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ABSTRACT. We investigate the asymptotic optimality of several Bayesian wavelet estimators,
namely, posterior mean, posterior median and Bayes Factor, where the prior imposed on wavelet
coefficients is a mixture of a mass function at zero and a Gaussian density. We show that in terms
of the mean squared error, for the properly chosen hyperparameters of the prior, all the three
resulting Bayesian wavelet estimators achieve optimal minimax rates within any prescribed Besov
space B, , for p > 2. For 1 < p < 2, the Bayes Factor is still optimal for (2s+2)/2s+1)<p < 2
and always outperforms the posterior mean and the posterior median that can achieve only the best
possible rates for linear estimators in this case.
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1. Introduction

Consider the standard non-parametric regression model:

y,-:f(i)+a,-, 2N, i=1,...n, (1)
n

where the unknown function f, which we want to recover, belongs to a certain class of
functions F[0, 1]. One of the basic techniques in non-parametric regression is the generalized
Fourier series approach. Instead of estimating f directly, we expand it into some orthogonal
series and then estimate the coefficients of its expansion from the data. The original non-
parametric problem is thus transformed to a parametric problem although with an infinite
number of parameters. The key point for the efficiency of such an approach is obviously a
proper choice of a basis. A ‘good’ basis should be sparse in the sense that a wide variety of
possible responses from F can be approximated well by only a few terms of the expansion.
As it is well known, wavelet series allow sparse representation for a large set of function
spaces, in particular, for Besov spaces that include among others the Hoélder and Sobolev
classes of smooth functions, functions of bounded variations, etc. (e.g. Meyer, 1992). For the
last decade wavelet-based estimators have been intensively studied in the literature (see
Antoniadis, 1997; Vidakovic, 1999; Abramovich et al., 2000 for comprehensive reviews). In
particular, the well-known results of Donoho & Johnstone (1994, 1998) established the
asymptotic optimality (in the minimax sense) of wavelet estimators within the whole range
of Besov spaces.

Various Bayesian wavelet estimators have also been proposed in the literature (e.g.
Chipman et al., 1997, Abramovich et al., 1998; Clyde et al., 1998; Vidakovic, 1998), see
also Miiller & Vidakovic (1999) for an overview. Following a Bayesian approach, a prior
distribution is imposed on wavelet coefficients of the function and a Bayesian estimator is
then obtained by applying a suitable Bayesian rule to the resulting posterior distribution of
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the coefficients. Different Bayesian estimators are now widely used and numerous simu-
lation studies showed their good mean squared error (MSE) performance in comparison
with other existing wavelet estimators (e.g. Abramovich et al., 1998; Abramovich &
Sapatinas, 1999; Antoniadis et al., 2001). However, their asymptotic optimality in the
minimax sense have not been studied. This paper is a step to fill this gap. A pure Bayesian
would probably generally oppose such a frequentist approach but yet Rubin (1984) argued
for the importance of frequentist analysis of Bayesian procedures, in particular, for un-
derstanding and validating their results. Despite all criticism, the minimaxity is the mostly
used criterion for comparison between various estimators. Diaconis & Freedman
(1986), Cox (1993), Freedman (1999), Zhao (2000) among others studied the asymptotical
properties of various Bayesian estimators within the minimaxity framework. In this paper,
we investigate the asymptotic optimality of several known Bayesian wavelet estimators
and derive their convergence rates within a range of Besov spaces. In particular, we find
the subsets of Besov spaces where they achieve the optimal minimax rates (up to a log-
factor).

The paper is organized as follows. In section 2, some necessary background is given: we start
from a short review of wavelets and some relevant aspects of Besov spaces, discuss the prior
model on wavelet coefficients and several Bayesian wavelet estimators corresponding to dif-
ferent losses. The main results on their convergence rates and asymptotic optimality are
established in section 3. In section 4, we provide a small simulation study to illustrate our
results. Some concluding remarks and discussion are made in section 5. All the proofs are
given in the appendix.

2. The model
2.1. Short review of wavelet series and Besov spaces

For simplicity of exposition we assume that f'is periodic and work with periodic orthonormal
wavelet bases on [0,1] generated by a compactly supported scaling function ¢ and a corres-
ponding mother wavelet ¥ (e.g. Daubechies, 1992, section 9.3). Then, f can be expanded as
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where w_jp = jol f(O)o(t)dt and wy, = jol SO (o).

Let i be a mother wavelet of regularity r. Then, the corresponding wavelet series constitute
unconditional bases for Besov spaces B, | [0, 1], max(0,1/p—1/2) < s < r, p, ¢ = 1 (see Meyer,
1992, section 2.9 for rigorous definitions and details), and the Besov norm of f'is equivalent to
the corresponding sequence space norm:

= 1/q
- _ j(s+1/2=1/p)a |y, .19
f1lay, = 11wl IW—10+{ZOZ W/p} , 1<g < oo,
J=
1Ly = [l = ol +iglg{Zf"‘””““’)l\wa,,}

(e.g. Meyer, 1992, section 6.10; Donoho & Johnstone, 1998). The Besov spaces include, in
particular, the well-known Sobolev (B7,) and Holder (B, ) spaces of smooth functions, but
in addition less traditional spaces, like the space of functions of bounded variation,
sandwiched between B} | and B} .
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2.2. Prior model

Consider the following white noise model

dY (1) = £ (t)dt + o, dW (1), )

where 62 = /n, f € B;,q[O, 1] and W is a standard Wiener process. Brown & Low (1996)
showed the asymptotic equivalence between (2) and the original non-parametric regression
model (1) under mild conditions.

Let f € 321(1[07 1], s > max(0,1/p—1/2), p, ¢ = 1. Performing the wavelet transform on (2)
with a mother wavelet y of regularity r > s, one has

ij:ij"'_O—ankv JZ_L k:07"'72j_17 (3)

where Yy = fol W dY (2), y-10(t) = @(?) and z are independent N(0, 1) random variables.

As we have already mentioned, a large variety of different functions allow sparse repre-
sentation in wavelet series. To capture this characteristic feature of wavelets, Abramovich
et al. (1998) suggested to place the following prior on the wavelet coefficients wy of the
unknown f:

wix ~ mN(0,73) + (1 = m;)5(0), j>0; k=0,...,2 —1, (4)

where 0 < 7; < 1, 5(0) is a point mass at zero, and wy, are independent. To complete the model
a vague prior is placed on the scaling coefficient w_y.

According to the prior (4), every wy is either zero with probability 1-n; or with probability
m;, is normally distributed with zero mean and variance rjz.A The probability n; gives the
proportion of non-zero wavelet coefficients at resolution level j while the variance rjz. is a
measure of their magnitudes. Note that the prior parameters n; and sz are the same for all
coefficients at a given resolution level ;.

The hyperparameters of the prior model (4) are assumed to be of the form:

=027 and m; = min(1,c;27%), j>0, (5)

where o and f are non-negative constants, ¢j, ¢; > 0. Some intuitive understanding of the
model implied by (4) and (5) can be found in Abramovich et al. (1998, section 4.2).

Similar priors but with different forms for the hyperparameters m; and 112. are considered in
Clyde et al. (1998). The prior model (4) is also an extreme case of that of Chipman et al. (1997)
which is the mixture of two normal distributions with zero means but different variances for
‘negligible’ and ‘non-negligible’ wavelet coefficients.

Abramovich et al. (1998) established a relationship between the hyperparameters of the
prior (4) and (5), and the parameters of Besov spaces within which realizations from the prior
will fall. Note first that the prior yields the expected number of non-zero wavelet coefficients
on the jth level to be ¢,2'™P. Then, applying the first Borel-Cantelli lemma, in the case
p > 1, the number of non-zero coefficients in the wavelet expansion is finite almost surely
and, hence, with probability 1, /' will belong to the same Besov spaces as the mother wavelet i,
i.e. those for which max(0,1/p—1/2) < s < r, 1 < p, g £ co. More fruitful and interesting is,
therefore, the case 0 < f# < 1. The case § = 0 corresponds to the prior belief that all coefficients
on all levels have the same probability of being non-zero. This characterizes self-similar
processes such as white noise or Brownian motion, the overall regularity depending on the
value of . The case f=1 assumes that the expected number of non-zero wavelet coefficients is
the same on each level which is typical, for example, for piecewise polynomial functions (see
Abramovich et al., 1998).

© Board of the Foundation of the Scandinavian Journal of Statistics 2004.



220 F. Abramovich et al. Scand T Statist 31

Suppose that f'is generated from the prior model (4) and (5). Because of the improper nature
of the prior distribution of w_jo, we consider the prior distribution of f conditioned on any
given value for w_;y. The following theorem, proved in Abramovich et al. (1998), establishes
necessary and sufficient conditions for f to fall (with probability 1) in any particular Besov
space.

Theorem 1 (Abramovich et al., 1998)

Let Yy be a mother wavelet of regularity r. Consider constants s, p and q such that
max(0,1/p—1/2) < s < r,1 < p, q < oco. Let the wavelet coefficients wy. of a function f obey the
prior model (4) and (5), where ¢1, ¢c2 > 0,002 0and0 < f < 1. Then f € By, almost surely if and
only if either:

I p «a
S+§—;—5<07 (6)
or
1 g «
s+-———= =0and 0<f<1, 1<p<oo, g=o0. (7)
2 p 2

Theorem 1 holds for all values of the Besov space parameter ¢. This should not be sur-
prising due to the embedding properties of Besov spaces. To give some insight on the role
of g, Abramovich et al. (1998) considered a more delicate dependence of the variance rf on
the level j by adding a third hyperparameter y : r_? = ¢27%7, and extended the results of
theorem 1 for this case (see their theorem 2). More general analogues of theorem 1 for

overcomplete wavelet dictionaries were obtained in Abramovich et al. (2000).

2.3. Bayesian wavelet estimators

Subject to the prior (4) and (5) and the model (3), the posterior distribution of wy| Y is also a
mixture of a corresponding posterior normal distribution and 6(0). Letting ® be the standard
normal cumulative distribution function, the posterior cumulative distribution function
Fwi| Yie) 1s

1 Wik — ijff-/(oﬁ +T,2-) N Nk
1+, 0uti/ /02 + 2 L+ ny

where the posterior odds ratio for the component at zero is

2 2 2v. 2
1 —m; Tj +6n ‘L'-Y‘k
i = L ———exp| 5555 |- )

F(wp | Yi) = 1(Yy = 0), (8)

7 On ; 202(13 + 02)

To derive a Bayesian rule one should specify the loss function. Different losses lead to different
Bayesian estimators. The most popular Bayes rule usually considered in the literature cor-
responds to the L*-loss and yields the posterior mean (e.g. Chipman et al., 1997; Clyde et al.,
1998; Vidakovic, 1998). Using (8) and (9), we then have
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‘172

Wik = E(wjk | Yie) = (10)

5 e
1 + ’ij ‘L'j + 0'3,
Such a rule is a non-linear smoothing shrinkage. Abramovich et al. (1998) suggested the use of
the posterior median that corresponds to the L'-loss and can be obtained in the following
closed form

W = Med(wy | Y) = sign(¥i) max(0, ), (1)
where
2 .
T T;0, _y (1 +min(n,, 1)
= s Tl - 20 1)), (12
iy N R 2

The quantity (j is negative for all Yj in some implicitly defined interval [ , and
hence Med(w;,| Yj) is zero whenever | Y| falls below the threshold ﬂfM. The posterior median
is therefore a level-dependent ‘kill” or ‘shrink’ thresholding rule with thresholds /l;JM known
also in the literature as the BayesThresh (Abramovich et al., 1998). Donoho & Johnstone
(1994, 1998) showed that thresholding wavelet coefficients with proper chosen thresholds
yields asymptotically optimal (minimax) estimators within Besov spaces and most of the

PM PM
AP M)

existing wavelet estimators are of this type. In this paper, we investigate the optimality of the
thresholds /l})M.

Vidakovic (1998) considered another way to obtain a bona fide thresholding rule within a
Bayesian framework via a hypothesis testing approach. This rule essentially corresponds to the
0/1-loss: after observing Y, test the hypothesis Hj : wy = 0 against a two-sided alternative
H, : wy # 0. If the hypothesis Hj is rejected, wy, is estimated by Y, otherwise w; = 0:

Wi = ijl(”ljk <1), (13)

where the posterior odds ratio 1y = P(H, | Y )/ P(H, | Yy) is given by (9). Vidakovic (1998)
called this thresholding rule Bayes Factor thresholding as the posterior odds ratio is obtained
by multiplying the Bayes Factor with the prior odds ratio. From (9), the Bayes Factor rule (13)
mimics the level-dependent hard thresholding rule:

W = Yiel (|Yie| > A7F),

where

2
7203(0&4-712.)1 1 —m; o+ 7

(45"’ (14)

J

To compare the BayesThresh and the Bayes Factor thresholding rules, note that the Bayes
Factor is always a ‘keep’ or ‘kill’ hard thresholding, while the posterior median is a ‘shrink’ or
‘kill’ thresholding, where extent of shrinkage depends on the absolute values of the wavelet
coefficients. In addition, the Bayes Factor thresholds Y if the corresponding 5 > 1. From
(9), (11) and (12) it follows that the posterior median ‘kills’ those Y, whose

| Y|

/T + T

and, hence, will threshold more coefficients.

N >1-20
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Nevertheless, the lemma below shows that A}DM and ZJBF are ‘similar’ (we denote it by
,PM
" sPM _ ,BF ,PM P s
G4 <777 < G4y for all j. Moreover, it gives the approximations for both threshold
sequences.

~ A?F) in the sense that there exist two positive constants 0 < C; < C, such that

Lemma 1
/l];M ~ }L?F ~ ij, where

It .
= V 05’7’ J <Jy
;=

i) .
L j>Jy,

n

and J, = (1/a) log, n.

The proof is given in the appendix Al.

Lemma 1 shows that on coarse resolution levels (j < J,) both i;)M and )L;BF are of the same
order as the well-known universal threshold iyy = ¢,v/2 log n of Donoho & Johnstone
(1994), but larger on high levels (j > J,). The universal threshold is known to be optimal
within the whole range of Besov spaces, so one would expect that the ‘severe’ thresholds ),j*. will
kill’ the significant coefficients present on high levels for spatially inhomogeneous functions.
Moreover, the posterior median, in addition, will shrink the ‘survivors’. Thus, for such
functions the considered Bayesian estimators might not be optimal. The results of the fol-
lowing section will give a rigorous theoretical ground to these preliminary considerations.

3. Main results

In this section we investigate the asymptotic minimax properties of the posterior mean, pos-
terior median and Bayes Factor estimators w, w and w defined in section 3. The proofs of all
the results are given in the appendix A2.

Consider again the white noise model (2), where / € B), . s > max(0,1/p — 1/2), p, g 2 1.
Among all possible estimators /*** of f define the minimax mean squared error as

s : S )
R(n,By,,) = inf sup E[[f*" — f]|52 -
I ey,

In addition, let R (n, B;Vq) be the minimax MSE within the class of linear estimators. Donoho
& Johnstone (1998) showed that for large n,

R(n,B,,) = n~ /st (15)
RL(}’I,B;,q) = ’1—(2572/p+2/p,)/(Z\‘Jrl72/p+2/p,)7 (16)

where p_ = max(p, 2). Hence, for 1 <p < 2 that characterizes spatially inhomogeneous
functions, linear estimators cannot achieve the optimal rate.

Let y be a mother wavelet of regularity r > s. Then, the set of the corresponding wavelet
coefficients w of f'belongs to a Besov ball of some radius R, b) (R) = {w: Hw||% < R} (see
section 2.1) and due to the orthonormality of a wavelet basis,

R(n,B’ ) =inf sup E|w™ —w|?

*Cpa : SU 2
wes webs (R)

where w*" are the wavelet coefficients of /.
We derive now the upper bounds for MSE of w, w and w and compare them with the
optimal (in the minimax sense) ones in (15) and (16).
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Theorem 2 (upper bounds)
Let a mother wavelet \y have regularity r, max(0, 1/p—1/2) < s < r,p,gq=21and o > 1.

1. For p 2 2, let w* be any of the w, w or w. Then,

sup EHW _ W*H?z = O(lognn*(&fl)/Cl) + O(n*ZS/O()'
webs (R)

g

2. For 1 £ p < 2, let w* be either w or w. Then,

sup Ellw— w*|ﬁ2 = O(lognn’“’l)/“) + O(n’(zs“’z/")/“),

webs (R)

while for the Bayes Factor estimator w we have

sup E|lw— Vv||i = O(lognnf(“fl)/“) + (9<(logn)<27”)/”n’<°"°‘1’/2“p+p/2’W“)

web}‘,_ g (R)

Viogn

n —(2s+1-2/p)/(2/2+1/2+s—1/p)
+ O (logn)> 2P <7) .

The optimal choice of the hyperparameters o and f of the prior should minimize the upper
bounds derived in theorem 2. However, to avoid the paradox, it should also guarantee that the
prior (4) and (5) is supported on the assumed Besov space (see theorem 1).

We start from the posterior mean and the posterior median estimators whose asymptotic
properties turn out to be similar. The corollary below is an immediate consequence of theo-
rems 1 and 2.

Corollary 1
Let w* be one of w or w. Choose

I.a=Q2s + 1),any0 < <1 (g < 0)or0<p <1(g=c), p=22.
2.0=Q2s +2-=2/p), any 1 —p/2 < <1 (g <o) or 1 =p2<ph <1 (¢g=00),
1<p <2

Such a choice satisfies the conditions (6) and (7) of theorem 1 and

2
sup Eljw —w|l}, =

{ O(IOgnn—Zs/Qerl))’ p> 2
webs  (R)

(Q(IOgnn—(2s+172/p)/(2s+272/p))7 1 SP < 2.

Corollary 1 shows that with the properly chosen hyperparameters of the prior, both the
posterior mean and the posterior median estimators are asymptotically optimal up to a log-
factor for p = 2. The following theorem shows that the log-factor for p > 2 is unavoidable and
that the upper bound for 1 < p < 2 also essentially cannot be improved, that is they can
achieve only the best possible rate among linear estimators.

Theorem 3
Let again w* be either w or w. Then the choice of o and 5 from Corollary 1 implies that there
exists a positive constant C such that
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log n 2s/(2s+1)
sup Bl —w|R, > { €5 . ez
1

p < 2.

>
web  (R) Cn—(23+1—2/17)/(23+2—2/p)7 <

Summarizing, we can conclude that asymptotic minimax properties of the non-linear posterior
mean and posterior median estimators are similar to those of optimal linear estimators.

The corresponding results for the Bayes Factor estimator are somewhat different for
1 < p < 2 as it is shown in the following corollary:

Corollary 2
Choose

LLa=@2s+ 1),any 0 < f<1(g <o0)or0<f <1(qg=00), p=(2s+2)/2s+1).

2ia=a"=s+1—-1/p+ \/(s—l-l—l/p)z—i-(2s-i-1—2/p)7
any p(s+1)2 = o'j2) < f<1(g < o0) or p(s+12 -2y < f<1(g=o00), 1<p <
(2s+2)/(2s+1).

Such a choice satisfies the conditions (6) and (7) of theorem 1 and

<2
sup Ellw —w|[}, =

{ O(lognn™>/GtD) " p> (25 +1)/(25 +2)
weby  (R)

O(lognn=@=V/") 1 <p<(2s+1)/(2s+2).

Hence, with such a choice of o and f, the Bayes Factor estimator achieves the optimal
minimax rate (15) (up to a log-factor) for p > (2s+ 1)/(2s+2). In addition, one can easily verify
that o* > 2s+2-2/p and, thus, even for p < (2s+1)/(2s+2), w outperforms the posterior
mean, the posterior median and linear estimators.

Again, it is possible to prove that the upper bound in corollary 2 cannot be improved.

Theorem 4
With the choice of o and f given in corollary 2 the following lower bound holds

c log 2s/(2s+1) - 2N/(2 1
sup Eljw —wl[}, > (") » P2 @s+2)/2s+1)
webs (R) : Cn~ =0/ 1<p<(2s+2)/(2s+1),

where o is defined in corollary 2.

4. Simulation study

In this section, we provide a small simulation study to illustrate both the finite sample and
asymptotic properties of the considered Bayesian procedures and compare them with the
universal thresholding wavelet estimator of Donoho & Johnstone (1994). We refer to
Antoniadis et al. (2001) for a comprehensive simulation analysis of various wavelet esti-
mators.

We chose two functions from a battery of test functions used in Antoniadis et a/. (2001),
namely, ‘Time Shifted Sine” and ‘Angles’ (see Fig. 1). “Time Shifted Sine’ is a typical example
of a smooth function considered in traditional smoothing estimation. ‘Angles’ is a piecewise
linear continuous function with large jumps in its first derivative and can be viewed as an
example of a spatially inhomogeneous function.

For each test function, noisy data were generated for 500 replications by adding inde-
pendent random noise &; ~ N(0, €) at 1024 data points uniformly spaced on the unit interval.
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The values of e were taken to correspond to values 16, 144(4) for the signal-to-noise ratio
(SNR), fol (f — f)?/é%, where [ = fol f. Coiflet 5 and Coiflet 3 mother wavelets were used for
‘Time Shifted Sine’ and ‘Angles’, respectively.

The goodness-of-fit of each estimator was measured by its average mean squared error
(AMSE) defined as the average of simulated replications of n=! Y"1, (f, — f,-)z. We were also
interested in the rate of decay of the AMSE as SNR increases. The rate was estimated by a
slope of the least squares linear regression on the log;o(AMSE) — log;o(SNR) scale.

In the initial pilot study we investigated the effect of varying « and f for the posterior mean,
posterior median and Bayes Factor estimators. The additional constants ¢; and ¢, in the prior
model (5) were numerically estimated by the methods of Abramovich et al. (1998). The results
were robust towards choices of f5, and even different values of o = 2, 3, 4, 5 did not have a
drastic impact. For ‘Time Shifted Sine’ the rates of decay were somewhat faster for larger o,
while smaller o were preferable for ‘Angles’. We chose o = 4, f = 0.5 for “Time Shifted Sine’
and « = 2, f = 0.5 for ‘Angles’ for further study where we compared the three Bayesian
estimators with the universal threshold wavelet estimator. All the four estimators yield

Time shifted sine Angles
1 1
0.8 0.8}
0.6 0.6}
0.4 0.4
0.2 0.2}
0 0:2 0j4 0:6 0:8 1 0 0j2 0:4 0:6 0j8 1

Fig. 1. Test functions used in the simulation study.

Time shifted sine Angles
-35 -3.5
o Posterior mean o Posterior mean
T * Posterior median 3 * Posterior median
S ¢ Bayes Factor P& ¢ Bayes Factor
P + Universal Ol + Universal
o . <
(<3 ~$~ <*> . 4 .
o -4 '0'%__'9 o —
9] o% )
= . Ogg s
< = a <
s 2
g %, g
—4.5 -4.5
-5 -5
1.2 1.4 1.6 1.8 2 2.2 1.2 1.4 1.6 1.8 2 2.2
Log10 (SNR) Log10 (SNR)

Fig. 2. logo(AMSE) vs. log;o(SNR) for different wavelet estimators. Dotted lines represent the least
squares linear regression fits. Their slopes estimate the convergence rate.

© Board of the Foundation of the Scandinavian Journal of Statistics 2004.



226 F. Abramovich et al. Scand T Statist 31

comparable results (see Fig. 2) and the differences in AMSE disappear as SNR increases.
Posterior means have somewhat smaller AMSEs, while posterior medians, Bayesian factors and
universal threshold estimators are close to it. The rates of decays of AMSEs are also similar —
they are faster for smooth ‘“Time Shifted Sine’ (the estimated slopes are within the range —0.88 to
—0.95) and slower for ‘Angles’ (the estimated slopes vary between —0.75 to —0.80). Overall, the
simulation results are in accord with the theoretical findings of the previous section.

5. Discussion and concluding remarks

We have investigated the minimax properties of the three Bayesian wavelet estimators: pos-
terior mean, posterior median and Bayes Factor within a range of Besov spaces, where the prior
distribution imposed on wavelet coefficients can be adjusted to give realizations within any
given Besov space B, ;. All the three estimators are inherently non-linear: the posterior mean is a
non-linear smoothing shrinkage, the posterior median is a ‘shrink’ or ‘kill’ thresholding, while
the Bayes Factor mimics a ‘keep’ or ‘kill’ hard thresholding rule. We showed that for the
properly chosen hyperparameters of the prior, up to a log-factor, all of them achieve the optimal
convergence rate within any prescribed Besov space B, , forp 2 2. For 1 < p < 2, the situation
is, however, different. The posterior mean and posterior median do not outperform linear
estimators and do not achieve the optimal rate in this case. The Bayes Factor is optimal for a
wider range of Besov spaces (p = (25 + 2)/(2s + 1)) whilefor1 <p < (25 + 2)/(2s + 1)itis
also not optimal although it converges faster than linear estimators.

To understand this phenomenon note that level-dependent thresholds resulted by the pos-
terior median and the Bayes Factor thresholding are too large on high resolution levels. This fact
does not affect spatially homogeneous functions (p = 2) whose wavelet coefficients are con-
centrated on coarse levels anyway but becomes important for spatially inhomogeneous func-
tions (1 £ p < 2) that are characterized by the presence of significant wavelet coefficients even
for large j. The corresponding thresholds are ‘too severe’ towards them. The posterior median, in
addition, even shrinks the ‘survivors’ that explains why the Bayes Factor performs better in this
case. The behaviour of the posterior mean is quite similar to that of the posterior median. The
posterior mean is a non-linear shrinkage rule, where the extent of shrinkage increases with j — it
yields optimal shrinking on coarse levels but too strong on high. Recent results of Johnstone &
Silverman (2002, 2003), Pensky (2003) show that to get the optimal posterior mean and posterior
median Bayesian estimators even for 1 < p < 2 one should replace a Gaussian part N (0, Tf) of
the mixture in (4) by heavier-tailed priors, e.g. by a double-scaled exponential density.

It is interesting to compare our results with those of Zhao (2000). Zhao studied the opti-
mality of Bayesian estimation in non-parametric regression within Sobolev spaces (p = g = 2
in terms of parameters of Besov spaces) using the standard Fourier basis. She showed that for
no Gaussian prior supported on the space of possible distributions, the resulting posterior
mean estimator (that obviously coincides with the posterior median in this case) can achieve
the optimal minimax rate. Instead, she proposed priors which are compound, or hierarchical
mixtures of suitable Gaussian distributions and proved the optimality of the posterior mean
estimator within Sobolev classes in this case. Our prior, which is a mixture of a single Gaussian
distribution and a point mass at zero, is somewhat simpler than that of Zhao and still yields
optimal estimators even within a wider range of function spaces.
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Appendix
Appendix Al: Proof of lemma 1

For /¥ the proof follows directly from (14). For ;™ define the function

292
T e
_ 5 12 J 5 +2(D _ it
;j On 20%(t; + 07) o, /Tjg + 02

The posterior median threshold i}’M then satisfies g(/lfM) = 1. Note that O(—x) < cp(x),
x 2 0, where ¢(-) is a standard normal density and c¢ is some suitable positive constant (e.g.

c=2).
2
szjjz 1 — ; \/ Tj + U%
)

72, 2 .
20,(1; +0 T On

+c

n

g(%;) < g1(%;) = exp <—

Let 4;; be the solution of gi(4;)) = 1. Both g(4)) and g,(4,) are decreasing functions of /; and,
therefore, )v_fM < /1j. Solving the equation g(4;) = 1 one has

2 2
2 20%(0? + rjz,) log =m0 /0% + 15
2

1y —

+c,
T T Tn

SO

logn
) N
WM<y~ n ’

N2
L >

)

To complete the proof recall that on the other hand, )»})M > ),_?F and lemma 1 has been already
verified for the latter.

Appendix A2: Proofs of the main results

Although theorems 2 and 3 are stated jointly for several estimators, the corresponding proofs
are different for each estimator and will be considered separately.

First, without loss of generality assume that e = 1 in the model (1) or, equivalently,
02 =1/n in the model (2). Define b; = ff/(tjz +02), where ’L'jz~ is given in (5). Obviously,
cif(ey+1) < b; <1 for j<J, and ¢i/(c;+1) 27%n < b; < ¢; 27%n for j > J,, where J, =

(1/o) log, n was defined in lemma 1. Then,

L, J<Jy
b~ g, 457 (1)

We start the proofs from several lemmas. In what follows we use C to denote a generic positive
constant, not necessarily the same each time it is used, even within a single equation.

Lemma 2
Let o> 1. Then,
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222%2 ( (a—1)/ )

Proof of lemma 2.
From (17) we have

a ZZ’bz < <E b i n22/'(211)> _ O(,fml)/a)'
1

Jj=0 =t

Lemma 3
For any function [ € B, | [0,1]

. 21 —2s/o
2 2 O(" )’ = 2
Z(l — b)) Wi = {O(n*(2s+171/17)/“)7 1<p<?2

(e.g. Johnstone, 1999, lemma 9.3). Applying (18) for p > 2 we have

00 22— ) 1 2 o
Z( WH) Zw c;(iﬂjnﬂ)zﬂ,

IA

1 - o—s)j o —2sj —2s/o
C(;Zﬂ V4 Z 2 2/) = O(n~ /%),

J=0 J=at]

while for 1 < p < 2,

00 1 22/—-1 1 Jy 00
3 e PR LYW P SRS
0 n+ —0

J= J=Ixt1

_ O(nf(ZSJrl—Z/p)/a).

Lemma 4
Let o > 1. Then, for any function f € B;, [0, 1]

SR e O(logn n==D/%) + O(n=/%), p=2
S waE (L | =
== Ut '

O(logn n==V/%) 4 O(n=Gs1=1P)/) 1 <p<2.
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Proof of lemma 4. As n;/(1+n;) < min(n;,1), we have

o -l 1Y Jy V-1
Zb/z Wik <1{|-j )gc(Z mln(w,kE(n]kY,k) k)
=0 k=0 Mj =0 =0
00 221’—1
+ Z (1-5)) ZW?) =41 +4 (19)
=Tt =0

Consider the first term 4, in (19). The straightforward calculus implies

3/2
lfnj,/o,zl+rf o2 + 12 / Wi o2
E(njij/f) = 28Y _r Wik

. 2 2 2 2
7 On oy + 217 (o +217)

and solving the equation wiE(n; Vi) = W/k for j < J, one has wk ~ logn/n. Thus,
Jx logn
A1 < CZ21— = O(logn n’(“’l)“‘)
="
The upper bound for A, in (19) immediately follows from lemma 3.

Proof of theorem 2
1. Posterior mean. From (10) we have

Y;
w”‘:b’w/knk’ j>0, k=0,...,2 1,
J

where the posterior odds ratio # is given by (9). Then, for any sequence of wavelet coefficients
w = (wy) € b;q(R),

o -1 Ys 2 Ya
A =S B El— + wh = 2wiE | 2
=SS () (2

=0 =0
o Y-l 2
Y, Y

-5 S e( ) a2

=0 k=0 1 + r]/'k 1 + n_jk

o V-1 1Y
<M » (EY; —w3) + 2wiE <””

j; ’ kO{ g g 1

2 2 J o 2 ’7/kY/k o
jk

To complete the proof apply lemma 2, lemma 4 and lemma 3 to get the upper bounds for By,
B, and A4,, respectively.
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. . ,PM
2. Posterior median. Define w}k = b; Yl (|Yi| > 4 ) and w”y = bwy. Then,

oo V-1 oo V-1 )
SN Bl —wi) =D > E (G — W)+ 0w = i) + (W = wa))
J=0 k=0 J=0 k=0
oo 2—1
<3} [(W}/k —wi)” + E( — )P + E(w) — W;'/k)z]

The upper bound for A4; follows immediately from lemma 3. Consider now the second term
A,. Note that wy = wjy = 0 for [Vy| < /lfM and Wy — wj monotonically as | Y| — oo.

Hence, the difference between the two thresholding rules is maximal at [Yy| = %;
therefore, maxy, |[wy — W}k| = b,-/lfM. Then,

o V-
<3 y ) < c(Zz/ lof”+z 22 “f) = O(n "/ 10gn),

Jj=0 k:() J>Jy

PM and,

Finally, for the last term 43, lemma 1 of Donoho & Johnstone (1994) for hard thresholding yields

«PM
( ) + 6n7 W?k >

E(wy — Yl (Y| > M)* < € ” P
( j J (I /| j ) /k+gn)PM¢<4]/?M/6n)’ sz‘k < (4$M)2.

Moreover, as x¢(x) < ¢/x* for some constant ¢ and g, = o( ) for all j,

21
A3 < C(szmm <2’()PM Z ) Zb22’ > = B + B».
-1

Jj=0 k=
31<CZ2’ oMY +szzw/k<cz2110gn+z 29-2j(ts')

J>Jy J>Jy

:O(lognn a=1)/ >+(9< _25/“>

Then, from lemma 1, (17) and (18),

while

s
n= C(Z 2/nlogn Zn22f<3“‘)j1> - O<(]Ogn)_]n7(%l)/a>'

Jj=0 J>Ju

(20)

@)

3. Bayes Factor. Due to the embedding properties of Besov spaces (B, , C By, ) it is sufficient

to prove the result for g=co. Similar to (21), from (20) we have:

o -1
Jj=0 k=

00 ] . 00 ) 0_4
E(Wjr — Wik) < C(Z mm((/L;}F)z,wfk) + ZZ’W) =A) + A4;.
i Jj=0 J

Then, from lemma 1

A <c(zzjlogﬂ+22mm(] > ]k>> =B + By,

J>Jy k=0

o

where B, = O(logn n~®Y%). For p>2, apply (18) to get B, < >, Zf 01
O(n—2s/oc)
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More delicate analysis is requlred to find an upper bound for B, within 5% ( R)forl1 <p < 2.
Consider the upper bound for Y7 o mm((iBF) ,wjk) subject to 7 o |ij|p < CP where
C = 27 T12=1P) For1 < p < 2theextreme vectors are permutations of the ‘spike’ (G, .,0)
if 22" > C; and permutations of the vector (4", ..., 27%,0,...,0), where the number of
nonzero entries )BF is (C; / JBE ) otherwise. The corresponding upper bounds are then C2 and
CP( 2 Fy2=r respectlvely Let J" satisfy 2 BF = ¢, where recall that ZJBF \/j2% In for j > Iy
Then J* = (a/2+s+1/2—1/p)” llogz(n/\/lggj)( + o(1)). Note that for « satisfying
theorem 1, J* > J,. Apply now the above upper bounds to get the upper bound for B,:

-
B, < 2H2p)/2,=(2p) 2-p)/29=ipls+1/2-1/p) | N p=i(2s+1-2/p)
L / %

_ (’)((log n)(2717)/Pn7(ocfap/2+szf+p/27l)/d)

5 n —(2s+1-2/p)/(2/24+1/2+s—1/p)
+ 0/ (logn)' 7p)/p( ) .

Viogn

Finally, for any p

Proof of theorem 3
1. Posterior mean. Note that (wy — E 72— l+n )W/k > 0 and, therefore, one obtains the following
lower bound for the risk:

o V-1 o V-1 2 o 21 2
Y'k Y'k
E(ij ij) = E<W]k — bj / ) Z (ij — bjE< S >>
22 22 ) * 2 Ep
co V-1 2
:ZZ(bf<WJkE1 : )*W/k(1b1)>
Jj=0 k=0 Jk
EEp(e) oo
> P2 B (1 - b)Y (22)
=0 k=0 T\ T !

Consider first the case p > 2. From (22),

00 oo 2/-1 5 ”jk Y] " 2
E ’> bi| E
Z (Wi = W)™ > Z I\ T+,

=0 k=

2-1

S
~,
Il
o
T
Y

where we have used the fact that jn’_l"_ 12 min(i;/2;1/2).

Define J,=(2s+ 1) log»(n/ log n) and consider the following wavelet sequence

logn . .
Wik = c\N OSJSJ;7 0§k<2j7 (24)
, j>J, 0<k<2.
Using the definition of ||w||,, given in section 2.1 one can easily verify that it is always
P4

possible to choose the normalized constant ¢ such that ||w||,, <R.
P4

© Board of the Foundation of the Scandinavian Journal of Statistics 2004.



Scand J Statist 31 Bayesian estimators 233

Recall that o« = 2s+1, so J,<J, where J, was defined in lemma 1 and, therefore,
by > ci/(er + 1)* for j < J,. In the proof of lemma 4 we argue that for wy = /logn/n,
EmuYi) ~ wi, j<J, Then, (23) implies

20—

J;
E(W/k—W/k)z 2 Cijz 2‘/
0 Jj=0

)

Il
o
~
Il

2s/(2s+1)
logn > C(logn)
n n

J

Analogously, for 1 < p < 2, from (22) one also has

0o 2/—1 o 2/—1
SOSTE(wr =)’ =303 (18w (25)
j=0 k=0 j=0 k=0

~GH12=Upiag i<, and zero

p < 00. On the other hand,
q

Consider the sequence of wavelet coefficients with wy = c n
otherwise, where dy is a Kronecker delta. Then, obviously,
for o« = 2s + 2 — 2/p from (25) one has

Jy V-1

2
SN E(wi — )’ > CZ( in T 1) —(25+1-2/p)/(25+2-2/p)

=0 k=0
> C - @5H1-2/p)/(25+2-2/p)
2. Posterior median. Consider the case p > 2. One can easily verify that

(Wi = W) E(Wi — W) >0, (Wi — wir) EWj — wiy) >0,

E((W = wi) G = w))) = 0

Thus,
0o 2-1 o 2-1 )
SN B ) = 0 S E (e — ) + (e — ) + (0l — )
J=0 k=0 Jj=0 k=0
o 2-1 o Y-l )
>SN B -’ =0y E(Yd (Xl = AM) — wi)
=0 k=0 =0 k=0

Consider again the sequence web; (R) from (24). Note that wy ~ A";JM,
J<J =025+ 1)_1 logy(n/logn), so from (6.11) of Johnstone (1999), E(Y,;J(|Y,k| >
/1;) My W_/k)2 >C (if M)z. Then, the straightforward calculus yields

2-1

- 2 L logn logn >/®+D
»? ZE( (Y] = 22 — wjk> 20221(7):c( ; )

k=0 =0

'M8

Il
o

J

Analogously, for 1 <p < 2,

o -1 oo 2/—1 oo 2/—1
DD B =) 2 YD (e —w)’ =
Jj=0 k=0 j=0 k=0 j=0 k=0

and the rest of the proof is exactly as for the posterior mean case above.
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Proof of corollary 2

For p > 2 the proof follows immediately from theorems 1 and 2. For 1 < p < 2, the optimal «
is obtained as the minimum between the solutions of (2o — ap +2sp+p—-2)/(20) = 1 — 1/ and
2s+1-=2/p))(1)2+a/2+s—1/p) =1 — 1/a, i.e. between 25+ 1 and o* defined in the corol-
lary depending on whether p = (25s+2)/(2s+ 1) or not. The restrictions on f in the corollary,
as usual, are the result of (6) and (7) in theorem 1.

Proof of theorem 4

For p 2 (25+2)/(2s+ 1) we apply the arguments similar to those used in the proof of theorem
3. Consider again the sequence web q(R) defined in (24). For j<J/, wy ~ A S0
E(Yl (V| = 25F) —wy)® = C(25F)* [(6. 11) of Johnstone, 1999]. Then,

oo 21 Ji 2s/(2s+1)
/1 1
N E(wp —ivg)’> Y (&) > C(&)
=0 =0 n n

For 1<p<(2s+2)/(2s+1), define J= (/2 +s+1/2— l/p)_1 log,n and consider the
sequence with the only non-zero entry wj, = R n~(+1/2-1/p)/(@/24s+1/2=1/p) © Obviously,
||w||bx = R. Recall that J > J* > J,., where J* was defined in the proof of theorem 2 for the

Bayes Factor. Hence, W%o (/1BF)2 and from (6.11) of Johnstone (1999) we have

E(Ypd (1Y = }vj?F) - ij) > CW]()' Then,

)

oo 22—
Z E ij ij)Z > Cw? > Cn~sH1=2/p)/ (@ 241/ 24s=1/p)  _ = (' =D/o!
Jj=0 0

=~
Il
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