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ABSTRACT

We derive the funnel theorems for the Bass and susceptible-infected models on networks that describe the spreading of innovations and
epidemics. Let j be a node and divide the remaining nodes into L > 2 disjoint sets {A;}~_,. The funnel theorems provide lower and upper
bounds for the difference between the susceptibility probability of j and the product of its susceptibility probability on the L modified networks
in which j can only be influenced by incoming edges from A;. In particular, one can let L be equal to the indegree of j, so that in the modified
networks, j is only influenced by one incoming edge. We illustrate how the funnel theorems can be used to obtain exact explicit expressions
for the adoption/infection probabilities of nodes and for the expected adoption/infection level in various types of networks, both with and

without cycles.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0269855

Spreading of epidemics or innovations is stochastic processes on
social networks. In this paper, we introduce the “funnel theo-
rems,” which relate the susceptibility probability of a node of
indegree L to the product of its susceptibility probabilities on L
modified networks, in which the node under consideration is only
influenced by one incoming edge at a time. We then illustrate
how the “funnel theorems” can be used to analyze the spreading
dynamics on various network structures, both with and without
cycles.

I. INTRODUCTION

Mathematical models for the spreading of epidemics have been
around for a century.' For example, in the Susceptible-Infected (SI)
model, the epidemics starts from a few infected individuals and
progresses as infected individuals transmit it to susceptible ones.
Mathematical models for the spreading of innovations is a younger
problem—the first model was introduced in 1969 by Bass.” In this
model, individuals adopt a new product because of external influ-
ences by mass media and internal influences by individuals who
have already adopted the product (peer effect, word of mouth).

For many vyears, the spreading of epidemics and innova-
tions were only analyzed using compartmental models, which are

typically given by one or several deterministic ordinary differential
equations. Such models implicitly assume that all the individuals
within the population are equally likely to influence each other,
i.e,, that the underlying social network is a homogeneous complete
graph. In more recent years, research on the spreading of epidemics
and innovations has gradually shifted to network models, in which
the adoption/infection event by each individual is stochastic.™*
These network models allow for heterogeneity among individuals
and for implementing a network structure where individuals can
only be influenced by their peers.

The stochastic spreading of new products and epidemics on
networks has been extensively studied using numerical simulations,
see e.g., Refs. 3-9. These simulations are relatively straightforward
to implement, even for spreading models that are considerably
more complex than the unidirectional Bass or SI models. Because
these models are stochastic, each simulation run yields a different
outcome. Consequently, numerical studies typically report results
averaged over a sufficiently large number of simulations to ensure
statistical reliability.

The analysis of stochastic spreading of new products and epi-
demics on networks is more challenging. Existing research in this
area has primarily focused on two key quantities: the probability
of adoption/infection at individual nodes and the expected adop-
tion/infection level across the network. The starting point of the
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analysis is usually the master (Kolmogorov) equations, which are
2M — 1 coupled deterministic linear ODEs for the susceptibility
probabilities of all the subsets of the nodes, where M is the num-
ber of network nodes. To be able to solve this exponentially large
system explicitly, one needs to reduce the number of ODE:s signifi-
cantly. The common approach to do that has been to employ some
approximation (mean-field, pairwise model,'”'" etc.). More often
than not, there has been no rigorous error bound for the accuracy
of the approximation.

The goal of this study is to develop a novel analytic tool for
obtaining explicit solutions of the master equations that are exact. At
present, there are three analytic approaches for solving the master
equations explicitly, without making any approximation. The first
is based on utilizing symmetries of the network to reduce the num-
ber of master equations without making any approximation. This
approach was applied to homogeneous and inhomogeneous com-
plete networks and circles."””"* The second approach is based on
the indifference principle.'® This analytic tool simplifies the explicit
calculation by replacing the original network with a simpler one.
The indifference principle has been used to compute the suscepti-
bility probabilities of nodes on bounded and unbounded lines and
on percolation lines.'*"” The third approach is to identify networks
on which there is an exact closure at the level of triplets, such as
undirected graphs with no cycles,'® and infinite configuration model
networks with Poisson-type distributions."’

In this paper, we introduce a new approach, which is based on
the funnel theorems. Choose some node j and partition the remain-
ing M — 1 nodes into L disjoint subsets of nodes, denoted by {A;}}- .
The funnel theorems provide the sign and magnitude of the dif-
ference between the susceptibility probability of j in the original
network and the product of its susceptibility probabilities in L mod-
ified networks in which j can only be influenced by edges arriving
from A;, where [ =1,...,L (see Fig. 1 for an illustration). In gen-
eral, the susceptibility probabilities of j in the modified networks are
easier to compute since the indegree of j is lower than in the original

%

FIG. 1. The funnel theorems (for the case of L = 2 disjoint sets of nodes) relate
the susceptibility probability of a node j that can be influenced by incoming edges
from the sets Ay and A, (top row), to the product of its susceptibility probabilities

.10 10
in the modified networks A% and A/*2% , where j can be influenced by
incoming edges only from A4 or only from Ay, respectively (bottom row).
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network. For example, application of the funnel theorem to inte-
rior nodes of undirected lines reduces this problem to that of nodes
on directed lines, which is an easier task. In particular, one can
let L = indegree(j), so that from each set, A; emerges exactly one
incoming edge to j. Since indegree(j) = 1 in the modified networks,
the susceptibility probability of j can be related to that of the tail
node of the incoming edge (see, e.g., see Theorem 4.1 in Ref. 20).

The funnel relation is an equality if j is a vertex cut or, more
generally, if j is a funnel node. This is the case, e.g., for any node on
an undirected network that does not lie on a cycle. When j is not a
funnel node, however, the funnel relation is a strict inequality. This
is the case, e.g., for any node in an undirected network that lies on
a cycle. For such situations, the funnel theorems provide lower and
upper bounds for the difference between the susceptibility probabil-
ity of j in the original network and the product of its susceptibility
probability on the L modified networks.

The unknowns in the master equations are the susceptibility
probability of sets of nodes. An alternative approach for analyz-
ing the spreading dynamics is the edge-based compartmental model
(EBCM) of Voltz’' and Miller et al.,”” in which the unknowns are
the fractions of edges with nodes at certain states. In general, this
method yields approximate solutions. In the infinite-population
limit on configuration models, however, it was rigorously proved
by Decreusefond et al.*” and Jacobsen et al.** that this method yields
exact solutions.

This paper is organized as follows. Section II presents a uni-
fied model for the Bass and SI models on networks. Section IIT is a
theoretical review of the master equations and the indifference prin-
ciple. Section IV presents the main result of this paper—the funnel
theorems. The power of the funnel theorems is illustrated in Sec. V,
where we use the funnel equality to easily obtain novel explicit exact
expressions for the adoption/infection probability of nodes that are
a vortex cut among L identical networks and for interior nodes on
bounded lines. We also show how the funnel theorems can be used
to compute the exact expected adoption/infection level on sparse
d-regular networks and Erd6s—-Renyi networks, which have numer-
ous cycles. In this case, the use of the funnel equality is more
involved. Moreover, one needs to use the lower and upper bounds
of the funnel theorems to show that the effect of cycles vanishes on
infinite networks.

The second part of this paper is devoted to proving the fun-
nel theorems. Let {Q};_, be disjoint subsets of the nodes. The key
ingredient in the proof of the funnel theorems is an estimate of the
sign and magnitude of the difference [SUZL:IQI] — ]_[IL:1 [Sq,] between

the probability that all the nodes in U} Q; are susceptible and the
product of the L probabilities that all the nodes in each ; are
susceptible. In Sec. VI, we show that this difference is always non-
negative and find the necessary and sufficient condition for it to
be equal to zero. For the case where this difference is positive, we
also obtain an upper bound for its magnitude. The funnel theorems
are proved in Sec. VII. Section VIII concludes with a discussion and
open questions.

Il. THE BASS/S| MODEL ON NETWORKS

The Bass model describes the adoption process of an inno-
vative new product in a population. When the product is first
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introduced into the market, all the individuals are susceptible (non-
adopters). As time goes on, individuals gradually adopt the prod-
uct due to external influences by mass media and internal influ-
ences by individuals who already adopted the product (peers effect,
word of mouth). The SI model describes the spreading of infec-
tious diseases within a population. In this model, some individuals
are initially infected (the “patient zero” cases), and all subsequent
infections occur through interactions between infected and suscep-
tible individuals. In both models, once an individual becomes an
adopter/infected, they remain so at all later times. In particular, they
remain “contagious” forever. The difference between the two mod-
els is in the external influences: In the SI model, they occur at t = 0
and in the Bass model at ¢ > 0.

It is convenient to unify these two models into a single model,
the Bass/SI model on networks, as follows. Consider M individuals,
denoted by M := {1,..., M}. Let X;(t) denote the state of individual
j at time ¢ so that

() = 1 %f ] %s adopter./infect?d at time ¢, M.
0 ifj is susceptible at time ¢,
The initial conditions at t = 0 are stochastic so that
Xj(0) =X €{0,1}, je M, (2.1a)
where
P(X}’:l) =1 P(x?:o) —1-F, Peloll, jeM,
(2.1b)
and
the random variables {Xf} are independent. (2.1¢)
jeM

So long as j is susceptible, its adoption/infection rate at time ¢ is

MO =pi+ Y qieXu®, jeM. (2.1d)
ke M

Here, p; is the rate of external influences on j, and qk—j is the rate of
internal influences (peer effects) by k on j, provided that k is already
an adopter/infected. Once j adopts the product/becomes infected, it
remains so at all later times (i.e., the only admissible transition is
X; =0 — X; = 1). Hence, as At — 0,

A(BAL X =0,

PXG(t+ At = 1| X() = ] X1 = 1
(D) =1,

jeM,
(2.1e)
where X(#) := {X;(t) }].E v I8 the state of the network at time ¢, and

the random variables {X;(t + At) | X() }jE v are independent.
(2.1f)

We assume that all the nodes have a positive probability to be ini-
tially susceptible, that the external and internal influence rates are
non-negative, and that any node can adopt externally, either att = 0

pubs.aip.org/aip/cha

oratt > 0,1i.e.,
0<P<1, p=0 g.;=0, L+p>0 kjeM.
(2.1g)

In the Bass model, there are no adopters when the product is
first introduced into the market, and so, 1;) =0 and pj>0.In
the SI model, there are only internal influences for t > 0, and so,
pj=0and I} >0.”

The internal adoption rates {gx_.;} induce a directed weighted
graph on the nodes M so that the directed edge k — j exists if and
only if g; > 0, and its weight is given by gi_.;. We denote the
network that corresponds to (2.1) by N' = N(M, {p;}, (g} (I ).

I1l. THEORY REVIEW

The starting point of nearly all of the analytic theory of
the Bass/SI model (2.1) on networks is the master equations. Let
##QC M Dbe a nontrivial subset of the nodes, and let
Q° := M\ Q denote the complementary set. Let

Xo(f) := max X;(b). (3.1)
keQ

Thus, Xo = 0 if none of the nodes in Q2 are adopters at time ¢, and
Xq = 1ifatleast one of the nodes in €2 is an adopter. Let

Sa(t) = {Xa(® =0}, [Sel(®) :=P(Sa()) (32)

denote the event that all nodes in €2 are susceptible at time ¢ and the
probability of this event, respectively. To simplify the presentation,
we introduce the notations

Sk:= St Ser.e = SuL o

Thus, for example, Sqi := Squiy and Su mym; = Simymyms)- We
also denote the sum of the external influences on the nodes in Q
and the sum of the internal influences by the node k € Q¢ on the

nodes in €2 by
pa = mea Jk—Q = qu%m:

meg2 meQ

respectively. We then have
Theorem 3.1 (Ref. 13):  The master equations for the Bass/SI
model (2.1) are

d
[;tﬂ] == (PQ + Z ‘M»Q) [Sel + Z dk>alSaxl,  (3.3a)

keQ¢ keQ¢

subject to the initial conditions

[Sa1(0) = [S5],

[e]=[]-1). (3.3b)

meQ2
forall® # Q C M.

The quantities of most interest are the susceptibility proba-
bilities {[S;]()} of the nodes and the expected susceptibility level
[S](t) := Ai4 }.Ail [Sj](#) in the network. Solving the master equations
(3.32) and (3.3b) for {[S;](#)} requires knowing the susceptibility
probabilities {[Sx;]} of all pairs of nodes. The master equations for
{[Sk;1(1)}, in turn, involve the susceptibility probabilities {[S,,;](t)}
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of all the triplets of nodes, etc. Therefore, to close the system of equa-
tions for {[S;](#)}, one needs to solve 2M — 1 master equations for the
susceptibility probabilities of all the nontrivial subsets of M modes.
Consequently, an explicit exact solution of the master equations is,
in general, not feasible.

For networks with an inherent symmetry or structure, it is some-
times possible to obtain an exact reduced system of master equations
that can be solved explicitly. This is the case, e.g., with complete
and circular networks.””'* Another approach for obtaining an exact
explicit solution is to use the indifference principle. Let us first recall

Definition 3.1 (influential edge'®): Consider the Bass/SI
model (2.1). Let 2 C M. A directed edge k — m is said to be “influ-
ential to Q7 if k € QF, and if either m € Q or there is a path from m
to ©, which does not go through the node k. Any edge that is not
“influential to ©” is called “non-influential to €2.”

We then have

Theorem 3.2 (indifference principle'®):  Consider the Bass/SI
model (2.1). Let ) # Q C M. Then, [Sq] remains unchanged if we
delete or add edges that are non-influential to 2.

The indifference principle is a powerful tool that enables us
to add or delete noninfluential edges so that the value of [Sg] will
remain unchanged, but its calculation on the modified network
becomes simpler. For example, it can be used to compute the exact
susceptibility level on percolation lines."”

IV. THE FUNNEL THEOREMS

The funnel theorems are a novel analytic tool that extends the
range of networks for which exact explicit solutions can be obtained.
To introduce these theorems, we begin with a few definitions.

Definition 4.1 (partition of nodes): Let L > 2, j € M and
B #A C M\{j}forl=1,...,L. We say that “{A;,..., A, {j}} isa
partition of M”if A; U---UAL U {j} = M and the sets {AI}IL=1 are
mutually disjoint.

Figure 2 illustrates a partition into L = 3 disjoint sets.

Consider the Bass/SI model (2.1) on the network N. Let

.10
NP7 denote the modified network in which j experiences exter-
nal influences and internal influences from its peers in A; (see
Fig. 1):

10 Apppl?
Definition 4.2 (/\/A”pJ’IJ' and [§; P ]) Letj € Mand A, C

MA\{j}. The network NS obtained from A by delet-
ing all the internal influences on j by nodes that are not in

Appinl?
Ay, ie., by setting qkfj 7 =0 for k € M\A,. The susceptibility

Ay

< O
0O\o |0
O Q

FIG. 2. A partition {A1, A, A3, {j}}-

pubs.aip.org/aip/cha

. pil?
probability of j in the network A 444 s denoted by [Sflpj ']

=[8]] (t; N Al’Pj’I’O)'
If the node j € M is isolated (ie., has a zero indegree), it

can only adopt due to external influences, and its susceptibility
probability is denoted by

isolatedy . AI:ﬂ'pj'IQ
(St =[5 ]
A. Lower bound

We first show that the susceptibility probability [S;] of any node
j is always greater than or equal to the product of the susceptibility
e L AI’PJ’I? P isolated 111
probabilities [ [,_, [Sj ] divided by [SFomed]™
Theorem 4.1: Consider the Bass/SI model (2.1). Let j € M,
and let {A,,. .., AL {j}} be a partition of M. Then,

Appin?
e 5]

[Si] = [Si'solated] > t =0 (funnel inequality), (4.1)
j
where
[s;w‘md] - (1 — If) eh, 4.2)
Proof. See Sec. VII. |

. . L Appj 1)

Note that in (4.1), we needed to divide []_, [Sj ! ] by
[S}S"la“*‘j‘]b1 since each of the L terms in the product includes the
external influences on j.

In order to determine the conditions under which the funnel
inequality becomes an equality, we introduce some more definitions.

Definition 4.3 (influential node): Let # # @ C M. We say
that “node m is influential to Q” if m € Q, or if m € QF, and there is
a finite simple path from m to Q.

Definition 4.4 (funnel node): Let{A;,..., A, {j}} be a parti-
tion of M. A node jis called a “funnel node of {A;}]_, in the network
N if there is no node in M\ {j}, which is influential to j both in A%
and in A7 for some [ £ 1.

Recall also the following terminology from graph theory:

Definition 4.5 (vertex cut): Let {A;,..., A, {j}} be a par-
tition of M. A node j is called a “vertex cut between {A/}-,” if
removing j from the network makes the sets {A;}-_, disconnected
from each other.

For example, the node j is a vertex cut of {A;,A;,As} in
Fig. 3(a), but not in Figs. 3(b) and 3(c). Any node that is a vertex
cut is also a funnel node:

Lemma 4.1: Let {A,,..., Ay {j}} be a partition of M. If node
jis a vertex cut between {A}}-_,, then j is a funnel node.

Proof. Let j be a vertex cut between {A;}L_,. If node m € 4; is
influential to j, then m cannot be influential to j in A7 since in N7,
we removed all the edges from A4, to j, and there is no sequence of
edges (influential or not) from m to Aj. |

Therefore, for example, j is a funnel node in Fig. 3(a). The con-
verse statement, however, is not true; i.e., j can be a funnel node
even if the sets A; and Ay are directly connected. Indeed, this is the
case if for any m € A; and # € Ay such that the edge m — i exists,
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FIG. 3. (a)jis a vertex cut of {A, Ay, As}.
Therefore, it is also a funnel node of
{A1,A2,As}. (b) j is not a funnel node of
{A4, Az, A3} since the mode m is influential to
Jin A1 and in A2, (c) j is a funnel node, but
not a vertex cut, of {Aq, Ay, As}.

either the node m is non-influential to j in N4 or the node m is
non-influential to j in N7 see, e.g., Fig. 3(c).
Theorem 4.2:  Assume the conditions of Theorem 4.1.

o Ifjis a funnel node of {Aj}}-_,, then

Appi I
T (5™

[Sj] [Si_solated]L_l ?
J

t>0 (funnel equality). (4.3)

o If, however, j is not a funnel node of {A;}}_,, then

Appi?
ML)

[S]] [Si_solated]L_l ’
]

t> 0 (strict funnel inequality).

(4.4)

Proof. See Sec. VII. O

Intuitively, the event that j remains susceptible occurs if and
only if the following L + 1 events occur: the “external event” that j
remains susceptible under the external influences and the L “internal
events” that j remains susceptible under the internal influences by
edges arriving from A;, where = 1, ..., L. If jis a funnel node, these
L + 1 events are independent, and so, we have the funnel equality.
If j is not a funnel node, however, some of the L “internal events”
are positively correlated. Consequently, the probability that all the L
“internal events” occur is larger than the product of their individual
probabilities.

Corollary 4.1: Assume the conditions of Theorem 4.1. Let
j € M. If for any m € M\{j}, there is at most one finite path from m
to j, then the funnel equality (4.3) holds.

Proof. If there exists node m, which is influential to j in N4
and in N4, then there are two different paths leading from m to
j. Therefore, there is no such node m. Hence, j is a funnel node of
{A}}L,, and therefore, the result follows from Theorem 4.2. O

Corollary 4.2: Assume the conditions of Theorem 4.1. If the
network is undirected and contains no cycles, the funnel equality (4.3)
holds for allj € M.

Proof. This follows from Corollary 4.1. |

B. Upper bound

Theorems 4.1 and 4.2 provide a lower bound for
AlejJ?

L
Iy [Sj ]
[S)i_solated]l'_l

[S;] —

difference. To simplify the presentation, we assume that

. We can also derive an upper bound for this

1. All the nodes have the same weight and initial condition, i.e.,

pi=ps P=1, jeM. (4.5a)

J

2. The network is undirected, and all the edges have the same
weight, i.e.,

Qk—j = gk € {0,g}, k,je M. (4.5b)

3. The parameters satisfy; see (2.1g),
g>0, p>0, 0<I°<1, p+1I°>0. (4.5¢)
Theorem 4.3:  Assume the conditions of Theorem 4.1. Let (4.5)

hold. Assume that there are N; > 1 cycles {Cn};\’i1 in which j is con-

nected to A; on one side and to Aj on the other side, where l#?
(A; and Ay may be different for each cycle). Then,

A,
CILS

: L-1
[ S}solated]

Lpl} Nj
] < [s]‘.“’lated] Y EtK, + 1), >0,

n=1

(4.6)
where K, is the number of nodes of C,, and E(t; K) satisfies the bound

|55
E(K) < 2(1 — I%)e ()t (it> L 0<t<? L%J .

5] q
(4.7a)
We also have the global-in-time bound
K+1
E(tK) < 2(1 1°)< 1 )LZJ t>0 (4.7b)
T p+a T '
Proof. See Sec. VII. O

On undirected networks, j is a funnel node of {A;}-, if and
only if there is no cycle in which j is connected to A, on one side
and to Ay on the other side, where [ # I. The difference between
AlijJ}) ]

M, [Sj

[S;] and = thus, arises from the presence of nodes that

I s]i_solated]

can lead to the adoption/infection of j through two sequences of
peer-effect events: one whose final node before j is from A; and the
other whose final node before j is from A;, where I # 1. Since the
effect of an infected node on the state of another node decays super-

exponentially with their distance, see Ref. 26, so does the difference
AIijJ})

e [s77]

between [S;] and [sisolated 271
i

V. APPLICATIONS OF THE FUNNEL THEOREMS

The funnel theorems enable us to obtain explicit exact expres-
sions for the susceptibility probability of nodes on various networks.
Intuitively, this is because the indegree of the node j on the modified

o L
networks {N""%"'} _ is lower than in the original network.
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A. Vertex cut between identical networks

The simplest application of the funnel theorem is when the
node is a vertex cut between L identical networks:

Lemma 5.1: Consider the Bass/SI model (2.1). Let the node
j be a vertex cut between L identical networks. Denote by [S;](t; L)
the susceptibility probability of j in this network and by [S;](t; L = 1)
the susceptibility probability of j when it belongs to only one of these
networks. Then,

[S1"(tL=1)

[Sj](t; L) = [Silsolated]]fl .
J

(5.1)

Proof. By Lemma 4.1, j is a funnel node of the L identical net-
works. Therefore, the funnel equality holds, see Thoerem 4.2, and so
the result follows from (4.3). a

Thus, if we know the susceptibility probability of j in some
network, we can write an explicit expression for the susceptibility
probability of j when it is a vertex cut of L such networks.

Example 5.1:  Consider the Bass/SI model on the homogeneous
infinite line where each node can be influenced by its two adjacent
nodes; i.e.,

I? = IO, P] Ep, qkﬁj = g]llj,]d:l, k,] e Z. (52)

The susceptibility probability of each node on the line is identical and
is given by [SJ.Z] = [S'P], where

i

1= (1= [0 CHHa0-I 555 ey o g,

1—(1—1%e 9" ifp =0,
(53)

[S1(tp, g, 1°) :=

see Refs. 12, 14, and 15.

We then have

Corollary 5.1:  Consider the Bass/SI model (2.1). Let the node
0" be the intersection point of the L identical infinite lines (5.2). Then,
the susceptibility probability at the intersection node is

[Sor] (1) = [S*1(t: p, Lg, 1), (5.4)

where [S'P] is given by (5.3).
Proof. By (5.1),

§ID L tp,q,I°
[501(0) = [[;f—f}f)
J
Substitution of (4.2) and (5.3) proves the result. O

This result is illustrated in Fig. 4.

B. Vertex cut between non-identical networks

We can also apply the funnel theorem for a node, which is a
vertex cut between nonidentical networks.

pubs.aip.org/aip/cha

0)
0)
0)
0)
0)
0)
0)
0)

FIG. 4. The susceptibility probability at the intersection node of three infinite lines
is given by (5.4) with L = 3.

by its two adjacent nodes so that
P=1 p=p gqy= gﬂu—k|=b kje{l,...,M). (55)

Let [SJ[I"“’M]](t;p, q,1°) denote the susceptibility probability of the
node j. The susceptibility probability of the boundary nodes can be
calculated using the indifference principle,'®

[S[f""’M]] = [SE\Z’""M]] = [seirce] (t; », g,IO,M), (5.6)

where [ST®](t; p, q, I°, M) is the expected susceptibility level in the
Bass/SI model on a circle with the same parameters (i.e., when we
add the edge 1 <> M between the boundary nodes). An exact explicit
expression for [S™®] has been obtained by utilizing translation
invariance.'>'°

We now use the funnel theorem to obtain a novel explicit
expression for the susceptibility probability of the interior nodes, in
terms of the known expression for [S¢]:

Lemma 5.2: Consider the Bass/SI model (2.1) on the bounded
line (5.5). Then,

[S}l""’M]](t;p, 4 IO)

[Scircle] (t;p> %,IO,].) [Scircle] (t;p> %,IO,M“F 1 _])
(1— [0 #t

>

j=1,...,M.

Proof. Let 1<j<M, A;:={l,...,j—1}, and A;:=
{j+1,...,M}. Then, {A;, A, {j}} is a partition of the nodes, and j
is a vertex cut between A; and A,. Therefore, by the funnel equality

(43)
[s’.“"’f‘lf"] [sf*”’f’ff’]
J J
..M _
[5] = ~

Example 5.2: Consider the Bass/SI model (2.1) on the homo- » (5.7)
geneous bounded line [1, . .., M], where each node can be influenced [SJ‘-S"I*“ed]
Chaos 35, 073109 (2025); doi: 10.1063/5.0269855 35, 073109-6
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.70
As far as j is concerned, the network N4 s identical to the
network [1,. ..,j]. Therefore,
Al’pj’IJO] _

s,

[Lewjly _ rcircle . g 0 :\.
; 18] = (5] (8. 5,1°,5) s

see (5.6), Similarly,
0
Py pQli-oMly _ peircle . ﬂ 0 s
18,7771 = 187 = 1579 (6p, .10 M+ 1 - ).

Since [S]i-s"'“ted] is given by (4.2), the result follows. O
This expression is considerably simpler than the one that was
derived in Lemma 4.6 of Ref. 16.

C. Sparse random networks with humerous loops

Moving on to more challenging applications of the funnel the-
orems, let us consider d-regular networks, where the degree of each
node is equal to d. Assume that the weight and initial condition of all
the nodes are p and I, respectively, and the weight of all the edges
is 1. Although large d-regular networks have numerous cycles, one
can use the funnel theorems to compute explicitly and exactly the
expected susceptibility level as M — oo:

Theorem 5.1 (Ref. 27):  With probability one with respect
to the distribution of graphs, the expected susceptibility level in the
Bass/SI model on infinite random d-regular networks is the solution
of the equation

dis) 51\ ¢
7——[5] (P+‘1(1_(m> [S]>>,

[S](0) =1 —I°

(5.8)

Sketch of proof. A rigorous proof of Theorem 5.1 is presented
in Ref. 27. Here, we only provide a sketch of the derivation, in
order to highlight the use of the funnel theorems. Let j € M, let
{ki,...,k} denote the d neighbors of j, and let {A},..., Ay, {j}} be
a partition of M such thatk; € A;forI =1,...,d. Assume first that
there are no cycles in the network. Then, the funnel equality holds
(Corollary 4.2), and therefore,

_ I, [SJA "P’IO] B 0

[S]i‘solated:ld’1 - ((1 _ IO)e—pt)d*I ’

where y(f) is the susceptibility probability of a degree-one node in an
otherwise infinite d-regular network. By the indifference principle, '
the reduced master equation for y(¢) is

dy .

dt
where z(t) is the susceptibility probability of a node of degree
d — 1 in an otherwise infinite d-regular network. Finally, by the fun-
nel equality, the same derivation as of (4.3), only with d — 1 instead
of d, gives that

[Si] (5.92)

(p+yy+da-1erz0. G

pubs.aip.org/aip/cha

Let us now justify why we could neglect the effect of cycles and
use the funnel equality in (4.3) and in (5.9¢). On d-regular networks,
the number of cycles of length K increases exponentially with K.
The upper bound of the funnel equality shows, however, that the
error introduced by using the funnel equality when j lies on a circle
of length K decays to zero at a rate that is super-exponential in K
(Theorem 4.3). As a result, the overall error introduced by using the
funnel equality goes to zero as M — oo. g

Let us further consider sparse Erdés-Rényi (ER) networks such
that for any two nodes k, j € M, the edge between k and j exists with
probability %, independently of all other edges, where 0 < A < oc.
Assume also that the weight and initial condition of all the nodes
are p and I°, respectively, and the weight of all the edges is £. The
funnel theorems can be used in the same fashion, though with more
technical details, to compute explicitly and exactly the susceptibility
level on infinite sparse ER networks:

Theorem 5.2 (Ref. 27): With probability one with respect
to the distribution of graphs, the expected susceptibility level in the
Bass/SI model (2.1) on sparse infinite ER networks is given by

SRty g 1 I0)] = (1 = [0)e P12 >0,  (5.10a)
where y(t) is the solution of the equation

d
d_f = % (—y+ A =1 0) | >0, y0)=1. (5.10b)

See Ref. 27 for more details.

VI. LOWER AND UPPER BOUNDS FOR
L
[su,L=lsz,] = [1i=i[Se,]

In Sec. VII, we shall see that the proof of the funnel theo-
rems relies on knowing the sign and magnitude of the difference
[SUIL: lQ’] - HZLZI[SQI]. It is reasonable to assume that the suscep-
tibility probabilities of L > 2 disjoint sets of nodes are uncorre-
lated when the sets are “disconnected,” and positively correlated
otherwise.” Indeed, we have

Theorem 6.1:  Consider the Bass/SImodel (2.1). Let Q, ...,
C M such that QN Qy = @ for any I # 1. Then,

[SUIL=1 @ ] =

:h

[Sq,l, t=0. (6.1)

1

In addition,

1. If there exist | #Tand a node in M that is influential to both Q;
and 2, then

L
[SUIL: 191] > H[sgl], t>0. (6.2)
=1

2. If, however, for any | T, there is no node in M that is influential
to both 2, and 2, then

L
-1 _
z(t) = A= I9erm™? J 10)( )Pt)d_z. (5.9¢) [SUZL: 191] = ]_[[Sgl], t>0. (6.3)
—1%e~ I=1
Combining Egs. (5.9a), (5.9b), and (5.9¢), we get (5.8). Proof. See Sec. VIB. O
Chaos 35, 073109 (2025); doi: 10.1063/5.0269855 35,073109-7
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We can also derive an upper bound for [SUILZIQI] — ]_[,LZI[SQI]

by utilizing the spatiotemporal estimates for the correlation between
the susceptibility probabilities of two nodes that were derived in
Ref. 26.

Theorem 6.2: Consider the Bass/SI model (2.1) on an undi-
rected network such that (4.5) holds. Let Q, ..., 2, C M such that
QN Q= 0 for any | # I. Denote by (T, 10L, the Ny distinct simple
paths that connect between pairs of sets in {2y, . .., QL} such that the
interior nodes of{l",,}ffil are in ./\/l\U,L:1 Q. Let N, > 1. Then,

L Ny
0= [Suleﬂz] - E[Sm] < ;E(t;Kn), t>0, (64)

where K, is the number of nodes of the path ', (including the two
boundary nodes in U,L=1S21), and E(t;K,) satisfies the bounds (4.7a)
and (4.7h).
Proof. See Sec. VIC. O
Indeed, since the effect of an infected node on the state of
another node decays super-exponentially with their distance, see
Ref. 26, so does the correlation between their states.

A. Auxiliary results

Before proving Theorem 6.1, some auxiliary results will be
needed. We first note some consequences of the master equations:

Lemma6.1: [S4] > 0 foralld # Q C M.

Proof. This follows from (2.1g) and (3.3b). d

Lemma 6.2: Let? # Q C M. Then,

0 < [Sg] e~ (PatYieqc dio)t < [Sq] < [S%] e P2t <1, t>0.
(6.5)
Proof. The master equation (3.3a) can be rewritten as

d[Se]
dt

= —polSal = Y gk ([Sal = [Saxl).  (6.6)

keQe
If the event Sq . occurs, the event Sq occurs as well. Therefore,
[Sa] = [Saxl (6.7)

In addition, we have that gx_,o > 0 and [Sqx] > 0. Therefore, from
Eq. (6.6), we have that

d
—palSel = [Sa] > - (Psz + Z 11k—>sz> [Sel.

dt
keqe

In addition, [S%] > 0; see Lemma 6.1. Therefore, the result follows.
a
Lemma 6.3: Let 0#QCM and ke Q. Then,
[Sax] < [Sql fort > 0.
Proof. By the law of the sum of probability,

[Se] — [Sax] = [Se N L] = [Sam_, NIl = [Sam_, ] — [Sadds

where [Sq N Ii] := P(Xq = 0, Xy = 1) and M _; := M\ {k}. There-
fore, it is sufficient to prove that y(f) := [Sp_,] — [Sam] > 0 for

pubs.aip.org/aip/cha

t > 0. From the master equations (3.3a) and (3.3b), we have that

[Sml=er Tl -1)

meM

and

d
d—); = _(PM—k + Qk»M_k)}/‘f'Pk[SM], y(O) = 12 l_[ (1 _ I?n) .

meM_
(6.8)

Therefore, by (2.1g), [Sap] > 0fort > 0and y(0) > 0. Furthermore,
by (2.1g), either py > 0 or y(0) > 0. Therefore, it follows from (6.8)
that y(f) > 0 fort > 0. O
The following result is immediate:
Lemma 6.4: Let 0 # Q1,Q2, C M such that QN Q, =4@.
Then, there exists a node in M, which is influential to both Q, and
2, if and only if at least one of the following conditions hold:

1. There exists a path from 2, to Q, or from €2, to ;.
2. There exists a node m ¢ 2, U S, from which there exist a path to
@, and a path to 2,.

Corollary 6.1:  Let ) # Q2,2 C M such that Q; N Q, = 0.
Let the network be undirected. Then, there exists a node that is influ-
ential to both Q and Q, if and only if there exists a path between 2,
and ,.

We also have

Lemma 6.5: Let ¥ # Q1,2 C M such that QN Q, = (.
Denote

Qq,.0, = [Sa,.0,] — [Se,1[Sq, 1. (6.9)

Then, Qq, q, (t) satisfies the equation

dQq,,
Zl Q) + PQ1U92 =+ Z qm—>QlL)Qz QQI)QZ
t
m¢Q1UQy
— Z (qmﬁﬂlinu(m)’Qz + Qm—ﬁ?zQQl,QzU("‘})
mgQ Uy
+ Z qm— ([SQI] - [SQI'”’]) [So. ]
mey
+ Z qm—, ([szz] - [ng,m]) [SQI]’ (6.102)
mey

subject to the initial condition

Qgq,.0,(0) =0. (6.10b)

Chaos 35, 073109 (2025); doi: 10.1063/5.0269855
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Proof. Using (6.9) and the master equation (3.3a), we have that

dQo, 0, _ diSa,0) diSe, ] diSa, ]

dt dt i

— [Se, ]

= —| po,ue, + Z Am—-aue, | [Sey,] + Z Gm—,02; [Sa,uesm]

mgQUQy mgQUQ)

+ S, | P, + Y dmooy | [S2,] = [S2,] Y dmo0y[Saym]

mg) mgQy

+ [Sq,] | po, + Z Gm—g, | [Se,] — [Se,] Z m—a, [Sa,m]

m¢Q mg¢Q

= — | po,ua, + Z qm—>2,UQ, (Q91,92 — [Sszl][szz]) + Z Im—, (QQ,u(m},Qz — [Sﬂl,m][sﬂz])

mgQ U,

mgQ U,

+ Z Am—>9, (QQl,QZU(m) - [SQI][SQZ,m]) + [Se, 1 | po, + Z Am—ga, | [Sa,] — [Sq,] Z Gm—2, [Saym]

mEQUQy

m¢<2 mgQy

+ [S,] | po, + Z Gm—g, | [Se,] — [Se,] Z Am—a, [Sa,ml>

mgQ m¢Q

which leads to (6.10a). The initial condition follows from the independence of the initial conditions of nodes; see (2.1¢). O

B. Proof of Theorem 6.1

We now turn to the proof of Theorem 6.1.

Lemma 6.6: Let ) # Q1,2 C M such that Q, N Q, = (.
Then, QQI’QZ (t) > Ofor t>0.

Proof. We proceed by backward induction on the size of
Q; U Q,. Consider the induction base where Q; U Q, = M. Then,
Eq. (6.10) for Qgq, q, reduces to

dQq,,
;z; 2+ o0, Quue, = Z Gioay (1Sa,] = [Saux]) [Se,]
keQy
+ 3 gioa, (150, — [Sa,,1) [Se, ),
je

(6.11a)

where cg, o, = po,ue, + melugz Gm—sa,ug, = 0, subject to
Qq,,2,(0) = 0. (6.11b)
By Lemma 6.3, [Sq, ] — [Sq, 4] > 0 and [Sq,] — [Sq,,;] > 0.In addi-
tion, gx—.q, > 0 and gj_.q, > 0. Therefore, we have that
dQq, 0,
dt

This differential inequality implies that Qg o, () > 0 for t > 0.
Assume by induction that Qg q,(f) >0 for t>0 for all

Q1, 2, for which |2, U Q,| = n + 1. Consider £, 2, for which |22,

U €| = n. Then, the right-hand side of Eq. (6.10a) is nonnegative.

+co,.2,Q0.0, =0, Qg 0,(0) =0. (6.12)

Therefore, the differential inequality (6.12) holds, and so, Qq, o, > 0
fort > 0. O

Lemma 6.7: Consider the Bass/SI model (2.1). Let @ # Q,,
Q, C M such that 2, N Q, = (. Then,

[Seua,] = [Sq,1[Se,], t=0. (6.13)
In addition,
1. If there exists a node that is influential to both Q, and 2, then
[Sq,ue,] > [Sq,1[Se,], t>0. (6.14)

2. If, however, there is no node that is influential to both 2, and ,,
then

[Se,ue,] = [Se,1[Se,], t=0. (6.15)

Proof. Inequality (6.6) is Lemma 6.6. To prove (6.14)
and (6.15), we proceed by backward induction on the size of
Ql @] Qz.

Consider the induction base where ;U Q, = M. Then,
Qq, .o, satisties Eq. (6.11). Therefore, since the right-hand side of
(6.12) is non-negative, see (6.12), then Qg o, > 0 is and only if the
right-hand side of (6.11) is positive. By Lemma 6.3, [Sq, ] — [Sq, k]
> 0 and [Sg,] — [Se,;] > 0 for all j and k. Hence, Qq, o, () is pos-
itive for all ¢t > 0 if and only if there exist j € €2, and k € Q, such
that either gjx > 0 or gi—; > 0 so that the inhomogeneous term in
the ODE (6.11a) is positive and is identically zero otherwise. This
proves the theorem for €2; U Q, = M since in this case, the only
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relevant paths, see Lemma 6.4, are directed edges from Q; to Q, or
from @, to ;.

Now, assume by induction that the lemma holds for all

Q1, Q, for which |2; U ,] = n + 1. Consider 1, Q, for which |2,

U ;| = n. Since [Sq,] —

[Sq, ] and [Sq,] — [SQZ)]'] are both posi-

tive (Lemma 6.3) and Qg,um),2, and Qg, ,um) are nonnegative by
Lemma 6.6, Eq. (6.10) implies that Qg, o, > 0for ¢ > 0if and only if
at least one of the following three conditions holds and is identically
zero otherwise:

Cl. For somej € Q and k € ,, either gj_.x > 0 or gx_,; > 0.
C2. For some m¢ Q UQ, and jeQ;, ¢gu.;>0 and

Qq,umy.0, > 0.

C3. For some m¢ Q,UQ, and ke, guor>0 and

Qgq,.2,um > 0.

Therefore, to finish the proof, we need to show that at least one of
the conditions C1-C3 holds if and only if there exist a path of the
claimed forms in Lemma 6.4.

We first show if any of conditions C1-C3 holds, there exists a

path of the claimed form:

Assume that Condition C1 holds. Then, there exists a single-edge

path from 2, to @, or from 2, to ;.

Assume that Condition C2 holds. Then, there is an edge from m

toj € ©,.In addition, since Qq,um),e, > 0, then by the induction

hypothesis,

D1. there is a path from Q; U {m} to ,, or

D2. there is a path from Q, to Q; U {m}, or

D3. there is a node m ¢ ©; U {m} U Q, and paths from m to
Q, U {m} and to Q2,.

Now,

(i) If Condition D1 holds, there is either a path from 2, to Q,,
or there are paths from m to €; and to €2,.

(ii) If Condition D2 holds, there is a path from 2, to €, which
may or may not go through m.

(iii) If Condition D3 holds, there is a node m from which there
are paths to €, (which may or may not go through m) and
to Qz.

Hence, when Condition C2 holds, there exists a path of the

claimed form.

The proof for Condition C3 is the same as for Condition C2.

To finish the proof, we now show if there exists a path of the

claimed form, then at least one of conditions C1-C3 holds.

If there is a single-edge path between 2, and €2,, then Condition
C1 holds.

Assume that there is a path with L > 2 edges from ; to ,.
Denote by m the next to last node in the path. Then, m & €, U Q,,
and the path without the last edge is a path from Q; to €2, U {m}.
Since |2, U 2, U {m}| = |2; U ;| + 1, then by the induction
assumption, Qgq,0,u(m > 0. In addition, g, > 0 for some
k € Q,. Therefore, Condition C3 holds. Similarly, if there is a path
with L > 1 edges from 2, to 2;, then Condition C2 holds.
Finally, suppose that there is some node m ¢ 2; U , and paths
from m to Q; and to ;. Since the case of a path from Q; to 2,
or from €2, to ©; has already been considered, we may assume
that the path from 7 to ; contains no element of €2, and vice

pubs.aip.org/aip/cha

versa. Also, by truncating the paths at the first node reached of the
desired set, we may assume that no node of either path except the
last belongs to €2; U €2,. Let m be the next to last node of the path
to 2;; note that m might be 7. Since the path continues from m
to ©;, then dm—j >0 for some j € €2,. Moreover, the path from
m to m is a path from m to ©; U {m}, so there exist paths from
m to ©; U {m} and from 7 to 2,. Therefore, by the induction
hypothesis, Qq,uim),2, > 0. Hence, condition C2 holds.

O

Proof of Theorem 6.1. We proceed by induction on L. The

induction base L = 2 is Lemma 6.7. Assume that Theorem 6.1 holds

for L. To prove Theorem 6.1 for L + 1, let us denote Q = U,_ Q
and QZ = Qr.1. Then,

L+1

= l_[[sszl],

=1

[Suia) = 1S8,8, 2 188,1055,] = [Suy_ o) Sa..]

where the first inequality follows from Lemma 6.7 and the second
from the induction assumption. By Lemma 6.7, the first inequality is
an equality if and only there is no node, which is influential to both
Q, and Q,. By the induction assumption, the second inequality is
an equality if and only if for any |, Te{l,...,L} where I # 1, there
is no node in M, which is influential to both Q; and ;. Therefore,
Theorem 6.1 follows for L + 1. O

C. Proof of Theorem 6.2

We first prove Theorem 6.2 for two sets that are connected by
a single path:

Lemma 6.8: Consider the Bass/SI model (2.1) on an undi-
rected network such that (4.5) holds. Let @ # 1,2, C M such that
@, N Q, = . If there is a unique simple path T between Q, and Q,,
then

[Sa,.0,] — [Se,1[8e,] < E(tK), t>0, (6.16)

where K is the number of nodes of the path T", and E(t; K) satisfies the
bounds (4.7a) and (4.7b).

Proof. Lett > 0. Denote by A/~ the network obtained by delet-
ing the central edge of T'. If K is even, we delete the £th edge. If K
is odd, we delete either the Tth or the (552 + l)th edge. In this
network, there is no node that is 1nﬂuent1al to ©; and to Q,; see

Corollary 6.1. Hence, by Lemma 6.7,

[Say 0] = (S, ][5, )

where [Sg] denotes the susceptibility probability of 2 in A/". Since
the deleted edge is influential to €2, and £2,, it follows from the
dominance principle, see Ref. 16, that

[Se,] < [Sq, ) [Sa,] < [Sq, ]l [Seie,] < [Sg 0,
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Therefore,
[Say,2,] — [Se,1[Se,]
< [S5,.0,] — [S0, (S0, ]
= [S5,0,] — 55,1085, ] + 155, 1153, ] — [Sa, 1[Sa,]
= [55,185,] — [Sa, 1[Sa,]
= (S3,) — [S0,D[S3,] + ([Sa,] — (Sa,D)[Sa, -
Since 0 < [852], [Sq,] < 1, see (6.5), we have that
[Sa;,2,] — [Se,1[Se,] < ([351] — [Se,]) + ([352] —[Sa,]1)
(6.17a)

Denote by m; and m, the nodes of the deleted central edge,
which are connected in N~ to €, and to €2,, respectively, and by
N the network that is obtained by transferring the two directional
weights of the deleted edge to the nodes m,; and m,, i.e., by setting

Doy oy = Doy omy =05 Py =Py =P+ 4.

Denote the probabilities in A" by [S;]. By the dominance principle,
[Sq,] > [Sgl] and [Sq,] > [ng]. Hence,

[851] - [SQI] < [SSTZl] - [5_51] > [Sglz] - [SJ] < [S;Zz] - [ng] .
(6.17b)

Combining inequalities (6.17), we obtain (6.16) with
E(5K) := ([Sg,] = [5,]) + ([Sa,] = [S,1) -

Next, we derive the bound (4.7a) for E(t;K). Denote by
ip € Q; and i, € Q, the end nodes of the path I'. The difference
[Sq 1] — [Sgl] is only due to realizations in which i; adopts because
of an adoption path from m;, to 2, in N7, but notin N'~. Therefore,

[Sg,] — [85,1 < [8;] — [S}1.

Denote by A'* and A/~ the networks obtained from A/t and A/~
by keeping only the nodes and edges from m; to i; and denote the
probabilities in A'* by [S5]. Then,

— + - T+
[Sil] - [S,‘l] < [Sil] - [Sil]'
The networks A/+ and N/~ are the homogeneous and heterogeneous
one-sided lines with p; = p and p; := p + q that were defined in

Lemma 15 of Ref. 26, and the number of nodes in these lines is either
L%J or L%J + 1. Therefore, by Eq. (34) in Ref. 26,

[Sa,] = [Se,] < [s;] - [8i]
5

L
<El-] =0t ()

2

\\gJ > qt. (6.17¢)

The same bound also holds for [Sg,]— [ng]. Therefore, we
obtain (4.7a).

pubs.aip.org/aip/cha

Finally, to prove the globally uniform upper bound (4.7b), we
note that, by Lemma 6.2,

[Sq,] = [S&,] < @ =19, t>o0. (6.18)

As in the proof of Corollary 3 in Ref. 26 from inequalities (6.17¢)
and (6.18), it follows that

[Se,] = [Sa,] <a-1% (L>L2J, t>0.  (6.19)

p+aq
The same bound also holds for [852] - [ng]. Therefore, we
have (4.7b). O
Next, we consider two disjoint sets that are connected by N
paths:

Lemma 6.9: Consider the Bass/SI model (2.1) on an undi-
rected network such that (4.5) holds. Let @ # Q,,Q, C M such
that QN Q, =@. If there are N> 2 distinct simple paths
{Fn}iY:l between 2, and 2, such that their interior nodes are in
M\(Ql U Qz), then

N
[Sy0,] — [Se,1[Se,] < Y _E(5K,), t>0, (6.20)
n=1

where K, is the number of nodes of the path I,,, and E(t; K,,) satisfies
the bounds (4.7a) and (4.7h).

Proof. Denote the end nodes of the path T, by i, € ©; and
iy € S2,. Assume first that the N paths are disjoint, i.e., that do not
share interior nodes (they may share, however, the end nodes {i; ,}
and {i,,}). Denote by A/~ the network obtained by deleting the N
central edges of {T',}"_ . Then, as in the proof of Lemma 6.8, see
(6.172),

[Sey.0,] — [Se,1[S,] < ([Sg,] — [Sa,1) + ([Sq,] — [S,]) -
(6.21a)

For n=1,...,N, denote by m,, and m,, the nodes of the deleted
central edge of ', which are connected in /'~ to ©; and to €2,
respectively. Denote by Nt the network obtained by transferring
the 2n directional weights of the deleted edges to the 21 nodes of
these edges, i.e.,

Dy = Doy yomy =00 Py =Py, =P+ @ n=1...,N.

As in the proof of Lemma 6.8, see (6.17b),
[Sa,] = [Se,] < [Sa,] = [S&,]- (6.21b)

The difference between [Sg ] and [sgl] is due to realizations in
which ©; adopts because of one of the N adoption paths from m;,
to €, in N'F, but not in A/ ~. Therefore, it is bounded by the sum of
the individual differences in [Sq, ] due to each of these N paths, i.e.,

M =

[Se,] =[S, 1= ) ([Sa ] = [87]) (621¢)

n=1

where [S;"] is the susceptibility probability of €2, in the network
N+, that is obtained from N~ by setting

Ty sy = Imgpsmgn =00 Pt = P =P+ 4. (6.22)
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Combining inequalities (6.21), and noting that (6.21b) and (6.21¢)
also hold for 2,, we obtain

N
[Sey.0,] — [Se,1[Se,] < Y E(K,),
- (6.23)
E(5K) = ([Sq,] = [Sa/]) + ([Sa,] - [$5,]) -

Let us now derive the bounds (4.7a) and (4.7b) for E(t;K,). By
(6.17¢) and (6.22),

k3
[S5,] = [S57] < (1 — 1% (o) (ﬁ) : {K?J -
2
(6.24)

The same bound also holds for [Sg,] — [Sg’;’]. Therefore, we obtain
(4.7a). Finally, as in the proof of Lemma 6.8, for all t > 0, we have
that

[So, ] =[5 < 1 =1%e ™, t>0.

From this inequality and (6.24), it follows that

NTY
(3,1 — [S5"] < (1 — 1% (m) =0,

The same bound also holds for [Sg ]— [SE’Z"]. Hence, we

obtain (4.7b).

Consider now the case where the paths {I',}\_, are not disjoint.
Note that in this case, {I',}Y_, refers to all the possible paths between
2, and ,. Thus, for example, two paths that intersect at a sin-
gle node are counted as four different paths. Similarly, if two paths
merge into a single path, then separate, then merge into a single
path, they are also counted as four paths. Without loss of general-
ity, we can assume that the paths are arranged in order of increasing
length so that K; < K; - - - < Ky. We construct the network N/~ iter-
atively, as follows. For n =1,...,N, if after the n — 1th iteration
all the edges of the path I, still exist, we delete the central edge of
I",. At the end of this iterative process, all the N paths are discon-
nected, and so the sets Q; and Q, are disjoint in A/~. Therefore,
[Sq,.0,] = [Sq,1[Sg, ], and so (6.21a) holds. As before, let N7t be
obtained from A/~ by increasing the weights of the nodes of the
deleted edges from p to p + g. Then, (6.21b) holds. We claim that
the bound (6.21¢) also holds, and therefore, that (6.23) holds.

To prove that (6.21¢) still holds, we first note that, as in the
case of disjoint paths, the difference [Sg ] — [S5,] is only due to
the adoption paths that start from the nodes of the deleted edges
and reach €, in N~ (and in /). Unlike the case of disjoint paths,
however, in the networks N~ and A/'F, there can be more than one
adoption path from a node of a deleted edge to €2;. Moreover, these
adoption paths can intersect or even share edges. Nevertheless, since
the overall contribution to [Sq,1 — [sgl] from these adoption paths
is due to realizations in which €2; adopts because of one of these
adoption paths in A/ but not in /7, it is still bounded by the con-
tribution due to each of these adoption paths separately. Therefore,
we now consider the separate contribution of each of these adoption
paths.

pubs.aip.org/aip/cha

Assume that in the nth iteration in the construction of N'~, we
deleted the central edge m,, <> m,, of the path I',. Denote by T'}
and I'? the equal-length subpaths of I', between €2, and m,, and
between m, , and 2, respectively, i.e.,

[, =T} < my, < my, < A

In the network N't, the node m, , has weight p + g. The contribu-
tion to the difference [Sg 1] —[S5 1] of the adoption path from m, ,
to 2; through I'} is bounded by the nth term in the sum (6.21c). We
also need to consider, however, the possibility that in the network
N, the node m,, g connected to 2; through another subpath,
which we denote by I''. Let us also denote the path between ©; and
Q,, which is made of I'! and I'? by I';; i.e.,

1 2
=T o my, < m, < T,

o If T is shorter than I'}, the path I'; is shorter than I',.. Since the
subpath I'" exists in V', the path I'; exists at the beginning of the
nth iteration. This, however, is in contradiction with the iterative
construction of N~ since T'; is shorter than T,,.

IfI'! is longer than T}, the path I'; islonger than ', and so 1 > n.
At the nth iteration, the path I'; does not exist (since we already
deleted the edge m,, <> m,,). In the sum (6.21c), however, we
accounted for the impact of deleting the central edge of I'; by
the term with K;. This term is larger than the one needed for the
impact of the node m,,, on [Sg, ] — [S§, ] through I'', since I' is
longer than I'Z, and so the central edge of I'; lies inside '}, (i.e., is
closer to €2 than m, ,,).

If I'! has the same length as T}, then we can assume without loss
of generality that 71 > n, and therefore, a similar argument holds.

Finally, we need to rule out the possibility that in the network
N7 (in which the edge m, , <> m,, has been deleted), the node m,,,
is also connected to €2;. Indeed, assume by contradiction that m, , is
connected to €; in N'*. Since there is no path between €2, and €, in
N, this implies that there is no path between m,,, and ©, in N'F.
Since, however, the path Fﬁ between m, , and 2, exists at the end of
the nth iteration, this implies that at some later iteration 71 > n, the
path I'? became disconnected because one of the edges was deleted.
This deleted edge is the central edge m, ; <> m,; of the path

;.= l";l < My <> Myj; <> F%.

Since the central edge of I';; was deleted at the #ith iteration, the path
I'; existed at the beginning of the #ith iteration. Let I'? denote the
subpath of I'2 between m,; and ©,. Then, at the beginning of the
fith iteration, the path

[:=T} < my < my; < 2

between €2; and €2, also exists. The length of T, however, is shorter
than that of I';. Indeed, since I'? is a proper subpath of I'2, it is
shorter than I'?, which in turn is shorter than I'? (since n < 7).
Therefore, we reached a contradiction, since the central edge of I’
should have been deleted before that of I';, and so " could not exist
at the beginning of the #th iteration. O
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Proof of Theorem 6.2. When N > 1, it follows from Lemma
6.4 that there exists a node that is influential to both €, and ,.
Therefore, the lower bound follows from Theorem 6.1.

For the upper bound, we proceed by induction on L. The case
L =2 is Lemma 6.9. Assume that (6.4) holds for L. Consider (6.4)
for L+ 1. We can reorder the Ny, paths among {Q;,...,Q.41}
so that the first N, paths are among {€2;,...,2;}, and the paths
between {€2y,...,€;} and €, are enumerated fgom N; +1 to
Nry1. Therefore, by (6.20) with €, := U1L=1 Qand Q, = Qr41,

NL+1
= [Sa,5,] — [S5,1[S5,] < D E(K,).
n=Np+1

Hence, since [Sq,,,] < 1,

L+1

+ ([SQI,.“,QL][SQLH] —

L+1
1'[[%,])

=1

NL+1 d
<> E(t;Kn)Hsgm]([sgl ,,,,, QL]—]'[[SQZ])

n=Np+1 =1
Nr+1 N
< D E®K)+ ) EGK,).
n=Np+1 n=1
Therefore, we have (6.4). O

VIl. PROVING THE FUNNEL THEOREMS

We are finally in a position to prove the funnel theorems. The
adoption/infection of node j in network N is due to one of the
following L + 1 distinct influences:

1. Internal influences on j by edges that arrive from A; for some
lef{l,...,L}.
2. External influences on j.

In order to identify the specific influence that leads to the adoption
of j, we introduce

Definition 7.1 (NA’ and [Sf’:l) Letj€ Mand A; C M\ {j}.
The network A4 is obtained from N by deleting all the external
influences on node j and all the internal influences on j by nodes
that are not in Ay, i.e., by setting I;)’AI =0, pfl =0, and q;lj =0
for k € M\ A;. The susceptibility probability of j in the network A/
is denoted by [Sf‘l] ® :=[S] (t;,/\/'Az)_

The funnel inequality shows that the susceptibility probabil-

ity [S;] is bounded from below by the product of the susceptibility
probabilities of j due to each of the L + 1 distinct influences:

pubs.aip.org/aip/cha

FIG. 5. In the proof of Theorem 7.1, the original network A/ (top) is replaced by
the network AV (bottom) in which the node j is replaced by the L + 1 nodes
UpsJags - - - i, } such that j, jo inherits the external influences on j and jy, inherits
the internal influences on j from A for / =1, ..., L.

Theorem 7.1: Consider the Bass/SI model (2.1). Let {A4, ...,
Ay, {j}} be a partition of M. Then,

L

[S;] > [s}“’lmd] I1 [sj"] t>0, 7.1)

=1

where [S}S"la‘Ed] =(1- If)e_l’ft.

Proof. The susceptibility probability [S;°““‘] for an isolated
node follows from the master equations (3.32) and (3.3b). To prove
(7.1), we first note that by the indifference principle (Theorem 3.2),
all the edges that emanate from j are non-influential to j. Since this
holds for all the L + 2 probabilities in (7.1), in what follows, we can
assume that no edges emanate from j.

In principle, we need to compute the L + 2 probabilities in (7.1)
on the L + 2 networks A, N1, ..., N4, and N?. We can sim-
plify the analysis, however, by considering only two networks, as
follows. Given the original network N, we define the network N'*
by “splitting” node j into the L + 1 nodes {ja,,. . .,ja;»jp} such that
(see Fig. 5):

1. ju, inherits from j the directed edges from A; to j, i.e.,
[$7, 10 =1, pj =0, qk:jAl = QiojLieay,
keM,i=1,...,K
2. j, inherits from j its weight and initial condition, i.e.,

+ —1 = +t . 5. + —

($;10) =1 If Py =pp 4, =0 ke M.

3. Since no edges emanate from j in network NV, no edges emanate
from ja,»..., ja,» and j, in network N'*.

4. The weights of the nodes M\ {j}, and of the edges among these
nodes, are the same in A/ and in N'F.
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Let X (1) denote the state of node k in network /", and let
[S,:r] = IF’(Xk*(t) = 0). By construction,

[S}solated]z[sﬂ, [SAZ]_[MZ] lefl,...,L}. (72)

In the Appendix, we prove that

[S] = [SJZI,... i, J.P] , (7.3)
where  [Sf, ;, ,]="P (X;.;l W= =X, =X, = o).

Since j, is an isolated node in A/, its adoption is independent of
that of ja,,...,ja;,and so

I:S}:l ’“"jAL’jP] I:S+:| I:S]Al JAL] : (7.4)

Applying Theorem 6.1 to network A/ gives

L

I:Sf:l ’“"jAL] N H I:SJ:,] (7.5)

Combining relations (7.3)-(7.5) gives

L

is1= [s;]TT[s5 ] (7.6)

=1

Substituting (7.2) in (7.6) proves (7.1). O
Lemma 7.1: Counsider the Bass/SI model (2.1). Let j € M, and
let {Ay, ..., AL {j}} be a partition of M.

o Ifjis a funnel node of {A\}L_,, then

5] = [s}”la*ed]]i[[sf’], t>0 (funnel equality). (7.7)

=1

o If, however, j is not a funnel node of A, and A,, then

L
[S] > [Sjwl"‘ed] 1_[ [SJA l] , t>0 (strict funnel inequality).

(7.8)

Proof. The inequality sign in the derivation of the funnel
inequality (7.1) only comes from the use of Theorem 6.1 in obtain-
ing (7.5). By Theorem 6.1, inequality (7.5) is strict if and only if there
exist i;,1, € {1,...,L} and a node m € M that is influential to both
ja, and tojA7, where i; # i,. Since no edges emanate from ja,,. . .,ja;»
and ji,, we have that m € M\ {j}.

Thus, the funnel inequality is strict if and only if there exists a
node m € M\{j} in N'*, which is influential to j,, and to Ja- This,
however, is the case if and only if there exists a node m € M\ {j},
which is influential to j in A4 and in N7, i.e., if j is not a funnel
node of A; and Ay. O

We can use the funnel equality to compute the combined
influences from A; and p;:

Lemma 7.2: Consider the Bass/SI model (2.1). Let j € M and
A; C M\{j}. Then,

pubs.aip.org/aip/cha

[S{ﬂz,mjo] _ [s,_q,:l I:Sji_solated:l’ le{l,...,L}, t>0, (7.9)

J J

Al’pf’ljo] =[S _/V’Abl’j’ljo)

j
Proof. Let N denote the network obtained from A%’ JO
by addmg a fictitious isolated note, denoted by M + 1. Let M
={1,...,M+ 1}, B := M\{j}, and B, := {M + 1}. Then, {B,, B,,
{j}}isa partition of M, and j is a vertex cut, hence a funnel node, of
B, and B, in N
Let 3\(1 denote the state of j in AV. By the funnel equality (7.7),

[/S\J] — [3\‘]?1 ] [3332] [S‘}solated].

where [S

By construction,

AppyI?

Sl=15""1 §1=18""=s"],
[’§Bz A(M+1}] _ 1 [’gsolated] — [S}solated],

where [S]-U] denotes the state of j in network A'U. Therefore,

AppipI? )
[Sjlpj J 1= [sj{‘\l][s}solated]_ 0O
Proof of Theorems 4.1 and 4.2. These theorems follow from
Theorem 7.1 and Lemmas 7.1 and 7.2. g

Proof of Theorem 4.3. The left inequality follows from (4.4). To
prove the upper bound, we use the notations from the proof of
Theorem 7.1. By relations (7.2)-(7.4),

[S]] — [S;solated] [S+ ,

JAL AL ]
Recall that node j in network A is split into nodes {ja,, .. . ja;» jp;}
in network A/*. Hence, the cycle C, corresponds to a path I in
N between some ju, and Ja; that has K, + 1 nodes (including ja,

and jAT)' Therefore, by Lemma 6.9,

L

Nj
+ + .
[SjAlx---»jAL] — | |[SjAl] < E EK,+1), t>0.
n=1

=1
Multiplying this inequality by [S]i.s"l“ted] and using the fact that
[S}.:l] = [Sf"], see (7.2), we obtain

L Nj
[S;] — [Spo] ]‘[[s’*l S‘S"'“ted]ZE(t K,+1), t>0.
=1 n=1

Appirl? )
Since [S; e ] = [Sfl][SJ‘.S"l‘“ed],see (7.9), the inequality (4.6) follows.
Od

VIIl. DISCUSSION

The main theoretical contributions of this study are the three
funnel theorems. These theorems provide a framework for calcu-
lating a node’s susceptibility probability by relating it to suscepti-
bility probabilities in related networks where the node’s indegree is
reduced (typically to one)—which is a more tractable problem.

Kiss et al.”’ derived the funnel equality (7.7) for nodes that
are vertex cuts (in the SIR model). Our funnel theorems are more
general in two aspects. First, we show that an equality holds not
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only when the node is a vertex cut, but also when the node is a fun-
nel node, which is not a vertex cut. Second, when the node is not
a funnel node, we obtain lower and upper bounds for the funnel
inequality. As noted, these bounds enable us to show that the fun-
nel equality becomes exact on some infinite sparse networks with
numerous cycles.

The relation between the funnel (in)equality and the sign and
magnitude of [SUIL: 191] - l_[1L=1 [Sq,] was not noted in previous stud-
ies. Moreover, while it has been proved that [SUIL=IQI] > ]_[lL=1 [Se, 1,
see Ref. 30, to the best of our knowledge, the necessary and suffi-
cient condition under which this inequality is strict (Theorem 6.1),
as well as the upper bound for [SUZL:IQI] - ]_[IL=1 [Sq,] (Theorem 6.2),

were not obtained before. The inequality [SUIL_IQI] > H1L=1 [Sq,] can

serve as an analytic tool, beyond its role in the derivation of the fun-
nel theorems. For example, in Theorem 3 of Ref. 31, it was used to
compute the universal upper bound for the expected adoption level
in the Bass model on networks.

This study only considers the Bass and SI models on networks.
It is reasonable to expect that the funnel theorems can be extended to
more comprehensive models in epidemiology. As noted, Kiss et al.”’
derived the funnel equality for nodes that are vertex cuts in the SIR
model. The results of this study are likely to be extendable to the SIS
model and to the Bass-SIR model.*

The Bass and SI models on networks only allow for pairwise
interactions between individuals. In recent years, however, there has
been increasing interest in modeling group interactions, which leads
to the study of spreading processes on hypernetworks.”” The master-
equation methodology can be extended to the Bass and ST models on
hypernetworks, enabling the derivation of explicit solutions for such
systems.” In particular, the funnel theorems can be adapted to the
Bass and SI models on hypernetworks, providing an analytic tool for
analyzing the spreading dynamics in the presence of higher-order
interactions.”

The extension of epidemiological models to non-Markovian
processes is an important question that received much attention; see
Ref. 3 and the numerous references therein. Whether and to what
extent the results of this study can be extended to non-Markovian
processes is currently an open question.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Gadi Fibich: Formal analysis (equal); Methodology (equal);
Writing - original draft (equal); Writing - review & edit-
ing (equal). Tomer Levin: Formal analysis (equal); Methodology
(equal); Writing - original draft (equal). Steven Schochet: Formal
analysis (equal).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were
created or analyzed in this study.

pubs.aip.org/aip/cha

APPENDIX: PROOF OF (7.3)

Let us fix t > 0 and N € N. Let At = g, t" := NAt, and Xy

= Xj(t"). As N — o0, At — 0 and tV = t. Then, we need to prove
that

lim [$1(2% A = lim [s;wmvjp] 5 AN, (A1)
To do this, we introduce the following implementation of the Bass/SI

model (2.1):

Choose At > 0
forj=1,...,.M
sample a);) ~ U(0,1)
if0 < a)J‘.) < I;’ thenXJ() =1 elseX}’ =0

end
forn=1,2,...
forj=1,....,.M
ifX.;“1 = lthenX;‘ =1
ifX]'-“_1 = 0 then
sample w ~ U(0,1)
if0 < a)J" < (pj + 3 em qk_,]-)(Z*)AtthenX}i =1
else X' :==0
end
end

Let us denote the outcome of this implementation by
XY= X (N (0")22,, AD, ke M, N=0,1,...,

where @" := {o}, _,,- Let us also denote

+n __ n n n
® ® _{w*j’ijl""’ijL

M= (M) U g - oo fiags o
The implementation of the Bass/SI model (2.1) on A’ is denoted by
XN = X (s {0 AD, ke MT, N=0,1,...,

no._ n n
% = O keamgp @b

where the L + 2 realizations o, wj’gl yee ,wj?;L ;0

Since there are no edges that emanate from the nodes
JsJays - - s jagjp> the sub-realizations {wﬁj}:io completely determine
{)N(fj} and {X:’N} for all k € M\{j} and N € N. Hence, if we use the
same {@" j}:O:o and At for both networks, then

are independent.

X¥=X"N, ke M\{jl, N=0,1,.... (A2)
To compute the left-hand side of (A.1), we first note that
XN=0 <= X'=0, n=0,...,N.
Hence,

)?JN:O — I;.’<a)f§1 and

o > | pj+ Z G X | A, n=1,...,N.
ke M)
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Therefore,

[s | (o) ](tN At) = SO]HH”

n=1

H:=1—|p+ Y qX )| At
ke M\(j}

where [S](’] =1—I?. Hence,

[S;1(Y; At)

N
= s‘.’]/
[ 71 Joj-nxn 1_[

n=1

([ ]n_1’ At) d“’l_j B da)i’j_

(A.3)

Slm11ar1z to computeN the right-hand side of (A.1) , we note
thatX“LN XN = X}LN—Olfandonlyle“LO X“LO

JA}

_X;X:O_O,andforn—l,‘..,N,
L

n T+n—1
cuj'; > piAt, ijl > qu_,jX?: At, le{l,...,L}.
keA;

Since X;;i: X;;: 0, then IP’( X;;lo =XJ“-;’°
=0 =PX"=0) =

[S ]. Therefore,
(S5 i ] (25580

- I:S;)] ,/[01 (M=1)xN HH”+ ([ ]:]=1’ At) dwl_j o dwi]j’

(A4)
where
L
H* = —pan ]| 1-ary g X!
= keA
By (A.2),
L
H*Y =1 —pa) [T 1-At) qe X
I=1 keA;
=1—|p+ Y a-X "] At+0((AD?)
ke M\(j}
=H/ + O((AD?).
Hence,
]‘[ H = (1+0(AD) HH" (A.5)

= n=1

Letting N — oo and using (A.3)-(A.5) proves (A.1).
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