable by player i if there is a
strategy o; of player i and N € N such that for every strateqy o_; of the other player,

gt e A Vn>N.
We say that such a strategy o; strongly approaches the set A.

In words, a set is strongly approachable by a player, if the player can guarantee that
the average payoff will be in that set from a certain stage on, for every strategy of the

other player.

Remark 2 The concept of strong approachability can be defined for standard repeated
games (rather than for the expected deterministic repeated game). However, the char-
acterization of strongly approachable sets in this case is significantly harder since the
expected stage payoff is uniquely determined by the players” mixed actions, while the re-
alized stage payoff is random. For example, in the Matching Pennies that appears in
Figure 1, the set {0} is strongly approachable by Player 1 in the expected deterministic
game using the stationary strategy [%T, %B] Howewver, this set is not strongly approach-

able in the original game, because the stage payoff is either 1 or -1, and therefore the

2The distance and the norm referred to throughout the paper are defined by the Euclidean norm:
d(z,y) := ||z — y||, where ||z|| := \/(z,7) and the inner product of two vectors x,y € R? is defined by
(x,y) = 2?21 z;y;. The distance between a vector z and a set A is defined by d(x, A) := inf,c 4 d(z, a).
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average payoff cannot be equal to 0 from some point on. We elaborate on this issue in
Remark 24.

Player 2
L R
1 -1
Player 1
-1 1

Figure 1: The payoff matriz in the Matching Pennies.

Example 3 Ford =1, the model reduces to standard repeated games with scalar payoffs.
Consider then a two-player zero-sum repeated game, and denote by v its value. The set
[v,00) is strongly approachable by Player 1 (with any strategqy that plays at every stage
an optimal strategy of the one-shot game), and the set (—oo,v] is strongly approachable
by Player 2.

Example 4 Since in the definition of approachability the convergence to A is uniform
over the strategies of the other player, if some set A € R? is approachable by a player
then for every e > 0 the set B(A,¢) := {zx € R? | d(x, A) < €} is strongly approachable
by that player.

Plainly every set that is strongly approachable by a player is approachable by him.
As the following example shows, the converse does not hold: there are sets that are
approachable by a player but not strongly approachable by him. Below we identify

conditions that ensure that an approachable set is strongly approachable.

Example 5 Consider the game in Figure 2, where payoffs are one-dimensional.

Player 2

L R

T 1 2
Player 1

Bl -1 -1

Figure 2: The payoff matriz in Example 5.

By Theorem 8 below, the set {0} is a B-set (see Definition 7) and therefore approach-
able. Nevertheless, the set {0} is not strongly approachable. Indeed, assume that there is
a stage such that the average expected payoff is 0. Since Player 1 cannot guarantee the

payoff 0 in the one-shot game, for every mixed action p € A(Z) that Player 1 would play



at the next stage, there is a mized action q € A(J) of Player 2 such that the expected
payoff is not 0. Therefore the average expected payoff at the next stage is not 0 and in
particular not in the set {0}. That is, for every strategy of Player 1 there is a strategy
of Player 2 such that if the average expected payoff at some stage is in {0}, then the
average expected payoff at the next stage is not in {0}, so that the set {0} is not strongly
approachable.

2.2 Sufficient Conditions for Strong Approachability

In this section we provide two simple sufficient conditions for strong approachability
that are analogous to sufficient conditions for approachability provided by Blackwell [3].

These conditions will motivate the main results, which will be presented in Section 2.3.

For every action p € A(Z) of Player 1 denote Ri(p) := {u(p,q) | ¢ € A(J)}, and
for every action ¢ € A(J) of Player 2 denote Ra(q) := {u(p,q) | p € A(Z)}. The set
Ry(p) (resp. Ra(q)) is the set of all payoffs that might be realized when Player 1 plays
the action p (resp. q).

Let M be the greatest norm of a payoff vector in the game:

M = L, )|
max max [|u(i, )|

Denote by F' the set of all feasible payoffs in the repeated game:?
F:=Conv({u(i,j) |i€Z,5€T}).

The definitions imply that ||g"|| < M and g" € F for every n € N.
A hyperplane H in R? is a (d — 1)-dimensional affine subset of R%. For a € R? and
f € R, the hyperplane H(«, () is defined by

H(a, B) = {z € R'| (a,x) = B}.

A hyperplane divides R? into two half-spaces. The closed half-spaces determined by
H(«, ) are the two closed sets

HY(a,B) :={zx € R?| (a,2) > B} and
H (o, ) = {z € R | {a, ) < B}.

3Denote by Conv(X) the convex hull of the set X.



The open half-spaces determined by H («, ) are the two open sets

HY(a,p) :={z € R?| (a,2) > B} and
H (o, B) :=={wx € R*| (o, z) < B}.

For an hyperplane H, we denote by H* and H~ (resp. H* and H~) the two open
(resp. closed) half-spaces that H determines. As is well known, for every =,y € R? the
hyperplane H(x — y, (x — y,y)) is the hyperplane through y perpendicular to the line?

segment zy.
Definition 6 Let A and B be two nonempty sets and H = H(«, 5) be a hyperplane in
R4,
i. H is called a supporting hyperplane of A if A is contained in one of the two closed
half-spaces determined by H and there is at least one point of A in H.
For a point a € A, we say that H supports A at a if H is a supporting hyperplane
of A and a € H.

it. H is called a separating hyperplane for the sets A and B if one of the sets is con-
tained in one of the open half-spaces determined by H and the other set is contained
in the other closed half-space, e.q., AC H and BC H*, or AC H and BC H*.

We say that H separates A and B if H is a separating hyperplane for A and B.

Blackwell [3] provided a geometric sufficient condition for approachability. Denote

by ma(x) the set of closest points to = in A.

Definition 7 A closed set A C R? is a B-set for Player 1 (resp. Player 2) if for every
x € F\ A there exists y € ma(x) and an action p € A(Z) (resp. q € A(J)) such that
the hyperplane H(x — vy, (x — y,y)) separates x and Ry(p) (resp. Ra(q)):

Ri(p) C H (z —y,(z —y,u)),

and

re H (z—y,(z—y,y)).

The following result follows from Blackwell [3], and either Hou [8] or Spinat [17].

4For two vectors z,y € R?, denote by xy the line segment between z and y, that is, 2y := {ax +
(1—a)y | a€o,1]} C R



Theorem 8 A closed set is approachable by player i if and only if it contains a B-set.

Let H be a supporting hyperplane of the set A. We say that H is in direction A, and
denote it by H,, if A is an outer-pointing normal vector to A at a point a € AN H. For
a supporting hyperplane H of a B-set, we denote by pf € A(Z) the action of Player 1
such that the set R;(p?) is contained in H~.

If B is a closed set that is contained in the interior of some set A, then
d(B, A°) = infyep d(b, A°) > 0. The next result follows (see Example 4).

Proposition 9 Let A C R?. If there exists a B-set B C Int(A) for player i, then A is
strongly approachable by player i.

The case in Example 5 can be generalized. A set that contains only one point # € R?
is strongly approachable by Player 1 if and only if Player 1 can guarantee the payoff x,
that is, if there is an action p € A(Z) such that Ry (p) = {z}. Indeed, assume that Player
1 cannot guarantee the payoff . Then at any stage n such that g" = x and for every
action of Player 1, Player 2 has an action such that the expected payoff at stage n + 1
does not equal x, and therefore g"™! # x.

Similarly, if A C R? is a set of dimension less than d, then to strongly approach A
the player must play from some stage on actions p™ such that R;(p™) is contained in the
affine subspace that is spanned by A. For this reason we are interested in sets of full
dimension in R?. For the rest of the paper we consider strong approachability of closed
convex sets. Blackwell [3] further proved that a closed convex set A is approachable by
Player 1 if and only if AN Ry(q) # 0 for every g € A(T).

Together with Proposition 9 this implies the following.

Corollary 10 Let A be a closed convex set. If Int(A) N Ra(q) # O for every g € A(J),
then A is strongly approachable by Player 1.

For every A € R? consider the two-player one-shot zero-sum auxiliary game G
where the sets of actions are Z and J and the payoff function w is defined by w(i, j) :=
(A, u(i, 7)), Vi, j. From the Minmax Theorem, this game has a value, denoted by V.

Blackwell (Corollary 2 in [3]) proved that AN Ra(q) # 0 for every ¢ € A(J) if and
only if V) > infuca(), a) for every A € R His arguments, together with Corollary 10,

deliver the following.



Proposition 11 Let A be a closed convex set with nonempty interior. If
Va > inf (X,a), VA€ R4\ {0},
ac
then A is strongly approachable by Player 1.

Since A is convex we abuse notations and for every z denote by m4(z) the unique
point in A that is closest to x. Let A be a closed convex set, x ¢ A, and y = ma(z).

Then in particular we have v € H" (x — y, (x — y,y)).

Remark 12 Let A be a closed convex set with nonempty interior. Standard continuity
and compactness arguments imply that if Vy > inf,ca (), a), for every A € R?\ {0}, then
there exists 6 > 0 such that for every supporting hyperplane H of A there exist p € A(Z)
such that:

1. Rl(p) e H™.
2. d(Ri(p), H) = 0.

A set A that satisfies this condition is called a strict B-set for Player 1.°

Remark 13 Blackwell’s condition for approachability of closed convex sets requires that
the condition Vy > inf,ca(\, a) will hold for every A € RL. Since both Vy and (), a) are
homogeneous in \, it is sufficient to require that this inequality holds for every A € S%1,
where S41 .= {x € R? | ||z|| = 1} is the unit sphere in RY.

2.3 Main Results

Since every strongly approachable set is also approachable, a necessary condition for
strong approachability of a closed convex set A is that V) > inf,c4(\, a), for every
A € R?. As Example 5 shows, this condition is not sufficient. As shown in Proposition
11, if Vy > infaea(), a), for every A € R\ {0}, then A is strongly approachable. It
therefore remains to study the case that Vy > inf,c4(), a), for every A € R?\ {0}, yet a
strict inequality does not always hold.

Theorem 14 provides a sufficient condition when there is exactly one direction A\ €
S9=1in which a weak inequality holds. Theorem 15 provides a sufficient condition when

there is more than one such direction ).

5Notice that if B C A and B is a strict B-set, then A is strict a B-set.



Theorem 14 Let A be a closed convex approachable set with nonempty interior. Assume
that there exist

e czactly one direction N € St that satisfies Vy = infaea (N, a);

e among all sets {Ry(p),p € A(Z)} there is exactly one® set Ri(p*) in the closed
half-space FI; ;and

e cvery point in Ri(p*) N Hy N A is a smooth boundary point of A.

The set A is strongly approachable by Player 1 if and only if the set Ri(p*) satisfies the

following two conditions:
Cl Ri(p") NHyNA#0, and

C2 every point in Ry(p*) N Hy has a neighborhood N such that Ri(p*) NN C A.

The generalization of Theorem 14 to the case where there is more than one direction
N € S%1! that satisfies the first bullet in the statement of Theorem 14 is the following.

Theorem 15 Let A be a closed convex approachable set with nonempty interior. Denote
by S the set of all N € S41 that satisfy Vv = inf,ea(N, a). Assume that for every N € S,
among all sets { Ry(p),p € A(Z)} there is exactly one’ set Ry(py) in the closed half-space
P_[;. Moreover, assume that every point in Ry(px) N Hy N A is a smooth boundary point
of A. The set A is strongly approachable by Player 1 if and only if there exist a set
Ry (p*) such that for every N € S the following hold:

CO Ri(p*) = Ri(px)-
C1 Rl(p*) N H)\/ NA 7'é @

C2 Ewvery point in Ry(p*) N Hy has a neighborhood N such that Ry (p*) NN C A.

To keep the formulation of Theorems 14 and 15 rather simple, we imposed the smooth-
ness condition in both theorems. In Section 4 we weaken the assumptions of Theorems
14 and 15.

®While we assume the uniqueness of R (p*) as the only set Rq1(p) C H,,, the action p* need not be
unique. That is, there might be p # p* € A(Z) such that Ry (p) = R1(p*).
"As in Footnote 6, the action py, does not have to be unique.
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2.4 Examples

In this subsection we provide two examples. In the first, the conditions of Theorem 14
are not met and the set is not strongly approachable, while in the second the conditions
of this theorem hold and the set is strongly approachable. These example illustrate the

ideas that underlie the proof of the main results.

Example 16 Consider the game in Figure 3.

Player 2

L R

T (1,0 0,0

Player 1 (1,0) | (0,0
B (0,0) | (0,1)

Figure 3: The payoff matrixz in Fxample 16.

In this game the set of feasible payoff vectors is F' = Conv({(0,0), (1,0),(0,1)}) (see
Figure 4). By Proposition 14.37 in [13], the set A = [0, ﬂ2 is approachable by Player 1.

Nevertheless, as we now show, the set A is not strongly approachable by Player 1.

(0,1)
F
(0, 1/4)
(0,0) (1/,,0) (1,0)

Figure 4: The sets F' and A in Example 16.

Since each player has only two pure actions, we denote by p (resp. q) the probability
to play the pure action T (resp. L), and therefore the probability to play the pure action
B (resp. R)is 1 —p (resp. 1 —q). Ri(p) is the set of all possible expected payoffs when
Player 1 plays the mized action [pT; (1 —p)B], that is, R1(p) = Conv({(p,0),(0,1—p)}).
Three of the sets Ry(p) are depicted in Figure 5.

11



0,1)

0,0) (1,0)
Figure 5: The sets A and three of the sets Ry(p).

The set Ry(3) is the line segment Conv({(0,3),(3,0)}). If at stage N the average
payoff is above this line segment, that is, if g + g > %, then, by playing the mized
action [%L; %R] in every subsequent stage Player 2 guarantees that the average payoff will
remain above this line segment, and, in particular, will never get into A. We call the
open half space H = {x € R?: x1 + x5 > %} a dead zone: once the average payoff gets
into this half space, Player 2 can ensure that it will never get into A. Therefore, if A is
strongly approachable, Player 1 must be able to ensure that the average payoff will never

get into this dead zone.

(0,1)

Dead

zone

—— *(3)
(0,0) (1,0)

Figure 6: A dead zone determined by Rs(3).

We now argue that in this particular example, this goal is impossible. Indeed, for
every p # % the set Ri(p) contains a point q, in the dead zone H™. In addition, If
Player 1 plays [3T; 3B], the pure action L of Player 2 guarantees a payoff (3,0) that is
not in A. Therefore, the following strateqy of Player 2 ensures that the long-run average

payoff would always be outside of the set A:

e As long as p™ = [%T; %B], play L.

12



e For the first n € N for which p™ # [%T;%B] play ¢" = q,. For m > n play
q¢" = [5L; 5.

In particular, A is not strongly approachable by Player 1. Note that in this example,
Condition C2 does not hold, and therefore by Theorem 14 the set A is not strongly
approachable by Player 1.

Remark 17 The boundary of the set A in Example 16 is not smooth. One can pro-
vide in this example an approachable set A with a smooth boundary that is not strongly

approachable.

Example 18 Consider the game in Figure 7 and let A be the closed disk with radius 1
around (0,0).

Player 2
L N R
T| (0,-1) (—1,4) (1,4)
Player 1 M| (11,-3) | (12,—5) | (13,—4)
Bl (-13,-7) | (=14, -5)| (-15,-7)

Figure 7: The payoff matrixz in Fxample 18.

The half space H- = {x € R*: 2y, < —1} is a dead zone: once the payoff is in it,
that is, once g < —1, Player 2 can play L and ensure that the average payoff remains
in H=. Figure 8 depicts the sets R1(T), Ri(M), R1(B), A, and the dead zone.

R, (T)

Figure 8: The set A and the sets Ry(p) in Example 18.
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We now explain how Player 1 can ensure that the average payoff will get into the set
A and remain there. Assume that the stage N 1is large enough, so that the change in the
average payoff in a single stage, which is of the order of %, 1s small. Once the payoff is
in A, Player 1 can ensure that it will remain there, by properly playing the pure actions
T, M, and B: if the average payoff is in the lower half of A, he plays T'; if it is in the
upper-left quarter, he plays M; and it is in the upper-right quarter, he plays B.

The question then is how to make the average payoff move into A when it is outside
of this set. To this end we define the concept of the shade. Consider the set Ri(p) as
a source of light, and the set A as an opaque object. The shade of A relative to Ry(p)
is the set of all points x in R? such that all line segments that connect x and a point in
Ry(p) pass through A. The shade of A relative to the set Ry(M) is denoted AY, in Figure

"""""" Ry(T)

Figure 9: The set ;[[]3\4; which is the shade of A relative to Ry(M).

If N is large enough, and if the average payoff is in the shade Z%m then, by repeatedly
playing the action M, Player 1 can make the average payoff move towards A, and even-
tually get into it. Unfortunately there is an exception to the last statement: the average
payoff might “jump” over A, and, in fact, might get into the dead zone. To overcome
this difficulty we will not consider the shade of A, but the shade of a subset of A that
does not intersect the boundary of A.

Suppose now that the average payoff is not in the shade ;1/%4, but is in the shade of
the union AU AY, relative to Ry(B) (in fact, it is enough to consider the intersection of
AU Z%/[ with the set of feasible payoff vectors; see the set AV}B in Figure 10). In this case,
Player 1 can repeatedly play the action B until the average payoff moves inside AU AV(])W,

14



and, in case the average payoff enters the set ﬁ%, play M until it enters A.

Figure 10: The set AL, which is the shade of (AU A%,)) N F relative to Ry(B).

To show that in general Player 1 can ensure that the average payoff enters A, we will
construct a specific increasing sequence of sets, the first® being A, such that each set in
the sequence is the union of the previous one and its shade relative to one of the sets
Ri(p). We will also uniformly bound the number of stages required to move from one set
to a set that precedes it in the sequence.

To summarize, the strateqy that Player 1 will use will be to play the action T' for many
stages, until the stage N 1is large enough, and then to play mized actions that ensures
that the average payoff moves to lower sets in the sequence of shades, until it reaches
A. Once the average payoff reaches A, Player 1 will play in a way that ensures that the

payoff remains within this set.

3. PROOFS

Throughout this section we fix a repeated game G and a closed convex set A with

nonempty interior that is approachable by Player 1.

To ensure that the average payoff will get inside the set A, we will use the following
idea: for every p € A(Z) consider the set R;(p) as a source of light. Let D C Int(A) be
a full-dimensional set in R?. The set D is thought of as a body that casts shade. The
line segment between any point in the shade of D (relative to the source of light R (p))

81n fact, as mentioned before, the first set in the sequence will be a certain subset of A.

15



and any point in R;(p) intersects D, and therefore also Int(A). Hence, if at some stage
the average payoff is in the shade and Player 1 repeatedly plays the action p for a proper
number of stages, then whatever Player 2 plays, provided the stage t is large enough, the
average payoff will move into A. If the average payoff is not in the shade of D relative
to Ry (p), we can define the set D to be the union of D and its shade relative to R;(p),
and consider its shade relative to some other source of light Ry (p’) with p’ € A(Z). If
the average payoff is in the shade of D relative to Ry (p), then by playing repeatedly the
action p’ for a proper number of stages, Player 1 can ensure that the average payoff will
get close to ZA), from where he can guarantee that it will get into A.

We will show that it is possible to form a sequence of shades, whose union covers all
feasible vector payoffs that are not in D. Since D C int(A) this will imply that Player 1
can ensure that the average payoff gets into A. Finally, we will show that Player 1 can

ensure that the average payoff will stay inside the set A.

3.1 The Shades

Throughout this section we fix a full-dimensional convex strict? B-set D C R?. We
now formally define the shade D, of D relative to a “source of light” R;(p). For every
p € A(Z) denote by D, the set of all points, which are not in D and for which the line
segment that joins them with any point in R;(p) intersects D. That is,

D,:={r eR\ D |zzND #0,¥z € Ri(p)}.

The set D, is the shade that D casts when the unique source of light is R;(p).

We now prove that the union of a convex set with its shade is convex.
Lemma 19 Let D C R? be a convex set and let p € A(Z). The set D U D, is convez.

Proof. Denote D := D U D, and let z,y € D. Fix a point z in the line segment zy
(see Figure 11). We will show that z € D. To this end, we fix r € Ry (p) and show that
the line segment rz intersects D. The three points z, y, r define a two-dimensional plane
P C R% Since z,y € D there are points 2’ € xr and y’ € yr such that 2’y € D. Since
D is convex the line segment 2’y is contained in D. The line segments xy, xr and yr are
all contained in the plane P, so that z,2’,y" € P as well, and therefore the line segment

2y’ is also in P. The line which is spanned by 7z divides P into two half-planes, one

9A strict B-set is defined in Remark 12 in page 9.
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contains z, 2’ and the other contains y,y’. Therefore the line segment 'y’ intersects the

line segment zr. Since 'y’ C D, the line segment zr intersects D, as desired. m

Figure 11: The points in the proof of Lemma 19.

Let € > 0 and recall that B(F, ¢) is the set of all points whose distance from at least
one point in the set of feasible payoffs F' is less than €. Lemma 19 implies that the

set (DU D,) N B(F,¢e) is convex since it is the intersection of two convex sets. Since
D C B(F,¢), it follows that

(DUD,)NB(F,e) = DU (D,NB(F,c)).

We will be interested only in the intersection of the shade D, with B(F,e). The next
lemma states that if D is full-dimensional and convex then there always exists p € A(Z)

relative to which the shade is not empty.

Lemma 20 Let D C B(F,¢) be a full-dimensional convez strict B-set. Then there exists
p € A(Z) such that D, N B(F,¢) is not empty.

Proof. Since D is convex, the set of its smooth boundary points is dense'® in D (see,
for example, [14], pp. 241-250). Let y be a smooth point of 9D \ OB(F,¢), and denote
by A € S9! the direction of the supporting hyperplane H of D through y. Since D is
a strict B-set, by Remark 12, the distance between H and Ry (pﬁ ) is positive. We will
show that the shade Dp,; is not empty.

Let {yx} be a sequence of point on the outer-pointing normal to D at y such that
yr — y. Assume that y, ¢ ng for every k € N, i.e., for every k € N there is a point

re € Ry(p*™) such that the line segment ;7 does not intersect D. A standard continuity
argument implies that there is a point r € Ry (pf) such that the line segment yr intersects
D only at y, that is, yr supports D at y. Since y is a smooth point of 0D, there is only

one supporting hyperplane of D at y, which is H. We deduce that the line segment ry

1094 is the boundary of A, that is, the set difference of the closure of A and the interior of A.
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lies in H, and therefore r € H. Thus, the distance between H and R, (pﬁ ) is zero, which

is a contradiction to the fact that the distance between H and Ry (pﬁ ) is positive. m

We now construct inductively a nondecreasing sequence of convex sets (ﬁ’) as follows.
Denote D° = D, and assume that the sets D°, ..., Di~! are already defined. For every
p € A(Z) denote by 5;*1 the shade of D! relative to Ri(p). Choose p = p; € A(T)
that maximizes'' the volume of D/' N B(F,¢). Denote this maximal volume by V*~'.
By Lemma 20 the maximal volume is positive, provided that D"! ¢ B(F,¢). Denote
Di:= D!y (5;71 NB(F,e)). That is, D' is the union of D'~ with its maximal shade
restricted to B(F,¢e). See Figure 12 for a schematic construction of some sets in this

sequemnce.

Ry (p2) wm)
R1(p3)

Figure 12: The set D3 = D U 1521 U 1511)2 U D2

p3?

formed by Ry(p1), Ri(p2) and Ry(ps3), with ps = py.

By Lemma 19, each set in the sequence (IN)’) is convex. Using transfinite induction
it follows that one can cover F', the set of feasible payoff vectors, with a transfinite
sequence of shades. However, the proof of the main theorem requires this process to be
finite. The following lemma shows that in fact the iterative process we presented covers

F' with finitely many shades.
Lemma 21 There ezists K € N such that F C DX,

Proof. Stage 1: U,y D* = B(F,¢).
The sequence (D¥)4ey is a nondecreasing sequence of sets. Let D := | J N D* and assume
that D C B(F,e). As a union of a nondecreasing sequence of convex sets, D is a convex

set. Let 2’ € B(F,e)\ D. By [6], the point 2’ can be separated from D by a supporting

HNote that the function that assigns to each p € A(Z) the volume of 5;;1 might have a discontinuity
at a point po € A(Z) if an extreme point of Ry (po) lies on 9D~ 1,
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hyperplane H of D at a smooth point d € dD. Since D° = D is a strict B-set, so is 13,
and therefore as shown in the proof of Lemma 20, there is an action p € A(Z) such

that the shade lA)pg is not empty. In particular, the volume V;Dg of lA)pg is positive.
For every k € N we have D* C B(F, ). Since B(F,¢) is bounded, D is also bounded.

Because the sets (5§k+1) ren are disjoint, the sequence of their volumes (V*),en converges
to zero. In particular there is some N’ € N such that V% < Vi for every k > N'.

Consider the shade lN)’;ﬁ of D¥ relative to Ry(pf), and denote its volume by V;}I For

every k > N', V¥ is the maximal volume of a shade of D¥ , hence VZ}I < V*. Tt follows
that limg o vp‘; = 0.

For every p € A(Z) the set Ry(p) is convex. Hence, for a convex set E the shade of
E relative to R;(p) can be defined by the set of all points such that the line segment
that joins them with any extreme point of R;(p) intersects E. The set R; (pﬁ ) is convex
and has finitely many extreme points, u(p, j1), ..., u(p, ji7|) where J = {j1,...,j,7/}. For
every extreme point u(p, j) of Rl(pﬁ), if u(p,j) € Int(lA?), then there is N; € N such
that u(p, j) € Int(DF) for every k > Nj. Therefore there exists N’ € N such that for
every 1 < j < |7, the vector u(p, j) is either in Int(D¥) for every k > N’ or in the
complement of Int(DF), denoted by (Int(DF))e, for every k > N'. If u(p,j) € Int(D¥)
then u(p, ) has no effect on the shade DJ;H, since the line segment that joins any point
in R and u(p, j) intersects DF if u(p, ) is in (Imﬁ(ﬁk))c, then it is either in D or in
B(F,e) \ D¥. From the continuity of the line segments through each such u(p,j) that

intersect each 5’;5,, the sequence of shades IN)’;FI that is formed by R;(p) converges to

lA)p;,, and therefore Vp’% — V;U;,, which is a contradiction to the fact that Vp,; > 0.

Stage 2: There exists K € N such that F C DX,

Assume to the contrary that for every k € N there is a point xj, € F such!? that z;, € D™
for my; > k. The sequence of points z; is bounded, and therefore it has a convergent
subsequence. Let 2’ be the limit point of that subsequence. The set F' is closed, and
therefore 2/ € F. In particular, 2/ € Int(B(F,¢)). Since limy_,o, D* = B(F,¢) it follows
that there is m € N such that 2’ € I nt(ﬁm). Therefore for a small enough neighborhood
of 2" all the points in the subsequence are in Em, which is a contradiction to the way we

choose the points ;. =

2Gince it is possible that for some k the set D* is contained in B(F,¢) \ F, we do not take x;, € D*
for every k € N.
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3.2 The Dead Zone

Fix z € F\ A, let y = ma(z), and denote A = y — x. Assume that V) = inf,c4(), a).
Then, there exists an action ¢* = g5 € A(J) such that Ry(q*) C H*(x — y, (x — y,y)).
Note that Ry(¢*) € H" (x—vy, (x—y,y)), otherwise A would not have been approachable.
In other words, there exists p € A(Z) such that u(p, ¢*) € H(x—y, (x—y,y)) (See Figure
13).

H=Hx-y (x=y,y)
Figure 13: The hyperplane H = H(z — y, (z — v, 9))
and the sets R;(p) C H~ and Ry(q*) C H.

If g", the average payoff at stage n, were in H*(z — y, (x — y,y)), then by playing
the action ¢* in all stages after stage n, Player 2 could have guaranteed that for every
m > n the average payoff g™ would remain in H*(z — y, (x — y,y)), and, in particular,

outside A. Hence we deduce the following conclusion.

Corollary 22 Let A C R? be a closed convex set that is strongly approachable by Player
Lletax ¢ A, lety=ma(x), and let A :==y — x. Assume that V\ = inf,ca(\, a). Let oy
be a strategy of Player 1 that strongly approaches A. Then g" ¢ HT (x —y, (x —y,y)) for
every strategqy oo of Player 2 and every n € N.

With the notations of Corollary 22, we deduce that once the average payoff lies in
the open half-space H*(x — y, (x — y,y)), it will never get out of it, provided Player 2

plays properly. This observation leads us to the following definition.

Definition 23 Let A C R? be a closed convex set that is strongly approachable by Player
1 letx ¢ A, let y=ma(z), let X\ :=y—x, and assume that V) = inf,ca (N, a). The open
half-space H" (x —y, (x — y,y)) is called a dead zone for Player 1.
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Remark 24 (Remark 2, continued) One of the main reasons that the characteriza-
tion of strongly approachable sets is significantly harder for standard repeated games than
for the expected deterministic repeated game, is that in the standard game the dead zone
loses its meaning: When Player 1 plays a mived action p such that Ry(p) C H~, the
stage payoff might not be in the set Ry(p), and therefore the stage payoff might be in
the dead zone, so that the average payoff might get into the dead zone. Similarly, when
Player 2 plays the action q*, the stage payoff might not be in the set Ry(q*), and therefore

as above the average payoff might leave the dead zone.

3.3 An Auxiliary Result

Let € R% and let ¢t € N. Denote by G, the variation of G in which the play starts
at stage t + 1 and the average payoff in the first ¢ stages is taken to be x. That is, a
strategy of Player 1 (resp. Player 2) is a function oy : J,~, 1 Hao1 — A(Z) (resp.
oy - Uptiin Hoo1 — A(J)), and if (p", ")), are the actions taken by the players at
stagest + 1,t 4+ 2,..., N, then

N 7 n
-N __ tr + Zn:t-‘rl U(p » 4 )
g - N *

Assume for a moment that there is exactly one dead zone H},, defined by a supporting
hyperplane H) of A. Roughly speaking, we will show that it is possible to form a
sequence of shades, whose union covers all feasible vector payoffs that are in the half-
space H,, that contains A. We will then show that we can control the pace of progress
inside each shade, in such a way that the average payoff does not ‘jump’ over A. Thus, if
the average payoff is not inside the dead zone, Player 1 can ensure that it will eventually
get into A. We will finally prove that Player 1 has a strategy that ensures that the
average payoff remains inside the set A.

It turns out that this procedure also works when there are several dead zones, that
is, several A € R?\ {0} for which V) = inf,ca(\, a). This observation will be the main
ingredient of the proof of Theorem 15.

The following auxiliary result plays a major role in the proof of Theorem 14; its proof

is the most challenging part of the proof of this theorem.

Proposition 25 Let A be an approachable convex set with nonempty interior. Assume

that there exist exactly one direction N € S such that Vy = inf,ea(N,a). Denote
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by p* an optimal strategy (action) in the auxiliary'® game Gy, so that Ry(p*) is in the
closed half-space ﬁ/\_,. Assume that every point in Ri(p*) N Hy N A is a smooth boundary
point of A; and

C1 Rl(p*) N H)\/ NnA 7’é @,’ and
C2 every point in Ry(p*) N Hy has a neighborhood N such that Ri(p*) NN C A.

Then for every x € (FNH,,)\ A and every t € N there exist a strategy o1 of Player 1
and 1 € N such that under o, the average payoff " in the game G, belongs to Int(A)
for every strategy oo of Player 2.

In words, if there is only one dead zone, then Player 1 has a strategy such that,
regardless of the stage of the game or the strategy of Player 2, and provided the current
average payoff is not in the dead zone, the average payoff will get inside A after a finite

time.

Remark 26 Proposition 25 is more general than what we really need, since the claim is
true for every x € (FNH,,)\ A. In the proofs of Theorem 14 and Theorem 15, the point

x will be some point in Ry(p*).

3.4 Proof of Proposition 25

Define C' := Conv({z} U Ri(p*)), ie., C = Conv({z,u(p*,j1),...,u(p*, ji71)}) where
J = {j1,-., Jj7} is Player 2’s set of pure actions. Since x ¢ H) it follows by Assumption
C2 that

CNHy=R((p)NHy CA (1)

Fix € > 0 and denote by N, the open ball of radius € > 0 around X in the unit sphere
Sdil, that is, Ny = B({)\/},g) NS4t

Definition 27 Denote by Y =Y (Ny) the set of all points y € F for which there exists
a separating hyperplane for y and A in some direction A\ € Ny.

Notice that Hy separates A and HY,, and therefore H}, C Y. It follows that any point
o' € F\Y satisfies 2/ € Hj, (see Figure 14). From Assumptions C1 and C2 it follows
that Ry(p*) N Hy € A and since every point in Rf(p) N Hy N A is a smooth boundary
point of A it also follows that d; := d(C'\ A,Y) > 0.

13Recall that the game G is the one-shot game in which the payoff function is u, projected in the
direction \'; see page 8.
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Figure 14: The sets C' and Y = Y (Ny).

Lemma 28 For any open ball Ny C S4' around N there exists 0o > 0 such that if H
is a supporting hyperplane of A in direction A € S4~1\ Ny, then the distance between H
and Ry (p") is at least d5.

Proof. Since the direction A of H is different than X, it follows that V) > inf,c4(A, a).
Therefore, from Remark 12, there exists d, > 0 such that the distance between H
and Ry (p'!) is at least Jy. Since the set S¢~1\ Ny is closed, standard continuity and
compactness arguments imply that there exists d; > 0 such that for every supporting
hyperplane H of A in direction A € S\ N, the distance between H and R;(p™) is

at least 5. m
Lemma 29 There exists an open ball Ny € St around X' such that C\A C F\Y (Ny).

Proof. Eq. (1) implies that for any 2/ € C'\ A the distance between 2’ and Hy is
greater then zero, so that 2’ € H;,. Since A C H v it follows that Hy does not separate
2’ and A. From continuity of the supporting hyperplanes of the convex set A it follows
that there exists an open ball Ny, C S9! around N such that for every A € Ny, the
supporting hyperplane of A in the direction A does not separate 2’ and A. The set C' is
the convex hull of a finite set of points. Denote by {z;} those points which are not in
A. Every point z; determines a corresponding ball Ny .. of X'. Define Ny := ﬂzz Ny,
The set Ny satisfies that for every A € Ny the supporting hyperplane of A in direction
A does not separate A and each z;. From the convexity of C', and since the extreme
points of C' that are not {z;} are in A, it follows that for every A € Ny the supporting
hyperplane of A in direction A does not separate any 2’ € C'\ A and A. It follows that
C\ACF\YWNy). =
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Let 6 < min{%, %2}, and let a € Int(A). For every &' € (0,1) define a set B = By
by shrinking the set A relatively to the point a by a scale factor of 1 — ¢’, that is,
B =By :={z(1—-¢)+da|xe A}. Forevery y € 0A let v/ := (1 — ')y + é'a € IB.
Since the set A is convex, B = By C A. From continuity, there exists a sufficiently small
0" > 0 such that for every y € 0A, the distance between y and 3’ is not greater than ¢,
that is, sup,cp4 d(y,y') < 0.

Fix a neighborhood Ny of X’ that satisfies Lemma 29 and denote by Y = Y (N, d)
the set of all points y € F such that there exists a separating hyperplane for y and B
in direction A € Ny. The direction of every supporting hyperplane H of the set B that
separates B and any point 2’ € F \f/ is in ST\ Ny, Assume H supports B at the point
(1 — 0")y. The direction of the parallel hyperplane H that supports A at the point y is
also in S\ Ny, and therefore by Lemma 28 the distance between H and R;(p") C H~
is greater than or equals to 9, > 20. The distance between H and H is less than d, SO
that R, (pf) C I/-j*, and the distance between H and R, (p™) is greater than or equals to
J.

Lemma 30 C\ AC F\ Y (Ny,o).

Proof. Since sup,cy4 d(y,y’) < 6, the set Y contains points whose distance from Y is
not greater than § < %. The distance between C'\ A and Y is 0;, and therefore there
are no points of C'\ A in Y. m

Similarly to the way we have constructed the sequence of shades over a strict B-set,

we now construct inductively a nondecreasing sequence of convex sets (é’) where B = B
and each B’ is the union of B! with its maximal shade restricted to B(F,¢), that is,
B := BlU (é;:l N B(F,e)). From Lemma 19 we get that each set in the sequence
(B') is convex. From Lemma 20 we deduce that as long as B'™' 2 B(F,e)\ Y, each
shade B is not empty. The proof of the latter claim follows from the proof of Lemma
20, where instead of choosing any smooth point of B! \ OB(F,¢), we choose a smooth
point y of B\ d(B(F, )\ Y) such that the supporting hyperplane H through ¥ is in
the direction A for some A € S 1\ Ny. Such a smooth boundary point exists since Bi~!
is convex, and therefore, as mentioned before, the set of its smooth boundary points is
dense (see, for example, [14], pp. 241-250). From Lemma 21 we deduce that there exists
K € N such that F'\ Y - BX_ The proof of this claim is similar to the proof of Lemma
21, when replacing B(F,¢) by B(F,¢) \ Y and F by F \ Y.

14See page 17. Recall that Bi depends on €.
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The sets A and B are convex and satisfy that B C Int(A) and 9B N I(A) = 0.
Hence there exists a minimal distance 1’ between 0A and dB. Denote n = % Since
the distance between two points (payoffs) in F' is bounded by 2M, it follows that for
N’ > %, the distance between the average payoff at stage n and the average payoff at

stage n + 1 is at most 27 for every n > N'.

We now describe a strategy oy of Player 1 in the game G, ;. We will then show that
this strategy guarantees that the average payoff will get inside A. Let N’ be the first
integer that is greater than or equal to % For every n >t + 1, the strategy o, plays at

stage n as follows:
e If n < N’, the strategy o, plays the action p*.

elf n > N' let k&, 1 < k < K, be the minimal natural number such that
g" € CI(B(B*,k -n)). The strategy o) plays the action pj.

If t < N’, the action p* is played (at least) N’ — ¢+ 1 times. By playing the action p*
at the first N’ — ¢ + 1 times, the average payoff stays in C' = Conv({z} U R;(p*)), and
by Lemma 30, it is in A or in F'\ Y. We will show that if the average payoff is in F'\ EA/,
then the strategy o; of player 1 ensures that there exists n sufficiently large such that

g" isin A.

To simplify the notations, denote by B* the shade of B! relative to Ry (px). Notice
that if the average payoff is very close to the boundary (or in the boundary) of B* for
some 1 < k < K, then by playing the action p, Player 1 cannot guarantee that the
average payoff would not ‘jump’ over B!, For example, in Figure 15, if Player 1 plays
the action ps and Player 2 plays the pure action j;, the average payoff might jump to
the other side of the set B* = BU B' U B2 U B3.
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s

R1(p4)

Figure 15: A case where the average payoff g" is in the boundary of §4,
and the sets Fy (thick curve) and E (bounded by the dashed lines).

Nevertheless, as we argue now, by repeatedly playing the action py, Player 1 can guaran-
tee that the average payoff would not be very far from B*!. We will show that Player
1 can guarantee that the average payoff would be in a closed nﬂﬂ—neighborhood of Ek_l,
that is, in CI(B(B**, L)),

The set B* was ‘built upon’ B*~!, and therefore the set Ej, := 0B* N 0B*! is not
empty, and every point in this set is on the line segment that joins a point in B* and
a point in Ry(pg) (see the thick curve in Figure 15). The set Ej is a subset of dB*
and therefore every point in this set is contained in a hyperplane!'® that supports ék_l,
and every such hyperplane divides the space into two half-spaces, one contains B+1.
Denote by Ek the intersection of all these half-spaces that contain BF=1. Notice that

Ri(pr) C Ej (see Figure 15).

Assume gV ¢ A. As mentioned above it follows that gV € F'\ Y. By Lemma 21,
there exists & < K such that g% is in the shade B*. Without loss of generality assume
that gV € BX. Since Ry(px) C EK, there is 7, € N, independent of V', such that by
playing n; times the action pg, for some n; < 7, the average payoff g¥'t™ would be

in an n-neighborhood of E. Since Ex C BX~! the average payoff would be in an
n-neighborhood of BE=1 ie., in CI(B(BX1,n)).

~N'+nq

The point m5x_1(g ) is the closest point in BE-1 t0 the average payoff at stage

N’ + ny. Assume without loss of generality that 5 1 (g" t") is in BX~1. Then the

15Recall that for each k € N the set B* is convex.
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average payoff is in an n-neighborhood of BX~!. For every 1 < k < K denote by S},
the set of all points that lie on some line segment from the shade B* to R;(p*), that
is, S, := {z € br | b € B*r € Ri(p")}. The set B* is a subset of S, for every
1 < k < K. Since the set BX~! is the shade of BEK~2 relative to Ri(px_1), for every
payoff in Ry (px_1) that is obtained at stage N' +ny + 1, the (N’ + n; + 1)-stage average
payoff will get closer to Sx_1, that is, if the action px_; is played at stage N’ + n; + 1,
then

d <§N/+"1H,SK71) <d (gN’er’ SK71> )
Indeed, for a given payoff in Ry(px_1) the line segment that joins it with the average
payoff g'*™ and the line segment that joins it with the point in Sk_; closest to the
average payoff mg,_ (" 7™) intersect at that payoff, so ‘walking along’ that lines, the

points get closer to each other (see Figure 16).

Figure 16: For any u(ps, q) played at stage N’ +n; + 1, gV’ ™! would be
on the (dashed) line segment that joins g™'*™ and u(ps, q).

It follows that for any s € N, by playing s times the action pg_; the distance between
the (N’ + ny + s)-stage average payoff and Sk _; is at most 7:

d (" w3V ) < 2)

Since for every m > N’ the distance between the average payoff at stage m and the
average payoff at stage m+1 is at most 27, and since Ry (px_1) C EK_l, there is ny € N,
independent of g¥'*™  such that by playing n, times the action px_1, for some ny < 7g,

the closest point in Skx_; to the (N’ + n; + ng)-stage average payoff would be in an
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n-neighborhood of Ex_1, i.e.,

i (ms (@), i) < 1. ®)

From Egs. (2) and (3) and the triangle inequality we deduce that the distance between
the (N’ 4 ny + ns)-stage average payoff and F_; satisfies

d <gN/+n1+n2’ EK—l) <d <gN/+n1+n2’ ,R.SK_1<gN/+n1+n2)> +d <7TSK_1(gN/+n1+n2)’ EK—1>
<n+n=2n.

Since Ex_1 C OBX=2 this implies that gVt ¢ Cl(B(BX~2,2n)). Proceeding in-

ductively we deduce that there is a collection (7i;)X | of natural numbers and there

exists t < Zszl ni such that the average payoff gV ** is in a (K - n)-neighborhood of
BX-K =B
Since n = % this implies that there is a finite number n € N such that

g" € CI(B(B, %/)) C Int(A), as desired.
This concludes the proof of Proposition 25.

Proposition 25 shows that for any point z € F'\ Y we can reach the interior of A in
the game G, after a finite number of stages. The proof of Proposition 25 shows that
the time period until getting into A is uniformly bounded by n := ny + ... + nx. Hence,

we get the following result.

Proposition 31 Let A be an approachable convex set with nonempty interior that sat-
isfies the assumptions of Proposition 25, let 6 > 0, and'® let B = Bs. Let /' and Y be
as in the proof of Proposition 25. For every t € N there exists n € N such that for any
point x € F\?, the average payoff g" in the game G is in an %—nez’ghborhood of B, for
some t < n < n, when Player 1 plays the strateqy described in the proof of Proposition
25 and for every strategy of Player 2.

3.5 Proof of Theorem 14

In this section we prove Theorem 14, that takes care of the case in which there is exactly
one direction \' € S9! for which Vi = inf,ca ()N, a). In this case, Player 1 should ensure
that the average payoff stays away of only one half-space (dead zone).

Assume that Conditions C1 and C2 are satisfied. It follows that R;(p*) N Hy C A.
The following lemma shows that there exists ¢’ > 0 such that all the points in R;(p*)

6Recall that Bs := {z(1 —§') + d’a | € A}, where a is a predetermined point in the interior of A.
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whose distance from R;(p*) N Hy is at most ¢’ are in A, and the points that are not in
Ry(p*) N Hy are in Int(A).

Lemma 32 There exists ¢’ > 0 such that for every point x in Ry(p*) N Hy the ball
B(z,d) satisfies (B(x,d") N R1(p*)) \ (Ri(p*) N Hy) C Int(A).

Proof. R;(p*) is a convex polytope whose extreme points are u(p*, j1), ..., u(p*, jj7)
where J = {j1,...,Jj7|} is Player 2’s pure action set, and so it has a finite number of
faces and edges. Since the set A is convex, it is sufficient to show that every face or edge
of Ry(p*) that intersects Hy, but is not contained in it, intersects Int(A). Such faces
and edges satisfy that they support R;(p*) at an extreme point in Hy and at an extreme
point not in Hy,. Since R;(p*) has finitely many faces and edges, the lemma will follow.

Let u(p*, jx) and u(p*,jir) be extreme points of Ry(p*) such that u(p*,jx) € Hy
and u(p*, jir) ¢ Hy. By Condition C2, the point u(p*, jx) has a neighborhood N such
that Ri(p*) NN C A. Recall that by assumption every point in Ry(p*) N Hy N A is
a smooth boundary point of A. Therefore, u(p*, ji) is a smooth boundary point of A,
so there is only one supporting hyperplane of A through w(p*, ji), which is Hy. Since
u(p*,jr) € Hy, the line segment that joins u(p*, j;) and wu(p*,j;) is not contained in
H,, and therefore Ry (p*) "N\ (Ri(p*) N Hy) C Int(A). =

From Condition C2 we get that every face or edge of the polytope R;(p*) that
intersects Hy also intersects A in a sufficiently small neighbourhood. Furthermore by
Lemma 32, every such face or edge either lies in 0A N Hy or intersects Int(A). Since
R (p*) has finitely many faces and edges, there is § > 0 such that every such face or edge
that intersects Int(A) also intersects B = Bs. An example is provided in Figure 17.

~

Figure 17: R;(p*) intersects B. Figure 18: The set B.

In the proof of Proposition 25 we have shown that for every open ball Ny, = B(X, ¢)
around A there exist 6, > 0 such that the set B = By satisfies the following condition:
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for any supporting hyperplane H of B in a direction in S?~!\ Ny there exists an action
pf € A(Z) such that Ry(p) C H~, and the distance between H and R;(p*) is greater
than or equals to 8. Consider the set B = Conv(B, Ri(p*) N Hy) (see Figure 18).

Lemma 33 Provided ¢ is sufficiently small, any supporting hyperplane H of B in direc-
tion X\ € Ny satisfies that Ry(p*) C H~.

Proof. If ¢ is sufficiently small,'” then any supporting hyperplane of B in direction
A € Ny and any facet of Ri(p*) that intersects Hy but not contained in it do not
intersect in H,,. Let H be a supporting hyperplane of B in direction A € N; v. The
hyperplane H supports B either only at points of R;(p*) N H,, at a point of Ry (p*) N H

and also at a point of B, or only at points of B.
e If H supports B only at points of R;(p*) N Hy, the claim clearly holds.

e Suppose now that H supports B at a point of Ry(p*) N Hy and also at a point
of B, and assume that R;(p*) € H~. Then there is an extreme point u(p*, ji)
of Ri(p*) in H*. In particular, there is an extreme point of R;(p*) that belongs
to Ri(p*) N Hy such that the line segment that joins it with w(p*, ji) does not
intersect B, which is a contradiction to the fact that every facet of Ry(p*) that

intersects Hy, but not contained in it also intersects B.

e Suppose now that H supports B only at points of B, and assume that R;(p*) ¢
H~. As above, there must be an extreme point u(p*, ji) of Ry(p*) in HT. Since
Ri(p*) N Hy C B and since H supports E, each extreme point of R;(p*) that
belongs to Ry (p*) N Hy is contained in H~. Therefore there is an extreme point of
Ry (p*) that belongs to Ry(p*) N Hy such that the line segment that joins it with
u(p*, ji) intersects H. Since Ry(p*) is convex, it follows that there exists a facet
of Ry(p*) that intersects H, but not contained in it such that the hyperplane it
induces intersects H in H,,. Therefore H is in direction A ¢ Ny, a contradiction

to the way have selected H.

1"Recall that an angle between two hyperplanes is the angle between their two normal unit vectors.
Denote by 71 the minimal angle between H): and a facet of Ry (p*) that intersects Hys but not contained
in it, and by 2 the maximal angle between A € Ay» and X'. Any ¢ such that 73 is smaller than v; would
be sufficient.
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It follows that the set B is a B-set for Player 1, since each supporting hyperplane of B
is either in direction A € S471\ Ny or A € Ny. In particular, the set B is approachable
by Player 1.

Let n = d(A, B) be the distance between 0A and 0B. The set B is approachable
by Player 1, and therefore there is a strategy o7 and N’ € N such that if Player 1
implements ¢/, then whatever Player 2 plays, the average payoff at each stage n > N’ is
in Cl(B(B, 7)) (see Figure 19). The strategy o} may play actions that cause the average
payoff to enter the dead zone. To ensure that this does not happen, we define a strategy
o1 that slightly differs from o]. By o], at each stage n, the average payoff g" has a
corresponding hyperplane H™ that supports B at the closest point to g". The strategy
o1 plays as follows at each stage n: if the hyperplane H" is in direction A € Ny, then oy
plays p*; otherwise it plays the same action that o] would play. By Lemma 33, for every
supporting hyperplane H™ of B in direction A € A v, the set Ry(p*) is in H" . Since
Ry (p*) is in the intersection of H"~ and Hj,, the (expected) payoff when Player 1 plays

the action p* is also in the intersection of H»~ and H v Thus, the strategy o1 approaches

E, and therefore there is N/ € N such that if Player 1 implements o, then whatever
Player 2 plays, the average payoff after stage N’ is in B = Conv(B(B, 3), Ri(p*) N Hy)
(see Figure 20). This set is contained in A.
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Figure 20: The set B , which is contained in A.

Let o7 be the following strategy for Player 1.
e In the first N’ stages play the action p*.
e For n > N’; at stage n play as follows:

— Ifghe F\ B’ , play the corresponding action from the strategy in Proposition
25, with z = gV and t = N;

- Iftg" e B \ E, play the corresponding action from the strategy o; that ap-

proaches B ;

- Ifg" e B\, play p*.

The strategy o7 plays the action p* in the first N’ stages, so that from that stage
on the difference between the average payoff at a stage and the average payoff in the
following stage is relatively small. Then, if the average payoff is not in B (in particular
not in H,/) the strategy plays according to the strategy in Proposition 25, so that the
average payoff gets into B(B, 7) and in particular into B’ ; if the average payoff is in B
but not in E, the strategy plays according to o1, so that the average payoff stays in
Cl(B(é, 1)), but never gets into the dead zone; if the average payoff is in B, the strategy
plays the action p*.

The following lemma shows that the set A is strongly approachable by Player 1.

Lemma 34 Under the strategy of, there exist N € N such that g" € A for everyn > N
and every strategy oo of Player 2.

Proof. Set N = N’ + n, where 7 is given in Proposition 31. After playing N’ times the

action p*, the average payoff is either in B orin F \ B

o If gV € F\ E’, then from Proposition 31, there exists n < 7 such that

gV € B(B, ) when Player 1 implements the strategy from Proposition 25.

o If g" € B’ \ B for n > N’ then by playing the strategy o; that ensures that the
average payoff stays in Cl(B(B, 7)), but never gets into the dead zone, we deduce
that g"*' € B C A.
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o If g" € Bforn > N , then the strategy that approaches B allows Player 1 to
choose any action. Playing the action p* ensures that the average payoff does not
get into the dead zone. In particular, g"*! € B , since the difference between g"

and g"*! is less than 1.

That is, from stage N onward the average payoff isin A. =

The first bullet shows that until the N’ + n-th stage, the average payoff will be in
B C A, and the other two bullets shows that after the average payoff gets into B , it
will stay there.

We deduce that for every n > N, g" € A, so A is strongly approachable. This

completes the proof of one direction of Theorem 14.

We now prove the other direction of Theorem 14. First notice that if Player 1 does
not play the action p* in the first stage, then Player 2 can play an action such that the
expected payoff is in H,. Moreover, as long as the average payoff is in Hy, if Player 1
does not play the action p*, then Player 2 can play an action such that the expected payoff
is in Hy,, and then the average payoff up to that stage would be in H},. As mentioned
above, if the average payoff at some stage n is in H,, Player 2 has a continuation strategy
such that the long-run average payoff stays in Hy,, and in particular it does not get into

n+1

the set A. We can therefore assume that p' = p*, and p"™! = p* as long as g" € H).

e Assume that Ri(p*) N Hy N A = (. From the definition of a dead zone,
Ri(p*) N Hy # 0. Consider the strategy of Player 2 in which he plays an ac-
tion ¢ such that u(p*,q) € Hy as long as g" € Hy. As long as Player 1 plays p*
the average payoff is u(p*,q) € Hy \ A, and therefore the long-run average payoff
would not get into A. If Player 1 plays a different action p, Player 2 has an action
¢’ such that u(p,q’) € H),. From that stage on Player 2 will play the optimal
strategy in the auxiliary game G, so that the average payoff will stay in H},, and

in particular would not get into A.

e Assume that there is a point z € Ry (p*) N Hy that does not have a neighborhood
N such that Ry(p*) NN C A, ie., there is a point 2’ € R;(p*) such that the
line segment zz’ intersects A only at z. Assume to the contrary that the set A
is strongly approachable, i.e., there exists N € N such that for every strategy of
Player 2 and for every n > N, one has g" € A. As mentioned above, Player 1
needs to play the action p* as long as g" € Hy. Consider the strategy of Player 2
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in which he plays in the first N stages an action ¢* satisfying u(p*, ¢*) = z. Then
the average payoff at stage N is z, so that Player 1 needs to play the action p* at
stage N + 1. At stage N + 1 the strategy of Player 2 indicates to play an action
¢’ such that u(p*,q’) = 2z’. Therefore, the average payoff at stage N + 1 will be in
the open line segment zz’, which is outside of A, a contradiction to the assumption

that A is strongly approachable.

This concludes the proof of Theorem 14.

Remark 35 As mentioned above, if Condition C1 does not hold, Player 2 can prevent
Player 1 from making the average payoff get into the set A at any stage of the game:
Player 2 has a strategy the guarantees that the average payoff is either in Hy \ A or in
H3,, so it never gets into A. On the other hand, if Condition C1 holds and Condition C2
does not hold, then Player 1 can eventually make the average payoff get into A: Indeed,
as mentioned above, Player 1 can ensure that the average payoff stays in Hy,. Once it is
in Hy, \ A she can use the strategy described in the proof of Theorem 14 to ensure that

it gets into A and remains there.

Remark 36 Does the fact that a player can strongly approach a certain set in the game
Gyt depend on x? The answer to this question is positive: It is possible that a certain set
will be strongly approachable by a player in the game G but not strongly approachable
by him in the game Gy 4, for ©’ # x. This happens, for example, if x is not in a dead

zone while ' is in a dead zomne.

3.6 The General Case

In the general case, where there are several directions A € S?! for which
Vi= inf () a) (4)

Player 1 should ensure that the average payoff stays away of more than one half-space
(dead zone).

As follows from the proof of the second direction of Theorem 14, if the set A is
strongly approachable by Player 1, then the action p that he plays in the first stage
must satisfy that R;(p) C H, for every A that satisfies Eq. (4). In other words, there
is p* € A(Z) that is optimal in the game G, for every A that satisfies Eq. (4). The

condition in the statement of the Theorem implies that this p* is unique.
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A dead zone is defined by a direction A for which V) = inf,c4(),a). Since p* is
unique, each such direction is determined by an extreme point of R;(p*). The number of
such directions can be finite, for example, if the set A has a smooth boundary, or infinite
(uncountable), if one of the extreme points of R;(p*) is on a non-smooth boundary point
of A.

To prove Theorem 15 we need a generalization of Proposition 25, which is the follow-
ing.
Proposition 37 Let A be a closed convex approachable set with nonempty interior. De-
note by S the set of all N € S that satisfy Vy = infaca(N, a) and let

For every N € S denote by py an optimal strategy (action) in the auziliary game Gy, so
that Ry(py) is in the closed half-space H,. Assume that every point in Ry(py) N Hy N A

is a smooth boundary point of A; and
C1 Rl(p)\/) N H)\/ NA 7A @, and
C2 every point in Ry(px) N Hy has a neighborhood N such that Ri(py) NN C A.

Then for every v € (FNH)\ A and every t € N there exists a strategy o, of Player 1
and 7 € N such that under oy the average payoff g in the game Gt belongs to Int(A)
for every strategy oo of Player 2.

In Proposition 25 and in Theorem 14 we did not rely on the condition that there is
only one direction A satisfying Eq. (4). Therefore the generalizations of Proposition 25
and Theorem 14 to the case of more than one direction X satisfying Eq. (4) (i.e. more
than one dead zone), which are Proposition 37 and Theorem 15 respectively, hold with

similar proofs.

4. DISCUSSION

4.1 Exactly One Set R;(py) in Every Complement of a Dead Zone

The main results are valid when we assume that for every direction N € S9! for which
Vi = infaea (N, a), among all sets {R1(p),p € A(Z)} there exists exactly one set Ri(py)
in the closed half-space H;,. We used this assumption to show that each of the two

following conditions is necessary:
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1. R1<p)\/) N H)\/ N A 7£ (Z)
2. Every point in R;(py) N Hy has a neighborhood N such that R;(py) NN C A.

We do not know whether these conditions are necessary in the case where the number
of sets among all sets {R;(p),p € A(Z)} that are contained in the closed half-space Hj,
is not restricted to one. While exploring this issue we encountered the following obstacle.
From Proposition 25 and its generalization, Proposition 37, we know that if the average
payoff is in the open half-space H,,, then Player 1 has a strategy such that the average
payoff would get into the desired set, regardless of the number of sets R;(py/). Therefore,
it seems that one should study a restricted game in which Player 1 is restricted to mixed
actions that ensure that the expected stage payoff is in the closed half space Ef;, and for
every such mixed action of Player 1, Player 2 is restricted to mixed actions that ensure
that the expected stage payoff is on the hyperplane Hy/. Regarding this restricted game
we should ask whether Player 1 can strongly approach the set A N Hy,. The problem
with this approach is that there are examples in which, when Player 1 plays in this way,
for any stage n Player 2 can ensure that the average payoff remains in A N Hy until
stage n, moves to Hy, \ A in stage n+ 1, from where Player 1 can ensure that eventually
the average payoff would get into A. However, the definition of strong approachability
requires that the average payoff gets into A in a bounded time, and this approach does

not delivers such a uniformity property.

4.2 Smoothness of R;(p*) N Hy in 0A

To keep the formulation of Theorems 14 and 15 rather simple, we assumed that every
point in Ry (p*)N Hy N A is a smooth boundary point of A. In fact, we could have assume
a weaker assumption on R;(p*), which is that every face or edge of R;(p*) that intersects
H,y/, but not contained in it, is not a subset of JA in any small enough neighborhood of
the intersection point.

The original assumption was used in the proof of Lemma 32. We now argue that
the weaker assumption also satisfies Lemma 32. Recall that by Condition C2 the point
u(p*, jx) has a neighborhood N such that R;(p*) NN C A. Therefore, if u(p*, j) is
a vertex (nonsmooth boundary point) of A, then in a small enough neighborhood of
u(p*, jx), the line segment that joins u(p*, jx) and u(p*, jir) intersects either Int(A) or
O0A. From the assumption on the faces and edges of R;(p*), and since u(p*, ji) ¢ Hy, in a
small enough neighborhood of u(p*, ji ), the intersection of that line and the neighborhood
N is not contained in A, and therefore the line intersects Int(A).
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The above weaker assumption is not the weakest we can assume. It is possible to

weaken the assumption on the faces and edges of R; (p*) by the following iterative process.

i. Let f be a face or an edge of Ri(p*) that intersects Hy but not contained in it. If
(fNOA)\ Hy # 0, then f is contained in JA.

ii. The condition in (i) is satisfied when replacing the hyperplane Hy with f.
iii. Bullet (77) holds for every replaced face or edge, and so on.

Since R;(p*) has finitely many faces (and therefore edges), this iterative process is
finite. The proof of Theorems 14 and 15, with proper adjustments, remain valid under
the new assumptions.

Figure 21 provides a graphic example of the weaker assumption; The boundary of A
is not smooth in fy := R (p*) N Hy N A. The faces fy and f; of Ri(p*) intersect at some
point. The face f; is contained in JA in every neighborhood of the intersection point,
and therefore the face f; is contained in JA. Similarly, the face f is contained in 0A,
since it is contained in 0A in every neighborhood of the intersection point of the faces
f1 and f5. The set B would be as in Figure 22. It still holds that B C A

37



Figure 22: The set B when R;(p) satisfies the weaker assumption.

The question whether this assumption is necessary is open and left for future research.

Remark 38 As mentioned before (see Remark 26), Proposition 25 (resp. Proposition

37) is more general than what we need, since in the proof of Theorem 14 (resp. Theorem

15) the point x is restricted to the unique set Ri(p*) = Ri(px). We assumed that every

point in Ri(pyx) N Hy NA is a smooth boundary point of A, and used this assumption to

show that 6, := d(C'\ A,Y") > 0. Since in this section we no longer make the smoothness

assumption, we cannot use it to show that 61 > 0. Nevertheless, since the point x is in
Ri(px), this claim still holds.
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