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tWe 
onsider nonparametri
 estimation of a one-dimensional pie
ewise-smoothfun
tion observed with white Gaussian noise on an interval. We propose atwo-step estimation pro
edure, where one �rst dete
ts jump points by awavelet-based pro
edure and then estimates the fun
tion on ea
h smoothsegment separately by bridge regression splines. We prove the asymptoti
optimality (in the minimax sense) of the resulting amalgamated bridge re-gression spline estimator and demonstrate its eÆ
ien
y on simulated and realdata examples.AMS (2000) subje
t 
lassi�
ation. Primary 62G05, 62G08; se
ondary 65D07.Keywords and phrases. Amalgamation, bridge regression, jumps dete
tion,nonparametri
 regression, penalized regression splines, wavelets.1 Introdu
tionIn a variety of nonparametri
 regression appli
ations, the underlying re-sponse fun
tion is pie
ewise-smooth with abrupt 
hanges between smoothsegments. Examples in
lude i) seismology, where the density of the sedi-mentary layers of the earth's 
rust 
an be lo
ally approximated by a stepfun
tion, ii) image pro
essing, where dis
ontinuities are present at the edgesand iii) e
onometri
 models, where stru
tural 
hanges due to governmen-tal poli
ies are not rare. \Dire
t" methods for estimating pie
ewise-smoothfun
tions in nonparametri
 regression in
lude wavelets that are known toeÆ
iently ta
kle lo
al singularities. However, in pra
ti
e wavelets often pro-du
e pseudo-Gibbs phenomena and other lo
al artifa
ts in re
onstru
ting
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h, Anestis Antoniadis and Marianna Penskysmooth regions (e.g. Coifman and Donoho, 1995; Antoniadis and Gijbels,2002). Alternatively, following a two-step segmentation approa
h, one �rstdete
ts the lo
ations of 
hange points and then applies some smooth non-parametri
 te
hniques on ea
h segment separately (e.g. Oudshoorn, 1998;Antoniadis and Gijbels, 2002; Lee, 2002; Fink and Wells, 2004; Gill andBaron, 2004). Somewhat similar ideas are 
onsidered in Chu et al. (1998).In this paper, we 
onsider the latter approa
h and 
ombine methods thatare most suitable for ea
h step. In parti
ular, we present a wavelet-basedmethod for dete
ting dis
ontinuities (jumps) of a fun
tion and then intro-du
e amalgamated penalized regression splines for estimating the fun
tionat smooth regions. The multi-resolutional nature of wavelet analysis makesit an ex
ellent tool for dete
ting lo
al singularities (Mallat and Hwang, 1992;Wang, 1995), while penalized regression splines are popular statisti
al te
h-niques for re
overing smooth fun
tions from noisy data due to their variousoptimal properties, good pra
ti
al performan
e and 
omputational simpli
-ity (Eilers and Marx, 1996; Eubank, 1999, Se
tion 6).The developed wavelet-based jumps dete
tion pro
edure is somewhatsimilar in spirit to that of Wang (1995). Its error adds a negligible 
ontri-bution to the overall quadrati
 risk of the resulting amalgamated regressionspline estimator and allows one to obtain the same optimal 
onvergen
e ratesfor the latter as for the 
ase with known jumps. In addition, for the �xedknots the traditional l2-penalty leads to a linear shrinkage (essentially ridgeregression) estimator. In this paper, we 
onsider a more general l�-typepenalty for � > 0. Su
h an approa
h has a dire
t analogy with the bridge re-gression of Frank and Friedman (1993) and we will 
all the resulting splinesbridge regression splines. In parti
ular, � = 1 
orresponds to the LASSOestimator of Tibshirani (1996). Generally, l�-penalties for 0 < � � 1 lead to(nonlinear) spline estimators with fewer knots.The proposed two-step pro
edure has some similarities with that of Lee(2002) and the re
ent adaptive multi-order penalized splines (AMPS) hybridpro
edure of Fink and Wells (2004). Lee (2002) suggests to 
hoose thenumber and pla
ement of dis
ontinuity points by several model sele
tion
riteria. However, he provides no theoreti
al results on the optimality of theresulting spline estimator. Fink and Wells (2004) estimate the lo
ations ofjumps of a pie
ewise-smooth fun
tion on the basis of the �rst di�eren
es ofthe data and then �t regression splines using a quadrati
 penalty. In fa
t, interms of wavelet analysis, su
h jump dete
tion 
orresponds to an appli
ationof the Haar wavelets at the �nest resolution level. As a result, the AMPS
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ewise-smooth fun
tions 3pro
edure is not powerful enough, does not attain the optimal rates and 
andete
t only suÆ
iently sharp jumps.In what follows, we propose a two-step amalgamated bridge regressionspline (ABS) estimation pro
edure for pie
ewise-smooth fun
tions and showits optimality (in the minimax sense) over amalgam Sobolev balls. We alsodemonstrate the good performan
e of ABS on several simulated and a realdata examples. In parti
ular, it produ
es smooth 
urves between estimatedjumps and, unlike \dire
t" wavelet denoising, does not su�er from a pseudo-Gibbs phenomena.The rest of the paper is organized as follows. We present the two-stepABS estimation pro
edure in Se
tion 2 and establish its optimality in Se
tion3. Se
tion 4 illustrates the performan
e of the ABS on several simulated anda real data examples. Some 
on
luding remarks are made in Se
tion 5. Allthe proofs are given in the Appendix.2 Amalgamated Bridge Regression Spline Estimation Pro
edure2.1. The model. Consider the standard nonparametri
 regression modelwith equidistant design Yi = f(xi) + �Zi; (2.1)where f is an unknown response fun
tion, xi = i=n and Zi are i.i.d. standardnormal random variables. Assume also that the sample size n = 2J for someinteger J > 0.Assume that f is a pie
ewise-smooth fun
tion and belongs to the amal-gam Sobolev ball H(m;R; �; S) of radius R of fun
tions satisfying the fol-lowing 
onditions :M1. f 2 L1([0; 1℄).M2. f hasD dis
ontinuity (jump) points at lo
ations 0 < �1 < � � � < �D < 1,where the integer D and the real �l's are unknown and �l+1 � �l > �,l = 1; : : : ;D � 1 for some � > 0. In parti
ular, D = 0 
orresponds toa 
ontinuous f .M3. At ea
h dis
ontinuity point �l, the left and right limits f(�l�) andf(�l+) exist and jf(�l+)� f(�l�)j � S for some S > 0.



4 Felix Abramovi
h, Anestis Antoniadis and Marianna PenskyM4. DXl=0 Z �l+1�l [f (m)(x)℄2 dx � R;where integer m � 1, �0 = 0 and �D+1 = 1.Note that the 
ondition M2 implies that the number of 
hange points D is�nite and bounded from above by 1=� <1.The statisti
al 
hallenges in estimating a pie
ewise-smooth fun
tion fromH(m;R; �; S) are:1. estimating the number of jumps D and their lo
ations �l; l = 1; : : : ;D;2. re
overing the fun
tion at smooth regions without degrading its dis
onti-nuities.In this regard, we propose the following two-step pro
edure: �rst, todete
t the jump points by wavelet-based pro
edure and then to apply amal-gamated bridge regression splines for estimating f between them. We startwith presenting the estimation of a pie
ewise-smooth fun
tion with theknown jump points by an amalgamated bridge regression spline and thenprovide a wavelet-based pro
edure for adaptive estimation of jump pointsfrom the data.2.2. Amalgamated bridge regression splines. Assume that f2H(m;R;�;S).Consider a standard polynomial regression spline estimator ~f of orderm withthe �xed knots �1 < � � � < �K . It is a 
ontinuous pie
ewise polynomial ofdegree m � 1 with m � 2 
ontinuous derivatives at the knots and 
an berepresented as ~f(x) = m�1Xk=0 �kxk + KXj=1 �m�1+j(x� �j)m�1+ ; (2.2)where z+ = max(0; z). The unknown 
oeÆ
ients � are estimated from thedata.Polynomial splines are useful for approximating smooth fun
tions but ev-idently inappropriate for �tting fun
tions with abrupt lo
al 
hanges. Therehave been proposed various knot sele
tion algorithms to adapt to inhomoge-neous smoothness of the unknown response fun
tion by pla
ing more knotswhere it shows rapid 
hanges (e.g., Zhou and Shen, 2001; He, Shen and Shen,2001). However, the resulting spline estimator is still a polynomial splineof the same order and therefore 
annot provide a satisfa
tory remedy for



Spline estimation of pie
ewise-smooth fun
tions 5�tting pie
ewise-smooth fun
tions with jumps. To model su
h sharp lo
alfeatures of a fun
tion eÆ
iently, one 
an 
onsider a more general and 
exiblemulti-order regression spline of the form~f(x) = m�1Xk=0 �kxk + KXj=1 �m�1+j(x� �j)mj+ ; (2.3)where the smoothness 0 � mj � m� 1 at di�erent knots �j may vary (Koo,1997; Fink and Wells, 2004).Multi-order splines allow jumps in the mj-th derivative at �j . In parti
-ular, zero-order knots (mj = 0) model dis
ontinuities of the fun
tion while�rst and se
ond order knots allow one to represent sharp 
hanges in lo
allinear trend and lo
al 
urvature, respe
tively. Standard polynomial splines(2.2) of order m 
orrespond to the parti
ular 
ase when mj = m� 1 for allj = 1; : : : ;K. A pie
ewise-smooth fun
tion with D jumps �1; : : : ; �D 
an beapproximated by a multi-order spline withD zero-order knots at jump points�l; l = 1; : : : ;D and a set of m � 1-order knots at smooth segments (Finkand Wells, 2004). However, as it follows from (2.3), su
h a multi-order splinene
essarily implies the 
onditions on one-sided derivatives at jump points,namely, ~f (j)(�l�) = ~f (j)(�l+); j = 1; : : : ;m�1. Additional 
exibility 
an bea
hieved if one 
onsiders amalgamated polynomial regression splines of orderm with zero-order knots �1; : : : ; �D obtained by amalgamation of separatem-order splines at ea
h segment. An amalgamated polynomial regression spline~f(x) of order m with D zero-order knots �1; : : : ; �D and q knots �1; : : : ; �q oforder m� 1 
an be represented then as~f(x) = ~f0(x)If0�x<�1g + ~f1(x)If�1�x<�2g + � � � ~fD(x)If�D�x�1g; (2.4)where ea
h ~fl; l = 0; : : : ;D is a polynomial regression spline of order m withql knots lo
ated at �1;l; : : : ; �ql;l and PDl=0 ql = q.Re-number the observations and the m� 1-order knots �1; : : : ; �qn usingthe double indi
es (xi;l; Yi;l) and ��;l, i = 1; � � � ; nl; � = 1; : : : ; qnl ; l =0; : : : ;D, respe
tively, where �l � xi;l < �l+1 and �l � ��;l < �l+1. Using(2.2) and (2.4), ~f 
an be represented by:~f(x) = DXl=0 "m�1Xk=0 �k;lxk + qnlX�=1 �m�1+�;l(x� ��;l)m�1+ # I(�l � x < �l+1);(2.5)where PDl=0 qnl = qn.



6 Felix Abramovi
h, Anestis Antoniadis and Marianna PenskyBy the de�nition of an amalgamated spline, on ea
h interval �l � x <�l+1, ~f(x) is a usual m-order polynomial spline with qnl knots lo
ated at�1;l; : : : ; �qnl ;l. Unless some prior information is available, the m � 1-orderknots �1;l; : : : ; �qnl ;l are usually pla
ed on the suÆ
iently dense equidistantgrid. An ex
essive number of m � 1-order knots might imply too mu
hvariability in the resulting spline estimator, so one needs some regularizationpro
edure to remove super
uous ��;l within ea
h segment. We present anexample of su
h a pro
edure below. The jump points are assumed meanwhileto be known, and, hen
e, using the representation (2.5), one 
an estimatethe ve
tor of unknown 
oeÆ
ients �l on ea
h l-th segment separately.LetX(l) be the n�(m+qnl) matrix with the rows (1; xi;l; � � � ; xm�1i;l ; (xi;l��1;l)m�1+ ; � � � ; (xi;l � �qnl ;l)m�1+ ) and Yj be the ve
tor with 
omponents Yi;l,i = 1; � � � ; nl. Consider the penalized maximum likelihood estimator of �lwith l�-penalty, � > 0, derived by minimizingQl(�l;Yl) = kYl �X(l)�lk2 + nl�nl m�1+qnlXk=m j�k;lj� (2.6)with respe
t to �l, where �nl > 0 is a smoothing parameter.The idea of l�-penalty in regression was introdu
ed by Frank and Fried-man (1993) and the 
orresponding te
hnique is known as bridge regressionestimation. The traditional l2-penalty yields a ridge regression estimatorwhi
h is based on linear shrinkage, while � = 1 leads to the LASSO esti-mator of Tibshirani (1996). Any 
hoi
e 0 < � � 1 implies a thresholdingestimator of �l and, therefore, results in a spline with fewer m � 1-orderknots (see Antoniadis and Fan, 2001). Plugging the 
oeÆ
ients ~�k;l into(2.5) leads to the amalgamated bridge regression spline estimator ~f(x) off(x).A 
losed form solution of (2.6) is available for � = 2. For � = 1 the mini-mizer of (2.6) is unique and 
an be found either by a LASSO-type algorithm(Tibshirani, 1996; Osborne et al., 2000), on
e the matri
es X(l) are nor-malized to have 
olumns of norm 1, or via surrogate fun
tionals, a methodre
ently introdu
ed by Daube
hies et al. (2004) in the 
ontext of waveletshrinkage methods for deblurring. When � < 1, the obje
tive fun
tion is nolonger 
onvex but one 
an still �nd a lo
al minimizer using, for example,an approximate algorithm of Ruppert and Carrol (2000), a ba
k�tting typealgorithm of Fu and Kneight (2000) or a re
ently developed algorithm ofAmato et al. (2006). We dis
uss these issues in more details in Se
tion 4.1below.



Spline estimation of pie
ewise-smooth fun
tions 7To 
on
lude this se
tion, note that we have used trun
ated power basesfor a 
learer exposition of a spline-based regression. However, the trun
atedpower bases may lead to numeri
al instabilities, espe
ially when a largernumber of knots and a small penalty parameter are involved. Equivalentbases with more stable numeri
al properties are the B-spline bases, and itis easy to transform the matri
es X(l) to a 
orresponding B-spline version.For this reason, we shall not further dis
uss numeri
al stability issues whenwe formulate the ABS estimator.2.3. Jumps dete
tion. In this se
tion, we present a wavelet-based pro
e-dure for adaptive estimation of jump points. As it has been mentioned in theIntrodu
tion, due to their multiresolutional nature, wavelets have be
ome aneÆ
ient and widely used tool for dete
ting lo
al abrupt 
hanges (jumps, inparti
ular) of a fun
tion. The general idea behind wavelet-based dete
tionis based on the 
hara
terization of fun
tion's lo
al regularity at a point bythe rate of de
ay of its wavelet 
oeÆ
ients a
ross s
ales around this point.Lo
al singularities 
an be then identi�ed by the presen
e of large wavelet
oeÆ
ients at high s
ales in their neighbourhood.Let  be a mother wavelet, and djk and d̂jk; j = 0; : : : ; J � 1; k =0; : : : ; 2j � 1 be the 
orresponding sets of dis
rete wavelet transform (DWT)
oeÆ
ients of the unknown response ve
tor f = (f1; : : : ; fn)0 and data Y =(y1; : : : ; yn)0 respe
tively. For equispa
ed design and the sample size n = 2J ,fast algorithms of Mallat (1989) allow one to perform the DWT in O(n)operations.It is well-known, that the DWT 
oeÆ
ients 
annot be generally used todete
t a lo
al singularity point, sin
e the dis
rete grid on s
ales for the DWTmight be too \
rude" in view of the possible presen
e of other singularitiesor strong os
illations around this point (Mallat and Hwang, 1992). In thisrespe
t, the DWT 
oeÆ
ients di�er from the 
oeÆ
ients of the 
ontinuouswavelet transform or its dis
rete analog { the non-de
imated wavelet trans-form (NWT) (Shenza, 1992) that generates an equal number of n 
oeÆ
ientsat ea
h of J levels. However, we will show that for pie
ewise-smooth fun
-tions from amalgam Sobolev balls, the DWT 
an still be used to dete
t jumppoints.The dete
tion algorithm des
ribed below analyses the DWT 
oeÆ
ientsat an appropriately 
hosen s
ale and sele
ts a threshold large enough toprevent the 
oeÆ
ients 
orresponding to smooth segments to penetrate by,but still small enough to allow 
oeÆ
ients 
orresponding to singularities to
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h, Anestis Antoniadis and Marianna Penskypass it through. The lo
ations of jumps are then estimated by the lo
ationsof 
oeÆ
ients whi
h ex
eed the threshold.We will assume hereafter that the varian
e �2 of the noise is known.Otherwise, for regression fun
tions from amalgam Sobolev balls, it 
an beestimated at a parametri
 rate in the wavelet domain by the median of theabsolute deviation of the empiri
al wavelet 
oeÆ
ients of the data at thehighest resolution level divided by 0.6745.Assume that the mother wavelet  has a 
ompa
t support [L;U ℄, L <0 < U and denote  jk(x) = 2j=2 (2jx�k); j = 0; : : : ; J�1; k = 0; : : : ; 2j�1.Fix an arbitrarily small Æ > 0. De�ne j� su
h that 2j� = (U �L)n=(lnn)1+Æand a sequen
e of indi
es �(k) = �L + (U � L)k; k = 0; : : : ; 2j�=(U �L)� 1. Without loss of generality, we may assume that j� and 2j�=(U � L)are integers; otherwise, we take the 
orresponding integer parts. Note that
j�k = supp  j��(k) = [2�j�(U � L)k; 2�j�(U � L)(k + 1)℄ and, therefore,the interse
tion 
j�k \ 
j�(k+1) is a zero-measure set 
ontaining a singleboundary point 2�j�(U �L)(k + 1). Hen
e, the unit interval is divided intoa grid of N = 2j�=(U�L) non-overlapping intervals of lengths 2�j�(U�L) =(lnn)1+Æ=n. Due to M2, for suÆ
iently large n, ea
h of these intervals 
an
ontain only a single jump point.Let Tj� be a set of indi
es �(k) su
h that the 
orresponding interval 
j�kdoes not 
ontain a jump point. For an arbitrary 0 < � < Æ=2, de�ne athreshold t�n = �qn�1(log n)1+Æ�2� : (2.7)Proposition 2.1. Consider the model (2.1), where the unknown f 2H(m;R; �; S) de�ned in Se
tion 2.1. Let the wavelet  be di�erentiable witha 
ompa
t support and d̂jk; j = 0; : : : ; J � 1; k = 0; : : : ; 2j � 1 be the set ofthe DWT 
oeÆ
ients of the data Y = (Y1; : : : ; Yn)0. Then, for the thresholdt�n de�ned in (2.7) one has uniformly in f 2 H(m;R; �; S):1. P(max�(k)2Tj� jd̂j��(k)j > t�n) = o(n�
)2. P(min�(k)=2Tj� jd̂j��(k)j < t�n) = o(n�
)as n!1 for an arbitrarily large 
 > 0.Proposition 2.1 shows that we 
an tra
k down the jumps by the presen
eof large DWT 
oeÆ
ients dj��(k) with very high a

ura
y.



Spline estimation of pie
ewise-smooth fun
tions 9Remark 2.1. The proposed jump dete
tion pro
edure is performed atsu
h a high resolution level j�, that there are essentially no di�eren
es be-tween the DWT and NWT 
oeÆ
ients. This explains why for a pie
ewise-smooth fun
tion f satisfying the 
onditions of Se
tion 2.1 the DWT 
an stillbe used.Based on the Proposition 2.1, we suggest the following jumps estimationpro
edure:1. Consider the DWT 
oeÆ
ients d̂j��(k) at the level j� and �nd all �(k)su
h that jd̂j��(k)j > t�n. If the set fjd̂j��(k)j > t�ng is empty, set D̂ = 0.Otherwise,2. Estimate the number of jump points D by D̂ = #fjd̂j��(k)j > t�ng andthe lo
ations �` of the jumps by the mid-points �̂` of the 
orrespondingintervals 
j�k, i.e., �̂` = 2�j�(U � L)(k + 1=2); l = 1; : : : ; D̂.Proposition 2.1 immediately implies that PfD̂ 6= Dg = o(n�
) for anarbitrarily large 
 > 0. Note also thatE (j�̂l � �lj2ID̂=D) � 2�2j� + Pfj�̂l � �lj > 2�j�g; (2.8)where the �rst term in the right-hand side of (2.8) is O((lnn)2+2Æ=n2), whilethe se
ond one is negligible due to the �rst statement of Proposition 2.1.Hen
e, the following Corollary holds.Corollary 2.1. Under the assumptions of Proposition 2.1, as n!1,1. PfD̂ 6= Dg = o(n�
) for any 
 > 0.2. Uniformly in f 2 H(m;R; �; S),E �j�̂l � �lj2ID̂=D� = O(2�2j�) = O �n�2 (lnn)2(1+Æ)� ; l = 1; : : : ; D̂:2.4. The ABS pro
edure. The resulting two-step ABS pro
edure natu-rally 
ombines amalgamated bridge regression spline estimation with jumpsdete
tion and 
an be summarized as follows.1. Estimate the number of jump points D̂ and their lo
ations �̂1; : : : ; �̂D̂by the DWT-based pro
edure des
ribed in Subse
tion 2.3.2. Plug in D̂ and �̂1; : : : ; �̂D̂ into (2.5) and minimize the resulting expres-sion (2.6) to obtain an amalgamated bridge regression spline estima-tor f̂ .
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h, Anestis Antoniadis and Marianna Pensky3 Optimality of the ABS pro
edureIn this se
tion, we prove the optimality (in the minimax sense) of theproposed ABS pro
edure.Consider the quadrati
 risk (L2-loss) R(f̂ ; f) = Efkf̂ � fk22g for an esti-mator f̂ of f 2 H(m;R; �; S): The minimax quadrati
 risk overH(m;R; �; S)is then de�ned byR (H(m;R; �; S)) = inf̂f supf2H(m;R;�;S)R(f̂ ; f);where the in�mum is taken over all estimators f̂ . Antoniadis and Gijbels(2002) derived the minimax rate over R (H(m;R; �; S)) and showed that asn in
reases, R (H(m;R; �; S)) = O �n� 2m2m+1� (3.1)Note that the optimal rate (3.1) for estimating pie
ewise-smooth fun
tionsfrom amalgam Sobolev 
lasses satisfying M1{M4 is the same as for homoge-neously smooth fun
tions from the usual Sobolev spa
es.We now show that the proposed ABS estimator attains the minimax rate(3.1). We �rst prove that for the �xed zero-order knots the amalgamatedbridge regression spline estimator from Se
tion 2.2 a
hieves the optimal rateO(n�2m=(2m+1)) and then demonstrate that the a

ura
y of the zero-knotsestimation pro
edure of Se
tion 2.3 is suÆ
iently high not to damage it.Consider the amalgamated bridge regression spline estimator ~f from Se
-tion 2.2 with qn equally spa
ed m�1-order knots and �xed zero-order knots.Impose the following asymptoti
 assumptions on the design matrix X, thenumber of m� 1-order knots qn and the smoothing parameters �nl in (2.6)as n!1 and qn !1:M5. There exists C1 > 0 and C2 > 0 su
h that 0 < C1n < �min < �max <C2n, where �min and �max are the minimal and the maximal eigenval-ues of the matrix XTX.M6. qn = Cn1=(2m+1) for some C > 0.M7. �nln1��=2l = O(1) as nl !1; l = 1; : : : ;D.Due to the assumptionM2, the number of observations nl and the numberof m � 1-order knots qnl on ea
h l-th segment are of the order n and qn



Spline estimation of pie
ewise-smooth fun
tions 11respe
tively, the same as on the entire unit interval, and, therefore, theassumptions M5 and M6 holds on ea
h segment as well. Thus, when thezero-order knots are �xed, the asymptoti
 properties of the amalgamatedestimator ~f on the entire unit interval are the same as on ea
h of its segments.Consider then minimization of (2.6) under the assumptionsM5{M7. Thefollowing proposition guarantees the existen
e of a lo
al pnl=qnl-
onsistentpenalized maximum likelihood estimator ~�l of (2.6) of �l.Proposition 3.1. Under the assumptions M5 and M7, there exists alo
al minimizer ~�l of (2.6) su
h that k~�l��lk = Op(pqnl=nl) = Op(pqn=n).Proposition 3.1 only establishes the existen
e of a lo
alpqn=n 
onsistentminimizer of (2.6) but does not provide any tools to obtain it. We havedis
ussed brie
y the 
omputational issues in Se
tion 2.2 and will give morete
hni
al details later in Se
tion 4.1.The resulting ABS estimator ~f is obtained by amalgamation of the 
or-responding estimators at ea
h segment, that is, ~f = X ~�. The followingproposition shows that ~f a
hieves the optimal rates (3.1).Proposition 3.2. Let the assumptions M5{M7 hold and ~f = X ~�. Then,as n!1, supf2H(m;R;�;S)R( ~f; f) = O �n�2m=(2m+1)� : (3.2)So far we 
onsidered an idealized situation, where the jump lo
ations wereassumed to be known. The following proposition shows that when zero-orderknots are estimated by the wavelet-based jumps dete
tion pro
edure fromSe
tion 2.3, the resulting ABS estimator f̂ still attains the optimal rates(3.1). The high a

ura
y of estimating jump points makes the additionalerror 
ontribution to be negligible in the overall estimation error.Proposition 3.3. Let the assumptions M1{M7 hold and let f̂ be theABS estimator with zero-order knots estimated by the wavelet-based pro
e-dure proposed in Se
tion 2.3. Then, as n!1,supf2H(m;R;�;S)R(f̂ ; f) = O �n�2m=(2m+1)� : (3.3)Remark 3.1. As we have already mentioned, due to the high a

ura
y ofestimating jumps lo
ations, the resulting optimal rates for the ABS estimator



12 Felix Abramovi
h, Anestis Antoniadis and Marianna Penskyf̂ are the same as that of ~f with known jumps. Hen
e, for a �nite numberD of jumps these rates are essentially the same as those optimal withinSobolev balls with the known smoothness index m. Furthermore, using the
orresponding results of Agarwal and Studden (1980) under the assumptionsM5{M7, one 
an show that the 
onstant in the upper bound of the risk in(3.3) is, in fa
t, the Pinsker 
onstant (Pinsker, 1980)CP = (R(2m+ 1))1=(2m+1) � m�(m+ 1)�2m=(2m+1) :For simpli
ity of exposition, we 
onsidered the 
ase of equidistant designin the model (2.1). As long as M5 holds, this assumption does not reallymatter on the spline step. Nevertheless, some te
hni
al modi�
ations areneeded for the proposed wavelet-based jumps dete
tion pro
edure to adaptthe dis
rete wavelet transform to a non-equidistant design. For n = 2J one
an use an interpolating wavelet basis (Donoho, 1992) to interpolate theobserved values and map then the data to a set of dyadi
 equidistant points.For a suÆ
iently regular design density, all the required DWT propertiesremain valid. When n is not a power of two, one 
an still use the aboveapproa
h by adapting the interpolating wavelet basis to the sampling gridusing an appropriate subdivision interpolation s
heme (Cohen et al., 2003).Finally, note that, in fa
t, one 
an use any jumps dete
tion method onthe �rst step that a
hieves the dete
tion rates established in Corollary 2.1.4 Numeri
al AnalysisIn this se
tion, we dis
uss the 
omputational/pra
ti
al implementationof the proposed ABS pro
edure and demonstrate its performan
e on severalsimulated examples and a real data set.4.1. Computational implementation. Following the proposed two-stepABS algorithm, we �rst estimate the number and lo
ations of jumps of anunknown fun
tion by the wavelet-based dete
tion pro
edure. We then pla
ezero order knots on estimated jump points and a relatively large numberof quadrati
 knots (m = 3) at lo
ations �xed at \equally-spa
ed samplequantiles" similarly to standard penalized splines designed for estimatingsmooth fun
tions (e.g. Ruppert and Carroll, 2000). As it has been noted inthe previous se
tions, this step serves to re�ne the regression spline basis byallowing for additional smoothness between any zero-order features. Duringthe se
ond step, the ABS regression spline is �tted using either penalized
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ewise-smooth fun
tions 13least squares with a quadrati
 penalty or with a more general l�-type penalty,penalizing 
oeÆ
ients of the basis fun
tions whi
h are the least supportedby the data.Re
all that the bridge regression estimators ~�j of 
oeÆ
ients �j withinea
h segment are obtained by minimizing Ql in (2.6) separately for ea
hl = 0; : : : ;D with respe
t to �j :Ql(�l;Yl) = kYl �X(l)�lk2 + nl�nl m�1+qnlXk=m j�k;lj�Suppressing index l in the equation above for simpli
ity, we 
onsider mini-mization of Q(�;Y) = kY �X�k2 + �m�1+qnlXk=m j�kj�:As we have mentioned above, a 
losed solution is available for � = 2, whilefor � = 1 there exist numeri
al algorithms (e.g. LASSO) for 
omputing theestimator. For any 0 < � � 1, a possible numeri
al solution is to minimize Qiteratively, one 
omponent of � at a time (ba
k�tting). Assume for simpli
itythat �Y = 0 (or repla
e Yi by Yi � �Y ). The algorithm we have used in ournumeri
al implementation for � � 1 
an be des
ribed then as follows:(0). Center the 
olumns of X to have the mean 0 and s
ale them to haveunit varian
e. Using 
entered 
olumns, de�ne an initial value �̂ byusing the least squares algorithm. Set k = 1.(1). De�ne Qk(�k) =Pni=1(Yi �Pj 6=k �̂jxij � �kxik)2 + �j�kj�:(2). Set �̂k = argminQk. The minimization of Qk with respe
t to �k issolved by Newton-Raphson or �xed-point iteration.(3). Set k = k + 1 if k < m� 1, and k = 1 otherwise.(4). Repeat (1), (2) and (3) until 
onvergen
e o

urs.The above algorithm always 
onverges (see Nikolova and Ng, 2005) andworks very well if the design is not \too 
ollinear" (hen
e the interest inusing B-splines). Otherwise, it might get stu
k at a lo
al minima. Theproblem is less severe when � is not too 
lose to 0. For � = 1, it may bealso 
omputationally simpler than LASSO that involves linear programmingte
hniques.



14 Felix Abramovi
h, Anestis Antoniadis and Marianna PenskyIn the simulation and real data examples below, we 
onsidered � = 2(ABS2) and � = 1 (ABS1), where in the latter, we used the ba
k�ttingalgorithm des
ribed above. The quadrati
 l2-penalty (ABS2) is equivalentto pla
ing quadrati
 penalties on �nite di�eren
es of adja
ent B-splines 
o-eÆ
ients and it results in shrinking all 
oeÆ
ients toward zero. On the
ontrary, the l1-penalty on adja
ent B-splines 
oeÆ
ients (ABS1) not onlyshrinks the 
oeÆ
ients but also thresholds them, removing, in the pro
ess,the 
orresponding \super
uous" se
ond order knots.In both approa
hes, the smoothing parameter �n was automati
ally 
ho-sen from the data by generalized 
ross-validation (GCV) as is usual in splinesmoothing (see, e.g. Fan and Li, 2001). For all examples, we found the rea-sonable 
hoi
e for the tuning parameters of the jumps dete
tion pro
edureto be Æ = 1=2 and � = 1=4.4.2. Simulations. In this subse
tion, we 
ompare the estimators basedon the ABS1 and ABS2 pro
edures with another related method, namely, theSpatially Adaptive Regression Splines (SARS) developed by Zhou and Shen(2001) whi
h is parti
ularly suited for fun
tions that have jumps by them-selves or in their derivatives. SARS is lo
ally adaptive to variable smooth-ness and automati
ally pla
es more knots in the regions where the fun
tionis not smooth. It has been proved as an e�e
tive tool for estimating su
hfun
tions. For 
ompleteness, we also 
ompare the above estimators witha standard wavelet denoising pro
edure based on universal thresholding ofDonoho and Johnstone (1994), sin
e wavelet based pro
edures are known toeÆ
iently denoise inhomogeneous fun
tions.To investigate the performan
e of the developed ABS estimators we 
on-du
ted a simulations study based on syntheti
 data. We used two of thestandard test fun
tions of Donoho and Johnstone (1994) that are examplesof pie
ewise-smooth fun
tions and 
ommonly used for various wavelet pro-
edures, namely, the blo
ks and heavisine. In addition, we 
onsideredtwo other test fun
tions pun
tuated by jump dis
ontinuities 
alled burt and
osine, de�ned on [0; 1℄, respe
tively, as
osine(x) = 
os(5:5�x) � 4 sign(0:23 � x)� 2 sign(0:3 � x)�1:75 sign(0:55 � x) + 3 sign(0:7 � x)and burt(x) = 20x 
os(16x1:2)� 20I(x < 0:5):The fun
tions are depi
ted in Figure 4.1. The sample size used in the simu-lations was n = 256 and the design points were uniformly spa
ed within the
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Figure 4.1: Four ben
hmark test fun
tions pun
tuated by jump dis
ontinuitiesused in the simulations.
unit interval. In ea
h simulation, we added a normally distributed zero meanwhite noise with the standard deviation � implying a 
hosen signal-to-noise-ratio (SNR). SNR are measured as sd(f)=�, where sd(f) is the estimatedstandard deviation of the regression fun
tion over the grid. For ea
h fun
-tion and two values of SNR (4 and 6), we ran 200 simulations. In ea
hrealization, we pla
ed equally-spa
ed 50 quadrati
 knots. The noise level �was assumed unknown and estimated by the median of the absolute devia-tion of the empiri
al wavelet 
oeÆ
ients of the data at the highest resolutionlevel divided by 0.6745. For ea
h realization, we 
al
ulated the ABS1 andABS2 estimators using the developed pro
edures, where the wavelet-basedjumps dete
tion was based on Symmlets of order 6, the SARS estimator anda wavelet denoising estimator (Wav) also with Symmlets of order 6. Allsimulations were performed using Matlab 7 (Mathworks 2001) and R.



16 Felix Abramovi
h, Anestis Antoniadis and Marianna PenskyThe a

ura
y of an estimator f̂ of f was measured by the average meansquare error (MSE) averaged over 200 simulation runs de�ned asMSE = 1n nXi=1(f̂(xi)� f(xi))2;where fxig is the set of design points. The average MSEs for ea
h methodare reported in Table 1 with 
orresponding boxplots in Figure 4.2.Figure 4.2 and Table 4.1 show that all the three spline estimators withadaptively pla
ed knots outperform a standard wavelet denoising pro
edureand, unlike the latter, do not su�er from pseudo-Gibbs phenomena. ABS1and ABS2 provide similar results and in most of the 
ases, they are some-what better than SARS. The unusually large MSE for ABS2 for the blo
ksexample, SNR=6 is explained by an extremely high MSE obtained in onesimulation run (
f. Figure 4.2). As one 
an also see, appli
ation of the l1-type penalty in ABS provides a relatively small gain. This 
an be explainedby the fa
t that, for ea
h of the fun
tions, the regions between any two jumpsare relatively smooth.Table 4.1. Average mean squared errors based on 200 samples obtained usingsignal to noise ratios of 6 and 4 (in parenthesis) for four differentpro
edures: ABS1 (`1-penalty); ABS2 (`2 penalty), SARS and Wav.The hyperparameters are 
hosen by generalized 
ross-validation.estimate blo
ks heavisine burt 
osineABS1 0.47 (1.52) 0.21 (0.35) 0.43 (0.87) 0.25 (0.33)ABS2 1.94 (1.52) 0.22 (0.37) 0.46 (0.99) 0.25 (0.33)SARS 0.62 (1.45) 0.29 (0.48) 0.49 (1.11) 0.25 (0.34)Wav 6.09 (8.91) 0.52 (0.61) 2.24 (3.42) 0.64 (0.86)4.3. A real example. Sin
e the ABS1 has shown the better performan
e inour simulations we applied the ABS1 pro
edure to the real life data providedby Mike Battaglia from the Department of Forestry at Virginia Te
h (seeBattaglia, 2000). For 
omparison, we have also applied the SARS pro
edure.The data set 
ontains relative light transmittan
e data re
orded at equaltime intervals throughout the daylight hours for numerous days (see Fig-ure 4.3 for a plot of the relative light transmittan
e data for one stationduring one day). In this data set, sun light from various forest stationsin plots with di�erent 
utting treatments is 
ompared to the sun light in anearby open plot. Cloud interferen
e and overstory patterns (the shades pro-du
ed by the trees) are the two most 
ommon phenomena that 
ause jump
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Figure 4.2: Boxplots of the mean squared errors on 100 samples obtained byfour di�erent pro
edures: ABS1 (l1-penalty); ABS2 (l2 penalty); SARS, SpatiallyAdaptive Regression Splines; Wav, Wavelet denoising. The hyperparameters are
hosen by generalized 
ross-validation.



18 Felix Abramovi
h, Anestis Antoniadis and Marianna Penskypoints in the relative transmittan
e data. Jump points that remain 
onsis-tent a
ross days may be attributed to overstory pattern while jump pointsthat do not remain 
onsistent a
ross days are probably 
aused by 
loud in-terferen
e. Sin
e variation of the light availability in
reases as 
anopy gapsbe
ome larger, in order to predi
t the forest dynami
s it is useful to estimatethe relative transmittan
e taking into a

ount su
h dis
ontinuities.We applied the ABS1 pro
edure to the data shown at Figure 4.3. Symm-lets of order 6 were again used for jumps dete
tion. The noise level �, asusual, was estimated by the median of the absolute deviation of the empir-i
al wavelet 
oeÆ
ients of the data at the highest resolution level dividedby 0.6745. The pro
edure found three jump points lo
ated at 0.138, 0.494and 0.873. On the spline step on ea
h of the resulting four segments 12quadrati
 knots were pla
ed at equally spa
ed quantiles. The 
orrespondingGCV-
hosen smoothing parameters � were 1.180e-06, 1.635e-05, 2.993e-06and 4.816e-06. The ABS1 redu
ed the numbers of ne
essary quadrati
 knotsto 3, 4, 3 and 3 respe
tively. The Figure 4.3 shows the resulting ABS1and SARS estimates. ABS1 ni
ely �ts the data, while SARS fa
es diÆ
ul-ties in dete
ting relatively small jumps and evidently misses a jump pointaround 0.14. The overall residual sums of squares were 0.003213 for ABS1and 0.003826 for SARS. Summarizing, we 
an 
on
lude that the developedABS pro
edure su

essfully estimates trends of the daily relative light trans-mittan
e data and their jumps and 
an be therefore a powerful tool for the
hara
terization of gap openings in forest stations.5 Con
luding RemarksIn this paper, we developed a two-step pro
edure for estimating pie
ewise-smooth fun
tions by amalgamated bridge regression splines. It �rst dete
tsthe unknown jump points by a wavelet-based method and then estimates theregression fun
tion on ea
h smooth segment separately by bridge regressionsplines. We showed that the resulting amalgamated estimator a
hieves min-imax 
onvergen
e rates over amalgam Sobolev balls. From a pra
ti
al view,ABS is fairly a

urate and 
omputationally eÆ
ient: it requires a little more
omputation time than traditional penalized regression splines. The numberof operations ne
essary to lo
ate the zero-order knots grows linearly with n,inheriting the algorithmi
 
omplexity of the dis
rete wavelet transform. Wedemonstrated a good performan
e of ABS on several simulated and a realdata examples. Summarizing, we believe that the proposed ABS estimators
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Figure 4.3: Display of the relative light transmittan
e data (data plotted as stars)for one station during one day from the Forestry Department of Virginia Te
h.The x-axis is a daylight hours time interval res
aled to [0; 1℄. The display alsoin
ludes the ABS1 regression �t (solid line) to the transmittan
e data (with 3 jumpsdete
ted) and the �t obtained by the SARS pro
edure (dashed line).are an attra
tive alternative to the existing estimators of pie
ewise-smoothfun
tions. 6 AppendixThroughout the proofs, we use the symbol C to denote a generi
 positive
onstant, not ne
essarily the same ea
h time it is used, even within a singleequation.A.1. Proof of Proposition 2.1. Applying the DWT to the both sides of(2.1) we obtain d̂jk = djk + �jk; where djk and �jk; j = 0; : : : ; J � 1; k =0; : : : ; 2j � 1 are the DWT of the unknown f and the Gaussian noise respe
-tively. Note that �jk are independent Gaussian variables with Var(�jk) =�2=n.



20 Felix Abramovi
h, Anestis Antoniadis and Marianna PenskyConsider the level j� and the 
orresponding sequen
e of indi
es �(k)de�ned in Se
tion 2.3. Consider �rst �(k) 2 Tj�. Sin
e m � 1, the fun
tionf is at least of Lips
hitz regularity one for all x 2 
j�k. Then, for suÆ
ientlylarge n,maxk2Tj� jdj��(k)j < C2� 32 j� = O��n�1 (lnn)1+Æ�3=2� = o(t�n) (A.1)(e.g. Daube
hies, 1992, p.299). As n in
reases, for any 0 < � < Æ=2 and forall �(k) 2 Tj�Pfjd̂j��(k)j > t�ng � Pfj�j��(k)j > t�n � jdj��(k)jg� Pfj�j��(k)j > t�n=2g� C(log n)��(1+Æ)=2 exp(�(log n)1+Æ�2�=8)= o(n�~
) (A.2)for any ~
 > 1. Sin
e 
ardfTj�g = O(2j�) = O(n=(lnn)1+Æ), we havePfmaxk2Tj� jdj��(k)j > t�ng � Xk2Tj� Pfjd̂j�kj > t�ng = o(n�
);where 
 = ~
 � 1 > 0.Let now �(k) =2 Tj�. The 
ondition M2 guarantees that for suÆ
ientlylarge n there is a single jump point �l 2 
j�k. Similarly to the arguments ofWang (1995) and Antoniadis and Gijbels (2002) but applied for the DWT,under the 
onditions M1{M4 we derive thatjdj�kj = 2�j�=2 jf(�l+)� f(�l�)j�����Z  (�l � u)sign(u)du���� +O(1)�� C2�j�=2: (A.3)For ea
h �(k) =2 Tj� , it then follows from (A.3) thatPfjd̂j��(k)j < t�ng � Pfj�j��(k)j > C2�j�2=2g< C(log n)�(1+Æ) exp(�C2(log n)1+Æ=2)= o(n�
)for any 
 > 0. Hen
e, Pfmin�(k)=2Tj� jd̂j��(k)j < t�ng � PDk=1 Pfjd̂j��(k)j <t�ng = o(n�
) whenever D is �nite, that 
ompletes the proof. 2
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ewise-smooth fun
tions 21A.2. Proof of Proposition 3.1. As we have mentioned, the asymptoti
properties of ~�l are same for ea
h l and for simpli
ity of exposition we omitthe index l throughout the proof.Let � be the true set of 
oeÆ
ients. Let M be a relatively large numberand �n =pqn=n. In order to prove Proposition 3.1 we show thatlimn!1P ( supkuk=M Q(� + �nu;Y) > Q(�;Y)) = 0: (A.4)Equality (A.4) implies that with probability tending to one, there is a lo
alminimum ~� of (2.6) in the ball with the 
enter � and radius �nM su
h thatk~� � �k = Op(�n). Let � = Y �X� andDn(u) = Q(� + �nu;Y)�Q(�;Y) = �1 +�2 +�3 (A.5)= �2nkXuk2 � 2�nuTXT �+ n�n qnXk=1[j�p+k + �nukj� � j�p+kj�℄Note that �1 is a 
onstant and, by the assumption M5, �1 � C1�2nnkuk2 =C1M2�2nn = C1M2qn: The se
ond term, �2 is a random variable withE�2 = 0, so that, for any Æ > 0 by Markov inequality, and M5 we haveP (j�2j > Æ) � 2Æ�1�nqE(uTXT ��TXu) � 2Æ�1M��npC2n:Therefore, setting Æ = 0:5C1M2�2nn, we obtain P (j�2j > 0:5C1M2�2nn) �4�(C1M)�1(�npn)�1 ! 0: For an upper bound for �3, note that sin
ejx + yj� � jxj� � jyj� as 0 < � � 1, by the 
ondition M7 when M is largeenough we havej�3j � n�n��n qnXk=1 jukj� � n�n��nM�=2q1��=2n < 0:5C1M2qn: 2A.3. Proof of Proposition 3.2. The proof Proposition 3.2 is based on thefollowing lemma.Lemma 1.1. Let w(z; �) = argminw[w2�2wz+�jwj�℄, 0 < � � 1. Then,w(z; �) = 0 whenever jzj < a��1=(2��). If � 6= 1, then jw(z; �)j � b��1=(2��)whenever jzj � a��1=(2��). Here a� = (2 � �)(�=2)1=(2��)(1 � �)(��1)=(2��)and b� = [�(1� �)=2℄1=(2��).
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h, Anestis Antoniadis and Marianna PenskyProof of Lemma 1.1. Sin
e w(�z; �) = �w(z; �), it is enough to
onsider z > 0. The derivative of the obje
tive fun
tion is of the formh(w; z) = 2w � 2z + ��jwj��1sgn(w). Note that the fun
tion �(w) =2w+��jwj��1sgn(w) is odd and for w > 0 has a minimum at w0 = b��1=(2��)equal to a��1=(2��). Hen
e, whenever 0 < z < a��1=(2��) equation h(w; z) =0 has no solutions and h(w; z) is negative for any w < 0 and positive forany w > 0. Thus, in this 
ase w(z; �) = 0. If z > a��1=(2��), equationh(w; z) = 0 has two solutions 0 < w1 < w2 where solution w1 < w0 
or-responds to the lo
al maximum of the obje
tive fun
tion while w2 > w0
orresponds to its absolute minimum. 2We now 
omplete the proof of Proposition 3.2. Let �j be the j-th
omponent of � and �(�j) be the ve
tor � without 
omponent �j . Sim-ilarly, let Xj be the j-th 
olumn of matrix X and X(�j) be the matrixX without 
olumn j. Note that n�1Q(�;Y) in (2.6) 
an be rewritten asn�1Q(�j ;�(�j);Y) = n�1kY � Xj�j � X(�j)�(�j)k2 + �nPm�1+qnk=m j�kj�and ~�j = argmin�j Q(�j ;�(�j);Y). If 0 � j � m� 1, equating derivative ofn�1Q(�;Y) over ~�j to zero we obtainn�1XTj X~� � n�1XTj Y = 0: (A.6)Ifm+1 � j � m+qn, then appli
ation of Lemma 1.1 with � = �=(n�1XTj Xj)and z = n�1XTj (Y �X(�j)~�(�j))=(n�1XTj Xj) yields that ~�j = 0 wheneverjn�1XTj (Y �X(�j)~�(�j))j < a��1=(2��)(n�1XTj Xj)(1��)=(2��): (A.7)In this 
ase, taking into a

ount the 
ondition M5, ~�j = 0 and X~� =X(�j)~�(�j) +Xj ~�j, we obtainjn�1XTj (Y �X~�)j = O ��1=(2��)� : (A.8)If inequality (A.7) does not hold, then �̂j is the solution of the equationn�1XTj (X� �Y) + ��j�̂j j��1sgn( ~�j) = 0. For 0 < � < 1, by Lemma 1.1 weobtainjn�1XTj (Y �X~�)j = ��j~�j j��1 = O ��1+(��1)=(2��)� = O ��1=(2��)� :(A.9)
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ewise-smooth fun
tions 23Observe that for � = 1, (A.9) 
ontinues to hold. Combining (A.6), (A.8)and (A.9), we derive that for any jn�1jXTj X~� � n�1XTj Yj = O ��1=(2��)� : (A.10)Now, denote by ~�� the global minimizer of kY�X�k2. It is easy to see thatn�1XTj X ~�� � n�1XTj Y = 0: (A.11)Moreover, Agarwal and Studden (1980) showed that for ~f� = X ~�� under
ondition M7, one hassupf2H(m;R;�;S)R( ~f�; f) = O �n�2m=(2m+1)� : (A.12)Subtra
ting equation (A.11) from equation (A.10) one derives n�1j(XTX(~��~��))j j = O ��1=(2��)� for all j = 0; � � � ;m � 1 + qn, so that (A.10) togetherwith 
ondition M7 imply that kX~� � X ~��k2 = O(qn�2=(2��)). To 
om-plete the proof 
ombine the last equality with (A.12) and the 
onditions M6and M7. 2A.4. Proof of Proposition 3.3. Let T̂ = f�̂j; j = 1; : : : ; D̂g be the set ofestimated jump points of f and de�ne the event F = fD̂ = Dg\fj�̂j��jj <n=(log n)1+Æ; j = 1; : : : ; D̂g: We haveR(f̂ ; f) = Efkf̂ � fk22g = Efkf̂ � fk22IFg+ Efkf̂ � fk22IF 
g: (A.13)Note thatEfkf̂ � fk22IF 
g = E �Efkf̂ � fk22IF 
 jT̂g� = E �IF 
Efkf̂ � fk22jT̂g� :Exploiting the results of Se
tion 3 and the fa
t that both f̂ and f belong toamalgam Sobolev ballH(m;R; �; S), one easily gets Efkf̂�fk22jT̂g = OP (1).Furthermore, by Proposition 2.1, PfF 
g = o(n�
) for an arbitrarily large
 > 0. Hen
e the se
ond term in the right-hand side of (A.13) is o(n�
) andis negligible.Consider now the �rst term in the right-hand side of (A.13). For simpli
-ity of exposition, 
onsider �rst the 
ase where there is a single jump point �and D = 1. The unknown f 
an be de
omposed as f(x) = I[0;�℄(x)f0(x) +I(�;1℄(x)f1(x); where f0 and f1 both belong to the Sobolev balls H(m;R)of radius R. From the known properties of spline approximation, we 
an
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h, Anestis Antoniadis and Marianna Penskyapproximate f by an amalgamated m-order polynomial spline s as s(x) =I[0;�℄(x)s0(x)+I(�;1℄(x)s1(x); where s0 and s1 are spline approximations of f0and f1 respe
tively, with the approximation error kf � sk22 � O(n�2m=2m+1)Let �̂ the estimate of �. Given the data, de�ne amalgamated spline estima-tors ~f and f̂ with a zero-knot at true � and estimated �̂ respe
tively. Then,~f(x) = I[0;�℄(x)~s0(x)+I(�;1℄(x)~s1(x) and f̂(x) = I[0;�̂℄(x)ŝ0(x)+I(�̂;1℄(x)ŝ1(x);where ~sj, j = 0; 1 and ŝj, j = 0; 1 are the 
orresponding spline estimates.In order to simplify the notation, denote hereafter Ef�IF g by EF f�g. Wehave EF fkf̂ � fk22g = EF fkf̂ � sk22g+O(n�2m=(2m+1)).Consider only the 
ase �̂ � � sin
e the opposite 
ase 
an be treated in asimilar way. Then,EF fkf̂ � sk22g = EF (Z �̂0 (s(x)� f̂(x))2dx)+ EF �Z ��̂ (s(x)� f̂(x))2dx�+ EF �Z 1� (s(x)� f̂(x))2dx�= (A) + (B) + (C): (A.14)For the �rst term (A) in (A.14) we haveEF (Z �̂0 (s(x)� f̂(x))2dx)= EF (Z �̂0 (ŝ0(x)� s0(x))2dx)� EF (Z �̂0 (ŝ0(x)� ~s0(x))2dx)+ EF (Z �̂0 (~s0(x)� s0(x))2dx)= (A1) + (A2):By Proposition 3.2 , the term (A2) is O(n�2m=(2m+1). For (A1), note that by
onstru
tion and assumption M6, the sup-norm distan
e between the knotsof ŝ and those of ~s is bounded above by O �q�1n (� � �̂)� ' oP (n�2m=(2m+1)).The knots of ŝ may be viewed as the set of knots of ~s perturbed by anamount o(n�2m=(2m+1)). Using Theorem 6.2 of Ly
he and M�rken (1999) itfollows that kŝ0(x) � ~s0(x)k21 � O(n�2m=(2m+1)) and therefore (A1) is alsoO(n�2m=(2m+1).The third term (C) in the right-hand side of (A.14) 
an be handledexa
tly in the same way to verify that it is O(n�2m=(2m+1). Finally, it is
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tions 25easy to see that the remaining term (B) is O �EF (j� � �̂j)� whi
h is alsoO(n�2m=(2m+1)) by Corollary 2.1.Summarizing, so far we have proved the proposition for D = 1. For ageneral (but still �nite!) D, one may partition the unit interval by �l and�̂l; l = 1; : : : ;D in a similar way and use the established result for a singlejump to obtain the rates stated in Proposition 3.3 similarly to the proof ofProposition 2 in Antoniadis and Gijbels (2002). 2A
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